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Abstract. In this paper, we study the products of finitely many resolvents of monotone operators and convex functions
in the settings of Hadamard space. We propose an iterative method for finding products of finitely many resolvents of
monotone operators, convex functions and fixed points of k-strictly pseudocontractive mappings. A strong convergence
result of our proposed algorithm was established without imposing any strict conditions on our operators. We provide
some consequences of our result and display a numerical example to illustrate the performance of our result. Our result

complements and extends some related results in the literature.

1. INTRODUCTION

Let X be a Hadamard space and let Z be a nonempty, closed and convex subset of X. A point
x € Z is said to be a fixed point of a nonlinear mapping U : X — X, if x = Ux. We denote by
F(U), the set of all fixed points of U. The approximation of fixed points of nonlinear operators and
different optimization problems has been of great importance in the field of nonlinear functional
analysis due to its extensive applications in diverse mathematical problems such as game theory,
signal processing, fuzzy theory, inverse problems and many others, (see [4, 11, 16,20-22] and
the references contained in). It is one of most flourishing areas of research in mathematics that
has engaged prosperous development and has been a major source of attraction for researchers

working in this direction.
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The theory of fixed point plays a crucial role in approximating other optimization problems. It has
been seen in the literature that optimization problems such as monotone inclusion, equilibrium,
variational inequalities and convex minimization problems can be solved using the fixed point
approach. The minimization problem (in short, MP) is to find x € X such that
h(x) = minh(y), 1.1
(x) = minh(y) (1)
where 1 : X — (—0co, 0] is a proper, convex and lower semi-continuous function. The Moreau-

Yosida resolvent R’}L : X — X of a proper, convex and lower semi-continuous function % in X is

defined as follows:

Rl (x) = x?ei)rg h(y) + %dz(y,x) ,VxeX, A>0. (1.2)
It is known that R’; which is the resolvent of a lower semi-continuous function % in X is well
defined and non-expansive for A > 0 (see [6]). Several iterative methods have been employed
to approximate solution of (1.2). The Proximal Point Algorithm (PPA) is known to be one of the
most effective method for solving MP (1.2). This method was introduced by Martinet [17] in 1970
and further developed by Rockerfellar [24] in the settings of real Hilbert space H as follows: Find
x! € H such that

1
k+1 . k2
X = yem h(y) + 2Aklly x| ), (1.3)

where A > 0 for all k > 1. It was established in [24] that if / has a minimizer in H and Y, A¥ = oo,
k=1
then the sequence {x*} generated iteratively by (1.3) converges weakly to a minimizer of /. In order

to establish a strong convergence result, Kamimura and Takahasi [15] combined the PPA together
with the Halpern’s algorithm for approximating the solution of (1.2) as follows:

u,x’e H

= aku 4 (1 - aF)REAE.

(1.4)

The PPA was later introduced and studied in CAT(0) spaces by Bacak [5] for approximating a
solution of MP (1.2), using the following iterative method: For arbitrary x! € X, the sequence {x'}
is defined by

1
k+1 . 20, ok
= 1;1€1n h(y) + 2)\kd (y,x )), (1.5)

where Ak > 0 for all k > 1. Bacak [5] established that {x} A-converges to a minimizer of  under the
condition that / has a minimizer in X and ¥, AF = co. In 2017, Suparatulatorn et al. [26] proposed

k=1
the following Halpern iterative method together with PPA for solving MP (1.2) and fixed point of
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a nonexpansive mapping T as follows:

uxteX
Yy = r;leig(h(y) + z%kdz(y,xk)) (1.6)

K = aFu + (1-ab) Ty
They proved a strong convergence result using the following conditions:

(o)

(i) ¥ IAF= A < oo,
k=1
(o))

(i) Y |ak —af 1| < oo,
k=1

(iii) klirn af=0and ¥, af = .
d k=1
For more iterative methods for solving MP (1.2), readers should consult ( [1,2,4,9,12] and the
references therein).
Let X be a complete CAT(0) space with dual X*. A multivalued operator B : X — 2% with domain
Dom(B) = {x € X : Bx = 0} is monotone (see [10]) if and only if for all x, y € Dom(B), x* € Bx, y* €

By, we have
(x =y, %) 2 0. (1.7)

The resolvent of the operator B of order u > 0 is the multivalued operator ]ﬁ : X — 2X defined by
Jhi=f{zeX: [iz’c € Bz]}. (1.8)

For u > 0, the operator B satisfies the range conditions if Dom( ]E ) € X (see [10]). The theory of
monotone operators plays a crucial role in analysis and numerical solutions of convex minimization
problems. It is a valuable tool used in the study of gradient and subdifferential mappings and
other mappings that appear in many problems, such as optimization, equilibrium or in variational
inequality problems. In the case of real Hilbert spaces, the problem of finding zeros of monotone
operators has been investigated by several authors (see [3,4,11,13,15,18,25]). One of the most
important problems in monotone operator theory is the problem of finding a zero of a monotone

operator for which is defined by
find x € Dom(B) : 0 € Bx, (1.9)

and sometimes called Monotone Inclusion Problem (MIP) with solution set B~1(0). In the setting
of real Hilbert spaces, Martinet [17] and Rockellar [24] defined the PPA for solving MIP as follows:

0 e B(x*1) 4+ uF(F 1 -k, k=0,1,2,-- (1.10)

where {1f} is a sequence of positive real numbers. Rockfellar [24] established that the sequence
{x¥} generated by the PPA converges weakly to a zero of monotone operator B provided that uf > 0
for each k > 1. In 2017 Ranjbar and Khatibzadeli [23] extended the study of monotone operators
and their resolvents from the setting of real Hilbert spaces to CAT(0) spaces. They proposed the
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following iterative method to approximate solution of (1.9) and established a strong convergence

result as follows:

u,x’e X

k+1 _ pk _ pk\1B .k (1.11)
X =gue (1 ,B)]ykx.

where ¥ € (0,00) and {#} ¢ (0,1). Since the inception of (1.9) in CAT(0) space, several authors
have considered solving (1.9) in the setting of a Hadamard space. In 2019, Okeke and Izuchukwu
[19] introduced a Halpern method to approximate the solution of the resolvents of monotone
operators and convex functions due to its numerous applications in real life problems. They
established a strong convergence result for approximating the solution of the composition of (1.5)

and (1.7) using the following iterative method:

u,x%eX
Y= ]5 o Rg(xk) (1.12)
K = grue (1-9TyS, k>0

where A, u € (0,00) and {5}  (0,1).
Our contributions is stated as follows:
(1) We extend the results of [24] and [15] from Hilbert spaces to Hadamard spaces.
(2) The results in [5,19,23,26] are special cases of the result discussed in this manuscript as we
considered a finitely many resolvents of monotone operators and convex functions.
(38) We considered a k-strictly pseudocontractive mapping which generalizes the nonexpansive
mapping considered in [19,26].
Spurred by the result of ( [1,3,8,18,19,23,25]), we introduce a Halpern method together with
the PPA to approximate solutions of products of finitely many resolvents of monotone operators
and convex functions in the setting of Hadamard spaces. Using our proposed iterative method,
we establish a strong convergence theorem for approximating solutions of finite family of k—
strictly pseudocontrative mappings, finitely many resolvents of monotone operators and convex
functions. Lastly, we state some consequences of our main result and display some numerical

example to show the behaviour of our main result.

2. PRELIMINARIES

In this section we recall some results and definitions that will be needed in our main results.

Definition 2.1. Let X be a Hadamard space. A nonlinear mapping U is said to be:
(1) a contraction, if there exists k € (0,1) such that

d(Ux,Uy) <kd(x,y),Vx,y € X,

if k =1, then U is called nonexpansive.
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(2) k-strictly pseudo-contractive, if p € F(U) and k € (0,1), then
d*(Ux,p) < d*(x,p) +kd?*(x, Ux), ¥ x € X.
Let X be a Hadamard space. A mapping & : X — (—o0, ) is said to be convex, if
h(Ax® (1-A)y) < Ah(x) + (1-A)h(y) Vx,y e X, A € (0,1).

h is proper, if Dom(h) is nonempty. The mapping i : Dom(h) — (—oo, 0] is lower semicontinuous

at a point x € Dom, if

h(x) < liminfh(x,). (2.1)

n—00

m
Lemma 2.1. [27] Let X be a CAT(0) space, {v1,v2, ..., U} C X and {1, B2, .-.pm} € (0,1) with Y, Bi=1
=0

Then
& [Z :ij]‘,XJ < Zﬁ]’d2(0j, x) - Z ,Bjﬁkdz(v]-, Uk).
j=1 j=1 jk=1,j2k

Lemma 2.2. [28] Let X be a Hadamard space . Then for all v,x,y,z € X and t € [0, 1], we have
(Dd(txe(1-t)y,z) <td(x,z) + (1-t)d(y,z),

2)d* (tx@ (1-t)y,z) < td*(y,z) —t(1 - t)d?(x,z) ,

(3) 2 (z,tx® (1 - t)y) < Pd?(z,x) + (1 - )d2(z,y) + 2t(1 — t)(zX, Z)).

Lemma 2.3. [28] Every bounded sequence in a Hadamard space has a A-convergence subsequence.

Definition 2.2. Let C be a nonempty,closed and convex subset of a Hadamard space X. A mapping
U : C — Cis said to be A-demiclosed at 0, if for any bounded sequence {x*} C X such that A — lim x* = x

k—o00
and klim d (xk, ka) =0, then x = Ux.

—00

Lemma 2.4. [30] Let C be a nonempty, closed and convex subset of a Hadamard space X and U : X — X

be a o-strictly pseudocontractive mapping, then I — U is demiclosed at 0.

Remark 2.1. [13] Suppose X is a Hadamard space and ]ﬁ is the resolvent of the monotone operator
B: X — 2X of order p > 0 then

d (x, Ihy) + @ (T y) < (x,y),
forall x € B~1(0) and y € Dom(J}}).

Lemma 2.5. [32] Let X be a Hadamard space and h : X — (—o0.00] be a proper convex and lower

semi-continuous function. Then for all x,y € X and A > 0, we have

%dz (Rﬁu, y) - %dZ (w,y)+ %dz (u, Rﬁu) +h (R’}u) < h(y).
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Lemma 2.6. [13] Let X be a Hadamard space and X* be its dual space. For each j = 1,2,...,m, let
hj: X — (=00,00], j = 1,2,..,N be a proper,convex and lower semi-continuous functions. For each
j=1,2,---,N, let Bj : X — 2% be a multivalued monotone mappings that satisfy the range conditions.
Then

=1

N m
r(a o4t = [ )57 0 oo
j=1

where AT = Rﬁ’" ORﬁ"”] O ORI;2 ORT,AE)\ =1, 1/;27 = ]ﬁN o]ﬁm 0. 0]52 0]51,¢2 =Ly, A€ (0,00).

Lemma 2.7. [13] Let X be a Hadamard space, {(xX} be a sequence in X and x € X. Then sequence {xk}
_)

A-converges to x if and only if lim sup(x*x, yx) < 0,Vy € X.

k—oo

Lemma 2.8. [31] Let {g*} be a sequence of nonnegative real numbers, {1} be a sequence of real numbers in

(0,1) such that Y, % = oo and {v¥} be a sequence of real numbers. Assume that
k=1

gri< (1 - rk) &+, v > 1,

iflimsup 0% > 0 for every subsequence {g**} of {g*} satisfying the condition:

n—oo

lim sup (gk” - gk"“) <0,

n—00

then klirn ¢=0.

3. MaIN ResuLts

Theorem 3.1. Let X be a Hadamard space and X" be its dual space. Let Bj : X — (—00,00], j=1,2,---,m
be a proper,convex and lower semi-continuous functions. Let U;, j = 1,2,---,m be a finite fam-
ily of oj-strictly pseudocontractive mappings for some 0 < oj < 1 and h; : X — 2%, j =

1,2,---,N be a multivalued monotone mappings that satisfy the range conditions. Assume that
Q= ﬁl (F (Uj) Narg ryel)rg B j(y)) N (ﬁl h}fl (0)] is nonempty; For arbitrary x',u € X, let the sequence
{x¥} be generated iteratively by

Wk = (1 —~ ak) xF @ aku

uk = Ao i (wh) (3.1)

m .
xk-‘rl — ﬁk'oukEB Z EBﬁk']Ujuk
=1

where 0 C [a, b] for some a, b € (0;,1), a* € (0,1) satisfying Y, p =1 and
j=0

AY = Ry oR™o---oRZoRI,A) = Lyl = [N o [N o o2 o Jil, ) = Iu,A € (0,00),

satisfying the following condition:
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(1) klim ak =0,and ¥ af = co.
Then {x*} converges strongly to p = Pqu, where Pq is the metric projection of X.

Proof. Let p € ), then we have from (3.1) and Lemma 2.8 that

42 (xk+1,p) — 2 (ﬁk,ouk @ Zm" EBﬁk’jUjuk,p
j=1

o2 (ujuk’ p) — gko i glig? (uk’ ujuk)
i=1

1=

< ﬁk’odz (uk, p) +

]

Il
—_

< ﬁk'odz (uk, p) + Zm: (dz (uk, p) + a]-dz (uk, Ujuk)) - ﬁk'o Zml ﬁk'jdz (uk, U]'uk)
=1 =1
= (i)~ (- o) Y Y (o ) 62)
=1

= 2 (B (), ) (- 0) Y 0 (o )
j=1

< (4 ) (80 - 0) Y 0 (i, )
i=1

—

<42 ( EN—lwk, P) _ (ﬁk,o _ a]-) i ﬁk,jdz (uk, Ujuk)
=1
< (p) - (0 - ) Y pe (5 ) 63)
=1
< d? (wk, p) (3.4)
< (1 - ak) d? (xk, p) + a*d? (u,p)
< max{d? (xk, p) ,d% (u,p)). (3.5)

Hence {x*} is bounded, consequently {w¥} and {1*} are also bounded.

Furthermore, using Lemma 2.8 and (3.4), we obtain
d2 (xk+1/ p)

<P (wk, p) _ (ﬁk,o _ Gj) i Bhid? (uk, ujuk)
=1
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< (a)2d? (u,p) + (1 - ozk)z d? (xk, p) +2a* (1 - ak) (up, xT;))) - (ﬁk'o - aj) Xm: Brid? (uk, Ujuk) (3.6)
i=1

< (1 - ozk)z d? (xk,p) + ak[akdz (u,p) +2 (1 - ak) <LT])9,XT];>]

(1 - ak) d> (xk,p) + ok, (3.7)

ﬁ
where OF = afd (u,p) +2(1 - aF (u_) ,x*p). From Lemma 2.8, it suffices that
p p,xp

lim sup (d2 (xk”, p) — (xk”“, p)) <0. (3.8)

n—oo

To establish this, suppose {d(x*7, p)} is a subsequence of {d (xk, p)}, then

lim sup (d2 (xk”, p) —d? (xk”H, p)) = lim sup (d (xk”, p) -d (xk”ﬂ, p)) (d (xk", p) +d (xkn+1, P))

n—oo n—oo

<0.

Now from (3.6) and (3.8) and condition (1) of (3.1), we set

m
limsup[ Z Fi ]d2 ]

n—00

n—00

N
+ lim sup (2ak” (1 —ak ) (up, ¥ ))

p
= lim sup (d2 (xk”,P) d* ( P ))
1300
— —liminf(& (v, p) - (4, )
<o (3.9

Using the condition on ﬁk'O, we obtain that

lim d (", Uju) = 0. (3.10)

n—-oo

It is obvious from Algorithm 3.1 and condition (1) of Algorithm (3.1) that

d(xk"“, uk”) < B0 (uk, uk) + i ghid (Ujuk”, uk") — 0,n — oo, (3.11)
=

and

d(wk",xk"’) < ak"d(u, xk") — 0,n — oo. (3.12)
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Using Remark 2.1 and (3.12), we get
42 (Mk, A’j\m—l lpﬁka) — 42 (Rhm (Ahm—l I/JBN k)/ Aim—l IPBN k)
m- NG
Sdz( 1¢H w p) dZ(Rh (A7 1%, w p)

(wk p) 42 (xk—H )

< & (wh, o) + d? (&, p) + 2d (wF, 2F) d (&, p) - 2 (17, p)
= &2 (wh, %) + 2d (wF, x¥) d? (&, p) + |2 (&, p) — 4 ("1, p)] > 0,n — o0
(3.13)
Thus
lim d” (ur, Aty Pk ) = 0. (3.14)
Following the same argument as in (3.14) and applying Remark 2.1, we get
& (A7 gl A7yl
< d* (A7 2yt p) = (A1 g p)
< & (wh, p) - d? (b, )
()~ (L)
< (whn, o) + 2d (b, ) d (5, p) + [ (o, p) = d2 (1, p)| = 0,
- oo, (3.15)
Thus by continuing the process in the same manner, we obtain that
Jim a2 (Al Ajtgten) = - = lim & (AR gl gt ) = 0. 316)

From Lemma 2.5, we have

(Wb, p) = s (Y b, p) + god? (Y whn, Yip) + (N w) < hp).

Since h(p) < h( EN wk), we have
42 (l,bﬁka”,l]DﬁN_lwk”) < 42 (¢5N 1 ) 42 (¢y whn P)

< d? (wk“, p) —d? (uk“, p)
< d? (wk”,p) —d? (xk”“,p
<d? wk",xk”)+2d(wk xf )d(x p) [d2(x p) d2( fut1 p)] —0,n —>
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Following the same approach as in (3.17), we can prove that

lim dz(gbBNl i ¢BN2 = lim dz(gszw gbB] k) dz(l,bBlwk w ) 0. (3.18)

n—oo ) n—-oo

Hence

d (b, wbr) < d (ubr, Al Pian) + d (Al Bk, Al BNahn) 4+ d (AN, i)
+d( Nk 1pBN1 )+d(1pBN1w 1/13’” ”)+ +d( Brgghn wk”)

which implies from (3.13)-(3.18) that

lim d* (", wfr) = 0. (3.19)
n—oo
Using (3.13) and (3.19), we obtain that
lim d? (u", ) = 0. (3.20)
n—0oo
Also, from (3.14) and (3.20), we get
lim d2 (x"n“,xkn) = 0. (3.21)
n—oo

since {x*1} is bounded, then from Definition 2.2, there exists a subsequence {xkni} of {xk"} such that

A - hm{xk"f} = ¢. Also, using (3.13) and (3.21), there exist a subsequence {whni} of {wkn} and {ufni)

]—00

of {u*"} such that A — 1im{wk"f} =gand A - 1im{uk"f} = g respectively. Using (3.11) and Definition
]—)OO ]—?OO

m
(2.2), we obtain that g € () F(U;). Also, since A} o ¢y is nonexpansive. Thus it follows from (3.20)
j=1
and Lemma (2.6) that

m
qe F(Am o ¢N) ( N B; Lo )] N ( M arg rm)r(lh](y)) Hence, we conclude that g € Q.
j=1 ye
Now, for arbitrary u € X, we obtain from Lemma (2,10), that
N
lim sup{up, ¥p) < 0,
jooo
which implies from (3.7) that
H
lim sup (ak”dz(u,p) +2(1 = o) (up, xkp)) . (3.22)
n—0o0o

Thus limsup @ < 0. By substituting (3.22) into (3.4) and applying Lemma 2.8, we have that

n—-oo

d(xk",p) = 0. Hence {x*} - pe Q. m]

The following results can be obtained as consequences of our main results.

By setting m = N = 1 in Theorem 3.1 we have the following result:

Corollary 3.1. Let X bea Hadamard space and X* be its dual space. Leth : X — (—o0, 00| be a proper,convex
and lower semi-continuous functions. Let U, be o-strictly pseudocontractive mappings and B : X — 2%

be a multivalued monotone mappings that satisfy the range conditions. Assume that



Int. ]. Anal. Appl. (2025), 23:185 11

m
Q=N (P(Uj)) NB10)N (arg mi}r{1h(y)) is nonempty; For arbitrary x',u € X, let the sequence {x*} be
j=1 ye
generated iteratively by
wk = (1 - ak) @ aku
b = Ay oty (wh) (3.23)
m .
= gk g Y @itk
j=1
m .
where B0 C [a, b] for some a,b € (0,1), a* € (0,1) satisfying Y, p&/ = 1 and
j=0
satisfying the following condition:
(1) klim ak =0,and ¥ af = co.

k=1
Then {x*} converges strongly to p = Pqu, where Pq is the metric projection of X.

Setting A’ = I we get the following result:

Corollary 3.2. Let X be a Hadamard space and X* be its dual space. Let U;,j = 1,2,,,m be a finite
family of oj-strictly pseudocontractive mappings for some 0 < o; < 1and Bj : X —» 2% ,j=1,2,,,Nbea
multivalued monotone mappings that satisfy the range conditions. Assume that

Q= ﬁ F(Uj)N F]] BJTl (0) is nonempty; For arbitrary x',u € X, let the sequence {x*} be generated
itemtié:l; by =
wk = (1 - ak) k@ aku
uk = P (wh) (3.24)
L = gROyk @]ﬁl o5 Uik,

m .
where B0 C [a, b] for some a,b € (0/,1), a* € (0,1) satisfying Y., B =1 and
j=0
lpﬁf = ]ﬁN o ]ﬁN—l 0.0 ]EZ o ]51,¢2 = I, € (0, o), satisfying the following condition:

(1) klim ak =0,and ¥, af = co.
Then {x*} converges strongly to p = Pqu, where Pq is the metric projection of X.

4. NumericaL ExaMPLE.

In this section, we present a numerical example of Theorem 3.1 to illustrate the performance of
our main result. Let X = R? be endowed with the Euclidean ||.||>. Then, for j = 1, we define
Bj: R? - R? by

Bi(x) = (x —2x@),2x(1) 4 x(2)),
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Clearly, By is a monotone operator.

Hence, we compute the resolvent of B; as follows:

) 1 0 uoo=2u [\ @
to=(o 1l ) L

1 1+u 2u x(M)
NORL

Tl 2u+5i2| 24 14y
Bl( )= (14 w)x® +2ux@ (14 u)x@ —2ux®
Jo'tx) = 1+2u+5u2 " 1+42u+5u2 [

Thus, for j = 2,3, we define B; : R? — R? by
Bz(x) = (x(l) _x(z),x(l) + x(z))’ B3(x) — (X(Z), _x(l)).

which implies that

Thus, by similar argument as above, we obtain that

]Bz( )_ (1+‘Ll)x(1)+‘ux(2) (1+#)x(2)—yx(1)
SR N T TR T S T

and

2D @) @) Lo

b= )
Now, define h; : R* — (—co, +o0] be defined by hy(x1,x2) = 100((x2 + 1) = (x1 +1))* + x. Then
hy is a proper, convex and lower semi-continuous function in (]R2,d). We also define £; : R2 -
(—c0, 4] by hj(x1,x2) =70 jx%, j = 2,3. Thus h; is a proper, convex and lower semi-continuous,
(see [9]). Let Uj(x1,x2) = (% J, "3—2 N, j=1Vk= % Thus, U is strictly pseudo-contractive. Now,
take af = 5,4 = 0.1, u = 075, g0 = Ll ghi = gg)ﬁ)l, Vk>1,j=1,23.
Case 1: u =[-0.7 1.2] and x; = [-1.10.1];
Case 2: u = [2.11.2] and x; = [0.8 2.0];

Case3: u =[-2.11.2] and x; = [0.8 —2];

Case4: u=[-3 —5]and x; = [-1 —1].
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10%¢ 10%F
{ .
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