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ABSTRACT. The Gompertz distribution is widely used in medical and reliability studies, particularly for modeling
mortality rates and failure data. However, it has limitations in capturing complex data behaviors, such as heavy tails
and varying hazard rate shapes. This paper introduces the Odd Beta Prime-Gompertz (OBP-Gompertz) distribution, a
four-parameter extension of the traditional Gompertz model. The OBP-Gompertz distribution offers flexibility in
modeling various shapes of probability density functions, including right-skewed, left-skewed, heavy-tailed, light-
tailed, and unimodal distributions. Its hazard function can accommodate multiple forms, such as increasing,
decreasing, bathtub-shaped, and inverted bathtub-shaped curves, making it well-suited for mortality rate data. The
paper investigates key statistical properties, including moments, moment generating function, quantile function, Rényi
and Tsallis entropy measures. Parameters are estimated using maximum likelihood estimation, and the model's
robustness is assessed through Monte Carlo simulations. The OBP-Gompertz model is applied to three real-world
COVID-19 mortality datasets from China, the Netherlands, and Nepal. The results demonstrate that the OBP-Gompertz
model provides superior fits compared to the traditional Gompertz and other models. This work highlights the OBP-
Gompertz distribution as a valuable tool for survival analysis, reliability studies, and epidemiological research.
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1. Introduction

Statistical modeling of lifetime data plays an integral role across multiple disciplines,
including engineering, biology, medicine, economics, and environmental sciences. The selection
of an appropriate statistical distribution is critical to ensuring accurate and reliable modeling
outcomes. Some widely used statistical distributions include the Gompertz, beta, logistic,
Weibull, exponential, normal, and gamma models. Despite their usefulness, classical
distributions often fall short in capturing real-world complexities such as extreme skewness,
heavy tails, and high variability [1, 2]. These limitations necessitate the development of flexible
models capable of addressing diverse data structures [3-5].

In biomedical research, skewness and kurtosis are common challenges arising from
extreme values and outliers [6, 7]. Skewness refers to the asymmetry in data distributions, which
may result in clustering on one side [8, 9]. For example, survival times of patients undergoing
specific treatments often exhibit positive skewness due to the majority of patients having short
survival times, while a few live significantly longer [10-13]. Negative skewness, on the other
hand, may occur in physiological measurements like biomarker levels, where most values are
high, but a few are unusually low due to specific health conditions [14-17]. Kurtosis, which
measures the concentration of data in the tails, is another significant feature of biomedical
datasets [18-21]. High kurtosis is often observed in clinical trials, reflecting the occurrence of rare,
extreme reactions or outcomes [22, 23]. This behavior emphasizes the need for models that can
effectively handle tail-heavy distributions to derive meaningful inferences about treatment
efficacy and patient outcomes [24-28]. Additionally, biomedical data often exhibits considerable
variability, driven by genetic diversity, environmental factors, lifestyle variations, and biological
randomness [29-33]. This variability is further complicated by measurement errors and
inconsistencies in data collection [34-36]. These challenges highlight the demand for advanced
models capable of accurately describing such complex data structures [11, 37-40].

The Gompertz distribution is a well-established model for lifetime data and has been
widely applied in various fields, particularly in demography, reliability analysis, and survival
studies. First introduced by Gompertz [41], it is related to certain distributions within the Pearson
family through a simple transformation. The Gompertz distribution has been extensively studied
and applied in diverse fields. For instance, Johnson, et al. [42] utilized it for analyzing lifetime
data, while Ohishi, et al. [43] explored its applications in computer science. Economos [44] applied
the distribution in biological studies, and Bemmaor and Glady [45] used it in marketing science.
Additional applications are discussed in studies by [46-50]. The cumulative distribution function

(CDF) of the Gompertz distribution is given by:
M(x2,7)=1-e"  x>0,1>07>0, 1)
where 1>0 and 77>0 are the scale and shape parameters, respectively.

The corresponding probability density function (PDF) is given by:
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m(x;4,n7)= ﬂ,ne“e”’(eml), x>0,14>0,7>0. ()

Despite its usefulness, the Gompertz distribution has limitations in its flexibility to
capture diverse data behaviors, especially for datasets exhibiting heavy tails. Moreover, the
classical Gompertz model struggles to represent certain data patterns, such as bathtub-shaped
and unimodal hazard rates, limiting its broader applicability, see, for example [51-55]. Bathtub-
shaped hazard rates are characterized by high initial failure rates, followed by a period of
stabilization and an eventual increase due to aging or wear-out effects [56]. Examples include
human mortality rates and failure rates of certain mechanical systems. Similarly, unimodal
hazard rates, where failure rates peak and then decline, are commonly observed in disease
progression scenarios . For this reason, several generalizations of the Gompertz distribution have
been developed by researchers to enhance its flexibility. Examples include the beta-Gompertz
distribution [57], Gompertz-power series distributions [58], generalized Gompertz distribution
[59], the three-parameter Gompertz distribution [60], unit-Gompertz distribution [61], Gompertz-
Lindley distribution [62], and generalized gamma-Gompertz distribution [63].

The Odd Beta Prime Generalized (OBP-G) family of distributions, proposed by Suleiman,
et al. [64], has facilitated the introduction of several generalized distributions. These include the
OBP-Weibull distribution by [65] and the OBP-Gumbel distribution by [66]. Other extensions
include the OBP-Kumaraswamy distribution by [67], the OBP-inverted Kumaraswamy by [68],
the OBP-Burr X distribution by [69], the OBP-Fréchet distribution by [70], and OBP-exponential
distribution by [71]. The CDF of the OBP-G family is defined as:

B M(x:s) (a’ﬁ)

G(X;a,ﬂ,g)z%, a, >0, XceR", 3)

where M(X;¢) is the baseline CDF, B, x (a,B) is the incomplete beta function, B(«, 8) is the

s)

beta function, &, f are shape parameters, and ¢ € R" is the parameter of the parent model . The

incomplete beta function By, (e, S) is given by:

M(x;¢)

1-M(xi5) ta—l
B,  (apB)= —dt, a,8>0, xeR".
M(x,g)( 'B) _([ (1+t)a+ﬂ B

The corresponding PDF of the OBP-G family is defined as:

[%Jl x[ m(x;s)
B(a,ﬂ){l{wm))ﬂw (1-M(x:¢))

1-M(x¢

g(X;a!ﬂ!G): J, a,ﬁ'>0, X,gERJr, (4)

where m(X;¢) is the baseline PDF.
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The first objective of this paper is to introduce a new four-parameter distribution referred
to as the OBP-Gompertz distribution. This new distribution is developed by combining the OBP-
G family and the traditional Gompertz model. The OBP-Gompertz distribution extends the
Gompertz model, offering greater flexibility by accommodating heavy tails in the density
function and exhibiting a versatile hazard function capable of taking forms such as bathtub-
shaped, increasing, decreasing, and unimodal. This enhanced flexibility makes it particularly
suitable for analyzing complex biomedical data, where such hazard rate patterns are often
observed. The primary motivation for this study is to develop a flexible statistical model capable
of effectively analyzing COVID-19 mortality data from countries such as China, the Netherlands,
and Nepal. Mortality data often exhibit diverse patterns, including right-skewed, left-skewed,
heavy, or light tails. The OBP-Gompertz distribution is designed to handle these complexities,
making it a robust tool for modeling such data. Fig. 1 shows the study plan.

Introduction
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FIGURE 1. Study framework.
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The fundamental objectives in establishing the OBP-Gompertz distribution are as follows:

1. To address variations in mortality data patterns, accommodate diverse characteristics such as
right-skewed, left-skewed, heavy, or light tails, thereby enabling more accurate modeling of
COVID-19 mortality data.

2. To capture diverse hazard rate shapes, including increasing, decreasing, bathtub, and upside-
down bathtub patterns, which are vital for analyzing the complex dynamics of time-
dependent mortality trends.

3. Toenhance the fit for real-world datasets by generalizing the Gompertz distribution, allowing
it to outperform many traditional statistical models when dealing with complex mortality
data.

4. To support public health and epidemiology research by providing a robust statistical tool for
studying regional and temporal variations in COVID-19 mortality, enabling better
understanding and decision-making.

5. To investigate the statistical properties associated with the proposed model, including
moments, linear representations, the quantile function, Rényi and Tsallis entropies, and the
moment-generating function.

6. To assess the performance of the OBP-Gompertz model parameters through maximum
likelihood estimation and validation via Monte Carlo simulations.

7. To demonstrate the application of the OBP-Gompertz distribution by analyzing COVID-19
mortality data from China, the Netherlands, and Nepal, showcasing its ability to provide
meaningful insights and enable effective cross-country comparisons.

This paper is organized into seven sections. Section II introduces the OBP-Gompertz

model and its distributional properties, including the hazard and survival functions. Section III

delves into the structural characteristics of the model. Section IV outlines the methods for

parameter estimation. Section V presents simulation studies to evaluate the robustness and
efficiency of the model parameters. Section VI demonstrates the practical applicability of the OBP-

Gompertz model by applying it to COVID-19 mortality data from China, the Netherlands, and

Nepal. Finally, Section VII concludes the paper with a summary of key findings and

recommendations for future research.

2. The OBP-Gompertz Distribution
This section derives the OBP-Gompertz distribution by utilizing the OBP-G family. The
expressions for the CDF, PDF, validity checks, survival function, and hazard function of the OBP-
Gompertz distribution are presented. Additionally, numerical and graphical representations of
the CDF, PDF, survival function, and hazard function are provided, highlighting their unique

and distinct shapes.
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The CDF of the OBP-Gompertz distribution is expressed in the following equation. This
representation is obtained by substituting the CDF specified in (1) with the CDF from (3):

Bl ) (. B)
F(X;a,ﬂ,/’i,ﬂ):_eB(Tﬁ)

The PDF of the OBP-Gompertz distribution, substituting (1) and (2) into the general OBP-
G PDF in (4):

, x>0,a,,.1>0. (5)

/177e“e"’7(elx 1) [1_ o) Tl .|:e_,7(ezx 4 :lﬁl

B(a,B)
Figs. 2 and 3 illustrate the flexibility of the OBP-Gompertz distribution in modeling

, x>0,a,8,4,n>0. (6)

f(xa B,4n)=

diverse data patterns. The CDFs in Fig. 2 highlight its ability to adapt to varying growth trends,
from steep initial increases that plateau to more gradual, steady growth, reflecting the diverse
progression of COVID-19 mortality rates across populations. Fig. 3, presenting the PDFs, further
emphasizes this versatility, presenting shapes that are right-skewed, left-skewed, heavy-tailed,
light-tailed, and moderately skewed. This adaptability is particularly relevant for modeling
phenomena like COVID-19 mortality, where most cases are mild, but a smaller fraction exhibits
severe or fatal outcomes. The presence of heavy tails also enables the model to account for rare
but extreme events, such as unexpected spikes in mortality rates. Overall, the OBP-Gompertz
distribution's ability to capture both common trends and outliers makes it a robust and promising

tool for analyzing complex biomedical data.
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FIGURE 2. Possible shapes of the OBP-Gompertz CDF for various parameter combinations.
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FIGURE 3. Possible shapes of the OBP-Gompertz PDF for various parameter combinations.

In Table 1, the numerical results of the CDF and PDF of the OBP-Gompertz distribution

are presented for various combinations of the parameters 7=0.57=0.7, and =12, with
varying «, 3, and A. This table illustrates how the CDF and PDF evolve with different parameter

values, shedding light on the distribution's capacity to model diverse datasets. The analysis
covers different values of «,f, and A, providing insights into how the probability of an event
occurring and the rate of that occurrence change under varying conditions. At smaller values of
X, the CDF is closer to 1, meaning the event is more likely to have occurred, while the PDF shows

the density of this likelihood. For example, with o =1, #=2,4=0.5, the CDF is higher, indicating

a greater likelihood of event occurrence at the initial stages. As x increases, the CDF decreases,
and the PDF starts to show the rate at which this probability changes. The transition in these

values across different 7 settings emphasize how the OBP-Gompertz distribution can capture

shifts in event likelihood and rate over time.

The parameter r plays a pivotal role in shaping the distribution's behavior. As 7

increases, the shape of the CDF becomes steeper, and the PDF tends to concentrate more around

certain values. For instance, when 7=1.2, the CDF decreases more rapidly, reflecting a higher
rate of change in the probability of the event. Conversely, for 7=0.5, the CDF decays more
gradually, and the PDF exhibits a more spread-out distribution. This highlights how 7 governs

the distribution's sensitivity to changes in x and influences the event's likelihood over time.
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Additionally, the values of «,f, and 1 show how the distribution adapts to different risk and

survival scenarios. Increasing S leads to higher CDF values and lower PDF values at smaller x,

indicating a slower rate of event occurrence. Similarly, increasing A results in a more pronounced
change in the PDF, reflecting a faster rate of

Change in the probability density. These behaviors demonstrate the flexibility of the OBP-
Gompertz distribution in modeling different risk profiles and survival patterns. Overall, the OBP-
Gompertz distribution proves to be a powerful tool for capturing a wide range of survival and
risk dynamics. Its ability to adjust the tail behavior and rate of occurrence through parameter
variation makes it particularly valuable in fields where precise modeling of these factors is
essential. The results in Table 1 demonstrate the distribution’s versatility in handling diverse
conditions and offer valuable insights into how the likelihood of events and their rates evolve
across different parameter settings.

Fig. 4 presents the 3D PDF and contour plots of the OBP-Gompertz distribution for
selected parameter combinations. The 3D plots visualize the overall shape of the PDF, while the
contour plots provide a detailed view of the density landscape. These visualizations provide
insights into the distribution's shape and behavior under different conditions. For example, the

plot (¢ =15, 3=15) shows a relatively symmetric PDF, with the peak occurring around 1 =2.5
and 77 =2.5. The contour lines indicate that the density decreases as we move away from the peak
in any direction. The plot (a=2.0,=1.0) shows a slightly right-skewed PDF, with the peak
occurring around A2=2 and 7 =2. The contour lines indicate that the density decreases as we
move away from the peak, with a steeper decline in the right tail. The plot (a =3.0, 5 =0.5) shows
a more pronounced right-skewed PDF, with the peak occurring around 1=2 and n=25. The

contour lines indicate a rapid decrease in density as we move to the right of the peak, highlighting
the distribution's heavy tail. By examining these plots, we can observe the flexibility of the OBP-
Gompertz distribution in capturing a wide range of shapes, from symmetric to highly skewed.
This flexibility makes the OBP-Gompertz distribution a powerful tool for modeling various real-
world phenomena.
A. Validation of the OBP-Gompertz Distribution
To confirm that f(X;a,,4,7) is a valid PDF, we must show that:

f (X a, B A,n)dx=1. (7)

O3

To verify this, we substitute (6) into (7):

T5 (v I S PP O o I R o A Sl B e e
;[f(x’a'ﬁ';t’n)dx_B(a,ﬁ)-([/me e .(1 e ) .(e ) dx. (8)
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Let:
u=1—e " = du=anere " Jax 9)
Thus, the integral in (8) becomes:
) 1 1 ~ s
f (X, B,A,n)dx = u“* (1-u)"" du. (10)

1
The integral J-u”"l (1- u)ﬁ ~du is the definition of the Beta function, B(a.B):
0

j'u“’l (1-u)""du=B(a,pB). (11)

0

Thus, (10) simplifies to:

Tf(x;a,ﬂ,/l,n)dX: .B(a,B)=1. (12)

1
B(a, ﬂ)
This confirms that f(X;a, f,4,77) is a valid PDF.

B. Survival Function of OBP-Gompertz Distribution

The survival function S(x) of the OBP-Gompertz distribution is expressed as:
B —npfe* (a’ ﬂ )
l-e I( )

S(xa,B,4,n)=1~- B(a,B)

. x>0,a,,4,1>0. (13)

C. Hazard Function of OBP-Gompertz Distribution
The hazard function h(x) of the OBP-Gompertz distribution is expressed as:

e 1 i)

5 L Bl_e”’("“’l) (a.B)
(0(,,6’) - B(O{,,B)

h(x;a, B, 4,1)= (14)

Figs. 5 and 6 highlight the flexibility of the OBP-Gompertz distribution in capturing a
variety of survival and hazard function patterns, making it highly suitable for modeling COVID-
19 mortality dynamics. Fig. 5 reveals the broad range of survival function shapes, from steep
initial drops to gradual declines, which align with different survival probabilities based on
parameter combinations. This flexibility is especially useful in biomedical research, where
survival functions often represent patient outcomes under varying disease progressions and
treatment effects. Similarly, Fig. 6 demonstrates the ability of the OBP-Gompertz distribution to
model diverse hazard rate patterns, including decreasing, increasing, bathtub-shaped, and

upside-down bathtub-shaped patterns. These hazard functions align with the varying mortality
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risks observed during the pandemic, capturing dynamics such as sudden surges, steady declines,
or prolonged risk periods. Together, these figures demonstrate the OBP-Gompertz distribution's
potential as a robust tool for analyzing and understanding the complex mortality patterns
associated with COVID-109.

In Table 2, the survival and hazard functions of the OBP-Gompertz distribution are
presented for various combinations of the parameters «,f,4, and 7. The table demonstrates
how these functions vary with different parameter values, offering insights into the flexibility and
versatility of the OBP-Gompertz distribution in modeling diverse datasets. The analysis spans
different values of 7=0.5,7=0.7,7=1.2 and highlights how the survival probabilities and hazard

rates evolve with changes in the «, #, and A parameters, as well as the variable x.

At smaller values of x, the survival probabilities are higher, meaning the event is less

likely to occur. For example, at x=0.1,7=0.5, =1 =2, and 1=0.5, the survival probability is
0.853753, and the hazard rate is 0.790569. As x increases, survival probabilities drop, and hazard

rates rise. This shows the risk of the event grows over time. The pattern holds across different
parameter combinations, highlighting the distribution's ability to handle various survival and
risk scenarios. The parameter 7 significantly impacts the survival and hazard trends. Higher #
values, such as 17=1.2, lead to higher survival probabilities and lower hazard rates at small x
values. However, these trends reverse sharply as x grows. For instance, at x=5 with a =1, =2,
and A =0.5, the survival probability is 0.326922 when 7 =0.5, compared to 0.031767 when 77 =1.2
. Similarly, the hazard rate increases from 0.111803 for 7=0.5 to 0.827838 for 7=1.2. This
illustrates how 7 shapes the tail behavior and risk dynamics.

The distribution also adapts well to different parameter settings, offering versatility in

modeling risks. For example, increasing £ from 2 to 2.5 raises survival probabilities and lowers

hazard rates for similar x values. This shows the scale parameter's role in moderating how fast
survival decreases and risk grows. Likewise, increasing « to 1.5 results in higher survival rates

at smaller x and slower hazard growth, reflecting the shape parameter's effect on the
distribution's steepness. Overall, the OBP-Gompertz distribution effectively captures various
survival and hazard patterns. Its flexibility makes it ideal for real-world applications, especially
those needing precise control over risks and tail behaviors. These results demonstrate the
distribution’s ability to provide meaningful insights into survival and risk dynamics under
diverse conditions.

The 3D and contour plots in Fig. 7 provide a comprehensive view of the hazard
function of the OBP-Gompertz distribution under specific parameter constraints such as
a=25/=20; a=10,=25; a=3.0,=0.5. The 3D plot visualizes the overall shape of the
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hazard function as a function of 2 and 7, while the contour plot highlights specific regions of

interest and the rate of change. The contour lines reveal how the hazard rate changes with respect

to 4 and 7. As A increases, the hazard rate generally increases, indicating a higher risk of failure.
However, the impact of 7 on the hazard rate is more complex, demonstrating the distribution's

flexibility in capturing various hazard rate patterns.
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TABLE 1. Numerical results for the CDF and PDF of the OBP-Gompertz distribution
n=05 n=07 n=12
X a B B CDF PDF CDF PDF CDF PDF
0.100000 1 2 0.5 0.146247 0.674951 0.094948 0.632036 0.094948 0.632036
0.644444 1 2 0.5 0.330609 0.208462 0.30762 0.276476 0.30762 0.276476
1.188889 1 2 0.5 0.420263 0.132923 0.431285 0.188982 0.431285 0.188982
1.733333 1 2 0.5 0.482259 0.098313 0.520413 0.142321 0.520413 0.142321
2277778 1 2 0.5 0.529809 0.077886 0.589208 0112315 0.589208 0112315
2.822222 1 2 0.5 0.568278 0.064246 0.644302 0.091195 0.644302 0.091195
3.366667 1 2 0.5 0.600453 0.054439 0.689486 0.075507 0.689486 0.075507
3911111 1 2 0.5 0.627987 0.047027 0.727172 0.063426 0.727172 0.063426
4.455556 1 2 0.5 0.65195 0.041222 0759007  0.053877 0.759007 0.053877
5.000000 1 2 0.5 0.673078 0.036551 0.786172 0.046179 0.786172 0.046179
0.100000 1 25 05 0.146247 0.674951 0.094948 0.632036 0.094948 0.632036
0.644444 1 25 05 0.330609 0.208462 0.30762 0.276476 0.30762 0.276476
1.188889 1 25 05 0.420263 0.132923 0.431285 0.188982 0.431285 0.188982
1.733333 1 25 05 0.482259 0.098313 0.520413 0142321 0520413 0142321
2277778 1 25 05 0.529809 0.077886 0.589208 0112315 0.589208 0112315
2.822222 1 25 05 0.568278 0.064246 0.644302 0.091195 0.644302 0.091195
3.366667 1 25 05 0.600453 0.054439 0.689486 0.075507 0.689486 0.075507
3911111 1 25 05 0.627987 0.047027 0.727172 0.063426 0.727172 0.063426
4.455556 1 25 05 0.65195 0.041222 0.759007  0.053877 0.759007 0.053877
5.000000 1 25 05 0.673078 0.036551 0.786172 0.046179 0.786172 0.046179
0.100000 1 3 0.5 0.146247 0.674951 0.094948 0.632036 0.094948 0.632036
0.644444 1 3 0.5 0.330609 0.208462 0.30762 0.276476 0.30762 0.276476
1.188889 1 3 0.5 0.420263 0.132923 0.431285 0.188982 0.431285 0.188982
1.733333 1 3 0.5 0.482259 0.098313 0.520413 0142321 0520413 0142321
2277778 1 3 0.5 0.529809 0.077886 0.589208 0112315 0.589208 0112315
2822222 1 3 0.5 0.568278 0.064246 0.644302 0.091195 0.644302 0.091195
3.366667 1 3 0.5 0.600453 0.054439 0.689486 0.075507 0.689486 0.075507
3911111 1 3 0.5 0.627987 0.047027 0.727172 0.063426 0.727172 0.063426
4.455556 1 3 0.5 0.65195 0.041222 0759007  0.053877 0.759007 0.053877
5.000000 1 3 0.5 0.673078 0.036551 0.786172 0.046179 0.786172 0.046179
0100000 15 2 0.5 0.085076 0.610122 0.043584 0.447513 0.043584 0447513
0644444 15 2 0.5 0.302067 0.292111 0.270372 0.374731 0.270372 0374731
1188889 15 2 0.5 0.434067 0.203241 0.450974 0.290743 0.450974 0.290743
1733333 15 2 0.5 0.53014 0.15356 0.589686 0221421 0.589686 0221421
2277778 15 2 0.5 0.604281 0.120793 0.694786 0.16697 0.694786 0.16697
2822222 15 2 0.5 0.663351 0.097401 0.77378 0.125089 0.77378 0.125089
3366667 15 2 0.5 0.711399 0.079897 0.832818 0.093263 0.832818 0.093263
3911111 15 2 0.5 0.751068 0.06638 0.876752 0.069271 0.876752 0.069271
4455556 15 2 0.5 0.784192 0.055702 0.909335 0.051291 0.909335 0.051291
5000000 15 2 0.5 0.812101 0.047121 0.93343 0.037878 0.93343 0.037878
0100000 15 25 05 0.085076 0.610122 0.043584 0447513 0.043584 0447513
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TABLE 2. Numerical results for the survival and hazard functions of the proposed model

n=05 n=0.7 n=12

X (04 ﬁ A Survival Hazard Survival Hazard Survival Hazard
0.100000 1 2 0.5 0.853753 0.790569 0.905052 0.698342 0.968945 0.378574
0.644444 1 2 0.5 0.669391 0.311421 0.692380 0.399312 0.744445 0.549526
1.188889 1 2 0.5 0.579737 0.229282 0.568715 0.332296 0.540438 0.621126
1.733333 1 2 0.5 0.517741 0.189889 0.479587 0.296759 0.380051 0.669773
2277778 1 2 0.5 0.470191 0.165647 0.410792 0.273410 0.261136 0.707381
2.822222 1 2 0.5 0.431722 0.148814 0.355698 0.256384 0.176133 0.738362
3.366667 1 2 0.5 0.399547 0.136251 0.310514 0.243169 0.116962 0.764876
3.911111 1 2 0.5 0.372013 0.126412 0.272828 0.232476 0.076627 0.788154
4.455556 1 2 0.5 0.348050 0.118437 0.240993 0.223562 0.049605 0.808969
5.000000 1 2 0.5 0.326922 0.111803 0.213828 0.215962 0.031767 0.827838
0.100000 1 2.5 0.5 0.853753 0.790569 0.905052 0.698342 0.968945 0.378574
0.644444 1 2.5 0.5 0.669391 0.311421 0.692380 0.399312 0.744445 0.549526
1.188889 1 2.5 0.5 0.579737 0.229282 0.568715 0.332296 0.540438 0.621126
1.733333 1 2.5 0.5 0.517741 0.189889 0.479587 0.296759 0.380051 0.669773
2277778 1 2.5 0.5 0.470191 0.165647 0.410792 0.273410 0.261136 0.707381
2.822222 1 25 0.5 0.431722 0.148814 0.355698 0.256384 0.176133 0.738362
3.366667 1 2.5 0.5 0.399547 0.136251 0.310514 0.243169 0.116962 0.764876
3.911111 1 2.5 0.5 0.372013 0.126412 0.272828 0.232476 0.076627 0.788154
4.455556 1 2.5 0.5 0.348050 0.118437 0.240993 0.223562 0.049605 0.808969
5.000000 1 2.5 0.5 0.326922 0.111803 0.213828 0.215962 0.031767 0.827838
0.100000 1 3 0.5 0.853753 0.790569 0.905052 0.698342 0.968945 0.378574
0.644444 1 3 0.5 0.669391 0.311421 0.692380 0.399312 0.744445 0.549526
1.188889 1 3 0.5 0.579737 0.229282 0.568715 0.332296 0.540438 0.621126
1.733333 1 3 0.5 0.517741 0.189889 0.479587 0.296759 0.380051 0.669773
2277778 1 3 0.5 0.470191 0.165647 0.410792 0.273410 0.261136 0.707381
2.822222 1 3 0.5 0.431722 0.148814 0.355698 0.256384 0.176133 0.738362
3.366667 1 3 0.5 0.399547 0.136251 0.310514 0.243169 0.116962 0.764876
3911111 1 3 0.5 0.372013 0.126412 0.272828 0.232476 0.076627 0.788154
4.455556 1 3 0.5 0.348050 0.118437 0.240993 0.223562 0.049605 0.808969
5.000000 1 3 0.5 0.326922 0.111803 0.213828 0.215962 0.031767 0.827838
0.100000 1.5 2 0.5 0.914924 0.666855 0.956416 0.467907 0.992107 0.142640
0.644444 1.5 2 0.5 0.697933 0.418538 0.729628 0.513592 0.797138 0.633273
1.188889 1.5 2 0.5 0.565933 0.359125 0.549026 0.529561 0.505255 1.033607
1.733333 15 2 0.5 0.469860 0.326822 0.410314 0.539639 0.260350 1.397488
2277778 1.5 2 0.5 0.395719 0.305248 0.305214 0.547060 0.110765 1.738808
2.822222 15 2 0.5 0.336649 0.289323 0.226220 0.552954 0.039313 2.064027
3.366667 15 2 0.5 0.288601 0.276842 0.167182 0.557852 0.011730 2.376855
3911111 1.5 2 0.5 0.248932 0.266659 0.123248 0.562049 0.002960 2.679678
4.455556 15 2 0.5 0.215808 0.258111 0.090665 0.565724 0.000635 2.974158
5.000000 1.5 2 0.5 0.187899 0.250778 0.066570 0.568994 0.000116 3.261508
0.100000 1.5 2.5 0.5 0.914924 0.666855 0.956416 0.467907 0.992107 0.142640
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FIGURE 7. 3D hazard function and contour plots of the OBP-Gompertz distribution.
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3. Properties of OBP-Gompertz Distribution
This section introduces the key statistical properties of the OBP-Gompertz distribution,
including the derivation of moments, moment generating function, Rényi and Tsallis entropies,
and stress-strength function. These properties are essential for comprehensive modeling and
analysis, providing insights into the distribution's behavior and applications in various fields.

A. Moments

The r" moment of the OBP-Gompertz distribution is expressed as:
E(X“):Txrf(x;a,ﬂ,l,n)dx. (15)
0
Substituting the PDF of the OBP—Gompertz distribution from (6) into (15):
E r - _f xete Y (1—e"(eﬁxl) )H. (e"(elx = )ﬂ_l dx. (16)

The first four moments of the OBP-Gompertz distribution (for I =1,2,3,4) are as follows:

For r=1:
/177 —r](e —1) *I](e/lel) a-l —n(elx—l) A
E(X)=5 Bl )1 jxe e .(1—e ) .(e ) dx. (17)
a,
For r=2:
Ix X a-1 Ix p-1
E(X?) sz ee ( 1-e _1)) .(e_"(e _1)) dx. (18)
For r=3 and I'=4, the process is identical:
E(X?)= J g e ( e ) ( e )’”
x’e™e” —-e e dx. (19)
a,p o
Ix X a-1 Ix /-1
E(X*)= 2 (/Wﬂ) I x'ere ¢ _1).(1—e_"(e _1)) .(e_”(e _1)) dx. (20)
apP)o
The variance is then given by:
Var(X)=E(X?)-(E(X))’. 1)

The skewness measures the asymmetrical distribution and is given by:

E((X—,u)s)

Skewness = (22)

where E((X—y)3)=E(X3)—3E(X2)E(X)+2E(X)3, ,UZE(X) is the mean, and ¢’ is the

variance.
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The kurtosis measures the tailedness of the distribution and is given by:

(%)

4 ’
o

where E((X —u)")=E(X*)-4E(X?)E(X)+6E(X?)(E(X))’ ~3(E(X))".

Kurtosis = (23)

In Table 3, the mean, variance, skewness, and kurtosis of the OBP-Gompertz distribution

are presented across various combinations of the parameters «, 8,4, and 7. The table shows how
these statistical moments change for different values of «, 8,4, and 7, providing insights into the
distribution's behavior.

For the parameters « =1.5,4=0.5,4=0.5, and 7 =0.5, the mean is 3.0586, with a variance
of 1.8029, skewness of 0.0556, and kurtosis of -0.5474, indicating a moderately spread distribution

with slightly positive skewness and a relatively flat shape. As 7 increases to 1, the mean decreases
to 2.1306, and the variance also decreases to 1.1843, while the skewness becomes more positive
(0.3085) and the kurtosis is less negative (-0.4553), suggesting a more pronounced peak and
slightly more positive asymmetry. As 7] increases further, the mean continues to decrease,
reaching 1.1115 at 7 =1.5, with the variance dropping to 0.4566. The skewness increases to
0.6707, and the kurtosis becomes positive (0.0773), indicating that the distribution is becoming
more concentrated around the mean and less spread out. At higher values of 4 (1.5 and beyond),
the mean, variance, and skewness values all tend to decrease, while kurtosis moves toward a
more positive value, signaling a transition toward a more concentrated distribution with a
sharper peak. For higher values of & (2.0 and 2.5), the mean continues to decrease, while
variance and skewness also show decreasing trends. For instance, when «=2.0,4=0.5,4=0.5,
and 77 =0.5, the mean is 3.3022, and the variance is 1.5716. As 1] increases, the mean continues to
decrease, and the skewness remains relatively low. This pattern is also visible for higher values
of &, where the distribution becomes more concentrated, with lower mean values and higher
peak (positive kurtosis) values at higher 1 values.

The skewness remains positive for most combinations of parameters, but its magnitude
increases as 7 increases, suggesting that the distribution becomes more asymmetric. The kurtosis,
in general, shows more negative values at lower values of 77, indicating a flatter distribution, but
as 7 increases, the kurtosis becomes positive, reflecting a sharper peak. The trend is consistent
across different values of & and g . Overall, the results from Table 3 indicate that as 7 increases,
the OBP-Gompertz distribution tends to become more concentrated around the mean with higher

skewness and kurtosis values, especially for higher values of & and £ . The distribution exhibits
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more pronounced changes in the statistical moments as 7] increases, suggesting a shift towards a
more ordered and less spread-out distribution

The 3D and contour plots in Figs. 8-11 provide a comprehensive view of the OBP-
Gompertz distribution's statistical properties under specific parameter constraints. By fixing the
values of & and g, we can explore the behavior of the distribution with respect to 4 and 7. The
3D plots visualize the overall shape of the statistical measure, while the contour plots highlight
specific regions of interest and the rate of change. For instance, in Fig. 8, the contour lines reveal
how the mean increases with both 1 and 77, while in Fig. 9, the contour lines show how the
variance changes with respect to the parameters. In Fig. 10, the contour lines illustrate how the
skewness can be positive or negative depending on the parameter values, highlighting the
distribution's flexibility in capturing asymmetry. Similarly, in Fig. 11, the contour lines show how

the kurtosis varies with 4 and 7, indicating the distribution's ability to model different levels of

tail weight.
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FIGURE 8. 3D mean and contour plots of the OBP-Gompertz distribution.
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FIGURE 9. 3D variance and contour plots of the OBP-Gompertz distribution.



Int. J. Anal. Appl. (2025), 23:206

TABLE 3. The mean, variance, skewness, and kurtosis for the OBP-Gompertz distribution

a ﬂ A n Mean Variance Skewness Kurtosis
1.5 0.5 0.5 0.5 3.0586 1.8029 0.0556 -0.5474
1.5 0.5 0.5 1 2.1306 1.1843 0.3085 -0.4553
1.5 0.5 0.5 1.5 1.6739 0.8637 0.4678 -0.2859
1.5 1 0.5 0.5 22312 1.1992 0.2358 -0.4983
1.5 1 0.5 1 1.4661 0.6854 0.5067 -0.2158
1.5 1 0.5 1.5 1.1115 0.4566 0.6707 0.0773
1.5 1 1 0.5 1.1156 0.2998 0.2358 -0.4983
1.5 1 1 1 0.733 0.1714 0.5067 -0.2158
1.5 1 1 1.5 0.5557 0.1142 0.6707 0.0773
1.5 1 1.5 0.5 0.7437 0.1332 0.2358 -0.4983
15 1 15 1 0.4887 0.0762 0.5067 -0.2158
1.5 1 1.5 1.5 0.3705 0.0507 0.6707 0.0773
15 15 0.5 0.5 1.8042 0.8985 0.3588 -0.4032
15 15 0.5 1 1.1436 0.4689 0.6344 0.0052
1.5 1.5 0.5 1.5 0.8492 0.2954 0.7962 0.3688
15 15 1 0.5 0.9021 0.2246 0.3588 -0.4032
1.5 1.5 1 1 0.5718 0.1172 0.6344 0.0052
15 15 1 15 0.4246 0.0738 0.7962 0.3688
1.5 1.5 1.5 0.5 0.6014 0.0998 0.3588 -0.4032
1.5 1.5 1.5 1 0.3812 0.0521 0.6344 0.0052
15 15 15 15 0.2831 0.0328 0.7962 0.3688
2 0.5 0.5 0.5 3.3022 1.5716 0.0208 -0.427
2 0.5 0.5 1 2.3205 1.0749 0.2574 -0.3884
2 0.5 0.5 1.5 1.8317 0.8018 0.4097 -0.2577
2 1 0.5 0.5 2.4989 1.0787 0.1406 -0.4237
2 1 0.5 1 1.6627 0.6475 0.3971 -0.2464
2 1 0.5 1.5 1.2689 0.4428 0.5547 -0.0218
2 1 1 0.5 1.2495 0.2697 0.1406 -0.4237
2 1 1 1 0.8265 0.1212 0.3971 -0.2464
2 1 1 15 0.6118 0.0744 0.5547 -0.0218
2 1 1.5 0.5 0.8679 0.1264 0.1406 -0.4237
2 1 1.5 1 0.5663 0.0704 0.3971 -0.2464
2 1 15 15 0.4293 0.0456 0.5547 -0.0218
2 1.5 0.5 0.5 2.3489 1.0078 0.2499 -0.3898
2 15 0.5 1 1.5551 0.5773 0.4827 -0.0954
2 1.5 0.5 1.5 1.1878 0.3556 0.6423 0.1417
2 15 1 0.5 1.2361 0.2154 0.2499 -0.3898
2 15 1 1 0.8306 0.0963 0.4827 -0.0954
2 1.5 1 1.5 0.6164 0.0603 0.6423 0.1417
2 15 15 0.5 0.8687 0.1225 0.2499 -0.3898
2 1.5 1.5 1 0.5772 0.0689 0.4827 -0.0954
2 1.5 1.5 1.5 0.4296 0.0429 0.6423 0.1417
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FIGURE 11. 3D kurtosis and contour plots of the OBP—Gompertz distribution.

B. Moment Generating Function

The moment generating function (MGF) is given by:
My () =E(e%) = [e"f (@, B,4,7)dx
0
Substituting the PDF of the OBP—Gompertz distribution from (6) into (24):

M, (t I e"e™e (1— "(elx_l))a_l.(e_"(em_l) )ﬁ_ldx.

C. Quantile Function

(24)

(25)

The quantile function Q( p) of the OBP-Gompertz distribution is defined as the inverse

of the CDF in (5). By definition, an inverse function Q( p) must satisfy the conditions outlined by

the following functional equation:

F (Q( p)) =P forevery P€ [0,1].
Using the CDF provided in (5) applies:

(26)
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1 Mee) ) 4 )
_— u*(1-u)” " du=p. 27
swp) | 0
Solving for Q( p) requires inverting 1-e" o (x;4,17), which gives:
Q(p):lln 1+1In(l— p) |. (28)
A "
D. Rényi and Tsallis Entropy Measures
The Rényi entropy for the OBP-Gompertz distribution is defined as:
1 0
HR(Q)=—1 q|nj.[f(x;a,,3,/1,77)]qu, q>0,q=1. (29)
- 0
Substituting (6) into (29):
~ a- _ 1
L et g
H.(q)= In dx. (30)
«(9) 1-q ! B(a. B)
Expanding the g power and simplifying the exponent (30) becomes:
1 1 q
H.(q)= In An)., (31)
s _ o _nfe¥ q(a-1)
where | =Je““.e Wi, (1—e g 1)) dx.
0
The Tsallis entropy for the OBP-Gompertz distribution is defined as:
1 o0
HT(q)zm{l—J‘(f(x;a,ﬁ,/l,ry))q dx}, q>0,q=1. (32)
0
Substituting (6) into (32), the Tsallis entropy becomes:
X a- . —1\4
| o[t frgn ] o]
H q)= 1— dx |. (33)
(@) 1-q ! B(a.p)
Expanding the q" power and simplify the exponent (33) becomes:
1 1 q T qix—C(e“—l) —n(e"x—l) 4(e-1)
H, (q)=——|1- (n2)" [e .(1—e x|, (34)
! 1q[ (B(a.B))’ !

where C= qn.[1+ ( p —l)]. The Tsallis entropy for the OBP-Gompertz distribution is:
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1. (772,)(1.IT
HT(q)lqll (B(a,ﬂ))q}’ )

o0

x—C(e — _nfe = q(afl)
where |; :J‘eLM A 1).(1—8 d 1)) dx.

0
In Table 4, the Rényi and Tsallis entropy values of the OBP-Gompertz distribution are

presented across various parameter combinations «, 3,1, and 1], with the entropies computed
for different values of (. The table shows how entropy changes for q=1.5,q=2.0, and q=2.5,
both for Rényi and Tsallis entropy measures. For a =1.5,3=0.5, and 4=0.5, the entropy values
are relatively high. At q=0.5, Rényi entropy is 1.6365 and Tsallis entropy is 1.1176, indicating
higher uncertainty in the system. As ( increases to 1.5, Rényi entropy decreases, reaching 1.5663,
while Tsallis entropy drops to 0.6031, reflecting a decrease in entropy as the system moves toward
more ordered behavior.

For the same set of parameters, when 7 increases from 0.5 to 1.5, the entropy values
generally decrease, particularly for Tsallis entropy. For example, at 77 =1.5, the Rényi entropy for
g =0.5 is 1.2293, which is smaller than the value at 77 =0.5, reflecting a lower level of uncertainty
as 1] increases. This pattern continues for higher values of (, with a more pronounced drop for
Tsallis entropy compared to Rényi entropy, suggesting that Tsallis entropy is more sensitive to

changes in 7. As the parameter & increases, the entropy values exhibit more notable changes.
For instance, at a=154=15 and A4=0.5, the Rényi entropy at q=0.5 is 1.2447, which

decreases to 0.167 as & reaches 2.5, showing a sharp decline in entropy as the shape parameter
increases. The corresponding Tsallis entropy shows a similar but slightly smaller decrease. The

entropy values demonstrate a consistent trend as the parameters o, 3, and 1] increase, the entropy

generally decreases, indicating a more ordered or predictable system. However, the Tsallis
entropy tends to decrease more significantly than the Rényi entropy, suggesting that Tsallis
entropy is more sensitive to the changes in the distribution's shape.

Fig. 12 showcases the Rényi entropy of the OBP-Gompertz distribution in a 3D plot and a

contour plot. The contour plot reveals a nuanced relationship between the parameters 1 and 7.

As 1 increases, the entropy generally rises, indicating a growing degree of uncertainty or

randomness within the system. However, the impact of 77 is more intricate, demonstrating the

distribution’s flexibility in capturing a wide range of information-theoretic behaviors. This
adaptability makes the OBP-Gompertz distribution a powerful tool for modeling complex
systems with varying levels of uncertainty and complexity. Fig. 13 presents the Tsallis entropy of

the OBP-Gompertz distribution in both 3D and contour plot formats. The contour plot highlights
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the distribution’s sensitivity to both A and 7. Increasing 1 leads to higher Tsallis entropy,
suggesting increased complexity and non-extensivity. Conversely, increasing 7 tends to decrease

the Tsallis entropy, indicating a more ordered and less complex system. This flexibility allows the
OBP-Gompertz distribution to accommodate a broad spectrum of real-world systems with
varying degrees of non-extensivity and complexity.
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FIGURE 12. 3D Rényi entropy and contour plots of the OBP-Gompertz distribution.
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TABLE 4. Rényi and Tsallis entropy measures for the OBP-Gompertz distribution
q=1.5 q=2.0 q=2.5
Rényi Tsallis Rényi Tsallis Rényi Tsallis
a £ A Entropy Entropy Entropy Entropy Entropy Entropy
15 0.5 0.5 0.5 1.6365 1.1176 1.5963 0.7974 1.5663 0.6031
15 05 0.5 1 1.4101 1.0118 1.3732 0.7467 1.3461 0.5782
15 05 0.5 15 1.2293 0.9183 1.1908 0.696 1.1631 0.5502
15 1 0.5 0.5 1.4234 1.0184 1.3863 0.75 1.3589 0.5798
15 1 0.5 1 1.1072 0.8502 1.0678 0.6563 1.0396 0.5265
15 1 0.5 15 0.8707 0.7059 0.8267 0.5625 0.7955 0.4645
15 1 1 0.5 0.7303 0.6118 0.6931 0.5 0.6658 04211
15 1 1 1 0414 0.374 0.3747 0.3125 0.3465 0.2702
15 1 1 15 0.1776 0.1699 0.1335 0.125 0.1023 0.0948
15 1 15 0.5 0.3248 0.2998 0.2877 0.25 0.2603 0.2155
15 1 15 1 0.0086 0.0085 -0.0308 -0.0313 -0.059 -0.0617
15 1 15 15 -0.2279 -0.2414 -0.2719 -0.3125 -0.3032 -0.3838
15 15 0.5 0.5 1.2656 0.9378 1.2286 0.7073 1.2016 0.5567
15 15 0.5 1 0.8919 0.7196 0.8491 0.5722 0.8187 04714
15 15 0.5 15 0.6234 0.5356 0.5747 04371 0.5403 0.3702
15 15 1 0.5 0.5725 0.4978 0.5354 0.4146 0.5085 0.3557
15 15 1 1 0.1987 0.1892 0.156 0.1444 0.1256 0.1144
15 15 1 15 -0.0697 -0.071 -0.1185 -0.1258 -0.1528 -0.1717
15 15 15 0.5 0.167 0.1602 0.13 0.1219 0.103 0.0955
1.5 15 1.5 1 -0.2067 -0.2178 -0.2495 -0.2834 -0.2799 -0.3478
1.5 15 1.5 1.5 -0.4752 -0.5364 -0.524 -0.6887 -0.5583 -0.8736
2 05 0.5 0.5 1.5667 1.0862 1.5198 0.7813 1.4857 0.5949
2 0.5 0.5 1 1.369 0.9913 1.3257 0.7344 1.2941 0.571
2 0.5 0.5 15 1.2067 0.9061 1.1632 0.6875 1.1316 0.5446
2 1 0.5 0.5 1.3768 0.9952 1.3322 0.7361 1.2997 0.5718
2 1 0.5 1 1.1016 0.847 1.0578 0.6528 1.0262 0.5236
2 1 0.5 1.5 0.8886 0.7175 0.8427 0.5694 0.8098 0.4688
2 1 1 0.5 0.6837 0.5791 0.6391 0.4722 0.6066 0.3983
2 1 1 1 0.4084 0.3694 0.3646 0.3056 0.3331 0.2621
2 1 1 15 0.1955 0.1863 0.1495 0.1389 0.1167 0.107
2 1 15 0.5 0.2782 0.2597 0.2336 0.2083 0.2011 0.1736
2 1 15 1 0.003 0.003 -0.0408 -0.0417 -0.0724 -0.0765
2 1 15 15 -0.21 -0.2214 -0.2559 -0.2917 -0.2888 -0.3615
2 15 0.5 0.5 1.2447 0.9266 1.2014 0.6992 1.1698 0.5514
2 15 0.5 1 0.9171 0.7356 0.8723 0.582 0.8402 0.4776
2 15 0.5 15 0.6732 0.5716 0.6252 0.4648 0.5911 0.392
2 15 1 0.5 0.5516 0.4821 0.5082 0.3984 0.4767 0.3406
2 15 1 1 0.224 0.2119 0.1792 0.1641 0.1471 0.132
2 15 1 15 -0.0199 -0.02 -0.068 -0.0703 -0.1021 -0.1103
2 15 15 05 0.1461 0.1409 0.1028 0.0977 0.0712 0.0676
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FIGURE 13. 3D Tsallis entropy and contour plots of the OBP-Gompertz distribution.

4. Estimation of Parameter

The maximum likelihood estimation (MLE) is a method used to estimate the parameters

of a distribution by maximizing the likelihood function. In this section, we derive the MLEs for

the parameters of the OBP-Gompertz distribution.

Suppose we have a sample of size n, denoted by {Xl’ Xgpeen X”} . The likelihood function is

given by:
L(a,ﬁ,l,n)zf[ f (Xi;a,ﬁ,l,n),

(36)
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where f (X, a, B4, 77) is the PDF of the OBP-Gompertz distribution expressed in (6). Substituting
(6) into (36), we have:
L(a,ﬂ,l,?]) — ;ﬂﬁ{nielxle_'](e}*l _1) . [1_e—1](e‘»x| _1) )al.(e_n(e/}x. _1) jﬂli| (37)
( B (a, £ )) i-1

Taking the natural logarithm of the likelihood function to obtain the log-likelihood
function:

f(a,ﬂ,l,ﬂ)=—n|nB(a,ﬂ)+gln[;7/1e“‘"(ezx'l)} o— 1;"1[1 . (9'1)}

+(5-1) Zln[ ) }

(38)
Upon simplification, we have:

n

((e, f,2,m)=-nInB(a, B)+nIn(ni) +/12x "72( -1)
= (39)

(a-1) Zm[ ) }—(ﬂ—l)niznl:(e“i -1)

To find the MLEs, we take partial derivatives of ( (06 ) ﬂ,/“]) with respect to «, 8,1, and
1, and set them equal to zero as follows:

Y , ’i’ e K 1
(aaﬂ_a n):_n(;//( a+,8) Zln[l e } (40)
where l//() is the digamma function.
N, B, A,
HEBI) (i ()-w(as )13 e ) @
Ha.p.2) g A :—+Zx nZe“x (42)
*ﬂ(elxi *1) %

o, poAnn) n &y € (e '_1)

T_;_;(e —1)+(a—1)§ = (43)

Because (40-43) are nonlinear, numerical optimization techniques such as the Newton-
Raphson method are required to estimate «, 3,1, and 7.

5. Monte Carlo Simulation
This section presents the results of Monte Carlo simulations conducted to evaluate the
performance of the MLE method for estimating the parameters of the OBP-Gompertz distribution
across varying sample sizes (n = 10,20,30,40,50,100,150,200). The simulations involved
generating random samples based on two parameter configurations: Casel (a = 2.0, = 3.0,4 =
0.5,7 = 1.0) and Case II « = 1.0, = 1.0,4 = 0.5,n = 1.0. Each experiment was conducted 1000
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times to determine the mean estimate, bias, and mean square error (MSE), as presented in Table
5.

In Case I, smaller sample sizes exhibited higher biases and larger MSEs, with bias
values ranging from 22.3652 to 0.9848, and MSE values varying from 8177.7443 to 0.9909. These
results suggest that for small datasets, the parameter estimates are less stable and more
susceptible to variability. However, as the sample size increases, biases diminish, and MSE values
decrease substantially, falling to ranges of -1.8190 to -0.9848 for biases and 4.6764 to 0.9909 for
MSEs. In Case II, the pattern is similar but with consistently lower levels of bias and MSE across
all sample sizes compared to Case I. Biases range from 1.0736 to -0.0081, and MSE values stay
between 8.4840 and 0.0230.

The results demonstrate that the OBP-Gompertz distribution and MLE method achieve
more accurate and reliable parameter estimates with larger sample sizes. This is evidenced by
consistently decreasing bias and MSE, emphasizing the importance of sufficient data for
precision. These results are graphically represented in Fig. 14, showing the trends in mean and
bias for each parameter across various sample sizes. As expected, both cases demonstrate that
MLE performs well for parameter estimation, particularly with larger sample sizes. The biases
and means of the parameter estimates exhibit a clear trend of improvement as the sample size

increases, especially for the & and 1] parameters.
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FIGURE 14. Mean and Bias of parameter estimates for Case I and Case II.
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TABLE 5. Simulation results for the OBP-Gompertz distribution for Case I and Case II
Casel Case Il
a=20,=30,4=057=10 a=10,8=10,1=057=10
N Estimate Mean Bias MSE Mean Bias MSE
a 24.365 22.365 181.74 2.0736 1.0736 8.4840
10 p 9.8830 6.8830 414.70 2.7921 1.7921 19.070
A 09571 0.4571 13444 0.9731 0.4731 1.1425
U 38.755 37.755 177.50 3.2003 22003 20.933
a 7.9326 5.9326 145.24 1.3866 0.3866 2.0857
20 p 5.7245 2.7245 183.03 2.3509 1.3509 14.374
A 0.6567 0.1567 0.2387 0.6954 0.1954 0.2641
U 12.707 11.707 119.05 2.8758 1.8758 17.546
a 3.7455 1.7455 119.36 1.1588 0.1588 0.7239
30 p 4.2181 1.2181 120.07 21042 11042 11.447
A 0.6064 0.1064 0.1520 0.6227 0.1227 01493
U 5.3459 4.3459 107.23 23904 1.3904 12.385
a 2.2626 0.2626 116.93 1.0966 0.0966 0.2097
40 p 26233 -0.3767 38.081 1.6428 0.6428 7.3262
A 0.6053 0.1053 0.1061 0.5875 0.0875 01018
U 3.2367 22367 100.90 24095 1.4095 11.843
a 1.9993 -0.0007 11546 1.0750 0.0750 0.1785
50 p 2.3068 -0.6932 25.596 1.4994 0.4994 6.0198
A 0.5567 0.0567 0.0810 0.5675 0.0675 0.0722
U 2.8162 1.8162 92.681 2.5120 1.5120 12.379
a 1.0272 -0.9728 1.0202 1.0172 0.0172 0.0460
100 p 14113 -1.5887 6.6439 1.1149 0.1149 2.0752
A 0.5270 0.0270 0.0353 0.5412 0.0412 0.0308
U 1.7788 0.7788 31.110 2.0629 1.0629 8.1189
a 1.0516 -0.9484 1.0021 1.0245 0.0245 0.0332
150 p 1.2333 -1.7667 4.8291 1.0401 0.0401 14342
A 0.5240 0.0240 0.0203 0.5257 0.0257 0.019
U 14297 0.4297 31.783 1.8972 0.8972 6.5494
a 1.0152 -0.9848 0.9909 0.9919 -0.0081 0.0230
200 p 1.1810 -1.8190 4.6764 0.9643 -0.0357 0.6343
A 0.5098 0.0098 0.0157 0.5351 0.0351 0.0171
U 1.2490 0.2490 6.3406 1.7558 0.7558 5.8491
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6. Real Data Application

In this section, we demonstrate the practical utility of the OBP-Gompertz distribution by
applying it to analyze COVID-19 mortality rate datasets from China, the Netherlands, and Nepal.
Statistical distribution models like the OBP-Gompertz distribution are instrumental in healthcare
analytics, providing insights into patterns of disease progression, mortality rates, and other
critical metrics. These models enable healthcare professionals to make data-driven decisions,
optimize resource allocation, and devise effective public health strategies. In the subsequent
sections, we present a detailed analysis of the datasets, comparing the performance of the OBP-
Gompertz distribution to other competing models. The results highlight the superior fit of the
OBP-Gompertz distribution and its ability to accurately capture the intricacies of the mortality
data.

I. First Dataset: COVID-19 Mortality Rate in China

The first dataset represents the COVID-19 mortality rates in China, as reported by
Alghamdi and Abd El-Raouf [72]. It consists of 66 observations, capturing mortality rates over a
specific period. The data is given as:

8,16, 15, 24, 26, 26, 38, 43, 46, 45, 57, 64, 65, 73, 73, 86, 89, 97, 108, 97, 146, 121, 143, 142, 105,
98, 136, 114, 118, 109, 97, 150, 71, 52, 29, 44, 47, 35, 42, 31, 38, 31, 30, 28, 27, 22,17, 22,11, 7, 13, 10,
14,13,11,8,3,7,6,9,7,4,6,5,3, 5.
II. Second Dataset: COVID-19 Mortality Rate in the Netherlands

The second dataset represents the COVID-19 mortality rates in the Netherlands, as
reported Alghamdi and Abd El-Raouf [72]. It consists of 30 observations, reflecting mortality rates
over a specific period. The data is given as:

14.918, 10.656, 12.274, 10.289, 10.832, 7.099, 5.928, 13.211, 7.968, 7.584, 5.555, 6.027, 4.097,
3.611, 4.960, 7.498, 6.940, 5.307, 5.048, 2.857, 2.254, 5.431, 4.462, 3.883, 3.461, 3.647, 1.974, 1.273,
1.416, 4.235.
III. Third Dataset: COVID-19 Mortality Rate in Nepal

The third dataset represents the COVID-19 mortality rates in Nepal, as reported by
Alghamdi and Abd El-Raouf [72]. It consists of 153 observations, capturing mortality rates over
a specific timeframe. The data is given as:

2,2,2,2,22,3,2,3,3,42,55,3,2,4,4,8,4,4,3,2,3,7,6,6,11,9,3,8,7,11, 8,12,12, 14,
7,11,12,6,14,9,9,11,6,6,5,5,14,9,15,11, 8, 4,7,11, 10, 16, 2, 7,17, 6, 8, 10, 4, 10, 7,11, 11, 8, 7,
19,9,15,12,10,14, 22,9, 18, 12,19, 21, 12,12, 18, 8, 26, 21,17, 13, 5, 15, 14, 11, 17, 16, 17, 23, 24, 20,
30,18,18,17,21,18, 22,26,15,13,13,6,9,17,12,17, 22,7, 16, 16, 24, 28, 23, 23,19, 25, 29, 21, 9, 13,
16,10, 17,20, 23,14, 12,11,15,9, 18,14, 13, 6,16,12,11,7, 3, 5, 5.
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IV. Numerical and Graphical Descriptions of Three Datasets

This subsection provides a detailed numerical and graphical summary of the COVID-19
mortality datasets from China, the Netherlands, and Nepal. The statistical summaries highlight
key measures of central tendency, variability, and distribution, while the visualizations offer an
in-depth view of the data's characteristics. The COVID-19 mortality data statistical characteristics
are summarized in Table 6 and visually analyzed in Figs. 15-17 for China, the Netherlands, and
Nepal, respectively.

The dataset from China exhibits a median of 33.00 and a mean of 49.74. The first and third
quartiles are 13.00 and 82.75, respectively, indicating a wide range in the data. The minimum
value is 3.00, and the maximum is 150.00, resulting in a range of 147. The standard deviation of
43.873 reflects high variability. The skewness of 0.8176 indicates a moderately right-skewed
distribution, while the kurtosis of -0.6235 suggests a flatter-than-normal distribution. The dataset
from the Netherlands shows a median of 5.369 and a mean of 6.157. The first and third quartiles
are 3.706 and 7.562, respectively. The data ranges from 1.273 to 14.918, yielding a range of 13.645.

The standard deviation is 3.5333, indicating moderate variability. A skewness value of
0.7926 suggests slight right skewness, and a kurtosis of -0.2401 points to a nearly normal
distribution with slightly flat tails. The dataset from Nepal has a median of 11.00 and a mean of
11.61. The first quartile is 6.00, and the third quartile is 16.00. The minimum and maximum values
are 2.00 and 30.00, respectively, resulting in a range of 28. The standard deviation of 6.7591
indicates moderate variability. The skewness of 0.5034 points to slight right skewness, and the
kurtosis of -0.4855 reflects a moderately flat-tailed distribution.

To complement the numerical descriptions, various visualization techniques were
employed to analyze the datasets, including histograms with kernel density plots, box plots,
violin plots, strip plots, and CDF plots. These visualizations provide a comprehensive
understanding of the data distributions and characteristics. In Fig. 15, the histogram and kernel
density plot highlight a right-skewed distribution with most values concentrated at the lower end
and a few outliers extending to the right. The box plot shows potential outliers, while the violin
plot provides a detailed view of data density. The strip plot reveals individual observations, and
the CDF illustrates cumulative probabilities, indicating a relatively low average mortality rate
with some higher values. In Fig. 16, the histogram and kernel density plot for the Netherlands
show a slight right skew. The box plot highlights the median and outliers, and the violin plot
emphasizes distribution symmetry. The strip plot identifies individual clusters, while the CDF
plot provides a cumulative perspective of the data. In Fig. 17, the histogram and kernel density
plot display a right-skewed distribution with a higher concentration of lower mortality rates. The

box plot identifies the median and potential outliers, and the violin plot gives additional insight
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into the distribution's shape. The strip plot and CDF plot provide clarity on individual data points
and cumulative trends.

TABLE 6. Summary of the COVID-19 mortality data from China, the Netherlands, and Nepal

Statistics China Netherlands Nepal
Number 66 30 153
Sum 3283 184.695 1777
Median 33.00 5.369 11.00
Mean 49.74 6.157 11.61
First quartile ~ 13.00 3.706 6.00
Third quartile 82.75 7.562 16.00
Std deviation = 43.873 3.533312 6.75913
Range 147 13.645 28
Minimum 3.00 1.273 2.00
Maximum 150.00 14.918 30.00
Skewness 0.8176036  0.7926217 0.5033522
Kurtosis -0.6235147 -0.2401387 -0.485478
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FIGURE 15. Basic non-parametric plots for the COVID-19 mortality rate in China.
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V. Model Comparison and Evaluation

The proposed OBP-Gompertz distribution was evaluated against several established
models, including the generalized Gompertz (G-Gompertz) distribution by El-Gohary, et al. [52],
the Weighted Exponential-Gompertz (WE-Gompertz) distribution by Abd El-Bar and Ragab [73],
the Beta-Gompertz distribution by Jafari, et al. [58], and the Gamma-Gompertz distributions by
Shama, et al. [74]. The models were assessed using statistical measures such as log-likelihood
(LL), Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC). The results,
as shown in Tables 7-9, demonstrate that the OBP-Gompertz distribution consistently
outperformed the competing models for COVID-19 mortality data from China, the Netherlands,
and Nepal. It achieved the highest log-likelihood values and the lowest AIC and BIC values,
indicating its superior fit to the data [75]. While the Beta-Gompertz and G-Gompertz models
provided moderately good fits, they incurred higher complexity penalties, reducing their
efficiency. In contrast, the WE-Gompertz and Gamma-Gompertz models showed weaker
performance, highlighting their limitations in modeling these datasets.
For the China dataset (Table 7), the OBP-Gompertz model demonstrated a highly flexible and
accurate fit, achieving optimal values for all the performance metrics. Similarly, for the
Netherlands dataset (Table 8), the OBP-Gompertz model maintained its superiority by capturing
both central tendencies and tail behaviors effectively. The Beta-Gompertz and G-Gompertz
models showed moderate performance across these datasets, while the WE-Gompertz and
Gamma-Gompertz models failed to adequately capture the distributional characteristics. For the
Nepal dataset (Table 9), the OBP-Gompertz model once again excelled, providing the most
accurate and parsimonious fit. Figs. 18-20 provide visual confirmation of these results, showing
density plots where the OBP-Gompertz model closely aligns with the empirical data across all
datasets. This alignment further validates the model's ability to represent the mortality rate
distributions effectively. Overall, the OBP-Gompertz distribution emerges as the most reliable
and robust model for these datasets.

TABLE 7. Performance comparison of competing models for COVID-19 from China

Models Estimates LL AIC BIC
@ = 6.0462
= 3.3546
OBP-Gompertz l; 36453 -120.456 248.934 256.823
i = 1.4532
1 =3.5644
G-Gompertz = 0.4536 -128.678  265.343 271.891

Il
N
w
o
B
a

I
o
NS
o)
a1
N

WE-Gompertz -132.230  272.466 278.501
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a = 4.6745
Gamma-Gompertz 1= 0.6753 -129.341  266.6819  272.56
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TABLE 8. Performance comparison of competing models for COVID-19 from the Netherlands

Models Estimates LL AIC BIC
@ = 6.0462
g f=33546
OBP-Gompertz 3 — 36453 120456 248934  256.823
7 = 1.4532
A =3.5644
G-Gompertz ¢ = 0.4536 -128.678 265343  271.891
0 = 7.3645
A =6.4657
WE-Gompertz 5 14536 4132230 272466 278501
@ = 6.5640
. B=26751
Beta-Gompertz 5 _ 14567 125894 261.787  268.340
7 = 0.4531
@ = 4.6745
Gamma-Gompertz 1=0.6753 -129.341  266.681 272.560
0 =0.3421

TABLE 9. Performance comparison of competing models for COVID-19 from Nepal

Models Estimates LL AIC BIC

OBP-Gompertz -125.504  255.057  262.501

G-Gompertz 2.8663 -130.801  265.610 273.119

WE-Gompertz -132.504  269.850 276.594

I
w =
NS
[e)3Ne)Y
o vl
o

Beta-Gompertz -129.563  263.751  270.451

i n
=t
O
01
(o))
@

Gamma-Gompertz A =1.6574 -131.850 267.029  274.023

7. CONCLUSION

This study introduces the Odd Beta Prime-Gompertz (OBP-Gompertz) distribution, a
flexible extension of the traditional Gompertz model. The OBP-Gompertz distribution
demonstrates superior flexibility and surpasses the limitations of the Gompertz model by
effectively capturing a wider range of data behaviors. It accommodates diverse density shapes,
including right-skewed, left-skewed, heavy-tailed, and light-tailed distributions, and exhibits
versatile hazard rate functions, such as increasing, decreasing, bathtub-shaped, and inverted
bathtub-shaped curves. These characteristics make the OBP-Gompertz distribution well-suited
for modeling complex mortality data observed in real-world scenarios. The paper investigates
key structural properties of the OBP-Gompertz distribution, including moments, the quantile
function, and the generating function. We explore parameter estimation using maximum

likelihood estimation and validate its performance through comprehensive simulation studies.
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The practical applicability of the OBP-Gompertz distribution is demonstrated through its
application to COVID-19 mortality data from China, the Netherlands, and Nepal. In all cases, the
OBP-Gompertz model demonstrates superior adaptability and effectiveness compared to
competing models, as evidenced by improved goodness-of-fit measures. These findings highlight
the OBP-Gompertz distribution as a valuable tool for researchers and practitioners in various
fields. It has the potential to significantly improve the accuracy and reliability of statistical
modeling in survival analysis, reliability studies, and epidemiological research.

Future research directions include investigating the OBP-Gompertz distribution
applications in regression analysis, investigating its properties under different censoring and

truncation schemes.
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