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Abstract. (Ultra) filters in Sheffer stroke BL-algebras based on the Jun’s JδY-fuzzy set are studied. The concept of (ultra)

(∈, ∈)-JδY-fuzzy filters in Sheffer stroke BL-algebras is introduced, and various fundamental properties are investigated.

Characterizations of (∈, ∈)-JδY-fuzzy filters are discussed, and the relationship between the fuzzy filter and the (∈,

∈)-JδY-fuzzy filter is considered. The conditions for the (∈, ∈)-JδY-fuzzy filter to become ultra are explored.

1. Introduction

The fuzzy set is introduced by Zadeh [22], and it is an extremely useful mathematical framework

for expressing and manipulating uncertainty and ambiguity in data with applications such as

decision-making, pattern recognition, image processing, control systems, data mining, expert

systems, natural language processing, risk assessment, and decision analysis. Along with the

expansion or generalization of fuzzy sets, various types of fuzzy sets have emerged and are being

applied in various fields. (see [1, 3, 9–11, 17, 21]). Jun [4] introduced a new type of fuzzy set

called JδY-fuzzy set by introducing the J-operator in relation to the existing fuzzy set, and applied

it to BCK-algebras and BCI-algebras (see also [18]). The Sheffer operation (or Sheffer stroke)is a

logical operation in Boolean algebra, and it is equivalent to negation of the conjunction operation

(AND) in classical logic. It can be observed that the Sheffer stroke is applied in various ways

(see [2, 6–8, 12–15, 19]). Jun-Yang-Roh ( [5]) applied the JδY-fuzzy set to Sheffer stroke BL-algebras.

In this paper, we apply Jun’s JδY-fuzzy set to the (ultra) filter of Sheffer stroke BL-algebras.

We introduce the concept of an (ultra) (∈, ∈)-JδY-fuzzy filter in Sheffer stroke BL-algebras, and
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investigate several properties. We discuss characterizations of (∈, ∈)-JδY-fuzzy filters. We consider

the relationship between the fuzzy filter and the (∈, ∈)-JδY-fuzzy filter. We explore the conditions

for the (∈, ∈)-JδY-fuzzy filter to become ultra.

2. Preliminaries

Definition 2.1 ( [20]). Let A := (D, |) be a groupoid. Then the operation | is said to be Sheffer operation
or Sheffer stroke if it satisfies:

(s1) a|b = b|a,
(s2) (a|a)|(a|b) = a,
(s3) a|((b|c)|(b|c)) = ((a|b)|(a|b))|c,
(s4) (a|((a|a)|(b|b)))|(a|((a|a)|(b|b))) = a

for all a, b, c ∈ D.

Definition 2.2 ( [12]). An algebra (X, ∨, ∧, |, 0, 1) of type (2, 2, 2, 0, 0) is called a Sheffer stroke BL-algebra
(briefly, SsBL-algebra) if it satisfies:

(SBL01) (X, ∨, ∧, 0, 1) is a bounded lattice,
(SBL02) (X, |) is a groupoid with the Sheffer stroke |,
(SBL03) (∀a, b ∈ X) (a∧ b = (a|(a|(b|b)))|(a|(a|(b|b)))),
(SBL04) (∀a, b ∈ X) ((a|(b|b))∨ (b|(a|a)) = 1)

where 1 = 0|0 is the greatest element and 0 = 1|1 is the least element of X.

The SsBL-algebra (X, ∨, ∧, |, 0, 1) is simply denoted by X.

Proposition 2.1 ( [12]). Every SsBL-algebra X satisfies:

a|(a|a) = 1, (2.1)

1|(a|a) = a, (2.2)

a|(1|1) = 1, (2.3)

a ≤X b if and only if a|(b|b) = 1, (2.4) (a|(a|(b|b)))|(a|(a|(b|b))) ≤X a,

(a|(a|(b|b)))|(a|(a|(b|b))) ≤X b,
(2.5)

a∨ b = (a|(b|b))|(b|b), (2.6)

a|((b|(c|c))|(b|(c|c))) = (a|(b|b))|((a|(c|c))|(a|(c|c))), (2.7)

(a|(b|b))|(b|b) = (b|(a|a))|(a|a), (2.8)

((a|(b|b))|(b|b))|(b|b) = a|(b|b) (2.9)

for all a, b, c ∈ X.
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Definition 2.3 ( [12]). A filter of X is defined to be a nonempty subset D of X that satisfies:

(∀a, b ∈ X)(a, b ∈ D ⇒ (a|b)|(a|b) ∈ D), (2.10)

(∀a, b ∈ X)(a ∈ D, a ≤X b ⇒ b ∈ D). (2.11)

Lemma 2.1 ( [12]). A nonempty subset D of X is a filter of X if and only if the following is true.

1 ∈ D, (2.12)

(∀a, b ∈ X)(a ∈ D, a|(b|b) ∈ D ⇒ b ∈ D). (2.13)

Definition 2.4 ( [12]). A filter D of X is said to be ultra if it satisfies:

(∀a ∈ X)(a ∈ D or a|a ∈ D). (2.14)

Lemma 2.2 ( [12]). A filter D of X is ultra if and only if the following is true

(∀a, b ∈ X)(a∨ b ∈ D ⇒ a ∈ D or b ∈ D). (2.15)

Definition 2.5 ( [12]). A fuzzy filter of X is defined to be a fuzzy set ð in X that satisfies:

(∀a ∈ X)(ð(a) ≤ ð(1)), (2.16)

(∀a, b ∈ X)(ð(b) ≥ min{ð(a), ð(a|(b|b))}). (2.17)

Given a, b ∈ [0, 1], we use the notations a ∨ b and a ∧ b instead of max{a, b} and min{a, b},

respectively.

The complement of a fuzzy set ð in a set X, written by ðc, is defined by

ðc : X→ [0, 1], b 7→ 1− ð(b)).

A fuzzy set ð in a set X of the form

ð(b) :=

 t̃ ∈ (0, 1] if b = a,

0 if b , a,

is said to be a fuzzy point with support a and value t̃ and is denoted by at̃.

For a fuzzy set ð in a set X, we say that a fuzzy point at̃ is

(i) contained in ð, denoted by at̃ ∈ ð, (see [16]) if ð(a) ≥ t̃.
(ii) quasi-coincident with ð, denoted by at̃ q ð, (see [16]) if ð(a) + t̃ > 1.

If at̃ α ð is not established for α ∈ {∈, q}, it is denoted by at̃ α ð.

Given t̃ ∈ (0, 1] and a fuzzy set ð in a set X, consider the following sets

(ð, t̃)∈ := {a ∈ X | at̃ ∈ ð} and (ð, t̃)q := {a ∈ X | at̃ q ð}

which are called the level set and the q-set of ð related to t̃, respectively, in X.

In [4], Jun introduced a new type of fuzzy sets generated by the J-operator in the closed interval

[0, 1]. We display the basic notions about the JδY-fuzzy sets.
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We use the notation I instead of the closed interval [0, 1]. Let� be the order relation in I2 defined

as follows:

(∀(k, r), (i, j) ∈ I2)((k, r)� (i, j) ⇔ k ≤ i, r ≤ j)

Consider a binary operation JY in I given as follows:

JY : I2
→ I, (k, δ) 7→ (1− k)∧ (1− δ).

We will call this binary operation JY the J-operator in I (see [4]).

Let X be a set. Given a fuzzy set ð in X and δ ∈ I, let ðδ be a mapping defined by

ðδ : X→ I, x 7→ JY(ð(x), δ).

It is clear that ðδ is a fuzzy set in X determined by the J-operator and δ. So we can say that ðδ is

the JδY-fuzzy set of ð in X (see [4]).

Let ð be a fuzzy set in X, δ ∈ I and t̃ ∈ I \ {0}. Given a JδY-fuzzy set ðδ, we consider the sets:

ðδ(∈, t̃) := {x ∈ X | JY(ð(x), δ) ≤ t̃},

ðδ(q, t̃) := {x ∈ X | JY(ð(x), δ) < 1− t̃},

which is called the Y∈-set and Yq-set of ðδ, respectively, related to t̃. We call t̃ the level degree of ðδ.

3. (Ultra) (∈, ∈)-JδY-filters

In what follows, let X be an SsBL-algebra and ðδ be the JδY-fuzzy set of a fuzzy set ð in X, where

δ ∈ I \ {0, 1}, unless otherwise specified.

Given a fuzzy point xt̃ and a fuzzy set ð in X, we say that

• xt̃ ∈ ðδ if JY(ð(x), δ) ≤ t̃,
• xt̃ q ðδ if JY(ð(x), δ) + t̃ < 1,

For every α ∈ {∈, q}, if xt̃α ðδ is not true, we denote it as xt̃ α ðδ.

We can observe that

ðδ(∈, t̃) := {x ∈ X | xt̃ ∈ ðδ} and ðδ(q, t̃) := {x ∈ X | xt̃ q ðδ}.

Definition 3.1. A fuzzy set ð in X is called a JδY-fuzzy filter of X if it satisfies:

(∀x ∈ X)(JY(ð(1), δ) ≤ JY(ð(x), δ)), (3.1)

(∀x, y ∈ X)(JY(ð(y), δ) ≤ JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ)). (3.2)

Example 3.1. Consider a set X := {ı0, ı1, ıa, ıb, ıc, ıd, ıe, ı f } with the Hasse diagram, the Sheffer stroke |, and
binary operations ∨ and ∧ given by Figure 1, Table 1, Table 2 and Table 3, respectively.
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Figure 1. Hasse Diagram
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Table 1. Cayley table of the Sheffer stroke |

| ı0 ıa ıb ıc ıd ıe ı f ı1

ı0 ı1 ı1 ı1 ı1 ı1 ı1 ı1 ı1

ıa ı1 ı f ı1 ı1 ı f ı f ı1 ı f
ıb ı1 ı1 ıe ı1 ıe ı1 ıe ıe

ıc ı1 ı1 ı1 ıd ı1 ıd ıd ıd
ıd ı1 ı f ıe ı1 ıc ı f ıe ıc

ıe ı1 ı f ı1 ıd ı f ıb ıd ıb
ı f ı1 ı1 ıe ıd ıe ıd ıa ıa

ı1 ı1 ı f ıe ıd ıc ıb ıa ı1

Table 2. Cayley table of the binary operation ∨

∨ ı0 ıa ıb ıc ıd ıe ı f ı1

ı0 ı0 ıa ıb ıc ıd ıe ı f ı1

ıa ıa ıa ıd ıe ıd ıe ı1 ı1

ıb ıb ıd ıb ı f ıd ı1 ı f ı1

ıc ıc ıe ı f ıc ı1 ıe ı f ı1

ıd ıd ıd ıd ı1 ıd ı1 ı1 ı1

ıe ıe ıe ı1 ıe ı1 ıe ı1 ı1

ı f ı f ı1 ı f ı f ı1 ı1 ı f ı1

ı1 ı1 ı1 ı1 ı1 ı1 ı1 ı1 ı1
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Table 3. Cayley table of the binary operation ∧

∧ ı0 ıa ıb ıc ıd ıe ı f ı1

ı0 ı0 ı0 ı0 ı0 ı0 ı0 ı0 ı0

ıa ı0 ıa ı0 ı0 ıa ıa ı0 ıa

ıb ı0 ı0 ıb ı0 ıb ı0 ıb ıb
ıc ı0 ı0 ı0 ıc ı0 ıc ıc ıc

ıd ı0 ıa ıb ı0 ıd ıa ıb ıd
ıe ı0 ıa ı0 ıc ıa ıe ıc ıe

ı f ı0 ı0 ıb ıc ıb ıc ı f ı f
ı1 ı0 ıa ıb ıc ıd ıe ı f ı1

Then (X, ∨, ∧, |, ı0, ı1) is an SsBL-algebra (see [12]). Define a fuzzy set ð in X as follows:

ð : X→ [0, 1], x 7→


0.74 if x = ı1,

0.59 if x = ıd,

0.48 if x ∈ {ıa, ıe},

0.36 otherwise.

If we take δ := 0.44, then the JδY-fuzzy set ðδ of ð is given by Table 4.

Table 4. Tabular representation of ðδ

w ∈ X ı0 ıa ıb ıc ıd ıe ı f ı1

ðδ(w) 0.64 0.52 0.64 0.64 0.41 0.52 0.64 0.26

Then ð is a JδY-fuzzy filter of X for δ = 0.44.

Theorem 3.1. A fuzzy set ð in X is a JδY-fuzzy filter of X if and only if the following conditions are valid.

ðδ(∈, t̃) , ∅ ⇒ 1 ∈ ðδ(∈, t̃), (3.3)

(∀x, y ∈ X)(∀t̃, s̃ ∈ I \ {0})(xt̃ ∈ ðδ, x|(y|y)s̃ ∈ ðδ ` yt̃∨s̃ ∈ ðδ). (3.4)

Proof. Assume that ð is a JδY-fuzzy filter of X. Let x, y ∈ X and t̃, s̃ ∈ I \ {0}. If ðδ(∈, t̃) , ∅, then there

exists a ∈ ðδ(∈, t̃), and so JY(ð(a), δ) ≤ t̃. It follows from (3.1) that JY(ð(1), δ) ≤ JY(ð(a), δ) ≤ t̃.
Hence 1 ∈ ðδ(∈, t̃). Let xt̃ ∈ ðδ and x|(y|y)s̃ ∈ ðδ. Then JY(ð(x), δ) ≤ t̃ and JY(ð(x|(y|y)), δ) ≤ s̃.

Thus JY(ð(y), δ) ≤ JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ) ≤ t̃∨ s̃, and so yt̃∨s̃ ∈ ðδ. This proves (3.4).

Conversely, suppose that ð satisfies (3.3) and (3.4) for all x, y ∈ X and t̃, s̃ ∈ I \ {0}. If (3.1) is not

valid, then there exists b ∈ X and t̃ ∈ I \ {0} such that JY(ð(1), δ) > t̃ ≥ JY(ð(b), δ). Then b ∈ ðδ(∈, t̃),
and so 1 ∈ ðδ(∈, t̃) by (3.3). This is a contradiction. Hence (3.1) is valid. Suppose that (3.2) is not

valid. Then JY(ð(b), δ) > s̃ ≥ JY(ð(a), δ) ∨ JY(ð(a|(b|b)), δ) for some a, b ∈ X and s̃ ∈ I \ {0}. Then

a ∈ ðδ(∈, s̃) and a|(b|b) ∈ ðδ(∈, s̃), that is, as̃ ∈ ðδ and a|(b|b)s̃ ∈ ðδ. But bs̃ ∈ ðδ which shows that ð
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does not satisfy (3.4). This is a contradiction, and thus (3.2) is valid. Therefore ð is a JδY-fuzzy filter

of X. �

In the sense of Theorem 3.1, the JδY-fuzzy filter may also be called the (∈, ∈)-JδY-fuzzy filter.

Corollary 3.1. A fuzzy set ð in X is an (∈, ∈)-JδY-fuzzy filter of X if and only if the nonempty Y∈-set
ðδ(∈, t̃) is a filter of X for all t̃ ∈ I \ {0}.

Proposition 3.1. Every (∈, ∈)-JδY-fuzzy filter ð of X satisfies:

zt̃ ∈ ðδ, (z|q)s̃ ∈ ðδ ` (((x|(y|y))|(y|y))|(x|x))t̃∨s̃ ∈ ðδ, (3.5)

where q = ((y|(x|x))|(y|(x|x))) for all x, y, z ∈ X and t̃, s̃ ∈ I \ {0}.

Proof. Let x, y, z ∈ X and t̃, s̃ ∈ I \ {0} be such that zt̃ ∈ ðδ and (z|q)s̃ ∈ ðδ where q =

((y|(x|x))|(y|(x|x))). Then (z|((y|(x|x))|(y|(x|x))))s̃ ∈ ðδ, and so

(((x|(y|y))|(y|y))|(x|x))t̃∨s̃ = (((y|(x|x))|(x|x))|(x|x))t̃∨s̃

= (y|(x|x))t̃∨s̃ ∈ ðδ

by (2.8), (2.9) and (3.4). This completes the proof. �

Proposition 3.2. Every (∈, ∈)-JδY-fuzzy filter ð of X satisfies:

zt̃ ∈ ðδ, (z|p)s̃ ∈ ðδ ` ((x|(y|y))|(y|y))t̃∨s̃ ∈ ðδ, (3.6)

where p = (((y|(x|x))|(x|x))|((y|(x|x))|(x|x))) for all x, y, z ∈ X and t̃, s̃ ∈ I \ {0}.

Proof. Let x, y, z ∈ X and t̃, s̃ ∈ I \ {0}. If zt̃ ∈ ðδ and (z|p)s̃ ∈ ðδ, then

(z|(((x|(y|y))|(y|y))|((x|(y|y))|(y|y))))s̃

= (z|(((y|(x|x))|(x|x))|((y|(x|x))|(x|x))))s̃

= (z|p)s̃ ∈ ðδ

by (2.8). It follows from (3.4) that ((x|(y|y))|(y|y))t̃∨s̃ ∈ ðδ. �

Proposition 3.3. Every (∈, ∈)-JδY-fuzzy filter ð of X satisfies:

(∀x, y ∈ X) (JY(ð(x∨ (x|x)), δ) = JY(ð(1), δ)) . (3.7)

Proof. Let ð be an (∈, ∈)-JδY-fuzzy filter of X. Then

JY(ð(x∨ (x|x)), δ) = JY(ð((x|((x|x)|(x|x)))|((x|x)|(x|x))), δ)

= JY(ð((x|x)|x), δ)

= JY(ð(x|(x|x)), δ)

= JY(ð(1), δ)

for all x ∈ X by (s1), (s2), (2.1) and (2.6). �
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Proposition 3.4. Every (∈, ∈)-JδY-fuzzy filter ð of X satisfies:

(∀x, y, z ∈ X)

 (z|((y|(x|x))|(y|(x|x))))t̃ ∈ ðδ, zs̃ ∈ ðδ

` (((x|(y|y))|(y|y))|(x|x))t̃∨s̃ ∈ ðδ

 , (3.8)

(∀x, y, z ∈ X)

 (x|((y|(z|z))|(y|(z|z))))t̃ ∈ ðδ, (x|(y|y))s̃ ∈ ðδ

` (x|(z|z))t̃∨s̃ ∈ ðδ

 . (3.9)

Proof. Let x, y, z ∈ X be such that (z|((y|(x|x))|(y|(x|x))))t̃ ∈ ðδ and zs̃ ∈ ðδ. Then

(((x|(y|y))|(y|y))|(x|x))t̃∨s̃ = (((y|(x|x))|(x|x))|(x|x))t̃∨s̃ = (y|(x|x))t̃∨s̃ ∈ ðδ

by (2.8), (2.9) and (3.4). Hence (3.8) is valid. If (x|((y|(z|z))|(y|(z|z))))t̃ ∈ ðδ and (x|(y|y))s̃ ∈ ðδ, then

((x|(y|y))|((x|(z|z))|(x|(z|z))))t̃ = (x|((y|(z|z))|(y|(z|z))))t̃ ∈ ðδ

by (2.7), and so (x|(z|z))t̃∨s̃ ∈ ðδ by (3.4). Hence (3.9) is valid. �

Lemma 3.1. A fuzzy set ð in X is an (∈, ∈)-JδY-fuzzy filter of X if and only if it satisfies:

(∀x, y, z ∈ X)

 x|((y|(z|z))|(y|(z|z))) = 1 ⇒

JY(ð(z), δ) ≤ JY(ð(x), δ)∨ JY(ð(y), δ)

 . (3.10)

Proof. Assume that ð is an (∈, ∈)-JδY-fuzzy filter of X, and let x, y, z ∈ X be such that

x|((y|(z|z))|(y|(z|z))) = 1. Then

JY(ð(x), δ) = JY(ð(x), δ)∨ JY(ð(1), δ)

= JY(ð(x), δ)∨ JY(ð(x|((y|(z|z))|(y|(z|z)))), δ)

≥ JY(ð(y|(z|z)), δ),

by (3.1) and (3.2), and so

JY(ð(z), δ) ≤ JY(ð(y), δ)∨ JY(ð(y|(z|z)), δ)

≤ JY(ð(x), δ)∨ JY(ð(y), δ)

by (3.2).

Conversely, suppose the condition (3.10) is valid. Using (2.3) induces

x|((x|(1|1))|(x|(1|1))) = 1

for all x ∈ X. It follows from (3.10) that

JY(ð(1), δ) ≤ JY(ð(x), δ)∨ JY(ð(x), δ) = JY(ð(x), δ).

For every x, y ∈ X, we have

x|(((x|(y|y))|(y|y))|((x|(y|y))|(y|y))) = 1

by the combination of (s1), (s3) and (2.1). Hence

JY(ð(y), δ) ≤ JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ)
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by (3.10). Therefore ð is an (∈, ∈)-JδY-fuzzy filter of X. �

Theorem 3.2. A fuzzy set ð in X is an (∈, ∈)-JδY-fuzzy filter of X if and only if it satisfies:

xt̃ ∈ ðδ, ys̃ ∈ ðδ ` ((x|y)|(x|y))t̃∨s̃ ∈ ðδ, (3.11)

x ≤X y, xt̃ ∈ ðδ ` yt̃ ∈ ðδ (3.12)

for all x, y ∈ X and t̃, s̃ ∈ I \ {0}.

Proof. Let x, y ∈ X and t̃, s̃ ∈ I \ {0}. Suppose that ð is an (∈, ∈)-JδY-fuzzy filter of X. Suppose that

x ≤X y and xt̃ ∈ ðδ. Then x|(y|y) = 1 by (2.4), and JY(ð(x), δ) ≤ t̃. Hence

JY(ð(y), δ) ≤ JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ)

= JY(ð(x), δ)∨ JY(ð(1), δ)

= JY(ð(x), δ) ≤ t̃

by (3.1) and (3.2). Thus yt̃ ∈ ðδ, which shows that (3.12) is valid. Let xt̃ ∈ ðδ and ys̃ ∈ ðδ. Then

JY(ð(x), δ) ≤ t̃ and JY(ð(y), δ) ≤ s̃ . If we take a := (x|y), then

x|((y|((a|a)|(a|a)))|(y|((a|a)|(a|a))))

= x|((y|a)|(y|a)) = (a|a)|a = a|(a|a) = 1

by (s1), (s2), (s3) and (2.1). It follows from Lemma 3.1 that

JY(ð((x|y)|(x|y)), δ) = JY(ð(a|a), δ) ≤ JY(ð(x), δ)∨ JY(ð(y), δ) ≤ t̃∨ s̃,

that is, ((x|y)|(x|y))t̃∨s̃ ∈ ðδ and (3.11) is valid.

Conversely, suppose that ð satisfies (3.11) and (3.12). If (3.1) is false, then JY(ð(1), δ) > t̃ ≥
JY(ð(b), δ) for some b ∈ X. Hence bt̃ ∈ ðδ. Since b ≤ 1 by (2.3) and (2.4), it follows from (3.12)

that 1t̃ ∈ ðδ. Thus JY(ð(1), δ) ≤ t̃, a contradiction. Therefore JY(ð(1), δ) ≤ JY(ð(x), δ) for all x ∈ X.

Suppose that

JY(ð(y), δ) > JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ)

for some x, y ∈ X. If we take s̃ := JY(ð(x), δ) ∨ JY(ð(x|(y|y)), δ), then xs̃ ∈ ðδ and x|(y|y)s̃ ∈ ðδ.

Hence ((x|(x|(y|y)))|(x|(x|(y|y))))s̃ ∈ ðδ by (3.11), and so ys̃ ∈ ðδ by (2.5) and (3.12). Hence

JY(ð(y), δ) ≤ s̃ = JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ) Therefore ð is an (∈, ∈)-JδY-fuzzy filter of X. �

Theorem 3.3. If a fuzzy set ð in X satisfies ð(x) ≤ δ for all x ∈ X, then it is an (∈, ∈)-JδY-fuzzy filter of X.

Proof. This is straightforward. �

Let ð be a fuzzy set in X. If there exists b ∈ X such that ð(b) > δ, then ð may not be an (∈,

∈)-JδY-fuzzy filter of X as seen in the following example.
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Example 3.2. Consider the SsBL-algebra (X, ∨, ∧, |, ı0, ı1) in Example 3.1. Let ð be a fuzzy set in X
defined by Table 5.

Table 5. Tabular representation of ð

w ∈ X ı0 ıa ıb ıc ıd ıe ı f ı1

ð(w) 0.59 0.48 0.41 0.38 0.27 0.34 0.48 0.63

If we take δ := 0.47, then ð(w) > δ for w ∈ {ı0, ıa, ı f , ı1}. We can observe that

JY(ð(ıc), 0.47) = JY(0.38, 0.47) = 0.53 � 0.52

= JY(0.48, 0.47)∧ JY(ð(0.48, 0.47)

= JY(ð(ıa), 0.47)∧ JY(ð(ıa|(ıc|ıc)), 0.47).

Hence ð is not an (∈, ∈)-JδY-fuzzy filter of X.

Theorem 3.4. Every fuzzy filter is an (∈, ∈)-JδY-fuzzy filter.

Proof. Let ð be a fuzzy filter of X. Then ðc(1) ≤ ðc(x) and

ðc(y) = 1− ð(y) ≤ 1−min{ð(x), ð(x|(y|y))}

= max{1− ð(x), 1− ð(x|(y|y))}

= ðc(x)∨ ðc(x|(y|y))

for all x, y ∈ X. Hence JY(ð(1), δ) = ðc(1)∧ (1− δ) ≤ ðc(x)∧ (1− δ) = JY(ð(x), δ) and

JY(ð(y), δ) = ðc(y)∧ (1− δ) ≤ (ðc(x)∨ ðc(x|(y|y)))∧ (1− δ)

= (ðc(x)∧ (1− δ))∨ (ðc(x|(y|y))∧ (1− δ))

= JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ)

for all x, y ∈ X. Therefore ð is an (∈, ∈)-JδY-fuzzy filter of X. �

The converse of Theorem 3.4 may not be true as seen in the following example.

Example 3.3. Consider the SsBL-algebra (X, ∨, ∧, |, ı0, ı1) in Example 3.1, and define a fuzzy set ð in X
by Table 6.

Table 6. Tabular representation of ð

w ∈ X ı0 ıa ıb ıc ıd ıe ı f ı1

ð(w) 0.23 0.52 0.28 0.34 0.68 0.52 0.23 0.73

Then ð is an (∈, ∈)-JδY-fuzzy filter of X for δ := 0.51. But ð is not a fuzzy filter of X since ð(ıb) = 0.28 �

0.34 = min{ð(ıc), ð(ıc|(ıb|ıb))}.
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In the sense of Theorem 3.4 and Example 3.3, we know that the (∈, ∈)-JδY-fuzzy filter is a

generalization of the fuzzy filter.

Given a fuzzy set ð in X, consider the following condition:

(∀x ∈ X) (JY(ð(x), δ) = JY(ð(1), δ) or JY(ð(x|x), δ) = JY(ð(1), δ)) . (3.13)

We can see that there is an (∈, ∈)-JδY-fuzzy filter ð of X that does not meet the condition (3.13).

In fact, if we get the (∈, ∈)-JδY-fuzzy filter ð of X for δ = 0.44 in Example 3.1, then JY(ð(ıa), δ) ,

JY(ð(ı1), δ) , JY(ð(ıa|ıa), δ).

Definition 3.2. An (∈, ∈)-JδY-fuzzy filter ð of X is said to be ultra if it satisfies the condition (3.13).

Example 3.4. Consider the SsBL-algebra (X, ∨, ∧, |, ı0, ı1) in Example 3.1, and define a fuzzy set ð in X
by Table 7.

Table 7. Tabular representation of ð

w ∈ X ı0 ıa ıb ıc ıd ıe ı f ı1

ð(w) 0.33 0.77 0.33 0.33 0.77 0.77 0.33 0.77

For every δ ∈ I \ {0, 1}, we know that JY(ð(ıa), δ) = JY(ð(ıd), δ) = JY(ð(ıe), δ) = 0.33 ∧ (1 − δ) =

JY(ð(ı1), δ), and JY(ð(ı0|ı0), δ) = 0.33∧ (1 − δ) = JY(ð(ı1), δ), JY(ð(ıb|ıb), δ) = JY(ð(ıe), δ) = 0.33∧

(1−δ) = JY(ð(ı1), δ), JY(ð(ıc|ıc), δ) = JY(ð(ıd), δ) = 0.33∧ (1−δ) = JY(ð(ı1), δ) and JY(ð(ı f |ı f ), δ) =

JY(ð(ıa), δ) = 0.33∧ (1− δ) = JY(ð(ı1), δ). Hence ð is an ultra (∈, ∈)-JδY-fuzzy filter of X.

We explore conditions for an (∈, ∈)-JδY-fuzzy filter to be ultra.

Theorem 3.5. An (∈, ∈)-JδY-fuzzy filter ð of X is ultra if and only if it satisfies:

(∀x, y ∈ X)

 JY(ð(x), δ) , JY(ð(1), δ)⇒

JY(ð(x|(y|y)), δ) = JY(ð(1), δ)

 . (3.14)

Proof. Assume that ð is an ultra (∈, ∈)-JδY-fuzzy filter of X. Let x, y ∈ X be such that JY(ð(x), δ) ,
JY(ð(1), δ). Then JY(ð(x|x), δ) = JY(ð(1), δ) by (3.13). Since (x|x)|((x|(y|y))|(x|(y|y))) = 1 by (s1),

(s3), (2.1) and (2.3), it follows from (3.2) that

JY(ð(1), δ) = JY(ð(1), δ)∨ JY(ð(1), δ)

= JY(ð(x|x), δ)∨ JY(ð((x|x)|((x|(y|y))|(x|(y|y)))), δ)

≥ JY(ð(x|(y|y)), δ).

The combination of this and (3.1) induces JY(ð(x|(y|y)), δ) = JY(ð(1), δ).
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Conversely, let ð be an (∈, ∈)-JδY-fuzzy filter of X satisfying (3.14). Suppose that JY(ð(x), δ) ,
JY(ð(1), δ) for all x ∈ X. Then JY(ð(1|1), δ) , JY(ð(1), δ), and so

JY(ð(x|x), δ) = JY(ð(1|((x|x)|(x|x)), δ)

= JY(ð(((x|x)|(x|x))|1), δ)

= JY(ð(x|1), δ)

= JY(ð(x|((1|1)|(1|1))), δ)

= JY(ð(1), δ)

by (s1), (s2), (2.2) and (3.14). Therefore ð is an ultra (∈, ∈)-JδY-fuzzy filter of X. �

Theorem 3.6. An (∈, ∈)-JδY-fuzzy filter ð of X is ultra if and only if it satisfies:

(∀x, y ∈ X) (JY(ð(x∨ y), δ) ≥ JY(ð(x), δ)∨ JY(ð(y), δ)) . (3.15)

Proof. Assume that ð is an ultra (∈, ∈)-JδY-fuzzy filter of X. For every x, y ∈ X, if JY(ð(x), δ) =

JY(ð(1), δ) or JY(ð(x), δ) = JY(ð(1), δ), then

JY(ð(x∨ y), δ) ≥ JY(ð(1), δ) = JY(ð(x), δ)∨ JY(ð(y), δ).

Suppose that JY(ð(x), δ) , JY(ð(1), δ) and JY(ð(x), δ) , JY(ð(1), δ). Then JY(ð(x|(y|y)), δ) =

JY(ð(1), δ) and JY(ð(y|(x|x)), δ) = JY(ð(1), δ) by Theorem 3.5. Hence

JY(ð(x∨ y), δ) = JY(ð(1), δ)∨ JY(ð(x∨ y), δ)

= JY(ð(x|(y|y)), δ)∨ JY(ð((x|(y|y))|(y|y)), δ)

≥ JY(ð(y), δ)

by (2.6), (3.1) and (3.2). Similarly, we get JY(ð(x ∨ y), δ) ≥ JY(ð(x), δ). Thus JY(ð(x ∨ y), δ) ≥
JY(ð(x), δ)∨ JY(ð(y), δ).

Conversely, let ð be an (∈, ∈)-JδY-fuzzy filter of X satisfying (3.15). Then

JY(ð(1), δ) = JY(ð(x|(x|x)), δ)

= JY(ð((x|((x|x)|(x|x)))|((x|x)|(x|x))), δ)

= JY(ð(x∨ (x|x)), δ)

≥ JY(ð(x), δ)∨ JY(ð(x|x), δ)

by (s2), (2.1), (2.6) and (3.15). It follows from (3.1) that JY(ð(x), δ) = JY(ð(1), δ) or JY(ð(x|x), δ) =
JY(ð(x), δ). Therefore ð is an ultra (∈, ∈)-JδY-fuzzy filter of X. �

Theorem 3.7. A fuzzy set ð in X is an ultra (∈, ∈)-JδY-fuzzy filter of X if and only if the nonempty Y∈-set
ðδ(∈, t̃) is an ultra filter of X for all t̃ ∈ I \ {0}.

Proof. Assume that ð is an ultra (∈, ∈)-JδY-fuzzy filter of X. Let t̃ ∈ I \ {0} and x, y ∈ X be such

that x ∨ y ∈ ðδ(∈, t̃). Then JY(ð(x), δ) ∨ JY(ð(y), δ) ≤ JY(ð(x ∨ y), δ) ≤ t̃, and so JY(ð(x), δ) ≤ t̃ or
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JY(ð(y), δ) ≤ t̃. This shows that x ∈ ðδ(∈, t̃) or y ∈ ðδ(∈, t̃). Hence ðδ(∈, t̃) is an ultra filter of X by

Lemma 2.2 and Corollary 3.1.

Conversely, suppose that the nonempty Y∈-set ðδ(∈, t̃) is an ultra filter of X for all t̃ ∈ I \ {0}. Then

ð is an (∈, ∈)-JδY-fuzzy filter of X by Corollary 3.1. Let t̃ := JY(ð(x∨ y), δ) ≤ t̃. Then x∨ y ∈ ðδ(∈, t̃),
and so x ∈ ðδ(∈, t̃) or y ∈ ðδ(∈, t̃) by Lemma 2.2. Hence JY(ð(x), δ) ≤ t̃ = JY(ð(x ∨ y), δ) or

JY(ð(y), δ) ≤ t̃ = JY(ð(x∨ y), δ), and thus

JY(ð(x), δ)∨ JY(ð(y), δ) ≤ JY(ð(x∨ y), δ).

It follows from Theorem 3.6 that ð is an ultra (∈, ∈)-JδY-fuzzy filter of X. �

Theorem 3.8. If ð is an (∈, ∈)-JδY-fuzzy filter of X, then the nonempty Yq-set ðδ(q, t̃) of ðδ is a filter of X
for all t̃ ∈ I \ {0}. Moreover, if ð is ultra, then so is ðδ(q, t̃).

Proof. Suppose that ð be an (∈, ∈)-JδY-fuzzy filter of X. Let t̃ ∈ I \ {0} be such that ðδ(q, t̃) , ∅. Then

there exists a ∈ ðδ(q, t̃), and so JY(ð(a), δ) < 1 − t̃. Using (3.1), we have JY(ð(1), δ) ≤ JY(ð(a), δ) <

1− t̃ which implies that 1 ∈ ðδ(q, t̃). Let x, y ∈ X be such that x ∈ ðδ(q, t̃) and x|(y|y) ∈ ðδ(q, t̃). Then

JY(ð(x), δ) < 1− t̃ and JY(ð(x|(y|y)), δ) < 1− t̃. It follows from (3.2) that

JY(ð(y), δ) ≤ JY(ð(x), δ)∨ JY(ð(x|(y|y)), δ) < 1− t̃.

Hence y ∈ ðδ(q, t̃), which shows that ðδ(q, t̃) is a filter of X by Lemma 2.1. Suppose ð is ultra. If

x∨ y ∈ ðδ(q, t̃), then

JY(ð(x), δ)∨ JY(ð(y), δ) ≤ JY(ð(x∨ y), δ) < 1− t̃

by Theorem 3.6. Hence JY(ð(x), δ) < 1 − t̃ or JY(ð(y), δ) < 1 − t̃, that is, x ∈ ðδ(q, t̃) or y ∈ ðδ(q, t̃).
Therefore ðδ(q, t̃) is an ultra filter of X Lemma 2.2. �

4. Conclusions

To develop a new type of fuzzy set, Jun introduced the concept of the J-operator in unit interval

[0, 1], and then formed a JδY-fuzzy set. He (together with Yang and Roh) applied it to the subalgebras

and ideals of BCK/BCI-algebras and to the quasi-subalgebras of Sheffer stroke BL-algebras. In this

paper, we have studied filter theory in Sheffer stroke BL-algebras with the JδY-fuzzy set. We have

introduced the concept of an (ultra) (∈, ∈)-JδY-fuzzy filter in Sheffer stroke BL-algebras, and have

investigated various fundamental properties. We have discussed characterizations of (∈, ∈)-JδY-

fuzzy filters, and have considered the relationship between the fuzzy filter and the (∈, ∈)-JδY-fuzzy

filter. We have explored the conditions for the (∈, ∈)-JδY-fuzzy filter to become ultra.

Based on the ideas and results of this paper, we will apply the JδY-fuzzy set to several logical

algebras. We will also explore the possibility of fusion with soft sets.
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