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Abstract. In this paper, we present three different fuzzy translations of a fuzzy set in [UP-algebras. The ideas of fuzzy
a-translation of u of type I, fuzzy p-translation of i of type II, and fuzzy y-translation of u of type III are introduced for
any fuzzy set u in an IUP-algebra. Their basic properties are looked into, and some useful examples are discussed. The
concepts of prime fuzzy sets and weakly prime fuzzy sets in [UP-algebras are also studied. Moreover, we discuss the

concepts of fuzzy extensions and fuzzy contractions of a fuzzy set in IUP-algebras.

1. INTRODUCTION

The concept of fuzzy sets was first introduced by Zadeh [44] as a means of handling uncertainty
and imprecision inherent in many real-world problems. Unlike classical set theory, where an
element either belongs or does not belong to a set, fuzzy set theory allows for degrees of mem-
bership, represented by values in the unit interval [0,1]. This innovation has led to significant
advancements in various fields, including artificial intelligence, decision-making, and mathemat-
ical logic [12,44]. Since its inception, fuzzy set theory has undergone extensive development,
resulting in numerous generalizations such as intuitionistic fuzzy sets [7], type-2 fuzzy sets [25],

and neutrosophic sets [37], all of which aim to enhance its applicability in different domains.
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One notable extension of fuzzy set theory is the study of fuzzy translations, which has been
explored across various algebraic structures. Abu and Chandramouleeswaran [6] introduced
the notions of fuzzy translations, extensions, and multiplications of fuzzy p-ideals of p-algebras.
Senapati et al. [32] introduced the concepts of fuzzy translations, extensions, and multiplica-
tions of fuzzy H-ideals in BCK/BClI-algebras. Priya and Ramachandran [29] introduced the con-
cepts of fuzzy a-translations, extensions, and multiplications of fuzzy PS-algebras. Areej [2]
introduced the concepts of fuzzy translations, multiplications, and magnified translations of KU-
algebras. Areej and Esraa [15] introduced the notion of a-translations of intuitionistic fuzzy
AT-ideals and intuitionistic fuzzy AT-subalgebras. Senthilkumar et al. [36] introduced the ideas
of anti-intuitionistic fuzzy extensions and multiplications of anti-intuitionistic fuzzy T-ideals in
subtraction BCK/BClI-algebras. Chandramouleeswaran et al. [8] introduced the notion of fuzzy
translations on BF-algebras. Kaviyarasu et al. [19] introduced the concepts of intuitionistic fuzzy
translations and multiplications on INK-algebras. Senapati et al. [35] introduced the ideas of in-
tuitionistic fuzzy translations, extensions, and multiplications of intuitionistic fuzzy subalgebras
in BG-algebras. Nisha et al. [11] explored interval-valued fuzzy translations and multiplications
in Z-algebras. Anitha and Seethalakshmi [5] introduced the concept of magnified translations
of fuzzy hemirings and fuzzy normal hemirings. Senapati et al. [33] introduced the concept of
intuitionistic fuzzy translations to intuitionistic fuzzy H-ideals in BCK/BCl-algebras. Jun [17] dis-
cussed fuzzy translations, extensions, and multiplications of fuzzy ideals in BCK/BCl-algebras.
Lekkoksung [24] introduced the concept of fuzzy magnified translations of fuzzy bi-ideals in
ternary hemirings. Alghamdi et al. [1] introduced the concepts of translations, extensions, and
multiplications of bipolar fuzzy BCK-submodules. Altaiary and Bashammakh [4] investigated
the relationships between generalized fuzzy translations, multiplications, and magnified transla-
tions of BCK-submodules. Abu and Chandramouleeswaran [6] introduced the notions of fuzzy
translations, extensions, and multiplications of fuzzy p-ideals of f-algebras. Dutta et al. [13] in-
troduced the concept of translations and multiplications of cubic subalgebras and cubic ideals of
BCK/BCl-algebras. Halimah [3] introduced the concepts of fuzzy translations and multiplications
of BRK-algebras. Hameed and Abed [14] discussed fuzzy 8, a-magnified translations and exten-
sions of fuzzy KUS-subalgebras in KUS-algebras. Kyoung et al. [23] discussed fuzzy translations,
(normalized, maximal) extensions, and multiplications of fuzzy subalgebras in BCK/BCl-algebras.
Min [18] discussed fuzzy a-translations, (normalized, maximal) extensions, and multiplications
of fuzzy hyper BCK-subalgebras in hyper BCK-algebras. Mohsin et al. [20] introduced the idea
of intuitionistic fuzzy translations to intuitionistic fuzzy subalgebras and ideals over G-algebras.
Mohsin et al. [21] introduced the concepts of intuitionistic fuzzy a-translations, multiplications,
and magnified fa-translations in PS-algebras. Prasanna et al. [28] defined w-fuzzy BP-subalgebras
and explained the idea of w-fuzzy translations and multiplications in BP-algebras. Prasanna
et al. [27] defined w-fuzzy BH-subalgebras and explained the idea of w-fuzzy translations and

multiplications in BH-algebras. Priya and Ramachandran [29] introduced the concepts of fuzzy
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translations and multiplications on PS-algebras. Rashma and Sobha [30] introduced the concepts
of intuitionistic fuzzy translations and multiplications on intuitionistic fuzzy ideals in BG-algebras.
Mostafa et al. [26] discussed fuzzy a-translation and (normalized, maximal) S-extension of fuzzy
KUS-subalgebras in KUS-algebras. Senapati et al. [34] introduced the concepts of intuitionistic
fuzzy translations, extensions, and multiplications to intuitionistic fuzzy subalgebras and ideals
in BCK/BCl-algebras. Senapati et al. [35] introduced the concepts of intuitionistic fuzzy transla-
tions, extensions, and multiplications to intuitionistic fuzzy subalgebras in BG-algebras. Senapati
et al. [32] introduced the concepts of fuzzy translations, extensions, and multiplications to fuzzy
H-ideals in BCK/BCl-algebras. Senapati [31] introduced the concept of intuitionistic fuzzy trans-
lations to intuitionistic fuzzy subalgebras and ideals in B-algebras. Fuzzy translations provide a
framework for transforming fuzzy sets while preserving essential algebraic properties, making
them instrumental in both theoretical research and practical applications.

The concept of IUP-algebras was first introduced by Iampan et al. in 2022 [16] as a novel al-
gebraic structure characterized by four primary subsets: IUP-subalgebras, IUP-filters, IUP-ideals,
and strong IUP-ideals. Their pioneering work not only laid the theoretical foundations of IUP-
algebras but also highlighted their potential as a fertile ground for mathematical research. By
establishing fundamental properties and exploring their initial applications, lampan et al. opened
new avenues for the study of algebraic structures. Building on this foundation, research in IUP-
algebras has rapidly expanded, addressing both theoretical advancements and practical implica-
tions. Chanmanee et al. [10] contributed significantly to this growing body of knowledge in 2023 by
exploring the direct product of infinite families of IUP-algebras. Their study introduced the notion
of weak direct products and developed essential results concerning (anti-)I[UP-homomorphisms,
deepening the structural understanding of IUP-algebras and providing crucial tools for further
exploration. Chanmanee et al. [9] extended these ideas by investigating direct products for in-
finite families of IUP-algebras, thereby formalizing the concept of DIUP-algebras and proposing
the innovative framework of weak direct product DIUP-algebras, enhancing the structural depth
of the theory. In 2024, Kuntama et al. [22] integrated fuzzy set (FS) theory with IUP-algebras,
introducing constructs such as fuzzy IUP-subalgebras, IUP-ideals, IUP-filters, and strong IUP-
ideals. Their meticulous analysis of these fuzzy subsets not only expanded the applicability of
IUP-algebras but also bridged the gap between algebraic structures and fuzzy logic, enabling
new interpretations and applications. Further enriching the framework, Suayngam et al. [43]
extended the theory of IUP-algebras by incorporating intuitionistic fuzzy sets (IFSs). Their in-
troduction of intuitionistic fuzzy IUP-subalgebras, IUP-ideals, IUP-filters, and strong IUP-ideals
created hybrid structures that offered fresh perspectives and avenues for research. This innova-
tive integration demonstrated the flexibility of [UP-algebras in accommodating advanced fuzzy
logic concepts, thereby broadening their potential applications. Building upon these develop-
ments, Suayngam et al. [40] expanded the framework by incorporating neutrosophic sets (NSs),

proposing neutrosophic IUP-subalgebras, IUP-ideals, IUP-filters, and strong IUP-ideals. These
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advancements provided comprehensive conditions for NSs to conform to these structures, along-
side an analysis of their interactions with level subsets, thereby illustrating the adaptability of
IUP-algebras in managing uncertainty. Further theoretical depth was added by their subsequent
work on intuitionistic neutrosophic sets (INSs) [38], which introduced intuitionistic neutrosophic
IUP-subalgebras, IUP-ideals, IUP-filters, and strong IUP-ideals. This framework integrated the
advantages of both intuitionistic and neutrosophic paradigms, enabling finer granularity in the
handling of indeterminacy and hesitancy within algebraic structures. The proposed conditions
and illustrative examples underscored the strength of [UP-algebras as a robust model for gener-
alized uncertainty. Additionally, Suayngam et al. [41] advanced the field by applying Fermatean
fuzzy sets (FFSs) to IUP-algebras. Their work focused on Fermatean fuzzy IUP-subalgebras, IUP-
ideals, IUP-filters, and strong IUP-ideals, further expanding the algebra’s theoretical landscape
and underscoring its versatility in integrating sophisticated fuzzy systems. Extending this line
of inquiry, Suayngam et al. [42] explored the application of Pythagorean fuzzy sets (PFSs) to
IUP-algebras, presenting Pythagorean fuzzy IUP-subalgebras, IUP-ideals, IUP-filters, and strong
IUP-ideals. The analysis revealed that Pythagorean fuzzy IUP-ideals and subalgebras serve as
generalizations of Pythagorean fuzzy strong IUP-ideals within IUP-algebras, with the latter con-
strained to constant PFSs. In a parallel development, their most recent research further explored
Pythagorean neutrosophic sets (PNSs) within the IUP-algebraic context [39]. By formulating and
analyzing Pythagorean neutrosophic IUP-subalgebras, IUP-ideals, IUP-filters, and strong IUP-
ideals, the authors synthesized both Pythagorean and neutrosophic reasoning to model a broader
spectrum of uncertainty. This dual generalization demonstrated the rich expressiveness of the
IUP framework and introduced novel algebraic properties aligned with real-world imprecision.
This ongoing progression in the study of IUP-algebras reflects their significance as a dynamic and
evolving algebraic framework. With contributions ranging from direct product constructions to
fuzzy, intuitionistic, neutrosophic, and hybrid fuzzy-neutrosophic extensions, IUP-algebras con-
tinue to inspire innovative research, offering a robust platform for mathematical exploration and
interdisciplinary applications.

Motivated by the extensive body of literature on fuzzy translations and their increasing relevance
in algebraic structures, we aim to further explore their role in IUP-algebras. In this paper, we
present three different fuzzy translations of a fuzzy set in [UP-algebras. The ideas of fuzzy a-
translation of u of type I, fuzzy p-translation of u of type II, and fuzzy y-translation of p of type
III are introduced for any fuzzy set i in an IUP-algebra. Their basic properties are examined, and
several illustrative examples are provided. Furthermore, we investigate the concepts of prime
fuzzy sets and weakly prime fuzzy sets in IUP-algebras. Additionally, we discuss the notions
of fuzzy extensions and fuzzy contractions of a fuzzy set in IUP-algebras, further enriching the

theoretical understanding of these transformations.
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2. PRELIMINARIES

IUP-algebras, introduced by Iampan et al. [16], represent a significant development in the study
of algebraic structures, particularly within the domain of non-classical logic and fuzzy algebra.
Defined by a distinctive axiomatic framework, IUP-algebras encompass four fundamental subsets:
IUP-subalgebras, [UP-filters, IUP-ideals, and strong IUP-ideals. These subsets form the structural
foundation of IUP-algebras, providing a versatile and rigorous framework for analyzing algebraic
operations and logical relationships.

The defining characteristics of IUP-algebras, including their closure under binary operations and
their contributions to algebraic completeness, underscore their importance in advancing mathe-
matical theory. Their intrinsic properties have enabled researchers to explore the intersection
between algebraic constructs and fuzzy logic, extending their applicability across various disci-
plines. This section establishes the foundational principles of IUP-algebras, revisiting their core
definitions, fundamental examples, and essential properties to provide a comprehensive basis for

the study of fuzzy translations within this algebraic framework.

Definition 2.1. [16] An algebra X = (X;-,0) of type (2,0) is called an IUP-algebra, where X is a

non-empty set, - is a binary operation on X, and 0 is the constant of X if it satisfies the following axioms:
Pty yop 8

(Vxe X)(0-x=x), (IUP-1)
(Vxe X)(x-x=0), (IUP-2)
(Vx,y,ze X)((x-y)- (x-2) =y-2). (IUP-3)

For convenience, we refer to X as an IUP-algebra X = (X;-,0) until otherwise specified.

Example 2.1. Let X = {0,1,2, 3,4, 5} be a set with the Cayley table as follows:

012345
0/j01 2 3 45
1/4 0 315 2
22504 31
3|54 10 23
411 3 52 0 4
5|32 4510

Then X = (X;-,0) is an IUP-algebra.

In X, the following assertions are valid (see [16]).

(Y, y € X)((x-0) - (x-y) = y), (2.1)
(Vxe X)((x-0)-(x-0) =0), (2.2)
(Vx,y € X)((x-y)-0=y-x), (2.3)
(Vxe X)((x-0)-0=x), (24)
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(Vx,y € X)(x- ((x-0)-y) = y), (2.5)
(Vx,y € X)(((x-0)-y)-x=y-0), (2.6)
Vx,yzeX)(x-y=x-z0y=2z), (2.7)
Vr,yeX)(x-y=0x=1y), (2.8)
(VxeX)(x-0=0ox=0), (2.9)
Vx,yzeX)(y-x=z-x & y=2z), (2.10)
(Vx,yeX)(x-y=y=x=0), (2.11)
(Y, y,2€ X)((x-y) 0= (z-y) - (z-%)), (2.12)
(Vx,y,ze X)(x-y =0 (z-x)-(2-y) = 0), (2.13)
(Vx,y,zeX)(x-y=0e (x-z)-(y-z) =0), (2.14)
the right and the left cancellation laws hold. (2.15)
Definition 2.2. [16] A non-empty subset S of X is called
(i) an IUP-subalgebra of X if it satisfies the following condition:
(Vx,yeS)(x-yeb), (2.16)
(ii) an IUP-filter of X if it satisfies the following conditions:
the constant 0 of X isin S, (2.17)
(Vx,yeX)(x-yeS,xeS=>yeb), (2.18)
(iii) an IUP-ideal of X if it satisfies the condition (2.17) and the following condition:
(Vx,y,zeX)(x-(y-z)eS,yeS=>x-z€8), (2.19)
(iv) a strong IUP-ideal of X if it satisfies the following condition:
(Vx,yeX)(yeS=x-ye€b). (2.20)

From axiom (IUP-2), we have the following remark:
Remark 2.1. Every IUP-subalgebra of X satisfies (2.17).

According to Iampan et al. [16], the concept of an IUP-filter generalizes both IUP-ideals and
IUP-subalgebras, while these two structures in turn generalize the notion of a strong IUP-ideal.
This establishes a natural hierarchy among the fundamental subsets of [UP-algebras. Notably, the
definition of a strong IUP-ideal is particularly restrictive: a subset can only qualify as a strong
IUP-ideal if it coincides exactly with the entire IUP-algebra X. In other words, no proper subset
of X satisfies the stringent conditions required to be a strong IUP-ideal. This property positions
strong IUP-ideals at the base of the structural hierarchy, serving as a degenerate or boundary case

within the broader theory. The relationships among these subsets—ranging from the most specific
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(strong IUP-ideals) to the most general (IUP-filters)—are summarized in the diagram shown in

Figure 1, providing a visual map of their logical and structural inclusions.
[UP-filter
IUP-ideal IUP-subalgebra

strong IUP-ideal

an [UP-algebra X

FiGure 1. Special subsets of IUP-algebras

Definition 2.3. A nonempty subset B of X is said to be prime of X if it satisfies the following property:

(Vx,ye X)(x-ye B=>xeBoryeB) (2.21)

Definition 2.4. A nonempty subset B of X is said to be weakly prime of X if it satisfies the following
property:
(Vx,ye X,x#y)(x-ye B=>x€eBoryeB) (2.22)

Definition 2.5. [44] A fuzzy set in a nonempty set X (or a fuzzy subset of X) is an arbitrary function
f: X — [0,1] where [0,1] is the unit segment of the real line.

Definition 2.6. [44] The inclusion C is defined by setting, for any fuzzy sets pq and us in X,
p1 € pr © pi(x) < pa(x),Yx e X. (2.23)
We say that uy is a fuzzy extension of p1, and p is a fuzzy contraction of .

In the study of algebraic structures, particularly those incorporating fuzzy logic principles,
the classification of subsets plays a crucial role in understanding their structural properties and
interactions. Among these classifications, fuzzy IUP-subalgebras, fuzzy IUP-filters, fuzzy IUP-
ideals, and fuzzy strong IUP-ideals serve as fundamental constructs that extend classical algebraic
concepts into the realm of uncertainty and graded membership. These fuzzy subsets allow for a
more nuanced examination of IUP-algebras by incorporating degrees of truth rather than binary
inclusion.

The following definition formalizes these fuzzy subsets, providing rigorous mathematical cri-
teria for their characterization. By establishing the necessary conditions for a fuzzy set to qualify
as a fuzzy IUP-subalgebra, fuzzy [UP-filter, fuzzy IUP-ideal, or fuzzy strong IUP-ideal, this def-
inition enables a structured approach to analyzing fuzzy algebraic systems. The properties of
these subsets further facilitate the exploration of their algebraic relationships, forming the basis

for subsequent discussions on fuzzy translations and their impact on IUP-algebras.
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Definition 2.7. [22] A fuzzy set f in X is called
(i) a fuzzy IUP-subalgebra of X if it satisfies the following condition:

(Vx,y € X)(f(x-y) 2 min{f(x), f(v)}), (2.24)
(ii) a fuzzy IUP-filter of X if it satisfies the following conditions:
(Yx € X)(f(0) > f(x)), (2.25)
(Vx,y € X)(f(y) 2 min{f(x-y), f(x)}), (2.26)
(iii) a fuzzy IUP-ideal of X if it satisfies the condition (2.25) and the following condition:
(Vx,y,z € X)(f(x-z) > min{f(x- (y-2)), f()}), (2.27)
(iv) a fuzzy strong IUP-ideal of X if it satisfies the following condition:
(Vx,y € X)(f(x-y) 2 f(y)). (2.28)

Theorem 2.1. [22] Fuzzy strong IUP-ideals and constant fuzzy sets of X coincide.

3. Fuzzy (a,1)-TRANSLATIONS

Fuzzy translations play a critical role in extending the theoretical foundations of fuzzy algebraic
structures. In particular, the concept of fuzzy (a,I)-translations provides a mechanism for modi-
tying fuzzy sets while preserving essential algebraic properties. These transformations enable the
systematic alteration of membership values, facilitating deeper analysis of fuzzy subsets within
IUP-algebras. This section introduces the definition of fuzzy («, I)-translations and examines their
fundamental properties. Theoretical results, supported by illustrative examples, highlight their
significance in the broader framework of fuzzy algebra.

For any fuzzy set pin X, welet t = 1 —sup{u(x) | x € X}.
Definition 3.1. Let u be a fuzzy set in X and let a € [0,1]. A mapping ul : X — [0,1] defined by
uh(x) = u(x) +a,¥x e X, (3.1)
is said to be a fuzzy a-translation of y of type 1 or, in short, a fuzzy (a, I)-translation of p.

Example 3.1. Let X = {0,1,2, 3,4, 5} with the following Cayley table:

0123 45
0{|01 2 3 45
111 0 5 4 3 2
2|14 50123
3132105 4
412 3 45 01
5/543 210
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Then X = (X;-,0) is an IUP-algebra. We define a mapping u : X — [0, 1] as follows:
(0 1 2 3 45
”"(03 0.1 02 0.1 0.2 01)'
Hence, 11 is a fuzzy IUP-subalgebra of X. Then t = 1-sup{0.8,0.1,0.2,0.1,0.2,0.1} = 1-0.8 = 0.2. Let
a = 0.1 € [0,0.2]. Then the mapping ul : X — [0,1] defined by

+_(0 1 2 3 4 5)
Ha =109 02 030203 02)

Hence, ul, is a fuzzy IUP-subalgebra of X.

Theorem 3.1. If u is a fuzzy IUP-subalgebra of X, then the fuzzy (a,1)-translation ul of u is a fuzzy
IUP-subalgebra of X for all a € [0, 1].

Proof. Assume that yu is a fuzzy IUP-subalgebra of X. Let x, y € X. Then

Ha(x-y) = p(x-y) +a
> minfu(x), u(y)} + «
= min{u(x) + a, u(y) + a}
= min{pg (%), 1o (y))-
Hence, ! is a fuzzy IUP-subalgebra of X. m]

Theorem 3.2. If there exists a € [0,1] such that the fuzzy (a,1)-translation ul of u is a fuzzy IUP-
subalgebra of X, then u is a fuzzy IUP-subalgebra of X.

Proof. Assume that pi, is a fuzzy TUP-subalgebra of X for a € [0, 1]. Let x, y € X. Then

ulx-y)+a=ph(x-y)
> minfu} (x), uh ()}
= minfu(x) + a, u(y) + a}
= min{u(x), p(y)} +a.

So, u(x-y) = min{u(x), u(y)}. Hence, u is a fuzzy IUP-subalgebra of X. o

Example 3.2. Let X = {0,1,2,3,4,5} with the following Cayley table:

0123 45
0{|01 2 3 45
1150 4 3 21
2134015 2
3123501 4
414 2150 3
5/1 53 420
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Then X = (X;-,0) is an IUP-algebra. We define a mapping u : X — [0, 1] as follows:
_ ( 01 2 3 4 5 )
=09 0101010301/
Hence, u is a fuzzy IUP-filter of X. Then t+ = 1-sup{0.9,0.1,0.1,0.1,0.3,0.1} = 1-0.9 = 0.1. Let
a = 0.05 € [0,0.1]. Then the mapping ul : X — [0,1] defined by
+ _( o 1 2 3 4 5 )
Ha = 10.95 0.15 0.15 0.15 0.35 0.15)°

Hence, ul, is a fuzzy IUP-filter of X.

Example 3.3. [16] Let R* be the set of all nonzero real numbers. Then (R*;-,1) is an IUP-algebra, where
- is the binary operation on R* defined by x - y = %for allx,y € R*. Let S = {x € R* | x > 1}. Then S is
an IUP-ideal and an IUP-filter of R* but it is not an IUP-subalgebra of R*. Define a fuzzy set p in R* as
follows:

08 ifxes,
u(x) = _
0.3 otherwise.

Then i is a fuzzy IUP-filter of R*. Thus, t = 1 -sup{0.8,0.3} =1-0.8 = 0.2. Let a = 0.15 € [0,0.2].
Then the mapping u!, : R* — [0, 1] defined by

095 ifxes,
0.45 otherwise.

ua(x) =

Hence, pl, is a fuzzy IUP-filter of R*.
Theorem 3.3. If u is a fuzzy IUPfilter of X, then the fuzzy (a,1)-translation u} of u is a fuzzy IUP-filter
of X forall a € [0, 1].
Proof. Assume that i is a fuzzy IUP-filter of X. Let x, y € X. Then
He(0) = p(0) +a
> pu(x) +a
= Ha(%)

and

Ha(y) = uly) +a
> min{u(x-y), u(x)} +a
= min{u(x-y) +a, p(x) +aj
= min{u (x - y), ph ().

Hence, y, is a fuzzy IUP-filter of X. m]
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Theorem 3.4. If there exists a € [0,1] such that the fuzzy (a,1)-translation ul, of p is a fuzzy IUP-filter
of X, then  is a fuzzy IUP-filter of X.

Proof. Assume that u!, is a fuzzy IUP-filter of X for « € [0,1]. Letx,y € X. Then
4(0) +a = i (0)
> 15 (%)
=ux)+a
and
u(y) +a = (y)
> min{pg (- y), g ()]

= min{u(x-y) + o, u(x) + a}
= min{u(x - y), u(x)} +a.

So, 1(0) > p(x) and p(y) = min{u(x-y), u(x)}. Hence, u is a fuzzy IUP-filter of X. mi

Example 3.4. Let X = {0,1,2, 3,4, 5} with the following Cayley table:

0123 45
0|01 2 3 45
1150 4 3 21
21240513
3132105 4
443110 2
5|1 53 420

Then X = (X;-,0) is an IUP-algebra. We define a mapping u : X — [0, 1] as follows:

_( 01 2 3 4 5 )
H=1070302020203)
Hence, u is a fuzzy IUP-ideal of X. Then t+ = 1-sup{0.7,0.3,0.2,0.2,0.2,0.3} = 1-0.7 = 0.3. Let
a = 0.2 € [0,0.3]. Then the mapping ul : X — [0,1] defined by
+_(o 1 2 3 4 5)
He =109 05 04 04 04 05/

Hence, ul, is a fuzzy IUP-ideal of X.
Example 3.5. [16] From Example 3.3, define a fuzzy set p in R as follows:

0.6 ifxes,
u(x) = ,
0.3 otherwise.
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Then  is a fuzzy IUP-ideal of R*. Thus, t = 1 —sup{0.6,0.3} =1—-0.6 = 0.4. Let a = 0.25 € [0,0.4].
Then the mapping ul, : R* — [0,1] defined by

085 ifxes,
0.55 otherwise.

uh(x) =

Hence, ul, is a fuzzy IUP-ideal of R*.

Theorem 3.5. If u is a fuzzy IUP-ideal of X, then the fuzzy (a,1)-translation ul of u is a fuzzy IUP-ideal
of X forall a € [0, 1].

Proof. Assume that y is a fuzzy IUP-ideal of X. Let x, y,z € X. Then

He(0) = u(0) +a

> u(x) +a
= pp (%)
and
pi(x-z) = u(x-z) +a
> minfu(x- (y-2)), u(y)} +
= min{u(x- (y-2)) + a,u(y) +a}
= min{ug (x- (y-2)), ().
Hence, u! is a fuzzy IUP-ideal of X. O

Theorem 3.6. If there exists a € [0,1] such that the fuzzy (a,1)-translation ul, of p is a fuzzy IUP-ideal
of X, then  is a fuzzy IUP-ideal of X.

Proof. Assume that u! is a fuzzy IUP-ideal of X for a € [0,1]. Let x, y,z € X. Then

1(0) +a = pf(0)
> ug (%)
=ulx) +a

and

p(x-z) +a = pi(x-z)
> minyg (x- (y-2)), 1o (y)}
= minfu(x- (y-2)) +a, u(y) + a}
— min{p(x- (y-2), ()} +
So, 1(0) > p(x) and p(x-z) = min{u(x- (y-z)), u(y)}. Hence, u is a fuzzy IUP-ideal of X. ]
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Example 3.6. Let X = {0,1,2, 3,4, 5} with the following Cayley table:

012345
0{|01 2 3 45
1/5 0 3 4 21
24 3 0513
3|13 2105 4
412 4510 3
5/1 54 2 30

Then X = (X;-,0) is an IUP-algebra. We define a mapping u : X — [0, 1] as follows:

0 1 2 3 4 5
H= (0.5 0.5 05 0.5 0.5 0.5)'
Hence, u is a fuzzy strong IUP-ideal of X. Then + = 1 -sup{0.5,0.5,0.5,0.5,0.5,0.5} =1-0.5 = 0.5.
Let a« = 0.3 € [0,0.5]. Then the mapping ul : X — [0,1] defined by

+_(o 1 2 3 4 5)
Ha=10.8 0.8 08 0.8 0.8 0.8)°

Hence, u, is a fuzzy strong IUP-ideal of X.

Theorem 3.7. If u is a fuzzy strong IUP-ideal of X, then the fuzzy (a,1)-translation p, of u is a fuzzy
strong IUP-ideal of X for all a € [0, 1].

Proof. 1t is straightforward by Theorem 2.1. ]

Theorem 3.8. If there exists a € [0,1] such that the fuzzy (a,1)-translation yl, of u is a fuzzy strong
IUP-ideal of X, then u is a fuzzy strong IUP-ideal of X.

Proof. 1t is straightforward by Theorem 2.1. m|

Definition 3.2. A fuzzy set f in X is said to be prime in X if it satisfies the following property:
(Vx,y € X)(f(x-y) < max{f(x), f(y)}) (32)

Theorem 3.9. If u is a prime fuzzy set in X, then the fuzzy (a,1)-translation ul, of i is a prime fuzzy set
in X forall a € [0, 1].

Proof. Assume that u is a prime fuzzy set in X. Let x, y € X. Then
e y) = p(x-y) +a
< max{u(x), u(y)) + a
— max{u(x) + @, u(y) + )
= max{ug (%), 1 (y))-

Hence, u! is a prime fuzzy set in X. O
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Theorem 3.10. If there exists a € [0, 1] such that the fuzzy (a,1)-translation ul of u is a prime fuzzy set
in X, then u is a prime fuzzy set in X.

Proof. Assume that y, is a prime fuzzy set in X for a € [0,1]. Let x, y € X. Then

plx-y) +a=pl(x-y)
< max{u} (x), uf (y)}
{u(x) +a,u(y) +al
= max{u(x), u(y)} + a.

— maxX

So, u(x-y) <max{u(x), u(y)}. Hence, u is a prime fuzzy set in X. ]

Theorem 3.11. If u is a prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
[UP-ideal) of X, then the fuzzy (a,1)-translation ul, of u is a prime fuzzy IUP-subalgebra (resp., fuzzy
IUPfilter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X all a € [0, 1].

Proof. It follows from Theorem 3.1 (resp., Theorem 3.3, Theorem 3.5, Theorem 3.7) and Theorem
3.9. a

Theorem 3.12. If there exists a € [0,1] such that the fuzzy (o, 1)-translation ul, of u is a prime fuzzy
IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then u is a prime
fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X.

Proof. It follows from Theorem 3.2 (resp., Theorem 3.4, Theorem 3.6, Theorem 3.8) and Theorem
3.10. -

Theorem 3.13. If i is a weakly prime fuzzy set in X, then the fuzzy (a,1)-translation u} of u is a weakly
prime fuzzy set in X for all a € [0, 1].

Proof. Assume that p is a prime fuzzy set in X. For any a € [0,1] and for all x, y € X with x # y, we

have
Ha(x-y) = u(x-y) +a
< max{u(x), u(y)} + a
= max{u(x) + a, u(y) + a)
= max{u (x), 13 (y)}.
Hence, u! is a weakly prime fuzzy set in X. m]

Definition 3.3. A fuzzy set f in X is said to be weakly prime in X if it satisfies the following property:
(Vx,y € X, x # y)(f(x-y) < max{f(x), f(y)}) (3.3)

Theorem 3.14. If i is a weakly prime fuzzy set in X, then the fuzzy (a,1)-translation u} of u is a weakly
prime fuzzy set in X for all a € [0, 1].
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Proof. The proof is similar to Theorem 3.9, so we will omit it. m]

Theorem 3.15. If there exists a € [0, 1] such that the fuzzy (a,1)-translation ul of u is a weakly prime
fuzzy set in X, then 1 is a weakly prime fuzzy set in X.

Proof. The proof is similar to Theorem 3.10, so we will omit it. m]

Theorem 3.16. If i is a weakly prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy
strong IUP-ideal) of X, then the fuzzy (a,1)-translation ul of u is a weakly prime fuzzy IUP-subalgebra
(resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X all a € [0, 1].

Proof. It follows from Theorem 3.1 (resp., Theorem 3.3, Theorem 3.5, Theorem 3.7) and Theorem
3.14. O

Theorem 3.17. If there exists a € [0, 1] such that the fuzzy (a,1)-translation ul of u is a weakly prime
fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then u is a
weakly prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X.

Proof. 1t follows from Theorem 3.2 (resp., Theorem 3.4, Theorem 3.6, Theorem 3.8) and Theorem
3.15. O

Note 3.1. If u is a fuzzy set in X and a € [0, 1], then pl (x) = u(x) + a > u(x), Vx € X. Hence, the fuzzy
(v, 1)-translation ul, of u is a fuzzy extension of i for all a € [0, 1].

Lemma 3.1. Let u and v be fuzzy sets in X. If v 2 y;for B € [0, 1], there exists a € [0, t] with a > B such
that v 2 pd 2 .

Proof. Assume that v 2 ‘ug for B € [0,1]. Then v(x) > y;g (x),¥x € X. Putting a = B + infyex{v(x) —
[uE(x)}. Thus,

inf{v(x) - pp(x)} = inflv(x) = (u(x) + )]
< inf{1 - (u(x) +B))
=1+ inf{-u(x) - )
=1+ inf{-u(x)} - p

= 1-sup{u(x)} - B

xeX
—t-p,
so a = B+ infrex({v(x) — pp(x)} <p+1—p =t Thus,a € [0,1] and a > B, so 1], 2 . Now, for all
x € X, we have
Ha (%) = p(x) +a
- +
p(x) + f + inffv(x) =y (x))
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_ ot - ot
= p(x) + infv(x) = (%)}
< () + v(x) - ()
=v(x),
sov 2 ul. Hence, v 2 uf 2 F‘E for some a € [0, 1] with a > B. mi

Definition 3.4. Let uy and up be two fuzzy sets in X and pq C pp. If pq is a fuzzy IUP-subalgebra (resp.,
fuzzy IUPfilter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then uy is a fuzzy IUP-subalgebra (resp.,
fuzzy IUPfilter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, and we say that uy is a fuzzy IUP-subalgebra
(resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) extension of .

Theorem 3.18. If u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X, then the fuzzy (a,1)-translation u}, of u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter,
fuzzy IUP-ideal, fuzzy strong IUP-ideal) extension of u for all a € [0, t].

Proof. It follows from Theorem 3.1 (resp., Theorem 3.3, Theorem 3.5, Theorem 3.7) and Note 3.1. O

Theorem 3.19. If u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
[UP-ideal) of X, then the fuzzy (a,1)-translation u}, of u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter,
fuzzy IUP-ideal, fuzzy strong IUP-ideal) extension of the fuzzy (B, 1)-translation y; of uforalla,p € [0, 1]
with a > B.

Proof. It follows from Theorem 3.1 (resp., Theorem 3.3, Theorem 3.5, Theorem 3.7). O

Theorem 3.20. Let u be a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X and B € [0,1]. For every fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal,
fuzzy strong IUP-ideal) extension v of the fuzzy (B, 1)-translation ‘ug of u, there exists a € [0, ] with a >
such that v is the fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal)
extension of the fuzzy (a,1)-translation u}, of u.

Proof. It follows from Theorem 3.1 (resp., Theorem 3.3, Theorem 3.5, Theorem 3.7) and Lemma
3.1. O

4. Fuzzy (B, II)-TRANSLATIONS

While fuzzy (a,I)-translations focus on increasing the membership values of fuzzy sets, fuzzy
(B, II)-translations serve as a complementary transformation by reducing these values under spe-
cific conditions. Such modifications are beneficial for studying contraction properties within
IUP-algebras, as they provide insight into how fuzzy sets evolve under algebraic operations. This
section explores the formal definition of fuzzy (B, II)-translations, establishes key theoretical re-
sults, and presents examples demonstrating their applications in fuzzy IUP-subalgebras, fuzzy
IUP-filters, and fuzzy IUP-ideals.

For any fuzzy set u € X, we let 1 = inf{u(x) | x € X}.



Int. ]. Anal. Appl. (2025), 23:263 17

Definition 4.1. Let p be a fuzzy set in X and let € [0,1]. A mapping ‘ui X — [0,1] defined by

uﬁ(x) =pu(x)-pVxeX, (4.1)
is said to be a fuzzy B-translation of u of type Il or, in short, a fuzzy (B, II)-translation of .

Example 4 1. From Example 3.1, we have £ = inf{0.8,0.1,0.2} = 0.1. Let p = 0.02 € [0,0.1]. Then the
mapping ”ﬁ : X — [0,1] defined by

_( 0 1 2 3 4 5 )
#s =078 0.08 0.18 0.08 0.18 0.08/°

Hence, yﬁ is a fuzzy IUP-subalgebra of X.

Theorem 4.1. If u is a fuzzy IUP-subalgebra of X, then the fuzzy (B,1I)-translation yé of 1 is a fuzzy
IUP-subalgebra of X for all B € [0, £].

Proof. Assume that i is a fuzzy IUP-subalgebra of X. Let x, y € X. Then

uh(x-y) = u(x-y) -
>mmu<x>, <>
= min{p(x) - (y)—ﬁ}
b, u,;(y)}

= min{u
Hence, yé is a fuzzy IUP-subalgebra of X. m]

Theorem 4.2. If there exists p € [0, 1] such that the fuzzy (B, II)-translation ylig of u is a fuzzy IUP-
subalgebra of X, then  is a fuzzy IUP-subalgebra of X.

Proof. Assume that yé is a fuzzy IUP-subalgebra of X for 8 € [0,1]. Let x, y € X. Then

ux-y) =B = pi(x-y)
> min{u (x), h(y))
= min{u(x) =, u(y) - )
= minf{u(x), u(y)} - p.
So, u(x-y) = minf{u(x), u(y)}. Hence, u is a fuzzy IUP-subalgebra of X. o
Example 4.2. From Example 3.2, we have 3 = inf{0.9,0.1,0.3} = 0.1. Let B = 0.05 € [0,0.1]. Then the
mapping yi X — [0, 1] defined by

1_( 0 1 2 3 4 5 )
#s = \0.85 0.05 0.05 0.05 0.25 0.05)

Hence, yg is a fuzzy IUP-filter of X.
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Example 4.3. From Example 3.3, we have 1 = inf{0.8,0.3} = 0.3. Let f = 0.15 € [0,0.3]. Then the
mapping yé : R* — [0, 1] defined by

0.65 ifxes,

uh(x) = .
0.15 otherwise.

B
Hence, yg is a fuzzy IUP-filter of R™.

Theorem 4.3. If y is a fuzzy IUP-filter of X, then the fuzzy (B, 11)-translation ‘u; of u is a fuzzy IUP-filter
of X forall B € [0, {].
Proof. Assume that u is a fuzzy IUP-filter of X. Let x, y € X. Then

uh(0) = u(0) - B

> p(x) - p
= (%)
and
() = p(y) -
> minfu(x-y), u(x)} - B
= min{u(x-y) - B, u(x) - p}
= min(p(x-y), 15 (2))-
Hence, i} is a fuzzy TUP-filter of X. .

Theorem 4.4. If there exists B € [0, f] such that the fuzzy (B, 11)-translation y; of u is a fuzzy IUP-filter
of X, then u is a fuzzy IUP-filter of X.

Proof. Assume that yé is a fuzzy IUP-filter of X for 8 € [0,1]. Let x, y € X. Then

#(0) ~ B = 15(0)
> 415 (x)
= px) -p
and
u(y) - = w(y)
> min{uf(x- y), 1y (x))
= min{u(x-y) - B, u(x) — B}
= min{u(x-y), u(x)} - p.
So, 1(0) > u(x) and u(y) > min{u(x - y), u(x)}. Hence, u is a fuzzy IUP-filter of X. O
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Example 4.4. From Example 3.4, we have £ = inf{0.7,0.3,0.2} = 0.2. Let § = 0.1 € [0,0.1]. Then the
mapping yé : X — [0, 1] defined by

i_(0 1 2 3 4 5)
s =106 0201010102/

Hence, IL‘; is a fuzzy IUP-ideal of X.

Example 4.5. From Example 3.5, we have 1 = inf{0.6,0.3} = 0.3. Let f = 0.25 € [0,0.3]. Then the
mapping yé : R* — [0, 1] defined by

035 ifxeSs,
0.05 otherwise.

i

Hg (%)

Hence, ‘ui is a fuzzy IUP-ideal of R".

Theorem 4.5. If yi is a fuzzy IUP-ideal of X, then the fuzzy (B, 1I)-translation [”llg of u is a fuzzy IUP-ideal
of X forall B € [0, 1].

Proof. Assume that yé is a fuzzy IUP-ideal of X for € [0,1]. Let x, y,z € X. Then

u(0) = u(0) - B
> p(x) - B

and

y-2)), u(y) - B
(x-(y-2)) =B u(y) - B}
= min{uf(x- (y-2)), uf(y)):
Hence, i1} is a fuzzy TUP-ideal of X. O

Theorem 4.6. If there exists § € [0, 1] such that the fuzzy (B, I1)-translation yf; of u is a fuzzy IUP-ideal
of X, then u is a fuzzy IUP-ideal of X.

Proof. Assume that yé is a fuzzy IUP-ideal of X for € [0, f|. Let x, y,z € X. Then
u(0) =B = ui(0)
s
2 pg(x)
= px)=p
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and
ulx-z) == pi(x-2)
> min{yr(x- (y2)), 15 (1))
= min{u(x- (y-z)) -, u(y) - B}
=min{u(x- (y-2)), u(y)} - B
So, 11(0) > p(x) and p(x-z) > minfu(x- (y-z)), u(y)}. Hence, u is a fuzzy IUP-ideal of X. °

Example 4.6. From Example 3.6, we have 3 = inf{0.5} = 0.5. Let B = 0.3 € [0,0.5]. Then the mapping
[ué : X — [0, 1] defined by

i_(0 1 2 3 4 5)
=102 020202 02 02/

Hence, yé is a fuzzy strong IUP-ideal of X.

Theorem 4.7. If u is a fuzzy strong IUP-ideal of X, then the fuzzy (B, I1)-translation ‘u; of uis a fuzzy
strong IUP-ideal of X for all B € [0, {].

Proof. 1t is straightforward by Theorem 2.1. ]

Theorem 4.8. If there exists B € [0,1] such that the fuzzy (B, 1I)-translation y; of u is a fuzzy strong
IUP-ideal of X, then i is a fuzzy strong IUP-ideal of X.

Proof. 1t is straightforward by Theorem 2.1. ]

Theorem 4.9. If u is a prime fuzzy set in X, then the fuzzy (B, I1)-translation yé of u is a prime fuzzy set
in X forall B € [0,1].

Proof. Assume that y is a prime fuzzy set in X. Let x, y € X. Then

u(x-y) = p(x-y) -
< max{u(x), u(y)} - B
= max{u(x) =, u(y) - p)
— max{u}(x), i (y))-
Hence, y; is a prime fuzzy set in X. O

Theorem 4.10. If there exists B € [0, {] such that the fuzzy (B, I1)-translation yé of u is a prime fuzzy set
in X, then u is a prime fuzzy set in X.
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Proof. Assume that u is a prime fuzzy setin X for § € [0,4]. Letx,y € X. Then
ux-y) =B = pi(x-y)
< max{uf(x), 1 (y))
= max{u(x) =B, u(y) - B}
— max{p(x), u(y)) - B
So, u(x-y) <max{u(x), u(y)}. Hence, u is a prime fuzzy set in X. o

Theorem 4.11. If u is a prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X, then the fuzzy (B,1I1)-translation yé of u is a prime fuzzy IUP-subalgebra (resp., fuzzy
IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X all € [0, 1].

Proof. It follows from Theorem 4.1 (resp., Theorem 4.3, Theorem 4.5, Theorem 4.7) and Theorem
4.9. m]

Theorem 4.12. If there exists B € [0,1] such that the fuzzy (B,11)-translation [u;g of u is a prime fuzzy
IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then u is a prime
fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X.

Proof. It follows from Theorem 4.2 (resp., Theorem 4.4, Theorem 4.6, Theorem 4.8) and Theorem
4.10. m]

Theorem 4.13. If u is a weakly prime fuzzy set in X, then the fuzzy (B, I1)-translation HE of u is a weakly
prime fuzzy set in X for all B € [0, 1].
Proof. The proof is similar to Theorem 4.9, so we will omit it. m]

Theorem 4.14. If there exists p € [0, 1] such that the fuzzy (B, II)-translation yé of u is a weakly prime
fuzzy set in X, then 1 is a weakly prime fuzzy set in X.

Proof. The proof is similar to Theorem 4.10, so we will omit it. ]

Theorem 4.15. If u is a weakly prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy
strong IUP-ideal) of X, then the fuzzy (B, 1I)-translation yz of u is a weakly prime fuzzy IUP-subalgebra
(resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X all B € [0, 1].

Proof. It follows from Theorem 4.1 (resp., Theorem 4.3, Theorem 4.5, Theorem 4.7) and Theorem
4.13. O

Theorem 4.16. If there exists € [0, 1] such that the fuzzy (B, I1)-translation y; of u is a weakly prime
fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then p is a
weakly prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X.

Proof. It follows from Theorem 4.2 (resp., Theorem 4.4, Theorem 4.6, Theorem 4.8) and Theorem
4.14. O
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Note 4.1. If p is a fuzzy set in X and B € [0, t|, then ‘uf;(x) = u(x) —p < u(x),V¥x € X. Hence, the fuzzy
(B, II)-translation ,ug of u is a fuzzy contraction of y for all B € [0, .

Lemma 4.1. Let p and v be fuzzy sets in X. If v C ‘ué for B € [0,1], there exists a € [0, 1] with a > B such
that v € i, € .

Proof. Assume thatv C ‘ug for B € [0,1]. Thenv(x) < y;(x), Vx € X. Putting a = B+ infxex{[ug(x) -
v(x)}. Then

inf{uy (x) ~v(x)) = inf{(p(x) = ) = v(x))

xeX

< inf{u(x) — B}

xeX

= inf{u(x)} - B

xeX
~1-5,
soa =B+ infxex{y[ig(x) -v(x)} <Bp+1t-B=1% Thusa € [0,f] and a > B, so yf;; c ‘ulig. Now, for all

x € X, we have

ph(x) =

= p(x) = = inflyf(x) v (x))

= u(x) + suplv(x) - uf(x))
xeX

> b (x) + v(x) - (%)
= v(x),
sovC yi. Hence, v C ufi - yé for some a € [0,1] with a > B. O

Definition 4.2. Let uy and uy be two fuzzy sets in X and py C up. If uo is a fuzzy IUP-subalgebra (resp.,
fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then uy is a fuzzy IUP-subalgebra (resp.,
fuzzy IUPfilter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, and we say that uy is a fuzzy IUP-subalgebra
(resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) contraction of uy.

Theorem 4.17. If u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X, then the fuzzy (B, I1)-translation y; of u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter,
fuzzy IUP-ideal, fuzzy strong IUP-ideal) contraction of u for all g € [0, ].

Proof. It follows from Theorem 4.1 (resp., Theorem 4.3, Theorem 4.5, Theorem 4.7) and Note 4.1. O

Theorem 4.18. If u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X, then the fuzzy (a, I1)-translation yﬁ of u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter,
fuzzy IUP-ideal, fuzzy strong IUP-ideal) contraction of the fuzzy (B,1I)-translation p; of u forall o,
€ [0,1] witha > B.
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Proof. It follows from Theorem 4.1 (resp., Theorem 4.3, Theorem 4.5, Theorem 4.7). O

Theorem 4.19. Let u be a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X and B € [0,%]. For every fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal,
fuzzy strong IUP-ideal) contraction v of the fuzzy (B, 11)-translation yé of p, there exists a € [0,F] with
a > B such that v is the fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) contraction of the fuzzy a-translation yi of .

Proof. It follows from Theorem 4.1 (resp., Theorem 4.3, Theorem 4.5, Theorem 4.7) and Lemma
4.1. m]

Theorem 4.20. If there exists a € [0,1] such that the fuzzy (a,1)-translation pu, of y is a fuzzy IUP-
subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then the fuzzy (B,1I)-
translation yé of u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X for all B € [0, 7].

Proof. 1t follows from Theorems 3.2 and 4.1 (resp., Theorems 3.4 and 4.3, Theorems 3.6 and 4.5,
Theorems 3.8 and 4.7). O

Theorem 4.21. If there exists B € [0, 1] such that the fuzzy (B,11)-translation p; of u is a fuzzy IUP-
subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then the fuzzy (a,I)-
translation ul of u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X for all a € [0, 1].

Proof. It follows from Theorems 4.2 and 3.1 (resp., Theorems 4.4 and 3.3, Theorems 4.6 and 3.5,
Theorems 4.8 and 3.7). O

5. Fuzzy (y,III)-TRANSLATIONS

Beyond the conventional expansion and contraction approaches, fuzzy (y, III)-translations intro-
duce a more intricate transformation that allows for dynamic adjustments in fuzzy set structures.
These transformations account for both increasing and decreasing membership values based on
predefined algebraic rules, making them a versatile tool for modeling complex fuzzy interactions
in IUP-algebras. This section defines fuzzy (y, III)-translations, investigates their algebraic proper-
ties, and discusses their implications for the study of fuzzy IUP-structures. Examples and theorems

are provided to solidify the theoretical framework and practical applications of these translations.
Definition 5.1. Let p be a fuzzy set € X and let y € [0,1]. A mapping 3, : X — [0,1] defined by

wy (x) = p(x) Xy, Vx € X, (5.1)
is said to be a fuzzy y-translation of p of type 11l or, in short, a fuzzy (y, I11)-translation of L.

Example 5.1. From Example 3.1, let y = 0.02 € [0, 1]. Then the mapping 15, : X — [0, 1] defined by

;_( 0 1 2 3 4 5 )
Hy = 0.16 0.02 0.04 0.02 0.04 0.02)
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Hence, 3, is a fuzzy IUP-subalgebra of X.

Theorem 5.1. If p is a fuzzy IUP-subalgebra of X, then the fuzzy (y,11l)-translation 3 of u is a fuzzy
IUP-subalgebra of X for all y € [0,1].

Proof. Assume that y is a fuzzy IUP-subalgebra of X. Let x, y € X. Then

py (x-y) = plx-y) xy
> minfu(x), u(y)} Xy
= min{u(x) Xy, u(y) Xy}

p(x
= min{u;, (x), ) (y)}-
Hence, pj is a fuzzy IUP-subalgebra of X. m]

Theorem 5.2. If there exists y € (0,1] such that the fuzzy (y,Ill)-translation (5 of y is a fuzzy IUP-
subalgebra of X, then u is a fuzzy IUP-subalgebra of X.

Proof. Assume that pi7 is a fuzzy IUP-subalgebra of X for y € (0,1]. Let x, y € X. Then
p(x-y) xy = pj(x-y)
> min{ye? (x), 5 (4)]
= min{u(x) Xy, u(y) X7}
= min{u(x), u(y)} Xy
So, p(x - y) = min{u(x), u(y)}. Hence, u is a fuzzy IUP-subalgebra of X. o

Example 5.2. From Example 3.2, let y = 0.2 € [0, 1]. Then the mapping u3, : X — [0, 1] defined by

- _( o 1 2 3 4 5 )
Hy = 10.18 0.02 0.02 0.02 0.06 0.02/°
Hence, 3, is a fuzzy IUP-filter of X.

Example 5.3. From Example 3.3, let y = 0.4 € [0, 1]. Then the mapping u3, : R* — [0, 1] defined by

032 ifxes,
0.12 otherwise.

Hy (x) =

Hence, 3 is a fuzzy IUP-filter of R".

Theorem 5.3. If  is a fuzzy IUP-filter of X, then the fuzzy (y, IIl)-translation 3, of i is a fuzzy IUP-filter
of X forall y € [0,1].

Proof. Assume that u is a fuzzy IUP-filter of X. Let x, y € X. Then
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and
by (y) = u(y) xy
> min{u(x-y), u(x)} Xy
= min{u(x-y) Xy, u(x) X7}
= min{u; (x-y), u; (x)}.
Hence, pj is a fuzzy IUP-filter of X. m]

Theorem 5.4. If there exists y € (0,1] such that the fuzzy (y, I1l)-translation u3, of u is a fuzzy IUP-filter
of X, then u is a fuzzy IUP-filter of X.

Proof. Assume that p7 is a fuzzy IUP-filter of X for y € (0,1]. Letx, y € X. Then
u(0)xy = p;(0)
> iy (x)
= p(x)xy
and
wy)xy = (y)
> min{uf (x- y), 1 ()
= min{u(x-y) Xy, u(x) X}
= min{u(x - y), u(x)} X .
So, 1(0) = p(x) and u(y) = min{u(x-y), u(x)}. Hence, u is a fuzzy IUP-filter of X. ]

Example 5.4. From Example 3.4, let y = 0.2 € [0, 1]. Then the mapping u3, : X — [0, 1] defined by

;_(0 1 2 3 4 5)
My =10.14 0.06 0.04 0.4 0.4 0.6/

Hence, 3 is a fuzzy IUP-ideal of X.
Example 5.5. From Example 3.5, let y = 0.4 € [0, 1]. Then the mapping u3, : R* — [0, 1] defined by

. 024 ifxes,
ty (X) = .
0.12 otherwise.

Hence, i3, is a fuzzy IUP-ideal of R*.

Theorem 5.5. If i is a fuzzy IUP-ideal of X, then the fuzzy (y, 1II)-translation 3, of  is a fuzzy IUP-ideal
of X forall y € [0,1].
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Proof. Assume that u is a fuzzy IUP-ideal of X. Let x, y,z € X, we have

by (0) = u(0) xy
> p(x) Xy
=y (x)
and
Hy (x-2) = plx-z) Xy
> min{u(x- (y-2)), p(y)} x y
= minfu(x- (y-2)) Xy, u(y) Xy}
= min{uy (x- (y-2)), 4y (¥)}-
Hence, y; is a fuzzy IUP-ideal of X. =

Theorem 5.6. If there exists y € (0,1] such that the fuzzy (y, 111)-translation u3 of y is a fuzzy IUP-ideal
of X, then  is a fuzzy IUP-ideal of X.

Proof. Assume that pi7 is a fuzzy IUP-ideal of X for y € (0,1]. Let x, y,z € X. Then

1(0) xy = u;(0)
> iy (x)
plx) xy
and
p(x-z) Xy = p;(x-z)

> min{y;(x- (y'Z))/#;(y)}

= min{u(x- (y-2)) Xy, u(y) Xy}

= min{u(x- (y-2)),u(y)} x 7.
So, u(0) > p(x) and p(x-z) = minfu(x- (y-z)), u(y)}. Hence, u is a fuzzy IUP-ideal of X. m]

Example 5.6. From Example 3.6, let y = 0.3 € [0,0.5]. Then the mapping i5; : X — [0, 1] defined by

- _( o 1 2 3 4 5 )
H =015 0.15 0.15 0.15 0.15 0.15)°
Hence, uJ is a fuzzy strong IUP-ideal of X.

Theorem 5.7. If i is a fuzzy strong IUP-ideal of X, then the fuzzy (y,1Il)-translation 3, of w is a fuzzy
strong IUP-ideal of X for all y € [0, 1].

Proof. 1t is straightforward by Theorem 2.1. ]

Theorem 5.8. If there exists y € (0,1] such that the fuzzy (y,11l)-translation u3 of w is a fuzzy strong
IUP-ideal of X, then u is a fuzzy strong IUP-ideal of X.
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Proof. 1t is straightforward by Theorem 2.1. m]

Theorem 5.9. If i is a prime fuzzy set in X, then the fuzzy (y, 1II)-translation (i5; of y is a prime fuzzy set
in X forall y € [0,1].

Proof. Assume that p is a prime fuzzy set in X. Let x, y € X. Then

by (x-y) = plx-y) xy
< max{u(x), u(y)} Xy
= max{u(x) Xy, u(y) Xy}
= max{; (x), 1} (y)}.
Hence, 11§ is a prime fuzzy set in X. -

Theorem 5.10. If there exists y € (0,1] such that the fuzzy (y,11l)-translation y3 of y is a prime fuzzy

set in X, then u is a prime fuzzy set in X.
Proof. Assume that yij is a prime fuzzy set in X for y € (0,1]. Let x, y € X. Then

plx-y) xy = pj(x-y)
< max{ys? (x), 155 (1)
= max{u(x) Xy, u(y) Xy}
= max{u(x), u(y)} xy.
So, pu(x-y) <max{u(x), u(y)}. Hence, u is a prime fuzzy set in X. o
Theorem 5.11. If u is a prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong

[UP-ideal) of X, then the fuzzy (y,Ill)-translation 3, of y is a prime fuzzy IUP-subalgebra (resp., fuzzy
IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X all y € [0, ¥].

Proof. It follows from Theorem 5.1 (resp., Theorem 5.3, Theorem 5.5, Theorem 5.7) and Theorem
5.9. a

Theorem 5.12. If there exists y € [0, F] such that the fuzzy (y,1l)-translation 3 of u is a prime fuzzy
IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then u is a prime
fuzzy IUP-subalgebra (resp., fuzzy IUPfilter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X.

Proof. It follows from Theorem 5.2 (resp., Theorem 5.4, Theorem 5.6, Theorem 5.8) and Theorem
5.10. O

Theorem 5.13. If i1 is a weakly prime fuzzy set in X, then the fuzzy (y, II)-translation (i3, of w is a weakly
prime fuzzy set in X forall y € [0, 1].

Proof. The proof is similar to Theorem 5.9, so we will omit it. ]
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Theorem 5.14. If there exists y € (0,1] such that the fuzzy (y,11l)-translation (i5; of i is a weakly prime
fuzzy set in X, then u is a weakly prime fuzzy set in X.

Proof. The proof is similar to Theorem 5.10, so we will omit it. m]

Theorem 5.15. If i1 is a weakly prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy
strong IUP-ideal) of X, then the fuzzy (y,1ll)-translation (i3 of w is a weakly prime fuzzy IUP-subalgebra
(resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X all y € [0,1].

Proof. It follows from Theorem 5.1 (resp., Theorem 5.3, Theorem 5.5, Theorem 5.7) and Theorem
5.13. O

Theorem 5.16. If there exists y € (0,1] such that the fuzzy (y,11l)-translation (i3, of i is a weakly prime
fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then u is a
weakly prime fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X.

Proof. 1t follows from Theorem 5.2 (resp., Theorem 5.4, Theorem 5.6, Theorem 5.8) and Theorem
5.14. m]

Note 5.1. If pis a fuzzy set in X and y € [0, 1], then pj (x) = p(x) Xy < u(x), ¥x € X. Hence, the fuzzy
(v, 1I)-translation 3, of y is a fuzzy contraction of u for all y € [0,1].

Lemma 5.1. Let yand v be fuzzy sets in X. If v 2 5, for y € [0, 1], there exists a € [0, 1] with o > y such
thatv 2 pug 2 3.

Proof. Assume that v 2 uj for y € [0,1]. Then v(x) > pj(x) for all x € X. Putting a = y +

infrex({v(x) — u3 (x)}). Now, for all x € X, we have

sov 2 g (x). Hence, v 2 uf 2y, for some a € [0, 1] witha > y. m]
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Theorem 5.17. If u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-
ideal) of X, then the fuzzy (y,11l)-translation i3 of w is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter,
fuzzy IUP-ideal, fuzzy strong IUP-ideal) contraction of i for all y € [0,1].

Proof. It follows from Theorem 5.1 (resp., Theorem 5.3, Theorem 5.5, Theorem 5.7) and Note 5.1. O

Theorem 5.18. If u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-
ideal) of X, then the fuzzy (y,11l)-translation i3 of w is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter,
fuzzy IUP-ideal, fuzzy strong IUP-ideal) contraction of the fuzzy (a, IIl)-translation ug of u for all o,y
€[0,1] witha > y.

Proof. It follows from Theorem 5.1 (resp., Theorem 5.3, Theorem 5.5, Theorem 5.7). ]

Theorem 5.19. Let p be a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X and y € [0,1]. For every fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal,
fuzzy strong IUP-ideal) extension v of the fuzzy (y,1ll)-translation u3, of y, there exists a € [0,1] with
a >y such that v is the fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) extension of the fuzzy (a, III)-translaion uj; of .

Proof. It follows from Theorem 5.1 (resp., Theorem 5.3, Theorem 5.5, Theorem 5.7) and Lemma
5.1. |

Theorem 5.20. If there exists a € [0,1] such that the fuzzy (a,1)-translation ul, of u is a fuzzy IUP-
subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then the fuzzy (y,III)-
translation 3, of y is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X forall y € [0,1].

Proof. It follows from Theorems 3.2 and 5.1 (resp., Theorems 3.4 and 5.3, Theorems 3.6 and 5.5,
Theorems 3.8 and 5.7). O

Theorem 5.21. If there exists y € (0,1] such that the fuzzy (y,Ill)-translation u3j of u is a fuzzy
IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong IUP-ideal) of X, then the fuzzy
(a, 1)-translation ul, of u is a fuzzy IUP-subalgebra (resp., fuzzy IUP-filter, fuzzy IUP-ideal, fuzzy strong
IUP-ideal) of X for all a € [0, 1].

Proof. 1t follows from Theorems 5.2 and 3.1 (resp., Theorems 5.4 and 3.3, Theorems 5.6 and 3.5,
Theorems 5.8 and 3.7). O

6. CONCLUSION

In this study, we have introduced and analyzed three types of fuzzy translations—fuzzy (a,I)-
translation, fuzzy (B, Il)-translation, and fuzzy (y, III)-translation—within the framework of IUP-
algebras. We have established their fundamental properties and provided illustrative examples

to demonstrate their applicability. Moreover, we have explored the interactions between fuzzy
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translations and prime as well as weakly prime fuzzy sets, extending our analysis to fuzzy ex-
tensions and contractions. Our findings contribute to the growing body of knowledge on fuzzy
algebraic structures and provide a foundation for further research on the role of fuzzy transla-
tions in advanced mathematical frameworks. Future investigations may focus on extending these
concepts to other algebraic systems or exploring their potential applications in computational and

decision-making processes involving uncertainty and imprecision.
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