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Abstract. In this paper, we prove the Hardy inequality, the Hilbert inequality and the Hardy-Littlewood-P6lya inequality
on block spaces with variable exponents. Furthermore, we establish the boundedness of Hausdorff operators on block

space with variable exponent.

1. INTRODUCTION

In [3], Hardy-Littlewood-Polya (HLP for short) inequalities for Lebesgue spaces were devel-
oped. The Riemann-Liouville integral, the Weyl integral, the Hilbert inequalities, and the Hardy
inequality are among the important discoveries that are combined in these inequalities. The Hardy
inequalities have been developed in great length. The reader can consult references [2], [12] for
a detailed analysis of the Hardy inequality and associated subjects. The Hausdorff summability
method was first presented in 1917, which marked the beginning of the study of Hausdorff op-
erators (HO briefly). The HO are an generalization of the Hardy inequalities. HO studies have
been expanded to a number of different setting and function spaces see [4-10]. For more results in
variable exponent function spaces see [13-25].

Recently, there are number of researches on the variable Lebesgue spaces and variable Morrey
spaces. Block space is the pre-dual of the Morrey space, see [1]. The idea of block space is

introduced in [1] and proved that it is a pre-dual of Morrey spaces.
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Assume that 0 < A <nand 1 < p < o0. By (p, A)-block we mean a measurable function a if its

support contained in the ball B (x,7) , xo € R",7 > 0, and
_A
||ﬂ||Lp(1Rn) Sror.

We denote a € ap 4 ifais a (p, A)-block.
Define 8, A (R") by

Bya (R") = {Z Ay : Z |A¢| < 0o and a; is a (p, A)-block } .
t=1 t=1
Norm of space B, 4 is given as

(o8]

lglls, () = inf{Z Ad: g=Y Atat}.
t=1

t=1
Let Mis the class of Lebesgue measurable functions on IR”. Let A be a measurable set, then char-
acteristic function of A is denoted by 14. Letx € R”, 7 > 0, we denote B(x,7) = {y e R" : |x—y| < r}
and 8 = {B(x,r) : x € R".r> 0}.
Let 1 < p < oo, then the Lebesgue spaces L? (R") is the space of all functions such that the norm

Up. o .
||8||Lp(Rn) = (f]Rn Ig(y)l”dy) is finite.
Morrey [11] introduced the Morrey space to facilitate the study of certain quasilinear elliptic

partial differential equations. The Morrey space is given as

My (R") = {g € LY "+ lglly, (o) < 0},

wherel <p <coand 0 < A <nand

1 p
ny — - p .
18I, (Rr) sup (r 5 fB lg(x)] dx)

Let E be an open set in R”, consider a measurable function p(-) : E — [1,). The conjugate
exponent denoted by p’ (), is defined as p’(:) = p(-)/(p(-) = 1).
The set P(E) comprises all functions p(+) : E — [1, ). We suppose that

1<p™(E) <p(x) <p"(E) < oo, (1.1)
such that

p~ = ess inf{p(x) tX € E},

Jr

p" =ess sup{p(x) tX € E}.

We use the notation L() (E) to represent the space of all measurable functions g defined on E,

Py
such that, for a certain n > 0, fE(@) dy < co. Its norm is given as

Al gy = inf{’] >0: f;(@)pw dy < 1}.
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Letp(y) : R" — (1,00) and w(y,7) : R" % (0,00) — (0, 00) be a Lebesgue measurable functions.
Then b € M(IR") is the (a), LP(y))-block if is supported in a ball B(yo,7), yo € R", r > 0 and
Bliyw < 5o

Block space with variable exponent (BSVE briefly) B, ,(, is given as

B, = {Z Ay Z |A¢| < o0 and a; is an (a), Lp(y)) - block}.
=1

t=1

Norm of B, ;) is given as

Iflls, ., = inf{; I sueh tht f = 3 Atat}.

When p(y) is a constant, then B, is simply classical block spaces defined in [1]. BSVE
serves as the predual of the variable Morrey space [1]. The boundedness of the Hardy-Littlewood
maximal operator on BSVE was established in [1]. In Section 3, we derive the Hardy-Littlewood-
Pélya inequalities and the Hardy inequality for BSVE. Finally, in the last section, we demonstrate
the boundedness of the HO operator on BSVE. We also refer some papers for boundedness results

in variable exponent function spaces [26-34].

2. MINKOWSKI'S INEQUALITY ON BSVE

This section contains the Minkowski’s inequality on BSVE. Now we define the idea of variable
Morrey spaces.

Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0, 00) be a Lebesgue measurable function.
Then the Morrey space with variable exponent M, ;. is consists of all Lebesgue measurable

functions such that
1
= sup ———|[f1 oy < 0.
= 500 s Wl
The dual space of B, ) is M, (), where p(y) and p’(y) are conjugate exponents of each other.
The class of continuous function with compact support is denoted by Co (R"). Then the Zorko

space with variable exponent Z ;,(, is the closure of Co (R") in Mw,Lp(y).

Theorem 2.1. [1]Ifp(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0, 00) be a Lebesgue measurable
function. If ess sup p(y) < oo, then we have

* pa—
%w,LP(W - Ma),LP'(y)/

where QS;/L ,) 1s the dual of B, ;).

p(

Similarly we can prove that Z;,Lp(y =B, 71, Where Z;,me is the dual of Z, ().

)

The following result is given in [1].
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Lemma 2.1. Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0,00) be a Lebesgue measurable
function. If ess sup p(y) < oo, then we have

fﬂ |f(x)g(x)|dx < C”f“Mw,Lp(y) ||g]||Q3wLpr(

I
BSVE is the generalization of variable Lebesgue space. Next we establish the Minkowski’s

inequality in B ;).

Theorem 2.2. Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0,00) be a Lebesque measurable
function. If u be a signed o-finite Borel measure on R™ and h(x, s) be a measurable function on R" X R™
such that ||h(,s)||% € LY(|ul). We have

w,LP(Y)

Hfmh(./S)d[uH% ) ) \[l;m ”h("s)”%ahw(y) Al (2.1)

w,LP

Proof. Let

H(x) = fmh(z,s)dy.

Let g € Z,, 1y with ||g || Z ) < 1. Then using the Holder’s inequality, we get

<C]ﬂ;m Ln |h(z,s)||g(z)|dzd|y|

<c [ el Ul @

S S

<C | sl dul
R™ @,

‘ H(z)g(z)dz
RVI

By taking supremum over ¢ € Z_ ;) with || g” Z < 1. Theorem 1 yields that H € B_ ;,()
' mle/ y '
and (2.1) holds. |

Now we define the notion of Boyd’s indices to B ;). Let ¢ be a measurable function and

s € R\{0}. The dilation operator D; is given as
(Deg) (x) = g(x/s), x€R".

Now we obtain the norm of D; on BSVE. This result is important to prove the HLP inequalities
in BSVE.

Theorem 2.3. Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0,00) be a Lebesque measurable
function. Then we have

[oeflly L, < Wl (22)
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Proof. If ¢ € B 1y and € > 0, there exist families of (a), U’(y))—blocks lacleen With supports

{B (x¢,7¢)} e and scalars {Ag}zen such that

g = Z Agtlg

and ¥ sen Al < (14 €)||g||%mmy)-
It is easy to note that Dy is a (a), L’ (y))-block with support B (txy, |t|r¢) and

1
Dadlpwm < =——
| tat’HUi(,/) w(xo,rf)
Write
Dig = Z A¢Dag = Z vece
= £eIN
where
1
Ve w(xp,7¢) - [ "

It is easy to note that {C¢lren is a family of (a), 1Y )) -blocks. If D;g € B o, P ) then

IPeslls ., <Y =Y ad< 0 +o)ligls_

al (eIN (eIN

If ¢ > 0 is arbitrary, then we get

||Dtg||%m,w(y) < ||g||%a),[}’(3’) ’

Since Dy ¢D;g = g, then we get

I8l = [Pr/iDiglly < [Digl

w,LPY)
Therefore,

[Dglly ., <lslls, -

3. HLP INEQUALITIES

Theorem 3.1. Let p(y) : R" — (1,00), K(-, -) be a measurable function on (0, c0) X

R" X (0, 00) — (0, ) be a Lebesgue measurable function. If Q satisfies
(1) Q(6s,0t) = 071Q(s,t),0 > 0,
00 A
@) 7100, V)l 70 du < oo,

then, the linear operator

=me@0ﬂﬂ%
0

is bounded on B, |, (0, ).

(0, 0) and w(y,r) :
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Proof. If u = s/t. We have

Uﬂﬂki£MQWEMKDudMOVW=i£m@wJNW%m@GHW

Applying the norm | - ||y iy (000) ON both sides of the above inequality, Then Minkowski’s
inequality yields

T 0,00) S DI(D1/u du.
TSl 000 < [ 100 DOl g

LP
Consequently, using Theorem 2.4, we get

ITglls (0c0)r

o, LPY w, [Py

0 -1
(om0 < Cllgh 0 [ 100 17 < Clgh
0

where C > 0. Therefore, T is bounded on B, ) (0, o).
If A = 0, then above Theorem yields

0 -k
f Q(u, 1)|u »¥du < co.
0
Thus we obtain our desired results.
O

Theorem 3.2. Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0,00) be a Lebesque measurable

function. Then

1 t
g = 1 [ s
is bounded on B, |, (0, ).
The operator

)= [,

Proof. Let Q(s,t) = t '1g(s,t) where E = {(s,t) : s < t}. Then T fulfills the conditions of Theorem

3.1, so we get
00 _% 1 _% u_WJrl
; 1Q(u, 1)|u ¥ du = | u r»dy = BT a—
0

By using the Theorem 3.1, we obtain

is bounded on B, ;) (0, ).

ITglls Cliglls

Lv(y) o 1P (0,00)-

Next we will prove the boundedness of the operator S on %w 1 (0,00). Let Q(s, t) = s 11 (s, t)
such that E = {(s,t) : s > t}. Then using the condition (1) of Theorem 3.1, we get

0 1+ 0 _u_
f 1Q(u, 1)|u r¥ du = f w0 Yy < oo,
0 1

>
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Thus, by using the Theorem 3.1, we get

IS¢ ”%m,m(y) (0,00) < Cllg ”%w,m(w (0,00)7

where C > 0.

Next we prove the Hilbert inequality on BSVE.

Theorem 3.3. Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0,00) be a Lebesque measurable
function. Then

* g(s)
To(t) = =—-d
g() 0 t"'s s

is bounded on B, 14, (0, 00).

Proof. Let Q(s,t) = (s +t)~L. It is easy to note that condition (1) of Theorem 3.2. Hence we get

0 IEPREDN 1A 1 1a
(u+1)"u r®»du< u r» do 4+ v P do < oo.
0 1 0

Thus the Theorem 3.1 yields the boundedness of T on B, ) (0, 00). O

4. MurripimeNnsioNaL HO on BSVE

In this section, we obtain the boundedness of HO to BSVE. For the definition of multidimensional
HO see [5,6].
Let B=B(u) = (aij)?,]':l = (aif(u))ijl be an n X n matrix with the entries a;;(u) being measurable
functions of 1. The matrix B(u) is non-degenerate almost everywhere. Recall that xB(u), x € R", is
the row n-vector obtained by multiplying the row n-vector x by the matrix B(u).

Let ®(u) be a measurable function. The multidimensional Hausdorff operator associated with
B(u) and ®(u) is defined as

n

(H3) (x) = (Hog) (x) = (Hoag) (x) = f o (u)g (xB()) du.

The adjoint operator H* is given as

(Hg) (x) = (Hy p8) () = fR ®(u) |det B~ (u)| g (xB™" (u)) du.

Let ¢ be a measurable function, the dilation operator Dy, is given as

(Dsg) (x) = g(xB(w), xeR".

In order to study the multidimensional HO Hep and H;

o5 We need following important

Lemma.
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Lemma 4.1. Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0,00) be a Lebesgue measurable

function. Then,

[Psslly, <l -

Proof. If g € B, . By using the definition of B ;) for any ¢ > 0, there exist families of
(a), rw )—blocks {ae}een with supports {B (x¢, 7¢)} e and scalars {A¢}sen such that

g= Z Ay and Z Ad < (1+)lgls, -
eIN eN

It is easy to note that DB(u)ag isa (a), LP (y))-blocks,

supp Dp(yyae € B (xé’B_l(”)r B_l(”)“ r")

and
1

_1
||DB(u)“€||Lp<~>(w) <ldetB(u) 7 m

Hence we get

Dp)g = Z A¢Dpyae = Z yece
teN leN

where

Ve = Ag|detB(1/l)|_VL— and ¢, = (w(xo, rg))_1 )
It is easy to note that {c/},c is a family of (a), Lrw) )-blocks. Thus Dg(,)8 € B, 1y With

<Y rd = Y 1ad|det sG] 7

CeIN feIN
<(1+¢)lglls

IPswslly

1y

v’
For arbitrary ¢ > 0, we get

||DB<u)g||%mW <liglls, -

O

Theorem 4.1. Let p(y) : R" — (1,00) and w(y,r) : R" X (0,00) — (0, 0) be a Lebesgue measurable
function. Let f]R" CI>(u)|du = [|Plly(y),a < o0 and f]R" |<I>(u)| |detB‘1(u)| du = [|®@||,(,),4 < o0. Then,

”H#g”%mmy) < ”cD”P(y)A“g”%m,m(y)’

and

* < *
”H‘ug (y) = ”(D”P(]/)/A“g”%m/m(y)'

%w,b”
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Proof. By using the Minkowski’s inequality for B, ;,(, and Lemma 4.1, we get

Hosdls < [ 100 Dssly

< (f |<I>(u)|du)||g||% o
R" w,

= |1Dlly(y),4

8lls -

Similarly, we have

V/

sl < | foolldets @l IDs sl

()

du
p(y)

< ( f n | (u)||det B (u)| du Iglls,

= 1Pl all8lls -
O
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