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OPIAL TYPE INTEGRAL INEQUALITIES FOR WIDDER
DERIVATIVES AND LINEAR DIFFERENTIAL OPERATORS

GHULAM FARID!* AND JOSIP PECARIC?2

ABSTRACT. In this paper we establish Opial type integral inequalities for Wid-
der derivatives and linear differential operator. Also, for applications we con-
struct some related inequalities as special cases.

1. INTRODUCTION

The following inequality established in 1960. by Opial [15] :
Let z(t) € CM[0,h] be such that 2(0) = z(h) = 0, and x(t) > 0 in
(0,h). Then

h h
(L1) / ety (]t < & / (/1)) dt,

where constant % is the best possible.

Over the last 50 years, Opial inequality (1.1) is studied by many mathematicians
and extended, generalized in different ways. It is recognized as fundamental re-
sult in the theory of differential equations (see the monograp[l]). Opial inequality
and its generalizations, extensions and discretizations play a fundamental role in
establishing the existence and uniqueness of initial and boundary value problems
for ordinary and partial differential equations as well as difference equations, (see,
1,2, 3,4,5,6,7,8,9, 10, 11, 13, 14, 18, 19]).

Following theorems by Mitrinovi¢ and Pecari¢, include such generalizations of Opi-
al’s inequality given in [16, page, 237-238] and for them we need next characteri-
zation:

We say that a function v : [a,b] — R belongs to the class Uy (v, K) if it admits the
representation

u(z) = / " Ko tolt) dt

where v is a continuous function and K is an arbitrary non-negative kernel such
that v(x) > 0 implies u(z) > 0 for every = € [a, b]. We also assume that all integrals
under consideration exist and are finite.

Theorem 1.1. Let ¢ : [0,00) —> R be a differentiable function such that for
g > 1 the function gf)(x%) is convex and ¢(0) = 0. Let v € Ui(v,K) where
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(JZ(K (e, 0))P dt)* < M and L+ 1 =1. Then
(1.2)

[ o s < ot o (0- @t

If the function (;S(x%) is concave, then the reverse inequality holds.

A similar result follows by using another class Us(v, K) of functions
w: [a,b] — R which admits representation

b
u(m):/ K(x,t)v(t)dt.
x
Theorem 1.2. Let ¢ : [0,00) —> R be a differentiable function such that for
g > 1 the function ¢(x%) is convexr and ¢(0) = 0. Let u € Us(v,K) where
1
b P
(fi(K(x,t))pdt> < N and % + % =1. Then
(1.3)

/a (@)1 u()) (@) 1ds < Y] / s (b= )i Nlo(a)]) da.

If the function qﬁ(acé) is concave, then reverse inequality holds.

In [5] we gave extensions of above Mitrinovié-Pecari¢ inequalities which are s-
tated in the following theorems.

Theorem 1.3. Let ¢ : [0,00) — R be a differentiable function such that for
g > 1 the function gb(:v%) is convex and ¢(0) = 0. Let uw € Ui(v,K) where

(f;(K(x,t))pdt)% < M and % + % =1. Then
/ @)1 Dol ds < <L o( / o))

b
q 1
14 < —a) M .
(14) < smi=a /| ¢ (-0 Mp@))as
If the function ¢(m%) is concave, then reverse inequalities hold.

Theorem 1.4. Let ¢ : [0,00) —> R be a differentiable function such that for
g > 1 the function gb(x%) is convex and ¢(0) = 0. Let v € Us(v, K) where
1

(fj(K(x,t))p dt); <M and 5+, =1. Then

/a @) (@D lo(@)ltds < (M / o))
b

(1.5) < Mq(g_a)/ ¢<(bfa)%M|v(x)|)dac.

If the function (;S(a:%) is concave, then reverse inequalities hold.

In view of the great importance of Taylor’s formula in analysis, it may be regard-
ed as extremely surprising that so few attempts at generalization have been made.
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The problem of the representation of an arbitrary function by means of linear com-
binations of prescribed functions has received no small amount of attention (see
the introduction of [17]). Therefore, in 1927 Widder gave generalization of Taylor’s
formula [17].

In this paper we are interested to give Opial type integral inequalities by Mitrinovic¢
and Pecari¢ for Widder derivatives and linear differential operators. Also, we give
their extensions and as applications discuss their special cases and examples.

2. MITRINOVIC-PECARIC INEQUALITIES FOR WIDDER DERIVATIVES

In this section we give Opial type integral inequalities for Widder derivatives. We
extend these inequalities, also give their special cases and provide some examples.
The following are taken from [17].

Let f,ugp,u1, ..., u, € C"1([a,b]),n > 0, and the Wronskians

uQ(x) ull(x) S u}(m)

ug(z) wi(z) . . . ul(z)
(2.1) Wi(x) := Wlug(z),u1(x), ..., un(z)] := ,

wh(@) wi(@) . . . ul(a)

i=1,..,n. Here Wy(z) = ug(x). Assume Wy(z) > 0 over [a,b],i =1,...,n.
For i > 0, the differential operator of order ¢ (Widder derivative):

W[UO(x)aul($)v ~'~aui—1(x)v f(:E)]

(2.2) Lif(z):= W, 1)
i=1,...,n+1;Lof(z) :== f(x),Vz € [a,b]. Consider also
UP(t) u/l (t) . u}‘(t)
uy(t) w () o (D)
(2 3) gi($7t) = Wzl(t) . )
aN) W) L (@)
wo(z)  wi(z) . . . u(x)

i=1,..,n;g0(x,t) = Z‘(’J((f)),vbr,t € [a,b].

Example 2.1. Sets of the form {ug,u1, ..., un} are {ug,uy, ..., un},
{1, sinx, —cosx, —sin2x, cos2z, ..., (—1)"sinnz, (—1)"cosnx}, etc.

We also mention the generalized Widder-Talylor’s formula, see, [17] also [3].

Theorem 2.2. Let the functions f,ug,u1,...,u, € C"([a,b]), and the Wron-
skians Wo(x), Wi(x), ..., Wp(z) > 0 on [a,b], z € [a,b]. Then fort € [a,b] we have

20 ) =y 4 L O (0,0) + o L Oanrt) + Ra),

where

Ro(2) = / (@, 5) L £ (5)ds
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For example [17] one could take ug(z) = ¢ > 0. If u;(z) = 2%,i = 0,1,...,n,
defined on [a, b], then .
Liy(t) = f'(t) and gi(x,t) = O35, ¢ € [a,0].
We need the following result.
Corollary 2.3. By additionally assuming for fixed xy € [a,b] that L; f(x9) =0, i =
0,1,...,n, we get that

(2.5) 1) = [ o) Lusa (s

0

Note that all results of this section are under the assumptions of Theorem 2.2
and Corollary 2.3.

Theorem 2.4. Let ¢ : [0,00) = R be a differentiable function such that for ¢ > 1
the function qﬁ(x%) is convezr and ¢(0) = 0. Let x > xg € [a,b] and p € (1,00) such
1

that (fjo |gn(x,t)|pdt> <M, +L=1 Then

(2.6)

b b
| @ Qi@ < 5o | m ( /| Ln+1f(t)|"dt>

If the function (b(:zcé) is concave, then the reverse inequality holds.

Proof. As f has representation

1) = [ onl )L S0

0

By applying Holder’s inequality we have

£ ()]

/ gn(x,t)Lan(t)dt‘

(/ |gn<z,t>pdt>’13 ( Lnﬂf(t)wt);
iy L (O

o) = [ CLsif@)ldt.

IN

Q= 8

2.7)

IN

Let

Then p'(z) = |Lpt1f(2)|?. Now from (2.7) we can have |f(z)| < M (p(a:))% . From
the convexity of gb(x%) it follows that the function 2'~9¢/(z) is increasing. Thus
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we have

b
/If(l‘)Il’qszﬁ’(lf(af)I)ILn+1f(ﬂf)|qu

IN

/: Ml (p(x))%_l ¢ (M (p(gj))%) P (z)dx
q

b

= 15 | ¢ (MeE)?) dreE?
= Lo (Mpe)?)

=

b a
= Lo M(/ﬂcownﬂf(t)wdg

Next we give extension of above theorem.

Theorem 2.5. Let ¢ : [0,00) — R be a differentiable function such that for ¢ > 1
the function ¢(x%) is convex and ¢(0) = 0. Let x > xqy € [a,b] and p € (1,00) such
1
@ P 11 _
that ( I |gn(:c,t)|pdt) <ML+ 1=1 Then

1

b b q
| @@ s @ e < o | M < /| ILn+1f(t)|"dt>

b
q 1
(2.8) < qu(b_xo)/x ¢((b—:ﬂ0)’1M|Ln+1f(t)‘) dt.

0

If the function ¢(m%) is concave, then reverse inequalities hold.

Proof. Inequality (2.6) holds by Theorem 2.4. Since (;S(x%) is convex, the following
Jensen’s inequality holds

(2.9) ¢((ﬁ /:g(t)dt);) < bia/bqs(gé(t)) dt .

°0 Zo

Applying (2.9) on (2.6) we get (2.8). O

The counter part of above theorem is given in the following.

Theorem 2.6. Let ¢ : [0,00) — R be a differentiable function such that for ¢ > 1

the function ¢(x%) is convex and $(0) = 0. Let x < xq € [a,b] and p € (1,00) such
1

that ([ |gn (@, t)|Pdt)” < M, % + % =1. Then

(2.10)
/;O 1F @) 9 (| f (@) | Ly f ()| da < %(b (M (/j |Ln+1f(t)th> ) ,

If the function ¢($%) s concave, then the reverse inequality holds.

Proof. As f has representation

1) = [ onler L S0

0
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By applying Holder’s inequality we have

@l =/ " gl )L f(t)dt’

. ( / |gn(x’t)|pdt); ( / " Ln+1f(t)|th)é

(2.11) <M (/mo |Ln+1f(t)|th>
Let

8

Q=

p(z) = /””0 | Ly f(2)|%dt.

Then —p'(z) = |Lpt1.f(2)|? > 0. Now from (2.11) we can have |f(z)| < M (p(gv))é .
From the convexity of (;5(33%) it follows that the function x'~%¢’(x) is increasing.
Thus we have

[ @ (@D f@ldr < = [ M) o (0 () ) o (0)ds

a

S (M ([ 1twsopar) ‘11) .

Next we give extension of above theorem.

Theorem 2.7. Let ¢ : [0,00) — R be a differentiable function such that for ¢ > 1

the function ¢(x%) is convexr and $(0) = 0. Let x < x9 € [a,b] and p € (1,00) such
1

that ([ |gn(x, t)[Pdt)” < M, L + L =1. Then

[ 1@ (@ L @ e < s (M ([ 1w soirar) é)

q " 1
(2.12) Gl A (G DR P

If the function ¢(m%) is concave, then reverse inequalities hold.

Proof. As in proof of the Theorem 2.7, inequalities follow from Theorem 2.6 and
Jensen’s inequality (2.9). O

Remark 2.8. If directly we replace u by f, v by L,+1f and general kernal K (x,t)
by gn(x,t) in (1.2), (1.83), (1.4) and (1.5) we can see above results.

Next we discuss extreme cases.

Theorem 2.9. Let p=1,qg= 00 and x > xg € [a,b]. Then we have

1 b
(213) o | @l f @) do < MLy I
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Proof. As f has representation

5@ = [ (o0 L1700t

0

From this we get

£ ()]

IN

( |gn<x,t>|dt)||Lan|oo

Zo

M||Ln+1fHOO
and using |Lyp41f(t)] < ||Ln+1f]lcc we have

[f @) Lo f(E)] < M| L1 f1]2-
Now integrating the last inequality on [zg, b], we get (2.13).

IN

Theorem 2.10. Let p=1,9 = 00 and x < xg € [a,b]. Then we have

1

2.14
(2.14) pra—

[ U @ILnas@]de < M Lo fI

Proof. As f has representation

f@) = [ gula )L S0

From this we get

|f ()]

IN

( |gn<w,t>|dt)||Ln+1f|oo

Zo

M||Ln+1f”oo
and using |Ly41f(t)| < ||Lnt1f]|lco we have

[f @) L1 f()] < M||Lipa f(8)] -
Now integrating the last inequality on [a, x¢], we get (2.14).

IA

Corollary 2.11. Let p,q € (1,00) such that % + % = 1. Then we have

215 [ uerser <5 ([ o)

Proof. By setting ¢(t) = t?¢ and b = x > 1 in Theorem 2.4 one can get (2.15).

Corollary 2.12. Let p,q € (1,00) such that % + % = 1. Then we have

x

1) [ i@t 0 ([Casore)

Proof. By setting ¢(t) = t?¢ and a = x < z¢ in Theorem 2.5 one can get (2.16).

Corollary 2.13. Let p,q € (1,00) such that % + % = 1. Then we have

T T 2
[ @t @i < 3 ([ )

Proof. From (2.15) and (2.16) one can easily get (2.17).

(2.17)
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Example 2.14. If we take ug(x) = ¢ > 0 and u,(z) = 2™,n =0,1,2,....,n defined
on la,b], then L,f(xz) = f*(x) and g,(x,t) = (I_t) ,t € [a,b],. Here we can have

M =0=20) " 4nd the inequality (2.6) becomes

b
/ F@) 196 (@) (2)]9) da

nlg(np +1)# ( @ n
< (b )q(np+1) + 1 1 |f +1 |th
— o P np P

Also extension of (2.6) becomes

Q=

b
/ F@ (1@ ()]9) da

Q=

ﬂp+1

np+1)» "
< nlg( (77I7)+1) b ; / |fr (¢ |9t
(b—xo) P n!( np—i—ll’

! nr [t b— x)" !
m /wo & (Hi)l);wnﬂf(t)I) dt

n!(np

Remark 2.15. Ezamples similar to Example 2.1} can be obtained by using other
inequalites given in above results. We omit here such examples.

3. MITRINOVIC-PECARIC INEQUALITIES FOR LINEAR DIFFERENTIAL OPERATORS

In this section we give Opial type integral inequalities for Linear differential
operators. We extend these inequalities, also give some special cases.

Here we follow [12, page, 145-154].
Let I be a closed interval of R. Let a;(x),i =0, 1, ...,n—1(n € N), h(z) be continuous
functions on I and let L = D" + ap_1(z )D" ’ + ... + ag(x) be a fixed linear
differential operator on C™(I). Let y1(z), ..., yn(x) be a set of linear independent
solutions to Ly = 0. Here the associated Green’s function for L is

no ) no )
n@) o @) vi(t) - o ()

31) Ht)=| . / : ,
yi 2(t) N T () (. 2(75) T )
(@) - o ya(2) yit) - o ye(®)

which is a continuous function on I2. Consider fixed xg € I, then
(3.2) y(z) = / H(z,t)h(t)dt,x € I

is the unique solution to the initial value problem

(3.3) Ly =h; yD(z0) =0,i=0,1,....,n — 1.
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Theorem 3.1. Let ¢ : [0,00) = R be a differentiable function such that for ¢ > 1
the function ¢(x%) is convezr and ¢(0) = 0. Let x > xg € [a,b] and p € (1,00) such

that (ff()(H(a:,t))”dt)E <M L41=1 Then

b b :
) W@l (@ @) ds < {50 M( / |<Ly><t>|%zt>

If the function ¢($%) is concave, then the reverse inequality holds.

Proof. Here y has representation
y(z) = / H(z, )h(t)dt.
o
rest of proof follows from the proof of Theorem 2.4. O

Next we give extension of above theorem.

Theorem 3.2. Let ¢ : [0,00) = R be a differentiable function such that for ¢ > 1
the function qi)(x%) is convex and ¢p(0) = 0. Let x > xg € [a,b] and p € (1,00) such
1

that (ffﬂ (H(a@t))l’dt)g <M, L41=1 Then

b . b i
/I0 (@)1 (ly(@)[(Ly)(@)|" dw < T ¢ | M </x0 I(Ly)(t)lth>

IN

i | o (0t a

If the function (;S(xé) is concave, then reverse inequalities hold.

Proof. Proof is similar to the proof of Theorem 2.5. O

The counter part of above theorem is given in the following.

Theorem 3.3. Let ¢ : [0,00) = R be a differentiable function such that for ¢ > 1

the function qi)(x%) is convex and ¢p(0) = 0. Let x < xg € [a,b] and p € (1,00) such
. 1

that ([;°(H(x,t))Pdt)? <M, + + L =1. Then

(3.5)

1

| @l i@ de < o (M ([ 1) ) .

If the function (;5(%%) is concave, then the reverse inequality holds.

Proof. Proof is similar to the proof of Theorem 2.6. (]

Next we give extension of above theorem.
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Theorem 3.4. Let ¢ : [0,00) = R be a differentiable function such that for ¢ > 1

the function ¢(x%) is convezr and ¢(0) = 0. Let x < zg € [a,b] and p € (1,00) such
1

that ([°(H(x,t))Pdt)” < M, %+ 2 =1. Then

[ @i @l @i < o (M ([ 1ewpa) )

q o L
(3.6 < s ¢ (-mianam ) .

If the function qﬁ(x%) is concave, then reverse inequalities hold.
Proof. Proof is similar to the proof of Theorem 2.7. (]

Remark 3.5. If directly we replace u by y, v by Ly, and general kernal K (x,t) by
H(x,t) in (1.2), (1.3), (1.4) and (1.5) we can see above results.

Next we discuss extreme cases.
Theorem 3.6. Let p=1,qg= 00 and x > xg € [a,b]. Then we have

1

(3.7) -

b
/ ly()||(Ly) (z)| dw < M||Lyl[%.
Proof. As f has representation
o) = [ H (L)

From this we get

y@)| < ( |H<x7t>|dt)||Ly|oo
o
< M||Lyll

and using |[(Ly)(t)| < [|Ly||eo we have

ly()|[(Ly)(t)] < M||Ly]|%.
Now integrating the last inequality on [zg, b], we get (3.7). O

Theorem 3.7. Let p=1,q =00 and = < xg € [a,b]. Then we have

[ @l @) de < MLyl

To—a
Proof. As y has representation

va) = [ HG @0

(3.8)

From this we get

ly(2)|

IA

([ 1raoar) el

zo

AN

M]|Lyl[oo
and using |(Ly)(t)| < ||Ly||eo we have

ly(@)I|(Ly)(&)] < M||Lyl]3,.
Now integrating the last inequality on [a, zo], we get (3.8). O
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Corollary 3.8. Let p,q € (1,00) such that % + é = 1. Then we have

s [ wermere < ([ o)

0 0

Proof. By setting ¢(t) = t?¢ and b = x > z¢ in Theorem 3.1 one can get (3.9). O

Corollary 3.9. Let p,q € (1,00) such that % + % = 1. Then we have

2

310y [ w@rep@ras < ([T o)

Proof. By setting ¢(t) = t?? and a = x <  in Theorem 3.2 one can get (3.10). O

Corollary 3.10. Let p,q € (1,00) such that % + % = 1. Then we have

A (Lj|<by><t>th)2-

Proof. From (3.9) and (3.10) one can easily get (3.11). O

(3.11)

[ @i @ i

0
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