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Abstract. In this paper, we prove the Hardy inequality, the Hilbert inequality and the Hardy-Littlewood-Pólya inequality

on block spaces with variable exponents. Furthermore, we establish the boundedness of Hausdorff operators on block

space with variable exponent.

1. Introduction

In [3], Hardy-Littlewood-Polya (HLP for short) inequalities for Lebesgue spaces were devel-

oped. The Riemann-Liouville integral, the Weyl integral, the Hilbert inequalities, and the Hardy

inequality are among the important discoveries that are combined in these inequalities. The Hardy

inequalities have been developed in great length. The reader can consult references [2], [12] for

a detailed analysis of the Hardy inequality and associated subjects. The Hausdorff summability

method was first presented in 1917, which marked the beginning of the study of Hausdorff op-

erators (HO briefly). The HO are an generalization of the Hardy inequalities. HO studies have

been expanded to a number of different setting and function spaces see [4–10]. For more results in

variable exponent function spaces see [13–25].

Recently, there are number of researches on the variable Lebesgue spaces and variable Morrey

spaces. Block space is the pre-dual of the Morrey space, see [1]. The idea of block space is

introduced in [1] and proved that it is a pre-dual of Morrey spaces.
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Assume that 0 6 Λ < n and 1 6 p < ∞. By (p, Λ)-block we mean a measurable function a if its

support contained in the ball B (x0, r) , x0 ∈ Rn, r > 0, and

‖a‖Lp(Rn) 6 r−
Λ
p .

We denote a ∈ ap,Λ if a is a (p, Λ)-block.

Define Bp,Λ (Rn) by

Bp,Λ (Rn) =

 ∞∑
t=1

Λtat :
∞∑

t=1

|Λt| < ∞ and at is a (p, Λ)-block

 .

Norm of space Bp,Λ is given as

‖g‖Bp,Λ(Rn) = inf

 ∞∑
t=1

|Λt| : g =
∞∑

t=1

Λtat

 .

LetM is the class of Lebesgue measurable functions on Rn. Let A be a measurable set, then char-

acteristic function of A is denoted by 1A. Let x ∈ Rn, r > 0, we denote B(x, r) =
{
y ∈ Rn : |x− y| < r

}
and B =

{
B(x, r) : x ∈ Rn. r > 0

}
.

Let 1 6 p < ∞, then the Lebesgue spaces Lp (Rn) is the space of all functions such that the norm∥∥∥g
∥∥∥

Lp(Rn)
=

(∫
Rn |g(y)|pdy

)1/p
is finite.

Morrey [11] introduced the Morrey space to facilitate the study of certain quasilinear elliptic

partial differential equations. The Morrey space is given as

Mp,λ (R
n) =

{
g ∈ Lp

loc : ‖g‖Mp,λ(Rn) < ∞
}

,

where 1 6 p < ∞ and 0 6 Λ < n and

‖g‖Mp,λ(Rn) = sup
B∈B

(
1
rλ

∫
B
|g(x)|pdx

)1/p

.

Let E be an open set in Rn, consider a measurable function p(·) : E → [1,∞). The conjugate

exponent denoted by p′(·), is defined as p′(·) = p(·)/(p(·) − 1).

The set P(E) comprises all functions p(·) : E→ [1,∞). We suppose that

1 ≤ p−(E) ≤ p(x) ≤ p+(E) < ∞, (1.1)

such that

p− = ess inf
{
p(x) : x ∈ E

}
,

p+ = ess sup
{
p(x) : x ∈ E

}
.

We use the notation Lp(·)(E) to represent the space of all measurable functions g defined on E,

such that, for a certain η > 0,
∫

E

(
| f (x)|
η

)p(y)

dy < ∞. Its norm is given as

‖ f ‖Lp(·)(E) = inf
{
η > 0 :

∫
E

(
| f (y)|
η

)p(y)

dy ≤ 1
}

.
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Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞)→ (0,∞) be a Lebesgue measurable functions.

Then b ∈ M(Rn) is the
(
ω, Lp(y)

)
-block if is supported in a ball B(y0, r), y0 ∈ Rn, r > 0 and

‖b‖Lp(y) ≤
1

ω(y0,r) .

Block space with variable exponent (BSVE briefly) Bω,Lp(y) is given as

Bω,Lp(y) =

 ∞∑
t=1

Λtat :
∞∑

t=1

|Λt| < ∞ and at is an
(
ω, Lp(y)

)
− block

 .

Norm of Bω,Lp(y) is given as

∥∥∥ f
∥∥∥
B
ω,Lp(y)

= inf

 ∞∑
t=1

|Λt| such that f =
∞∑

t=1

Λtat

 .

When p(y) is a constant, then Bω,Lp(y) is simply classical block spaces defined in [1]. BSVE

serves as the predual of the variable Morrey space [1]. The boundedness of the Hardy-Littlewood

maximal operator on BSVE was established in [1]. In Section 3, we derive the Hardy-Littlewood-

Pólya inequalities and the Hardy inequality for BSVE. Finally, in the last section, we demonstrate

the boundedness of the HO operator on BSVE. We also refer some papers for boundedness results

in variable exponent function spaces [26–34].

2. Minkowski’s inequality on BSVE

This section contains the Minkowski’s inequality on BSVE. Now we define the idea of variable

Morrey spaces.

Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable function.

Then the Morrey space with variable exponent Mω,Lp(y) is consists of all Lebesgue measurable

functions such that ∥∥∥ f
∥∥∥
M

ω,Lp(y)
= sup

y0∈Rn,r>0

1
ω(y0, r)

∥∥∥ f 1B(y0,r)

∥∥∥
Lp(y) < ∞.

The dual space of Bω,Lp(y) isMω,Lp′(y) , where p(y) and p′(y) are conjugate exponents of each other.

The class of continuous function with compact support is denoted by C0 (Rn). Then the Zorko

space with variable exponentZω,Lp(y) is the closure of C0 (Rn) inMω,Lp(y) .

Theorem 2.1. [1] If p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. If ess sup p(y) < ∞, then we have

B∗
ω,Lp(y) =Mω,Lp′(y) ,

where B∗
ω,Lp(y) is the dual of Bω,Lp(y) .

Similarly we can prove thatZ∗
ω,Lp(y) = Bω,Lp′(y) , whereZ∗

ω,Lp(y) is the dual ofZω,Lp(y) .

The following result is given in [1].
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Lemma 2.1. Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. If ess sup p(y) < ∞, then we have∫

Rn
| f (x)g(x)|dx 6 C‖ f ‖M

ω,Lp(y)

∥∥∥g]
∥∥∥
B
ω,Lp′(y)

.

BSVE is the generalization of variable Lebesgue space. Next we establish the Minkowski’s

inequality in Bω,Lp′(y) .

Theorem 2.2. Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. If µ be a signed σ-finite Borel measure on Rm and h(x, s) be a measurable function on Rn

×Rm

such that
∥∥∥h(·, s)

∥∥∥
B
ω,Lp(y)

∈ L1(|µ|). We have∥∥∥∥∥∫
Rm

h(·, s)dµ
∥∥∥∥∥
B
ω,Lp(y)

6

∫
Rm

∥∥∥h(·, s)
∥∥∥
B
ω,Lp(y)

d|µ|. (2.1)

Proof. Let

H(x) =
∫

Rm
h(z, s)dµ.

Let g ∈ Zω,Lp(y) with
∥∥∥g

∥∥∥
Z
ω,Lp′(y)

6 1. Then using the Hölder’s inequality, we get∣∣∣∣∣∫
Rn

H(z)g(z)dz
∣∣∣∣∣ 6 C

∫
Rm

∫
Rn

∣∣∣h(z, s)
∣∣∣ ∣∣∣g(z)∣∣∣ dzd|µ|

6 C
∫

Rm

∥∥∥h(·, s)
∥∥∥
B
ω,Lp(y)

∥∥∥g]
∥∥∥
M

ω,Lp′(y)
d|µ|

=

∫
Rm

∥∥∥h(·, s)
∥∥∥
B
ω,Lp(y)

∥∥∥g]
∥∥∥
Z
ω,Lp′(y)

d|µ|

6 C
∫

Rm
‖h(·, s)‖B

ω,Lp(y)
d|µ|.

By taking supremum over g ∈ Zω,Lp(y) with
∥∥∥g

∥∥∥
Z
ω,Lp′(y)

6 1. Theorem 1 yields that H ∈ Bω,Lp(y)

and (2.1) holds. �

Now we define the notion of Boyd’s indices to Bω,Lp(y) . Let g be a measurable function and

s ∈ R\{0}. The dilation operator Ds is given as

(Dsg) (x) = g(x/s), x ∈ Rn.

Now we obtain the norm of Dt on BSVE. This result is important to prove the HLP inequalities

in BSVE.

Theorem 2.3. Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. Then we have ∥∥∥Dt f

∥∥∥
B
ω,Lp(y)
6 ‖ f ‖B

ω,Lp(y)
. (2.2)
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Proof. If g ∈ Bω,Lp(y) and ε > 0, there exist families of
(
ω, Lp(y)

)
-blocks {a`}`∈N with supports{

B (x`, r`)
}
`∈N and scalars {Λ`}`∈N such that

g =
∑
`∈N

Λ`a`

and
∑
`∈N |Λ`| < (1 + ε)‖g‖B

ω,Lp(y)
.

It is easy to note that Dta` is a
(
ω, Lp(y)

)
-block with support B (tx`, |t|r`) and

‖Dta`‖Lp(y) 6
1

ω(x0, r`)

Write

Dtg =
∑
`∈N

Λ`Dta` =
∑
`∈N

γ`C`

where

γ` =
1

ω(x0, r`)
and C` = Dta`.

It is easy to note that {C`}k∈N is a family of
(
ω, Lp(y)

)
-blocks. If Dtg ∈ Bω,Lp(y) then∥∥∥Dtg

∥∥∥
B
ω,Lp(y)
6

∑
`∈N

∣∣∣γ`∣∣∣ = ∑
`∈N

|Λ`| 6 (1 + ε)‖g‖B
ω,Lp(y)

If ε > 0 is arbitrary, then we get ∥∥∥Dtg
∥∥∥
B
ω,Lp(y)
6 ‖g‖B

ω,Lp(y)
.

Since D1/tDtg = g, then we get

‖g‖B
ω,Lp(y)

=
∥∥∥D1/tDtg

∥∥∥
B
ω,Lp(y)
6

∥∥∥Dtg
∥∥∥
B
ω,Lp(y)

Therefore,

∥∥∥Dtg
∥∥∥
B
ω,Lp(y)
6 ‖g‖B

ω,Lp(y)
.

�

3. HLP inequalities

Theorem 3.1. Let p(y) : Rn
→ (1,∞), K(·, ·) be a measurable function on (0,∞) × (0,∞) and ω(y, r) :

Rn
× (0,∞)→ (0,∞) be a Lebesgue measurable function. If Q satisfies

(1) Q(θs,θt) = θ−1Q(s, t),θ > 0,

(2)
∫
∞

0 |Q(u, 1)|u−
1+Λ
p(y) du < ∞,

then, the linear operator

T f (t) =
∫
∞

0
Q(s, t) f (s)ds

is bounded on Bω,Lp(y)(0,∞).
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Proof. If u = s/t. We have

|Tg(t)| 6
∫
∞

0
|Q(ut, t)|

∣∣∣(D1/ug) (t)
∣∣∣ tdu =

∫
∞

0
|Q(u, 1)|

∣∣∣(D1/ug) (t)
∣∣∣ du

Applying the norm ‖ · ‖B
ω,Lp(y) (0,∞) on both sides of the above inequality, Then Minkowski’s

inequality yields

‖Tg‖B
ω,Lp(y) (0,∞) 6

∫
∞

0
|Q(u, 1)|

∥∥∥(D1/ug)
∥∥∥
B
ω,Lp(y) (0,∞)

du.

Consequently, using Theorem 2.4, we get

‖Tg‖B
ω,Lp(y) (0,∞) 6 C‖g‖B

ω,Lp(y) (0,∞)

∫
∞

0
|Q(u, 1)|u−

1+Λ
p(y) du 6 C‖g‖B

ω,Lp(y) (0,∞),

where C > 0. Therefore, T is bounded on Bω,Lp(y)(0,∞).

If Λ = 0, then above Theorem yields∫
∞

0
|Q(u, 1)|u−

1
p(y) du < ∞.

Thus we obtain our desired results.

�

Theorem 3.2. Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. Then

Tg(t) =
1
t

∫ t

0
g(s)ds

is bounded on Bω,Lp(y)(0,∞).
The operator

Sg(t) =
∫
∞

t

g(s)
s

ds

is bounded on Bω,Lp(y)(0,∞).

Proof. Let Q(s, t) = t−11E(s, t) where E = {(s, t) : s < t}. Then T fulfills the conditions of Theorem

3.1, so we get ∫
∞

0
|Q(u, 1)|u−

1+Λ
p(y) du =

∫ 1

0
u−

1+Λ
p(y) du =

u−
1+Λ
p(y) +1

−
1+Λ
p(y) + 1

∣∣∣∣∣∣∣
1

0

< ∞.

By using the Theorem 3.1, we obtain

‖Tg‖B
ω,Lp(y) (0,∞) 6 C‖g‖B

ω,Lp(y) (0,∞).

Next we will prove the boundedness of the operator S onBω,Lp(y)(0,∞). Let Q(s, t) = s−11E(s, t)
such that E = {(s, t) : s > t}. Then using the condition (1) of Theorem 3.1, we get∫

∞

0
|Q(u, 1)|u−

1+Λ
p(y) du =

∫
∞

1
u−

1+Λ
p(y) −1du < ∞.
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Thus, by using the Theorem 3.1, we get

‖Sg‖B
ω,Lp(y) (0,∞) 6 C‖g‖B

ω,Lp(y) (0,∞),

where C > 0.

�

Next we prove the Hilbert inequality on BSVE.

Theorem 3.3. Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. Then

Tg(t) =
∫
∞

0

g(s)
t + s

ds

is bounded on Bω,Lp(y)(0,∞).

Proof. Let Q(s, t) = (s + t)−1. It is easy to note that condition (1) of Theorem 3.2. Hence we get∫
∞

0
(u + 1)−1u−

1+Λ
p(y) du 6

∫
∞

1
u−

1+Λ
p(y) −1dv +

∫ 1

0
v−

1+Λ
p(y) dv < ∞.

Thus the Theorem 3.1 yields the boundedness of T on Bω,Lp(y)(0,∞). �

4. Multidimensional HO on BSVE

In this section, we obtain the boundedness of HO to BSVE. For the definition of multidimensional

HO see [5, 6].

Let B = B(u) =
(
ai j

)n

i, j=1
=

(
ai j(u)

)n

i, j=1
be an n× n matrix with the entries ai j(u) being measurable

functions of u. The matrix B(u) is non-degenerate almost everywhere. Recall that xB(u), x ∈ Rn, is

the row n-vector obtained by multiplying the row n-vector x by the matrix B(u).
Let Φ(u) be a measurable function. The multidimensional Hausdorff operator associated with

B(u) and Φ(u) is defined as

(Hg)(x) = (HΦg) (x) = (HΦ,Ag) (x) =
∫

Rn
Φ(u)g (xB(u)) du.

The adjoint operatorH ∗ is given as

(H ∗g) (x) =
(
H
∗

Φ,Bg
)
(x) =

∫
Rn

Φ(u)
∣∣∣det B−1(u)

∣∣∣ g
(
xB−1(u)

)
du.

Let g be a measurable function, the dilation operator DB(u) is given as

(
DB(u)g

)
(x) = g(xB(u)), x ∈ Rn.

In order to study the multidimensional HO HΦ,B and H ∗Φ,B, we need following important

Lemma.
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Lemma 4.1. Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. Then,

∥∥∥DB(u)g
∥∥∥
B
ω,Lp(y)
6 |‖g‖B

ω,Lp(y)
.

Proof. If g ∈ Bω,Lp(y) . By using the definition of Bω,Lp(y) , for any ε > 0, there exist families of(
ω, Lp(y)

)
-blocks {a`}`∈N with supports

{
B (x`, r`)

}
`∈N and scalars {Λ`}`∈N such that

g =
∑
`∈N

Λ`a` and
∑
`∈N

|Λ`| < (1 + ε)‖g‖B
ω,Lp(y)

.

It is easy to note that DB(u)a` is a
(
ω, Lp(y)

)
-blocks,

supp DB(u)a` ⊆ B
(
x`B−1(u),

∥∥∥B−1(u)
∥∥∥ r`

)
and ∥∥∥DB(u)a`

∥∥∥
Lp(·)(Rn)

6 |det B(u)|−
1

p−
1

ω(x0, r`)
.

Hence we get

DB(u)g =
∑
`∈N

Λ`DB(u)a` =
∑
`∈N

γ`c`

where

γ` = Λ`|det B(u)|−
1

p− and c` = (ω(x0, r`))
−1 .

It is easy to note that {c`}`∈N is a family of
(
ω, Lp(y)

)
-blocks. Thus DB(u)g ∈ Bω,Lp(y) with

∥∥∥DB(u)g
∥∥∥
B
ω,Lp(y)
6

∑
`∈N

∣∣∣γ`∣∣∣ = ∑
`∈N

|Λ`|
∣∣∣det B(u)

∣∣∣− 1
p−

6 (1 + ε)‖g‖B
ω,Lp(y)

.

For arbitrary ε > 0, we get

∥∥∥DB(u)g
∥∥∥
B
ω,Lp(y)
6 ‖g‖B

ω,Lp(y)
.

�

Theorem 4.1. Let p(y) : Rn
→ (1,∞) and ω(y, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable
function. Let

∫
Rn

∣∣∣Φ(u)
∣∣∣ du = ‖Φ‖p(y),A < ∞ and

∫
Rn

∣∣∣Φ(u)
∣∣∣ ∣∣∣det B−1(u)

∣∣∣ du = ‖Φ‖p(y),A < ∞. Then,

∥∥∥Hµg
∥∥∥
B
ω,Lp(y)
6 ‖Φ‖p(y),A‖g‖B

ω,Lp(y)
,

and ∥∥∥H∗µg
∥∥∥
B
ω,Lp(y)
6 ‖Φ‖∗p(y),Λ‖g‖Bω,Lp(y)

.
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Proof. By using the Minkowski’s inequality for Bω,Lp(y) and Lemma 4.1, we get

∥∥∥HΦ,Ag
∥∥∥
B
ω,Lp(y)
6

∫
Rn
|Φ(u)|

∥∥∥DB(u)g
∥∥∥
B
ω,Lp(y)

du

6

(∫
Rn

∣∣∣Φ(u)
∣∣∣ du

)
‖g‖B

ω,Lp(y)

= ‖Φ‖p(y),A‖g‖B
ω,Lp(y)

.

Similarly, we have

∥∥∥H∗µg
∥∥∥
B
ω,Lp(y)
6

∫
Rn

∣∣∣Φ(u)
∣∣∣ ∣∣∣det B−1(u)

∣∣∣ ∥∥∥DB−1(u)g
∥∥∥
B
ω,Lp(y)

du

6

(∫
Rn

∣∣∣Φ(u)
∣∣∣ ∣∣∣det B−1(u)

∣∣∣1 du
)
‖g‖B

ω,Lp(y)

= ‖Φ‖∗p(y),A‖g‖Bω,Lp(y)
.

�
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