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Abstract. In this paper, we consider representations of the affine group that are induced by hypercomplex characters
specifically, double and dual characters instead of complex characters. The double and dual number systems provide a
rich algebraic structure that allows for the development of generalized representations, extending beyond the complex
Hilbert spaces. We derive the hypercomplex representations by starting from certain subgroups of the affine group.
Then, we investigate how these representations act on vector spaces equipped with indefinite inner products, naturally

leading to the framework of Krein spaces.

1. INTRODUCTION

The affine group, denoted by Aff, is a non-commutative, locally compact Lie group of small-
est dimensionality. It consists of transformations of the real line of the form x — ax + b where
a € RT,b € R. The affine group arises naturally in mathematics and physics, as it describes trans-
formations involving both scaling and translation. Understanding affine group representations is
crucial for various branches of analysis, geometry, and mathematical physics. The unitary rep-
resentations of the affine group were first introduced by Gelfand and Naimark [10].The induced
representations of the affine group from a complex character were later developed in works such
as [4,7].

Hypercomplex numbers are two-dimensional real, associative, and commutative algebras that
are isomorphic to one of three systems: the complex numbers, dual numbers, or double (split-
complex) numbers. The development of hypercomplex systems(including dual numbers, double
numbers, quaternions, and Clifford algebras) has significantly enriched various areas of math-
ematics and physics. Double numbers were first introduced in 1848 by James Cockle through

his work on tessarines (an early form of split-complex numbers ) [24]. Dual numbers were later
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introduced by Clifford in 1873 as a natural extension for describing infinitesimal transformations
in what he termed motor algebra [25]. Hypercomplex numbers have found diverse applications in
physics. Specifically, dual numbers offer an effective algebraic framework for classical mechanics
and kinematics, where they model infinitesimal displacements and derivatives. In contrast, dou-
ble numbers underpin the structure of hyperbolic quantum mechanics, an alternative to standard
quantum theory that uses an indefinite metric [3,8,12].

In this paper, we focus on representations of the affine group using only dual and double
numbers. The geometric spaces associated with these number systems are often categorized as
elliptic, parabolic, and hyperbolic. The elliptic case corresponds to the upper half-plane model
based on complex numbers. In parallel, the parabolic and hyperbolic cases correspond to the

upper half-planes modeled by dual and double numbers, respectively.

2. DouBLE AND Duar NUMBERS

Definition 2.1. [6,16] Double numbers is given by O = {a+ jb : j* = 1 and a,b € R}. The triple
(O, +.x) is a commutative ring with identity where addition and multiplication are defined as follows:

(1) (a+jb) + (a1 + jbr) = (a +a1) + j(b + ),

(2) (a+ jb) x (a1 + jby1) = (aay + bby) + j(aby + a1b).
For w = a+ jb € O, the conjugate is given by @ = a — jb, then the modulus is |w|*> = ww = a® - b>.
In geometry the double numbers plane is a hyperbolic such that el* = cosht + jsinht, where the unit
hyperbola is given by |w|* = 1.

Remark 2.1. A distinctive feature of double numbers algebra is the existence of zero divisors:
1
e =—(1x)), (2.1)
J= N J

which satisfy j+j- = 0 and j2 = j.. This implies that the double numbers are algebraically isomorphic to
R X R, with the idempotents j.,.

Definition 2.2. [11,16] Dual numbers is given by D = {a +€b : €2 = 0 and a,b € R}, and the triple
(D, +, X) is a commutative ring with identity where the addition and multiplication is defined as follows:
(1) (a+e€b)+ (a1 +€by) = (a+a1) +e(b+by),
(2) (a+e€b) x (a1 + €by) = aay + €(aby + a1b).
For w = a + €b € ID, the conjugate is given by @ = a — €b and the modulus is [wf> = ww = a*. Also, in

geometry dual numbers plane is parabolic such that e = 1 + et, where the unit strip is given by a = +1.

2.1. Inner product Structures over Double and Dual Numbers. The dobule number algebra
O contains idempotent elements j. (2.1). Also, the dual number algebra ID contains nilpotent
elements, specifically ¢, satisfying €2 = 0. Due to the presence of zero divisors and idempotents in
O, and nilpotents in ID, any inner product defined on these algebras is indefinite. As a result, the
appropriate framework for defining inner product structures on O and DD is within the theory of

Krein spaces, which generalize Hilbert spaces to allow for indefinite inner products.
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Definition 2.3. [20,23] A Krein space K is a vector space equipped with indefinite inner product [., ], such
that there exists a direct sum decomposition K = K @ K_, where (K, |.,.]+) is a Hilbert spaces with
positive definite inner product and (K_, —[.,.]-) is a Hilbert space with negative definite inner product. The

indefinite inner product on K is given as follows:

[x, y] =[x y]+ =[x vl (2.2)
for X=Xy +x-, Y=y++y-, x,Yys€ K.

Definition 2.4. [20,21] Let (K, [.,.]) be a Krein space,with fundamental decomposition K = K. P K_,

then there exist a unique operators
PH(G L) = (K [ D), P (K L)) = (K 1),

defined as follows: P* (k) = K™ and P~ (k) = k™ forall k € K, wherek* € Kk~ €e K_andk = k* + k™.
The operators P* and P~ are known as fundamental projectors. The operator | : (K,1.,.]) = (K, [.,.])
defined by | = P —P~. That is, ]k = Pk — P~k = k* — K™. The operator | is called the fundamental

symmetry of the Krein space K associated with the fundamental decomposition.

Definition 2.5. [20,21] Let (K, [.,.) be a Krein space and | the fundamental symmetry associated with
the decomposition K = K. €D K_. The function |., .| : K x K — C is defined as follows:

oyl =[xy, x,yek.
This function is referred to as the J-inner product and is usual positive definite inner product.

Theorem 2.1. [19,20] Let (K, [.,.]) be a Krein space , and consider | as the fundamental symmetry linked
to the decomposition K = K @ K-. Then the following holds:

I yll < lIxliflivlly,  x,y e K.

Proposition 2.1. [19-21] In the Krein space (K, [.,.]), the fundamental symmetry | determines a norm
on K, given by

Ixf = [x,x];, Vxek. (2.3)
Then, the Hilbert spaces (K, [.,.]+) and (K-, |.,.]-), have the following norm respectively:
I t? = (x5, xt], IR =[x, x7], Vat e K, x ek
Therefore,

||x||% =R + 1717, x=x"+x e K.
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2.2. L, Spaces over Double and Dual Numbers. We define square-integrable function spaces
over the of double and dual algebras as follows.
A function f : R? — O is written as

f(x) = filx) + jfa(x), withfi, fo: R* >R,

where /> = 1. The double numbers form a real commutative algebra with an indefinite inner

product:

£ =P = [ | f0 T
— f]R 2 fi(x)* = fa(x)%dx (2.4)

= f If(x)lzdx
RZ

We define the £>-space with respect to this indefinite inner product as a Krein space:

£(R%,0) := {f =f+ijflfifre Lz(Rz)}-
A function f : R? — D is said to be square-integrable if it can be written as

f(x) = fi(x) +efa(x), withfi, o: R* > R,
and

[, 1 = AP fR |1 (%) dx < oo.

Since €2 = 0, the dual component does not contribute to the norm. The space of such functions is
denoted by

£,(R? D) := {f =fiteflfi,fo€ Lz(]RZ)}-
These spaces generalize the classical £, space to hypercomplex-valued functions, with double

numbers to indefinite norms and dual numbers leading to degenerate norms.

3. Tue ArrINE GROUP

An element of the affine group Aff [4,7] is denoted by (a,b) wherea € R and b € R. The group
law on Aff is defined by
(a,b) = (a’, V") = (aa’,ab’ + ), (3.1)
where e = (1,0) is the identity element and the inverse of (a,b) is given by (a,b)~! = (a~!, —ba™1).
We can decompose the affine group as a semi-direct product Aff = A< N. The subgroup N is
a closed normal subgroup defined by {(1,) : b € R}, and identified with R through the mapping
(1,b) « b. The subgroup A = {(a,0) : a > 0} is identified with R where (4,0) < a, [5].
The affine group is a locally compact group thus it has a left Haar measure which is given as
follow:
dv(a,b) = a >dadb, (3.2)
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and it is left invariant measure that is dv((a’,b’) * (a,b)) = dv(a,b). In addition, we can obtain a
right Haar measure
du(a,b) = a~'dadb, (3.3)
which is right invariant.
Therefore, the affine group is a non-unimodular group, and the modular function of the group
is given by A(a,b) = a~! [5]. The measure on the subgroup A is the Haar measure ‘Z—” and on the

subgroup N is the Lebesgue measure db.

4. INDUCED REPRESENTATIONS

In this section, we describe the construction of induced representations [2,5,7]. Let G be a group

H be a closed subgroup of G; then X = G/H is the left coset space. For a character y : H — T,

where x(hihy) = x(h)x(h2) and [x(h)| = 1, let V, be the vector space of functions F : G — C
having the property:

F(gh) = x(h)F(g), VYg¢eG,heH. (4.1)

The space V), is invariant under the left action of G, that is

A(g):Vy = Vi, [AQFIE) =F(g7'8), 88 €G. (4.2)

The restriction of the left action of G on the space V) is called the induced representation.

An equivalent realization of the above induced representation can be defined on the homoge-
neous space X = G/H. Lets : X — G, be a section map that is a right inverse of the natural
projection map p : G — X, thatis p o s = Ix. Then the left action of G on the homogeneous space
X is given by:

g-x = p(gs(x)),
where g € Gand x € X.

The map r : G — H is defined by r(g) = s(p(g)) g Then each element ¢ € G has a unique
decomposition of the form g = s(p(g))r(g) [2].

Now, for a character y of the subgroup H, introduce the lifting map £, : W(X) — V, as follows:

(L f1(8) = x(r(8))f(p(8)), feW(X),

where W(X) := {f : X — C} is the vector space of all complex functions on the homogeneous
space X = G/H. Let the pulling map # : V,, = W(X), given by:

[PF](x) = F(s(x))-
Next, the operator 1, (g) on W(X) is given as follows:
e (8) =P o A(g) o Ly (4.3)
Thus, the representation 7, acts on W(X) via the following explicit formula:

[ (@) f1(x) = x(r(g™" *s())) f(g7" - ). (4.4)
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5. ErLipTiC REPRESENTATIONS OF THE AFFINE GROUP

By elliptic representations we mean the representation that is induced by a complex character.
The affine group has three non-conjugated subgroups {e}, N and A. Hence, we can obtain the

following representations [4]:

e the left regular representation which induced from the subgroup H = {e},

[A(@,b)F](x,y) == F((a,b) ™+ (x,y)) = F(—, —) (5.1)

where (x,y) € Aff.

e the co-adjoint representation which induced from the subgroup N,

[ox, (a,0)f](x) = Vae*™ f(ax), (52)

where f € (IR, da).
e the quasi-regular representation which induced from the subgroup A,

ot = (2 (55, 53

a a

where f € L (R).

6. HyprErRBOLIC AND PARABOLIC REPRESENTATIONS OF THE AFFINE GROUP

In this section, we construct hyperbolic and parabolic representations of the group Aff. We
consider the inductions from double character of the subgroups for the hyperbolic case and dual

character for the parabolic case.

6.1. Induced representation from the trivial subgroup. For the trivial subgroup H = {e}, the
homogeneous space is given by X = Aff/H ~ Aff. Let L(Aff,dv), be the space of double-valued
functions (for the hyperbolic case) or dual-valued functions (for the parabolic case) on Aff with
respect to the left Haar measure dv. The induced representation of the affine group on £, (Aff, dv),
is called the left regular representation and defined by the operator (5.1).

6.2. Induced representations from the subgroup N. In accordance with the general construction
in 4, we will obtain an induced representation constructed in the homogeneous space left X =
Aff/N using lifting and pulling maps. First, because the affine group is a semi-direct product of
subgroups N and A, there is a natural section map s for Aff/N = R, in Aff. The map s is given as
follows:

s: R4y — Aff, where s(a) = (a,0). (6.1)

This is the right inverse of the following natural projection map:

p:Aff >Ry, where p(ab)=a. (6.2)
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Then, the unique decomposition of any (a,b) € Aff, takes the following form:

b = w0)-[12), 63

and the map r : Aff —» N is given by

r(a,b) = s(a)" !+ (a,b) = (1, Z) (6.4)

The action of the group Aff on the homogeneous space X = Aff/N from the left is expressed in in

terms of p and s as follows:
(a,b) :w (a,b)-w=p((ab)=*s(w)) =aw, (6.5)

where (a,b) € Aff,w e X
e For the hyperbolic representation, let 1, : N — O, be the double character of the subgroup
N, defined by the following;:

1:(1,b) = e/'7, (6.6)
where > = 1, [n:(1,b)| = 1, and 7,b € R. This character induces a representation of the
affine group based in the space .E'Zh (Aff,N), which consists of the O- valued functions
F: : Aff — O, with the properties:

Fe(a,b) = (1, Z)F(a,O).

The norm is given by:

2 da
IFLIP = f IF(a,0)* 22,
Ry

a

where F(2,0) = f(a) € L2(Ry,%) the space of O-valued functions on X. The space
Lg’ (Aff,N), is invariant under the left Aff-shift . Then, we can obtain the hyperbolic
representation constructed in the left homogeneous space X = Aff/N, by using the formula
(4.4) as follows:

[P (a,b)fl(x) = (2, (67)
where (a,b) € Aff, t € Xand f € £L>(R,0).

Theorem 6.1. The operator p,,. (6.7) is isometry on the Krein space L>(R,O)

Proof. Let (a,b) € Affand f € £5(R,O). Then

oo (0,1 = [ oy (o017

Lt
:f]m | £ dt

=IIf1Z,

2 d

2 dx

X
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wheret:;—‘anddt:i—". O

Performing the changing of variables t = x~! in (6.7), we obtain the following expression:

[0, (a,b) f1(t) = Vae™ f(at).

where (a,b) € Aff, t € Xand f € £L>(R,0).
e For the parabolic representation, let 0, : N — D, be the dual character of the subgroup N,

expressed as:
0.(1,b) = el =1+ ebr, (6.8)

where ¢2 = 0, loz(1,b)] = 1, and 7,b € R. This character induces a representation of the
group Aff constructed in the space £7*(Aff,N), which consists of the ID-valued functions
F. : Aff — DD, with the properties:

Fe(a,b) = 54(1, 2 )F(a,0).

The measure on the homogeneous space X = Aff/N = A is ”il—“. Then, the norm is given as

I = f |F(a,0)
Ry

where F € £5(R ., ©) the space of D-valued function in X . The space L7 (Aff,N), is invari-
ant under the left Aff-shifts (5.1). By using the formula (4.4) the parabolic representation

follows:
2 da

acts on the space X = Aff/N via the following operators:

[Po.(a,0)g] (x) = (1+ ebr>)g (), (6.9)
where (a,b) € Aff, x € Xand ¢ € £5(R, D).
Theorem 6.2. The operator ps, (6.9) is isometry on the Krein space L(R, D).
Proof. Applying the same technique used in proving Theorem6.1. m]

Now, substituting t = x™! into equation (6.9) yields the following formula:
[P (a,b)8](t) = Va(1 + ebtt)g(at).

where (a,b) € Aff, t € Xand g € £L>(R, D).

6.3. Induced representations from the subgroup A. In the following, we will obtain an equivalent
form of this induced representation constructed in the left homogeneous space X = Aff/A. Let s

be the section map from the homogeneous space Aff/A = R to the affine group, given by
s:R — Aff, suchthat s(b) =(1,b), beR. (6.10)
The right inverse of s is the natural projection map, given as follows:

p:Aff >R, where p(ab)=>0. (6.11)
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Therefore, the unique decomposition of any (a,b) € Aff, takes the following form:
(a,b) = (1,b) % (a,0),
and the map r : Aff — A is given by
r(a,b) = s(b)"+(a,b) = (a,0). (6.12)

The Aff-action on the homogeneous space X = Aff/N from the left is defined in terms of p and s
as follows:

(a,b) :x - (a,b)-x =ax+0b, (6.13)
where (a,b) € Aff, x € X.

e For the hyperbolic representation, consider the double character o, : A — O, be of the
subgroup A defined as follows:

Nw(a,0)=a®, 2=0, weR, (6.14)

where [1,(a,0)| = 1. This character induced a linear representation of the group Aff built
in the space .Eg‘“ (Aff) containing the functions F,, : Aff — C with the property:

Eo(a,b) = (@, 0VE(L, b).
The norm expressed as:
IFIE, ::\[1|P(1,bﬂzdb,
R

where F(1,b) = f(b) € L5(R,db). This space is invariant under the left Aff-shift (5.1).
Then, the hyperbolic representation acts on the left homogeneous space X = Aff/A, via the

following operator:

1y fxob
@ = (3 (50 (615)
where (a,b) € Aff, x € X = Aff/Aand f € £,(R,0).

Theorem 6.3. The operator 1, (6.15) is isometry on the Krein space L>(RR, O).

Proof. Let (a,b) € Affand f € L»(R,O). Then

Iy, fIR, = fR Ity (a, ) f(x)Pdx
LB =Y
= fR : f (XT_b)’de

a
:fvw%zw%
R

where t = ’%b and df = da—x. O

2
dx
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e For the parabolic representations,consider the dual character o, : A — ID, of the subgroup
A defined by:

00(a,0) =a*, &2=0, weR, (6.16)
where |0,(a,0)] = 1. This character induced a linear representation of the group Aff
constructed on the space L3¢ (Aff) consisting of the functions F, : Aff — ID with the
property:

Fo(a,b) = 0,(a,0)F(1,b).

The norm is given by:

IFull% = f IF(1,b)%db,
R

where F(1,b) = f(b) € L2(R, db) the space of ID-valued on X. This space is invariant under
the left Aff-shifts (5.1). Moreover, by using the formula (4.4) the parapolic representation

constructed in the left homogeneous space X = Aff/A, can be obtained as follows:

e = (1) (1), 617)

a a

where (a,b) € Aff, ve X = Aff/Aand f € L>(R, D).
Theorem 6.4. The operator 1, (6.17) isometry on the Krein space L>(R, D).

Proof. Proceeding as in the proof of Theorem 6.3. m]

7. CONCLUSIONS

In this paper, we study representations of the affine group associated with three types of hyper-
complex units: complex, dual, and double numbers. In the complex case, these representations
are unitary, acting as isometries on the Hilbert space L,. In contrast, for dual and double numbers,
the corresponding representations are isometric with respect to an indefinite inner product, and
thus act on Krein spaces rather than Hilbert spaces.

A possible direction for future work is to investigate the extension of the complex representation
framework to the dual and double number cases, aiming to establish a connection between the
complex case and its hypercomplex counterparts. This approach is motivated by the fact that linear
representations which commute with scalar multiplication can naturally interact with additional
algebraic structures. In the complex case, the real vector space IR? acquires a complex structure via
the linear transformation

I:R*—>R?> I*=-E,
where E is the identity transformation of IR?. This allows us to define complex scalar multiplication
by setting
iv=1Iv, forvelR>
thus turning R? into a complex vector space isomorphic to C. Similarly, since the algebras of

dual and double numbers are also two-dimensional real associative commutative algebras (and
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hence real vector spaces isomorphic to R? ), they can be equipped with similar algebraic struc-
tures.This perspective provides a unified framework for studying hypercomplex representations of
the affine group in relation to the classical complex case. Additionally, exploring the irreducibility
of hypercomplex representations of the affine group and characterizing intertwining operators be-
tween hyperbolic (double number) and parabolic (dual number) representations present valuable
avenues for research. Furthermore, given the deep connections between hypercomplex-valued
affine group representations and quantum mechanics, it is worthwhile to investigate their physical

applications, particularly in relation to coherent states and the harmonic oscillator.
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