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Abstract. Using the direct and fixed point methods, we obtain the Hyers-Ulam stability of the following additive-
quadratic functional equation:

2h(p+q,r+s)+h(p+q,r—s) =3h(p,r)+hip,s)+h(q,r)+h(g,s)] 1)

in a Banach space.

1. INTRODUCTION AND PRELIMINARIES

In 1940, Ulam [33] posed a query on the stability of (group) homomorphisms that prompted the
investigation of stability issues in functional equations. Hyers [14] then provided a partial solution
to the issue of additive mappings in Banach spaces. Hyers-Ulam stability has also been used to
refer to the stability of functional equations.

Aoki [1] and Rassias [30] later expanded it to include additive mappings and linear mappings,
respectively, by using an unbounded Cauchy difference. Gdavruta [12] enhanced the Rassias
theorem by substituting an unbounded Cauchy difference with a general control function. Hyers
himself published noteworthy papers including several different homomorphisms as in [15-17].

Recent work by Park defined additive p-functional inequalities and demonstrated their Hyers-
Ulam stability in Banach spaces using [24,25,27]. Extensive research has been conducted on the
stability difficulties of several functional equations and functional inequalities (see [2,6,10,11,19-
21,23,34]).
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In 1996, Isac and Rassias [18] proposed applications for the stability of functional equations for
proving fixed point theorems and applications in nonlinear analysis. Numerous scholarly works
on the stability concerns of certain functional equations and the different definitions of stability
using the fixed point method have been extensively researched by [4,5,8,9,26,28,29,31,32] and
others.

In this paper, the sets of positive integers, real numbers, positive real numbers, and complex
numbers are denoted by N, R, R* and C, correspondingly. Also, let X be a (complex) normed
space, Y a (complex) Banach space, and let Ny = N U {0} , R = R™ U {0} respectively.

We begin with a practical result from the theory of fixed points.

Theorem 1.1. [3,7] Let (Z,d) be a complete generalized metric space and let a € Z. For a strict Lipschitz
contraction J : Z — Z with the Lipschitz constant a < 1, either

(1) d(J"a, " a) = oo for all n € Ny or there exists ng € IN for which d(J"a, J"'a) < o for all
n = np,;

(2) J"a - U, where b* is a unique fixed point of J in Z,, :={b e Z:d(J™a,b) < oo};

@) d(bb*) < Ld(b,Tb) forall b € Zn,.

= l-a

Next, we introduce the concept of additive-quadratic mapping.

Definition 1.1. Let A and B be vector spaces. A mapping h : A> — B is called additive-quadratic if h is
additive in the first variable and quadratic in the second variable, that is, h satisfies the following system of
equations

h(p,r) +h(q,r) = h(p+4q,7)
and
h(p,q+1) +h(p,q =) = 2h(p,q) + 2h(p,7)
forallp,q,r € A. We denote the class of additive-quadratic mapping by AQ(A, B).

For the function 1 : X? — Y, the following functional equation was presented by Hwang and
Park [13]:
h(p+q,r+s)+h(p—q,r—s)=2h(p,r)+2h(p,s) (1.1)

for all p,q,r,s € X. Additionally, they demonstrated that every function satisfying (1.1), together
with some additional conditions, is in AQ(X, Y).

In this study, we first investigate the additive-quadratic functional equation (1). Second, we
use the direct method to demonstrate the Hyers-Ulam stability of the functional equation (1). Us-
ing the fixed point method, we demonstrate the Hyers-Ulam stability of the functional equation (1).

2. HyeErs-ULAM STABILITY OF THE ADDITIVE-QUADRATIC FUNCTIONAL EQUATION: DIRECT METHOD

We prove the following lemma for obtaining the stability of the functional equation (1).
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Lemma 2.1. If a mapping h : X?> — Y satisfies (1), then the following are true:
(i) h(p,0) =h(0,r) =0forallp,reX;
(ii) his even in the second variable;

(i) heAQX,Y).

Proof. (i) Putting ¢ = r = s = 0 in the functional equation (1), we get h(p,0) = 0 for all p € X.
Replacing (p,q,s) by (0,0,0) in the equation (1), yields h(0,7) = 0 for all r € X.

(ii) Letting ¢ = r = 0 in (1), we obtain h(p, —s) = h(p,s) for all p,s € X, that is, h is even in the
second variable.

(iii) If s = 0 in (1), then 2h(p +q,7) + h(p +q,7) = 3[h(p,r) +h(g,r)] and so h(p +q,1) =
h(p,r) +h(q,r) for all p,q,r € X. This entails that / is additive on its first variable. Next, replacing
sby —sin (1), wehave 2h(p+q,r—s) +h(p+q,vr+s) =3 [h(p,r) + h(p,—s) + h(q,r) + h(g, —s)] for
allp,q,7,s € X. By using the evenness on its second variable of /1, we find that

2h(p +q,r—s) +h(p+q,r+s) =3h(p,r) +h(p,s) +h(q,r) +h(q,s)]
forall p,q,7,s € X. Combining this to (1), we lead to
h(p+q,7+s)+h(p+q,r—s)=2[hp,r)+h(p,s)+h(g,r)+h(g,s)] (2.1)

forall p,q,7,s € X. Now, setting ¢ = 0in (2.1), we get h(p,r +s) + h(p,r —s) = 2h(p,r) + 2h(p,s)
for all p,r,s € X. Therefore, h is quadratic on its second variable and consequently 1 € AQ(X, Y).
This completes the proof. m]

For a given mapping h : X? — Y, we define, for all p,q,t,s€X,
Oh(p,q,7,8) :=2h(p+q,r+s) +h(p+q,r—s)=3[h(p,r) + h(p,s) + h(q,7) + h(q,s)].

We also denote the class of mapping {g : X2 > Y :¢(p,0) = ¢(0,q) =0forallp,q€ X} by

Fo(X,Y). Now, we present our main results.

Theorem 2.1. Let w : X*> — R be a mapping such that

Alp,q) = ;3]@(% %) <o (22)
forallp,qge X.Ifh € Fo(X, Y) and
Noh(p, q,7,9)|l < w(p,q)w(r,s) (2.3)
forallp,q,r,s € X, then there exists a unique mapping H € AQ(X, Y ) such that
I(p,r) = H(p, )l < 2 min fao(p, 0)A(r, ), (1, 0)A(p,p) 2.4
forallp,r € X, where

. o (P4
Alp,q) = ZZJw(E, 5)
=1
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forallp,q € X.
Proof. Replacing (g,s) by (0,7) in the inequality (2.3), we obtain

IB1(p, )~ h(p, 20) < S0 (p, ) (r,1) 2.5)

and so

H3h (n%)—h(n r)|| < %“’(P' O)w(g'g)

for all p,r € X. Then, for each m, | € Ny with m > [, we have

m—1
b, X\ _amy(, 1 j(L)_;‘H(L)
R B e R

m
r r

w(p,0) Y 3]@(— —) 2.6)

i’ 2j
j=I+1 22

<

N =

for all p,r € X. Thus {3"h (p,27"r)} is a Cauchy sequence and so it is a convergent sequence in Y
due to the completeness of Y. Now, we define a mapping R : X*> — Y by

R(p,r) := lim 3"h (p, ZL")

n—oo

for all p,r € X. Next, select | = 0 and let m — oo in (2.6). Then we have

I(p,r) = R(p, ) < gaop, O)A(7, 1) @7)

for all p,r € X. It implies by (2.2) and (2.3) that

ros
oh(p. 37 37)
forallp,q,7,s € X. Hence, by Lemma 2.1, R € AQ(X, Y).
To prove the uniqueness property of R, let R be another additive-quadratic mapping satisfying
(2.7). Then

im 30— =) =
Sa)(p,q)l1m3a)(2n,2n) 0

n—00

||5R(P,q,7’zs)|| = 7}1_1)11 3"

for all p,r € X. Therefore, |[R(p,7) — R(p, )|l = 0 when k — oo and this confirms the uniqueness of
R. Next, replacing (g,s) by (p,0) in (2.3), we obtain

I(2p, r) = 20(p, I < 50 (p, P)e(r,0) 2.38)

and so

Hh(p, r) —2h (g, r)
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for all p,r € X. Then, for each m, ] € Ny with m > I, we have

2h(3 r) 2’”h(ﬁ r Z”th P r) 2J+1h(2i )

2!’
1 m
< ga)(r,O) Z 2@(; 5]) (2.9)
j=l+1

for all p,r € X. Therefore, {2"h (27"p,r)} is a Cauchy sequence. By the completeness of VY, the
sequence {2"h (27"p, r)} converges. We define the mapping S : X?> — Y by

S(p,r) = hm Z”h(zﬂn r)
for all p,r € X. Putting [ = 0 and taking the limit as m — oo in (2.9), yields

1 -~
h(p, 1) =S, < So(r, 00, p) 2:10)
for all p,r € X. It follows from (2.2) and (2.3) that
alle (P4 (P
165 (p, g, 7,5)ll = lim 2 6h(2n S, ) < w(r,s) lim 2'w (2n 2n) —0

forallp,q,r,s € X. By Lemma 2.1, we infer that S € AQ(X, V). Let 5 be another additive-quadratic
mapping satisfying (2.10). Then

15(7,7) = $(p 1l = 2[5 (5.1) - 3( 2. 1)
p p
5(307)- (%)
k

< %a)(r,O)f\(ﬁ E),
which tends to zero as k — oo for all p, r € X. This proves the uniqueness of S. It follows from (2.7)

that

< ok

n
A za)(p

)= R(zr)| < oo
h(zn Rl )| = e@\a
which tends to zero as n — oo for all p,r € X. Since R is additive on its first variable, we have
IS(p,7) = R(p,7)ll = 0, i.e, H(p,r) := R(p,r) = S(p,r) for all p,r € X. Therefore, there exists a

unique mapping H € AQ(X, V) satisfying (2.4). This completes the proof. o

,O)A(r, r),

Theorem 2.2. Let w : X*> — ]R;)r be a mapping satisfying

[ee]

Y¥(p,q) := Z %a}(ij, 2/g) < oo (2.11)

i=0
forall p,q € X. Suppose that h € Fo(X,Y) satisfies (2.3). Then there exists a unique mapping H €
AQ(X,Y) such that

Iip,r) ~ H(p, ) < 2 min fao(p, 0)¥ (7, 1), (7, 0) ¥, p)] @12)
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forall p,r € X, where

@] -

T
o

Y(p,q) =) —w(2p,2q)

forallp,q € X.

Proof. 1t follows from (2.5) that

s%mnmwmn

Jip.r) - 369,20

forall p,r € X. Then, for all m,I € Ng with m > [, we have

1

3

1 Ly L m - 1 iy L j+1
H3lh(p,2 r) 3mh(p,Z Nl < ]El 3].h(p,2 r) 3j+1h(p,2 r)
1 v 1
- —w(2ly 2]
< 6a)(p,0) E E))].a)(Z r,2r) (2.13)

j=l

for all p,r € X. Then the completeness of Y implies that {37"h(p,2"r)} is convergent for each
p,r € X. Next, we define a mapping R(p,7) : X2 —> Y by

R(p,r) := lim ;—nh(p, 2"r)

n—-oo

forall p,r € X. Choose I = 0 and let m — oo in (2.13). Then we have

Ih(p, ) = R(p, r)ll < %wmo)‘i’(n r) (2.14)

for all p,r € X. Thus it follows from (2.3) and (2.11) that

loR(p, q,7,s)|l = lim 3%”5}1 (p,q,Z”r,Z”s)” <w(p,q) im 3%(1) (2"r,2"s) =0

n—-oo

forallp,q,r,s € X. By Lemma 2.1, we have R € AQ(X, Y). Let R be another mapping in AQ(X, V)
satisfying (2.14). Then we have

~ 1 N
IR(p, ) = R(p,7)ll = 7 R (p, 28r) = R(p, 2%7)|
1 1 3
< 5t IR0 27) = (o, 20| + 5 (e, 20) - Rep, 20|
< %a}(;ﬂ, 0)¥ (2, 2r) - 0 as k — oo

for all p,r € X and so the uniqueness of R follows. Next, it implies by (2.8) that

< z0(p P (r,0)

3729, 7) - o



Int. J. Anal. Appl. (2025), 23:175 7

for all p,r € X. Then, for each m, ] € Ny with m > I, we have

m—1
1 1 . 1 ;
H pir) = 5h(27p.)|| < Z; 2P _%h(z”lp,r)
]:
1 m—1 1 ) )
< za(r,0) ), w(2p, 2p) @15

j=l
for all p,r € X. Therefore, {27"h (2"p,r)} is a Cauchy sequence. By the completeness of VY, the
sequence {27 (2"p, r)} converges. We define the mapping S : X? — Y by

S(p,r) = lim _h(2"p,7)

n—oo 2

for all p,r € X. Putting [ = 0 and taking the limit as m — oo in (2.15), yields

Ih(p,r) = S(p. I < 2w (r,0)¥(p,p) 2.16)

for all p,r € X. It follows from (2.3) and (2.11) that
.1 1
6S(p, q,1,5)Il = nh_rgo o ||6h (2"p,2"q,1,s) || <w(r,s) nh_r)rgo 2—a)( "p,2"q) =0

for all p,q,r,s € X. By Lemma 2.1, we infer that S € AQ(X,Y). Let S be another mapping in
AQ(X, V) satisfying (2.16). Then

~ 1 -
I(p.7) = 5(p, 1)l = (|82, 1) = 82,1
1 1 i
g” (2p,r) - 2kp,r)||+glih(ZkP,r)—S@"p,r)ll
< 3# (r,0)%(2"p,2kp) = 0 as k — o

for all p,r € X and so the uniqueness of S follows. It follows from (2.14) that

1 1
5 I (2P 1) =R (2'p,1)|| < 550(2"p,0)¥ (1, 1),

which tends to zero as n — oo for all p,r € X. Since R is additive on its first variable, we have
IS(p,7) —R(p,7)ll = 0, i.e,, H(p,r) := R(p,r) = S(p,r) for all p,r € X. Therefore, there exists a
unique mapping H € AQ(X, V) satisfying (2.12). This completes the proof. o

If w(p,q) = VO(lpll' + llgll!) for all p,q € X, then we obtain the following corollaries:
Corollary 2.1. Let t,0 € R} with t > 1,let h € Fo(X, Y) and
16k (p, q,7,9)I1 < O(IIpl" + gl (el + lisll*) (2.17)

forallp,q,r,s € X. Then there exists a unique mapping H € AQ(X, Y) such that

Ih(p,r) — H(p,7)ll <

20 ot
321 =2) lIplF il

forallp,r e X.
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Corollary 2.2. Let t,0 € ]RO+ with t < {ﬂ—% If h € Fo(X,Y) satisfies (2.17), then there exists a unique
mapping H € AQ(X, Y ) such that

0
3-2f

1(p, ) = H(p, r)ll < Pl il

forallp,r € X.

3. HyeErs-ULAM STABILITY OF THE ADDITIVE-QUADRATIC FUNCTIONAL EQUATION: FIXED POINT METHOD

In this section, we use the fixed point method to prove the Hyers-Ulam stability of the additive-

quadratic functional equation (1).
Theorem 3.1. Let w : X* — R} be a mapping such that there exists L € R} with L < 1 satisfying

L L
w(g, 2) <3 (pq) <50 (p9g) (3.1)

for all p,q € X. Then, for a mapping h € Fo(X,Y) satisfying (2.3), there exists a unique mapping
H e AQ(X,Y) such that

i (p,7) = H(p,7)ll < min {w(p, 0)w(r, 1), @(r,0)w(p, p)} (32)

L
6(1-L)
forallp,r e X.

Proof. Consider the set Fo(X, Y) with the generalized metric d defined by

d(f,g) = inf{u € Ry : If(p,r) = g(p, )l < pe (p, 0) w(r,7), ¥p,r € X,

where inf() = +oo as usual. Then (Fo(X,Y),d) is complete, see [22]. Define a mapping J :
Fo(X,Y) = Fo(X, Y) by

r
Jfp.r):=3f (p, 5)
forallp,r € X. Forall f,g € Fo(X,Y) with d(f, g) = ¢, we have
If(p,7) = &p, 1)l < ew (p,0) w(r,7)
for all p,r € X. Consequently, from (3.1), we have
T r
T f(p,7) =T g(p, 1)l = “3f (p, 5) -3¢ (p, E)H
<3ew (p,0) w (%, %)
< 38%0) (p,0)w (r,7)
=Lew (p,0) w (r,7)
for all p,r € X. Then we have d(J f, Jg) < Le, which means that

dJf,Tg) <Ld(f,3)
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forall f,g € Fo(X,Y). It follows from (2.5) that

H3h (n%)—h(w)

for all p,r € X and so

From Theorem 1.1, there exists R : X? — VY satisfying the following:

(1) R is a unique fixed point of 7, i.e.,

"
R(p,r) =3R (p, E)
for all p,r € X. Thus there exists i € (0, c0) satisfying
17 (p,7) =R (p, 1) | < pew (p, 0) w(r, )

forallp,re X;

(2) d(J'h,R) — 0as | — oo, which implies that

lim 3'h (p, %) =R(p, 1)

[—>00
forallp,r € X;
(3) d(h,R) < t1d(h, Jh), which implies that
i)~ Rep. )| < gy (. 0) wlrn
forallp,re X.

From (3.1) and for all p, g € X, we have 3"w (zﬁn, Ziy,) < L"w (p,q) tends to zero as n — co. As in

the proof of Theorem 2.1, we can show that R € AQ(X,Y). Next, consider another generalized
metric d on (X, Y) given by

d(f,¢) = inf{u € R} : If(p,r) = g(p,7)l| < pao(r,0)w(p,p), ¥p, v € X,
where inf() = +o0 as usual. Then (Fo(X,Y),d) is complete, see [22]. We define the mapping by
Ty =2f(57)
forallp,r € X. Let f, g € Fo(X,Y) with d(f,g) = e. Then from (3.1), we have
17 ) - Tt = o (B.7) -2 (5.

P E)
2’2

<2ew (r,O)a)(

< 28%&) (r,0)w (p,p)

— Leaw (1,0) @ (p,p)
for all p,r € X. Thus ci(ﬁ’f,jg) < Le and so

dJf.T¢) <Ld(f,g8)
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forall f, g € Fo(X,Y). It implies by (2.8) that

_on(P 1 (E E) L
Hh(p, r) —2h (2,1’)” <39(33 w(r,0) < 6a)(r,0)a)(p,p)
forall p,r € X. Thus
d(h, 1) < %
It follows from Theorem 1.1 that there exists a mapping S : X? — Y satisfying the following:
(1) Sis a unique fixed point of T, ie.,
S(p,r) =2S (E,r)
2
for all p,r € X. Thus there exists p € (0, c0) satisfying
I (p,7) =S (p,1) Il < pew (1, 0) w(p, p)
forallp,r € X;
2) d(J'h,S) — 0as — oo, which implies that

A (P
(5] - s

forallp,re X;
(3) d(h,S) < $3+d(h, Jh), which implies that

(o, 7) = S(p,7)| <

6(1-1)"
forallp,re X.

From (3.1) and for all p,q € X, we have 2"w (2’%,%) < L"w (p,q) tends to zero as n — oo.

As in the proof of Theorem 2.1, we can show that S € AQ(X,Y). We can also obtain that
H(p,r) := R(p,r) = S(p,r) for all p,r € X. Therefore, we can conclude that there exists a unique
mapping H € AQ(X, Y) which satisfies (3.2). This completes the proof. ]

Theorem 3.2. Let w : X*> — R be a mapping such that there exists L € R with L < 1 satisfying

P4 P9

for all p,q € X. Then, for a mapping h € Fo(X,Y) satisfying (2.3), there exists a unique mapping
H e AQ(X,Y) such that

Ih(p,r) — H(p,7)ll < ) min{w(p,0)w(r, 1), w(r,0)w(p,p)}

_1
(1-L)
forallp,r € X.

Proof. Consider the complete metric spaces (Fo(X,Y),d) and (Fo(X,Y),d) given in the proof of
Theorem 3.1. If we define a mapping J : Fo(X,Y) — Fo(X,Y) by

TFpr) =5 (. 20)
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for all p, r € X, then it follows from (2.5) that

(p,) = 3h(p,20

for all p,r € X. By using the same technique as in the proof of Theorems 2.2 and 3.1, there exists a
unique mapping R € AQ(X, Y) such that

1
- R

for all p,r € X. Next, we consider the mapping defined J : Fo(X,Y) — Fo(X,Y) by

~ 1

T = 2f 2p7)
for all p,r € X, then it implies by (2.8) that
1
Sh(2p, 1) =h(p,7)

forallp,r € X. Asinthe proof of Theorems 2.2 and 3.1, there exists a unique mapping S € AQ(X, V)
such that

< %w(p,O)w(r, r)

w (p,0) w(r,7)

< 20(pp)a(r,0)

||h(p, r)— S(p,r)” < 6(11— L)a) (r,0) w(p,p)

for all p,r € X. The rest of the proof is similar to the proof of Theorem 3.1. This completes the
proof. m]

By taking L = 2'* and w(p,q) = VO(llpll' + llgll*) for all p,q € X in Theorem 3.1, we have the
following;:

Corollary 3.1. Let t,6 € RJ with t > 1. If h € Fo(X,Y) satisfies (2.17), then there exists a unique
mapping H € AQ(X, Y ) such that

20

t t
sy i

Ih(p, ) = H(p, )l <

forallp,r e X.

By taking L = & and w(p,q) = VO(lIpll' + Iigll') for all p,q € X in Theorem 3.2, we have the
following;:

Corollary 3.2. Let t,0 € R} with t < 23 and let h € Fo(X,Y) be a mapping satisfying (2.17). Then
there exists a unique mapping H € AQ(X,Y) such that

0
3-2f

Ih(p,7) = H(p,7)ll < lIpll il

forallp,r e X.

4. CONCLUSION

We have proven the Hyers-Ulam stability results for the additive-quadratic functional equation

(1) in Banach spaces using the direct and fixed point techniques.
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