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Abstract. In this work, we present the concept of 0-®y-contraction, 0-Py-Suzuki contraction, 0-Pg-Kannan type
contraction, and 0-.%g-expansion, and establish some novel fixed point theorems in the light of Banach space. In order
to verify our results, we construct some examples. Furthermore, we use our results to check the existence of a solution

to differential equations.

1. INTRODUCTION AND PRELIMINARIES

Among the most flexible tools in mathematics, differential equations provide the basis for real-
world dynamic system comprehension and modeling. In fields ranging from physics, engineering,

biology, and economics, they are indispensable since they clarify how quantities vary in regard to

Received: Jun. 29, 2025.

2020 Mathematics Subject Classification. 47H10, 47H09.
Key words and phrases. fixed point; 0-®y contraction; 6-Pg Suzuki contraction; 6-.7g-expansion; 0-Pg-Kannan type

contraction.

https://doi.org/10.28924/2291-8639-23-2025-220 © 2025 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-23-2025-220

2 Int. . Anal. Appl. (2025), 23:220

one another. From simulating the spread of diseases to predicting planetary motion, differential
equations provide a basis for converting real-world phenomena into mathematical language. Their
flexibility is in their ability to capture the essence of linear or nonlinear, slow or fast change.

Second-order differential equations are special among the several varieties of differential equa-
tions in that they can characterize systems in which acceleration, or the second derivative of a
parameter, is absolutely vital. These equations are important for characterizing processes in-
cluding forces, oscillations, and energy transformations. They are fundamental for mechanical
vibrations—that is, for the swing of a pendulum, the bounce of a spring, or the swaying of a
skyscraper in the breeze. Using components like capacitors and inductors, electrical engineering
circuits mimic the flow of energy between electric and magnetic fields. Second-order equations
help one to better grasp predator-prey dynamics—that is, interactions between species produce
changes in population size.

Second-order differential equations are interesting in that they expose intricate features such
as stability, damping, and resonance. They could clarify, for example, why a bridge might fall
in particular wind conditions or how a tuning fork generates a single, continuous sound. Apart
from helping us to forecast the behavior of systems, these equations clarify how to maximize or
regulate them. Second-order differential equations find many useful applications in design of
automobile shock absorbers, tuning of musical instruments, and heart rate determination. By
exposing latent patterns and relationships, their answers can help us better grasp our built and
natural surroundings.

We give a brief overview with definitions, fundamental ideas, and necessary conclusions to
reach completeness. The following notations and ideas will be applied across this work:

1. Notations for Sets:

e R: The set of real numbers.

IR+: The interval [0, o).

e _#: The set of positive integers.
Q: Set Q’s closure.

c0Q: Set Q’s convex hull closure.

2. Banach Space and Related Concepts:

&: A Banach space.

@¢: The collection of all bounded subsets for &, defined as:

@5 =1{D # 0 : D represent a bounded subset for &}.

kerN: A function N : @ — [0, o0),with kernel defined as:

kerX ={D e ags: R(D) =0}.

9s: The subfamily of @, comprising of all relatively compact sets.



Int. J. Anal. Appl. (2025), 23:220 3

e O: The set of all convex, bounded, non-empty and closed subsets of &, defined as:
O={D:D # 0, convex, closed, and bounded subset of &}.

Numerous scholars have shown a keen interest in fixed point theory. One of the two primary
outgrowths of this concept is the Banach contraction principle, which was the initial major finding
about contraction maps on metric spaces. In the second branch, the emphasis is on operators with
discontinuity in convex and compact subsets of a Banach space, which has two noteworthy out-
comes in this domain: first, Brouwer’s fixed point theorem, which asserts that , Every continuous
map from the closed unit ball of IR" into itself must have a fixed point, and second, its infinite
dimensional extension. The fixed point theorem of Schauder declares that ,every continuous and
compact mapping on convex, bounded, and closed subset of a Banach space. Compactness is
essential in both the theorems. In order to handle such obstacle, one of the effective way is to
employ the concept of Measure of noncompactness (.#Z .4 ¢). Measures of noncompactness is
a mathematical concept that is widely used in nonlinear functional analysis. This concept has
proven to be very useful in various fields, including the theory of operators, the normed spaces
geometry, the functional differential and integral equations theory.

In certain situations, it might not always produce a contraction operator but rather another kind
of operator, such as an expansive or non-expansive one. Among the most fascinating areas of fixed
point theory research is the study of expansive mappings. The idea of expanding mapping was
tirst presented by Gillespie et al. [9] and established fixed point result for such expansion. There are
many authors, who consider expansions and their fixed point problems [13,15,20]. Gérnicki [10]
generalized the concept of expansions to .%-expansion. Zada et al. [23] developed the notion of
Fx-expansion in the non-compact circumstances and demonstrated fixed point results under such

expansion in Banach space. The axiomatic definition for .#.4¢ is as follows:

Definition 1.1. [1] We say that a mapping N8 : @ — [0, o) represent .M N € in & when ¥ D, Dy, Dy €
@ it fulfills the below axioms:

(i) The family ker8 = D € @z : @(D) = 0 is a nonempty with ker N C p;
(ii) (Monotonic) D1 C Dy = N(D1) < N(D»);
(iii) (Invariant under closure) (D) = K(D);
(iv) (Invariant under convex hull) 8(coD) = N(D);
(V) (D1 + (1-1n)D2) < qN8(D1) + (1-n)R(D2), Yn € [0,1];
(vi) (Generalized Cantor’s intersection theorem) If {D,,} denotes a sequence for closed sets within @¢ in
a manner that D, .1 C Dy, Yn € N with SET«JN<@”) =0, thus De = ﬂ:ﬁ D, #0.

Employing the .# .4"¢ concept, Darbo [8] presented a fixed point result, that establishes the ex-
istence of fixed points.The Darbo’s fixed-point theorem in regards to a measure of noncompactness

N could be expressed as:



4 Int. . Anal. Appl. (2025), 23:220

Theorem 1.1. [8] Let D € Oand ¥ : D — D is continuous mapping defined on every subset Dy of O
such that

N(¥(Do)) <kN(Dy),
where Dy € D, k € [0,1) with N as A N € as described on &, as a result ¥ assures a fixed-point (FP) in
O.

Finally, we recall some essential functions, which we will use for the contraction of our main

results.

Definition 1.2. [16] © represent collection of functions 6 : IR — R where the following assumptions
hold for it:

(®1) O denotes a non-decreasing mapping with no discontinuity;
(®,) lim 0" (k) = —oo, for every 0 < k;

n—o0
(®3) k> 0O(k), forall k > 0.

Definition 1.3. [4] ® is the set of mappings ¢ : (0,00) — IR that fullfill the following conditions:

(P1) ¢ increases strictly;

(P2) For every {Dylye v a sequence of positive numbers the lim D, = 0 iff lim ¢(D,,) = —oo;
n—-o0 n—oo

(P3) ¢ is continuous in (0, +o0).

Definition 1.4. [18] Suppose .7 : (0,0) — R denotes a mapping in sense that

(F1) .7 identified as an increasing;

(F2) nl_i}rfooén =0 nl_i)rfooﬂ’(én) = —oo, for arbitrary any {6,} C (0, );

(F3) It is possible to find out y € (0,1) to the extent that 0 = sl_i)r(%éyﬁ(é).
Symbolize with I, the collection of such mappings as F : (0, 00) — R which fulfill the axioms (F1) — (F2).
Moreover with S, those all mappings as t : (0,00) — R to the extent that lim inft(k) > 0, Vs € [0, o).

t—st

The following lemma is necessary to determine the #% of expansion maps.

Lemma 1.1. [10] For surjective mapping o : M — M, I a mapping as described g* : M — M such that
gog" : M — Mis an identity mapping.

The aim of our work is to utilize definition (1.2) and (1.3) and establish Darbo type results.

2. GENERALIZED DARBO TYPE CONTRACTIONS WITH FIXED PoINT THEOREMS

Here we present, 0-®y contraction, 0-$g-Suzuki contractions, and 0-®x-Kannan type contrac-
tion of Darbo type and % theorems to the mappings holding such contraction conditions in

Banach space endowed by .# .4 €. First we need to know what 0-®g contraction is:

Definition 2.1. For D € O, the map ¥, : D — D will be identified as O-Dy contraction when 3 ¢ € O
along 0 € © in a manner where

N(D1) > 0= 09(R(Ye(Dn))) <P(O(A(D1,D2))), (2.1)
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while Dy and D, denote subsets for D, R(D1), N(Yc(D1)), N(¥e(D2)) > 0, N represent an M NC
described in & and

ADy, Dy) = max{N(Z)l),N(‘YC(Z)l)),N(‘I’C(Dz)), %x(qfc(z)l) U‘I’C(Z)z))}.

In the view of the above 0-®y-contraction, our findings are as follows.

Theorem 2.1. Let D € O. When ¥, : D — D represent O-Dy contraction with being continuous. It
results toa FP for Y. in D

Proof. Let us formulate a sequence {D,}” , in a way that
Do=Dand D, =co(¥YDy-1), YneN. (2.2)

We must show that D,,1 C D, and ¥.D,, C D,, ¥n € 4. Now, the 1st inclusion is accomplished
through induction. When n = 1, so with the help of (2.2), we come up with Oy = D and D; =
c0(¥.Dyp) C Dy. Next, for n > 1, we assume that D, € D,,_1, then co(¥.(Dy)) € co0(¥e(Dy-1)),
Using equation (2.2). We obtained the first inclusion

Dyi1 C D, (2.3)
With the help of above inclusion (2.3), we are able to derive the second inclusion as:
Tcﬂn C E(Tcﬂn) = ‘Dﬂ-‘rl C Dn. (2.4)

We will now examine two scenarios pertaining to 8. When an integer m which is non-negative
can be identified in a way that N(D,,) = 0, then D,, is compact. However ¥, : D,, = D,,, so by
Schauder’s Theorem, ¥, ensure a P in Dy, € D. In place of this, if we consider X(D,) >0, Vn
A . After that, we’ll need to provide testimony affirming that D., C D, € O. Initially, we should
verify that X(D,) — 0 as n — +oo. Based on inclusion (2.3), it can be written 8(D,,41) < N(Dy),
thatis {N(D, )} is non-increasing sequence which converges tos € IRalongs > 0. Furthermore, since
N(Dy) € (0,0) and s € [0, ), Using contraction condition (2.1) with D = D, and D, = D11,
we write

O(N(Dys1)) —O(N@(¥e(D,))))
=0(N(Yc(Dn))) (2.5)
<p(6(A(Dn, Dn11))),

where
1
"2

A(Duy D) = max{N(Dy), K(¥:(Dy)), K(¥e(Dyin))
< max {N(D,),8(D,), N(Dy1), 58D, U D)}

R(¥(Dy) U ‘FC(DnH))}

1

= maX N(Dn),N(Z)n),N(Z)nH), E

N(D,))
=N(D,).
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Thus from inequality (2.5), we obtain that
O(R(Dy11)) <p(6(R(Dn)))- (2.6)

Thus
O(N(Dn+1)) <p(6(R(Dy)))
<¢* (0(N(Dy-1)))
<¢>(0(N(Dn-2)))

<¢"H(O(R (D, )))-

Taking n — co and applying (®;), we have nl_i)r&()@ (N(Dp+1)) = —oo and utilizing property (Fz),
It is possible for us to say nErEmN(@n+1) = 0. Therefore with the help of definition (vi)-(1.1),
0+ ﬂ::i D, = Dy and Y. Do, € Do as ¥.D, € D,,. Also, since Do, C D, for all n € A, so
via definition (ii)-1.1, N(Ds) < N(Dy), ¥n € A". Thus X(D«) = 0, which means D, € ker\N,
and hence D, yields to be bounded. But D, represent closed in a sense that D, is compact.

Consequently, Schauder’s Theorem ensures a ¥ % for Y. in D, C D. m]
To illustrate the Theorem 2.1, the below example is constructed.

Example 2.1. Suppose D = [-8,9] represent a subset to the Banach space R. So evidently D € O.
Next, define ¢ : [1,00) — R, ¥e: D - D, 0: R — R as ¢ (k) = Ink+k Yc(k) = 1-k, and
0(k) = k- 2(k > 1) respectively. It is obvious to justify that ¥ is continuous, 6 € © and ¢ € P.
Further, # N € is described as N : B(&) — [0, ) by
N (D) = sup |k —u| = diam (D).
kueD
Next, suppose Dy = [2,3] with D, = [2,9] represent subsets for D. So N (D) = N (¥ (D1)) =1,
N (¥ (D7) =7, 8(Y (D)UY, (Ds)) = 8, and hence
1
A(D1, D2) = max{N(D1), K(¥e(D1)), R(¥e(D2)), 38(¥e(D1) UFe(D2))}
=max{l1,1,7,4} =7.

Thus from contraction (2.1), we write
0(0(N(Do))) = 0(d(1)) =1 < 257591 = 6($(A(D1, D).
That is 6-¢-weak contraction. As a result with the help of theorem 2.1, ¥ assures a FP 3 € D.

A number of crucial consequences can be deduced from Theorem 2.1. We introduce a number of
useful corollaries that expand upon and encompass various well-known findings in the literature.

Notably, When we choose 6(t) = ¢f and ¢(t) = ¢?(*) we conclude the corollary below.
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Corollary 2.1. Suppose D € O. If the 0-¢ map ¥ : D — D represent a map with ni discontinuity such
that

N(¥e(D1)) < ¢(N(D1))), 2.7)
if we choose ¢(t) =t — 7, we conclude the following corollary.
Corollary 2.2. Let © € Owith ¥, : D — D representing a map with no discontinuity such that
T+ 0(R(Y.D)) < 6(A(D1, Ds)),
where D C O. Consequently, Y. will assures a FP in D.

Remark 2.1. From the above corollary we can derive the Darbo’s FP theorem when we choose (k) = In(k),

for every k > 0.
Now, this work introduces 0-®g-Suzuki and 0-®Pg-Kannan type contractions as below:

Definition 2.2. Suppose D € O. The ¥, : D — D mapping is O-Px-Suzuki contraction when 4 ¢ € O
and 0 € © such that for any D1, D, € D, we have

%x(q@(@l)) <R(D1) = O(R(F.(D1))) < HO(A(D1, D)),

where

ADy, Dy) = max{N(Z)l),N(‘PC(Dl)),N(‘PC(Dz)), %N(‘I’C(Z)l) U‘I’C(Z)z))}.

With the help of the above contraction the following theorem can be constructed, it is straight-

forward to prove it, so we skip the proof.

Theorem 2.2. Assume D € O and suppose ¥ : D — D represent a O-Ox-Suzuki contraction, as a result
Y. will assures a unique FP.

Definition 2.3. Assume O € O. Then Y. : D — D will be 0-Ox-Kannan type contraction when 13
0 € © with ¢ € ® in a manner that

(Ye(D1) +¥e(D2)) )) _ (2.8)

N
orsce (1)) <o .
In the view of the above 0-®yx-Kannan type contraction, we give the following result.

Theorem 2.3. Assume D € Oand ¥, : D — D represent a map with no discontinuity. if we have 0 € ©,
¢ € O, and t > 0 such a way

R(¥e (D) +Fe(Dr)) )) (2.9)

ON(Y(D) < [0 S

then Y. has at least a FP.
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Proof. Let a sequence {Dy}* ; in such a way that
Dy=Dand D, =co(¥YDy-1), Yne N (2.10)

We need to show that O, 1 C D, and ¥.D, C D,, Vn € 4. Our proof of first inclusion is based
on induction. When n = 1, then with the help of (2.10), we come up with Dy = D and D; =
c0(¥YcDy) € Do. Next, for n > 1 we assume that D, € D1, then co(¥Y.(Dy,)) € co(¥Ye(Dy-1)),

utilizing equation (2.10), our first inclusion is obtained
Dyt1 C Dy (2.11)
The secondary inclusion has been acquired by the application of the inclusion (2.11),
YD, cco(¥YeDy) = Dyt1 C Dy (2.12)

We will now examine two situations based on the values of N. If a non-negative integer m can be
identified such a way N(D,,) = 0, then D,, turns out to be compact. However ¥, : D,, = D,,,
so Schauder’s Theorem ensures a 7% for ¥, in D,, C D. In place of this, if we consider N(D,,) >
0, Yn € 4. So it must be justified that Do, € D, € O. Primarily we should verify X(D,) — 0 as
n — +oco. Based on inclusion (2.11), we may express the following as a sequence {X(D,)}, where
Dyi1 < N(Dy) is decreasing down and will eventually converge to s € R with s > 0. Therefore
N(Dy) € (0,00) along s € [0, ), thus by assumption on T, }Eﬂ inft(t) > 0, implies to have r > 0
with 19 € .4 such a way ©1(N(D,)) = r, ¥Yn > ng. Using contraction condition (2.9) with D; = D,

and D, = Dy, 1, we write

O(R(Dys1)) = O(R(co(¥e(Dn)))) = O(R(Fe(Dn))) < ¢(@(“(Tc<ﬂn) +2‘I’c(1>n+1)))).

Consequently,
o(N( ( ( (Dnm)))
(Q(N D1 +‘Fc(@ )))
LR
o (9(~<‘Fc<@no>; HOD) gy,
Therefore

lim O(X(D,)) = —co.

n—oo

Since O satisfies condition (©,), it is clear that

n—oo
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Therefore the definition 1.1(vi) implies, Do, = :3 Dy #0and ¥ Do C Do as ¥.D,, C D,,. Also,
since Do C D, for every n € ., as a result of definition 1.1(ii), N(Dw) < N(Dy,), ¥Yn € 4. Thus
N(Dw) = 0, which is D, € ker N, hence Do, comes to be bounded. But D, is closed such that D,
is compact. Consequently, by Schauder’s Theorem ¥, assures a ¥ ¥ in Do, C D. m]

From the above theorem we deduce several pivotal results in particular, if we choose 0(k) = ¢*

with ¢ (k) = k**, we conclude the below corollary.

Corollary 2.3. Suppose D € O. If the Kannan-type mapping ¥, : D — D has no discontinuity such that
N(Ye(D1)) <a(N(Fe(Dr)) + R (¥ (D2))), (2.13)

where a € |0, %), Dy and Dy are subsets of D. As a result ¥ ensure a FP in D.

By following these contractions, one can prove a number of findings that prove or expand upon

a number of well-known theoremes.

3. GENERALIZED DARBO TYPE ExraNsiOoN wiTH Fixep PoINT THEOREMS

We introduce 0-%y expansion and then provide % results satisfying such expansion.

Definition 3.1. The mapping ¥ : D — D represent 0-Fy-expanding if N(Dyg) > 0, for all Dy C D and
there exists 1 € S with # € F, and 0 € © in a way that

F(R(¥e(Do))) 2 0(F (R(Do))) +1(R(Do)), 3.1)
The below result is presented in the context of the 0-.#x-expanding map.

Theorem 3.1. When the mapping Y. : D — D represent 0-Fg-expanding, surjective with continuity.
Then Y, assures a FP in D.

Proof. Since ¥, : D — Dissurjective, as aresultby Lemma 1.1 one can find a mapping ¥ : © — D
such that ¥, o ¥} is the identity mapping on D. Suppose D; and D, represent any subsets of D in
a sense that D, = ¥;(D;). Suppose that X(D,) > 0, so via (3.1), one can write

F(R(¥e(D2))) 2 0(F (R(D2))) + 1(R(D2)). (3.2)
Since ¥ (D7) = Y (Yi(D1)) = (Yoo ¥L)(D1) = Dy, so that inequality (3.2) becomes
F(N(D1)) 2 0(F (R(Ye(D1)))) + 1(R(YL(D1))). (3.3)

However, if Yiu = u, then ¥.u = ¥.(¥;u) = u. Thus to investigate the 7P of ¥, it is enough to

find it for the ¥7. For this, a sequence is described as {D,}° , such a way
Dy =Dand D, =co(¥Y.Dy-1), Y ne AN (3.4)

It is obvious to show that D,1 € D, and YD, C D,. Further, if one take an integer m which is
non-negative along 8(D,,) = 0, then D,, is compact and Theorem Schauder, ensures the existence
of FP of ¥, in D, C D. Then as the sequence {N(D,)} is decreasing converging to non-negative
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real number s. Assume that (D, ;1) >0, then 0 < (D, 1+1) = R(co(¥;(Dy))) = N(Yi(D,)), that
is, N(Y:(Dy)) € (0,00) and s € [0, o), so that tli)rsr} inft(N(Y:(Dy))) > 0, that is we found 0 < r and
ng € A along T(N(¥:(Dy))) =1, for all n > ng. Application of (3.3) with D = D,,, we write
TR(Y(Dn))) + 0(F (N(Dni1))) =t(R(Ye(Dn))) + F (N(co(Fe(Dn))))
=T(N(Ye(Dn))) + F (N(Ye(Dn)))
<Z (N(Dy)).
Moving forward, we write

0(F (N(Dy11))) < F(R(Dn)) = t(R(Ye(Dn))) < F(R(Dn)) -1

Consequently,

By routine calculation, one can easily obtained that
0(F (R(Dn))) <7 (R(Dny)) = (n=no)r, ¥ > no.

Clearly ngrfme(y(x(@n))) = —oo, and utilizing property (F,), one could say 9(1113300&(1)”)) =0.
So by Definition 1.1, Do, = ,j:i Dy # 0 and Do O YD as Dy, D YiD,. Also, since Do C Dy,
V¥n € A, so by Definition 1.1(ii), N(D«) < X(Dy,), for every n € A". Thus 8(D) = 0 and hence
Do € ker N, that is D, turns out to be bounded. But D, is closed such that D, is compact. Hence
by Theorem Schauder, ¥} assures a F P in Do, C D. Therefore, ¥ ensuresa FP in Do CD. O

To further demonstrate the Theorem, the following example is developed (3.1).

Example 3.1. Suppose D = [-8,9] C R. Therefore, it is evident D € O. Moreover define ¥. : D — D
with F : (0,00) — Rand t : (0,00) — Ras ¥c(k) = 1-k, 0(k) = Vk— 1(k=1),t(k) =1In Vk
with F (k) = Ink + k, correspondingly. It is simple to verify that % € F witht €S, 6 € ©, and ¥, is
continuous. Further, define an M N€, N : B(&) — [0,0) by

N (D) = diam (D) = sup |k—u].
kueD

Now, let Dy = [0,1] be subset of D. As a result X (Dy) = N (¥ (Dy)) = 1. Thus from expansion
(3.1), we write

0(F (R(Do))) +T(N(Do)) = 0(F(1)) +1(1) =05 <1 =F(R(¥e(Do)))-
That is, 0-Fx-weak expansion. As a result, Y. has a FP % € D according to Theorem (3.1).

Remark 3.1. We can deduce many essential expansion from expansion (3.1). We provide some preferable

expansions that extend and covers various familiar theorems in the literature. Notably:

(1) If we choose # (k) = Ink,0 < k, we deduce
N(¥:(D)) = R((D) %D, forall D c D;



Int. ]. Anal. Appl. (2025), 23:220 11

(2) If we take 7 (k) = Ink + k, k > 0, we deduce
R(Y (D)) = (R(D))0eT®RONREDNHRD) o0 a1l D c D;
(3) If we choose 7 (k) = In(k* + k), k > 0, we deduce
R(F (D) (R(Fe(D)) +1) = (R(D))IN(D) +1)e*®P), forall D c D;
(4) If we choose # (k) = arctan (‘Tl) with k > 0, we deduce

N(D) + Otant(N(D))
0 —tanT(N(D)) + R(D)

NY.(D)) = , forall DcD.

By applying these extensions, one can prove a number of findings that generalise and build

upon a number of well-established theorems from the existing body of literature.

4. APPLICATIONS

Here in this part, the study applies the result for the existence of solution to second order
differential equations. Suppose (&, ||.]l) represent a Banach space, B(a,7) denotes a closed ball
along r radius with center 4, and B, denotes the ball B(0, 7). Our goal is to demonstrate sufficient

conditions for the existence of solution to the differential equation:

{u”(t) =u(tu(t)), tel0,1],

(4.1)
u(0) =up, u(1) = u.

Where ¢ : [0,1] X R — R represent a function with no discontinuous. It is possible to express the

previously mentioned problem as an integral equation:

1
u(t) =F(t) + Ej(; G, (t,s)u(s)ds, tel0,1], (4.2)

in which F(t) = ug + t(u1 — up) and G,(t,s) is the Green'’s function, described by
(4.3)

We are now in the position to exhibit the existence result.

Theorem 4.1. Suppose u,v € B, with 1 : [0,1] X R — R represent a mapping with no discontinuous in
the extent that

lu(t) = o)1 =  sup (fu(t) = o(0) - e, )
te[0,1]
and
n <r (4.5)
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where |u(t) —ov(t)| > r,r >0, and sup |u(s)| = M < oo. Then there exists a solution of the second order
te[0,1]
differential equation (4.2) in B,. Consequently, there exists a solution of the differential equation of second

order (4.1) in B,.

Proof. Let B, = {u € C([0,T],R) : [[u]l < r}. Then, B, is a non-empty, bounded, convex, and closed
subset of (&,]|.]|). Define 6 : R — R as 6(k) = Ink and ® : (0,0) — R, with 7 > 0, and the

operator ¥, : B, — B, by
1
You(t) =F(t) + cff G, (t,s)u(s)ds
0

Moreover, define #Z A€ N : B(&) — [0,) by

N (YD) = sup |‘I’Cu (t) =Yoo (t) 2, forall u,ve D.

te[0,1]

First, we will prove that ¥, : B, — B, is well-defined. Assume u € B, for a specific value of r. For

1
|‘I’Cu(t)| :’F(t) +£f G, (t,s)u(s)ds
0
F(t) +<§fl G, (t,s) |u(s)|ds
<Sz1[épl>] u(s |f r(t,5)d

B2 ]
<m|=-Z 4=
[6 2+2]0

@
6
<r.

every t € [0,1], it follows that

That is ||‘Ifc (u)” < r, Yu € B,, that means that ¥. (#) € B, and consequently ¥. : B, — B, is
well-defined.

Next, we need to prove that ¥, : B, — B, is a contraction. Assume

1 1
Yeu(t)-Yeo ()] = ‘F(t)—i—éf(; Gr(t,s)u(s)ds—F(t)—éjo‘ G,(t,s)v(s)ds

1
éf G, (t,s) |u(s) —v(s)|ds
sup |u |§f r(t,5)d
t€[0,1]

2 i 1
sup ~/(u(t) - o(t) = r)e fo G (1, 5)ds

te[0,1]

IA

IA

IA
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Using the definition of .# .4 €, we get
¥ e = ¥eoll? < (1l - ol =)},
or
R (YD) < (N (D)), (4.6)

therefore implying that
N(¥Dy) < A(Dy, Dy)e™, (4.7)

where
A(D1,D2) = sup {N(D1), N(¥e(D1)), N(¥e(D2)), IN(¥e(Dy) U¥(D2).
We obtain by applying logarithms to inequality (4.7).
In(N(¥Y.D1)) < -7+ 1In(A(Dy1,Ds)),
which implies that
T+ O(N (YD) < 0(A(D1, D).

Y. assures a ¥ P in B,. For that reason, the corollary (2.2) ensure a solution in B,. O

5. CoNCLUSION

Several new 0-®y-contraction and 0-.Zg-expansion have been introduced through measure
of noncompactness. There are several existing results that can be derived from the #% results
that were established in Banach space. For the validity of established results, we construct some
examples, and also we have established the existence of a solution to the second order differential

equation in order to ensure the accuracy of our results.
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