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Abstract. This paper introduces and investigates two new notions of paracompactness in ideal topological spaces: b*-
I -paracompactness and b} -7 -paracompactness. These concepts generalize classical paracompactness using b*-7-open
sets and ideal-related refinements. We establish fundamental properties of these spaces, including their preservation
under subspaces, finite unions, and continuous mappings. Furthermore, we provide characterizations of these spaces
and compare them with existing variants such as f-paracompactness, 1-paracompactness and J-paracompactness,
supported by illustrative examples. Our results extend the theory of ideal topological spaces and offer a framework for

future studies on generalized covering properties.

1. INTRODUCTION AND PRELIMINARIES

General topology has proven valuable in both theoretical and applied contexts, particularly in
computational topology, geometric modeling, and engineering design. Khalimsky et al. [16] and
Kong and Kopperman [18] advanced digital topology using connected topologies on finite ordered
sets. Topological methods have also been applied in geometric [21] and engineering design [25].

Paracompact spaces, introduced by Dieudonné [10], generalize compact and metrizable spaces.
A space is paracompact if every open cover has a locally finite open refinement. In Hausdorff
spaces, this is equivalent to admitting partitions of unity subordinate to any open cover, and such
spaces are normal [12]. Generalizations such as S-paracompactness [4], P3-paracompactness [5],
and B-paracompactness [9] have been studied extensively. Ideal topological spaces, introduced by
Kuratowski [19] and Vaidyanathaswamy [28], extend classical topologies through the use of ideals.
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This framework has been applied to ideal resolvability [11], 7-open sets [15], ideal continuity [14],
and related concepts [1,2,13,17,20].

The study of paracompactness relative to ideals began with Zahid [30] and was expanded by
Hamlett et al. [13], Sathiyasundari and Renukadevi [27], and Sanabria et al. [26], who introduced 1 -
S-paracompactness. Demir and Ozbakir [9] later introduced p-paracompact spaces, while Yildirim
etal. [29] explored their ideal counterparts. Boonpok et al. [6,8] and Boonpok and Sama-Ae [7] pro-
posed and characterized weaker versions, such as 6-f r-paracompactness, 61-f 7-paracompactness,
and strong -7 -paracompactness.

This paper presents the notions of b*-7-paracompact and b}-7-paracompact spaces, which are
defined using b*-7-open sets. The study explores their fundamental properties and investigates
their connections with f-paracompactness [29] and f1-paracompactness [24]. Additionally, several
characterizations are established to further develop the framework of ideal topology and extend
its potential applications.

Throughout this paper, unless stated otherwise, we denote by (X, ) (or simply X) a general
topological space without any assumptions regarding separation axioms. For any subset A C X,
the closure and interior of A are represented by cl(A) and int(A), respectively.

Anideal 1 on a set X is a nonempty collection of subsets of X satisfying the following conditions:
ifAeZandBCA,thenBe I;andif A,B e I, then AUB € 1. A topological space (X, 7) equipped
with an ideal 7 is called an ideal topological space and is denoted by (X, 7, I'). The power set of X is
denoted by P(X). A set operator (-)* : P(X) — P(X), referred to as a local function [19], is defined
in terms of the topology 7 and the ideal 7. For any A C X, it is given by

A(I,t)={xeX:UNA¢ I forallU e 7(x)},

where 7(x) = {U € 7 : x € U} denotes the family of open neighborhoods of x.

The operator (-)* induces a finer topology on X, called the *-topology, and denoted by 7*(7). In
this topology, the closure of a set A is defined as cI'(A) = AU A", and its interior is denoted by
int"(A) [15]. The topology 7*(1) is generated by the subbasis

B(I,t)={U-I:Uert, €I}

It should be emphasized that, in general, B(7, T) does not constitute a topology. When (7, t) =
7%, the ideal 7 is referred to as t-simple. Furthermore, the ideal 7 is called 7-codense if 7 Nt = {0}
[15].

Itis clear thatif A C B, then A* C B* and consequently cl*(A) € cl*(B). Since 7 C t*(7), it follows
that cl’(A) C cl(A) and int(A) C int"(A).

Definition 1.1. Let (X, t, I') be an ideal topological space. A subset A C X is called b*-I-open if it satisfies:
A Ccl(int’(A)) Uint*(cl(A)).

The complement of a b*-1-open set is said to be b*-T-closed.
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Remark 1.1. As stated in Definition 1.1, within an ideal topological space, every open set is b*-7-
open, and every closed set is b*-7-closed. Moreover, the union of any collection of b*-7-open sets
is again b*-7-open, and the intersection of any family of b*-7-closed sets is also b*-7-closed.

In the following example, we show that there exists a b*-7-open set which is not open in the
original topology, and that the intersection of two b*-7-open sets may fail to be b*-7-open.

Example 1.1. Let (X, 7, 1) be an ideal topological space, where X = {1,2, 3}, the topology is given
by 7 = {0, {1}, X}, and the ideal is 7 = {0, {2}, {3}, {2, 3}}.
The associated *-topology is 7 = {0, {1}, {1, 2}, {1, 3}, X}. Consequently, the family of all b*-7-open

sets is
{0,{1},{1,2},{1,3},{2, 3}, X}.
Observe that the set A = {1, 2} is b*-7-open, even though it is not open in the original topology
7. Furthermore, both sets {1, 3} and {2, 3} are b*-7-open, yet their intersection {3} is not b*-7-open.

Definition 1.2. Let (X, 1,1 ) be an ideal topological space and A C X.
(1) The b*-I-closure of A, denoted by b* cly(A), is defined as:

b*cly(A) =N{F € X | A C Fand F is b*-I-closed}
(2) The b*-I-interior of A, denoted by b* inty(A), is defined as:
b int;(A) =u{U C X |U C Aand U is b*-T-open}

Remark 1.2. Using Definition 1.2, it follows that in an ideal topological space (X, t, 1), for any
subset A C X, we have b*int;(A) C A C b*cly(A). Moreover, the usual interior satisfies int(A) C
b*int7(A), and the ideal closure satisfies b* cl7(A) C cl(A). Additionally, whenever A C B C X, it
holds that b* int;(A) € b*inty(B) and b* cl(A) € b* cly(B).
Lemma 1.1. Let A and B be subsets of an ideal topological space (X, t,I). The following statements hold:
(1) X-b'cy(A) =b'inty(X—A); and
(2) X-V'inty(A) =b*clp (X -A).
Proof. We establish the duality between b*-7-closure and b*-7-interior:

(1) For the complement of b*-7-closure:

X-b"cly(A)=X-N{F|ACF, Fisb*-I-closed}
=UX-F|X-FCX-A, X-Fisb'-I-open}
=U{G|GC X-A, Gisb'-T-open}
=b'int;(X-A).
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(2) For the complement of b*-7-interior:

X-b'int;(A) = X-U{G| G C A, Gisb"-I-open}
=NX-G|X-ACX-G, X-Gisb*-T-closed}
=N{F|X—-ACF, Fisb*-I-closed}
=b'cy(X-A).

This completes the proof of both statements. m]

The following lemma outlines fundamental characteristics and conditions related to b*-7-open

and b*-7-closed sets within the context of ideal topological spaces.

Lemma 1.2. Let A be a subset of an ideal topological space (X, t,I). The following properties hold:
(1) bv*inty(A) is b*-T-open, and A is b*-I-open if and only if A = b* int; (A);
(2) b*cly(A) is b*-I-closed, and A is b*-I-closed if and only if A = b* cly(A); and
(3) x e b*cly(A) if and only if UN A # 0 for every b*-I-open set U containing x.

Proof. (1): Let U, be any b*-T-open set such that U, C A. By the definition of a b*-7-open set, it
follows that U, C b"int;(A). Moreover, since U, is b*-7-open, we have

U, C cl(int'(U,)) Uint (cl(Uy)).
Then,
b inty(A) = Uy,U,
C U, cl(int'(Uy)) Uint* (cl(Uy))
C d(int"(UpUy)) Uint*(cl(U,Uy))
= cl(int"(b" intz(A))) Uint*(cl(b”intz (A))),

and therefore b* inty(A) is a b*-7-open set.

Since b" inty (A) is the union of all b*-7-open sets contained in A4, it follows that b* inty(A) C A.
Therefore, A is b*-7-open if and only if A = b* inty(A).

(2): From part (2) of Lemma 1.1, we know that b* cl7(A) is a b*-Z-closed set. Since it is defined
as the intersection of all b*-7-closed sets that contain A, it necessarily follows that A C b* cl;(A).
Therefore, a set A is b*-I-closed if and only if A = b*cl;(A).

(3): Letx € b* clz(A). Then, x is an element of all b*-7-closed sets containing A. Suppose, to the
contrary, that there exists a b*-7-open set U containing x such that UNA = 0. Then A € X - U, and
since X — U is b*-7 -closed and does not contain x, this would imply x ¢ b* cl;(A) — a contradiction.

Conversely, suppose that for every b*-7-open set U containing x, we have UN A # (. Assume,
for contradiction, that x ¢ b* cly(A). Then there exists a b*-7-closed set F such that A C Fand x ¢ F.
Thus, x € X — F, which is a b*-7-open set disjoint from A, again yielding a contradiction. Hence, it
must be that x € b* cl(A). m|
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2. b*-T-PARACOMPACTNESS AND ITS CHARACTERIZATIONS

This section explores the notion of b*-7-paracompactness, which is a variant of the original
paracompactness and the J-f-paracompactness concept introduced by Yildirim et al. [29]. We aim
to present a formal description of this concept.

Let A = {A, : w € A1} and B = (B, : u € A} be two families of subsets in a topological space
X. We say that A is a refinement of B if for every w € Ay, there exists u € A, such that A, C B,,.

Definition 2.1. A collection A of subsets of an ideal topological space (X,t,T) is said to be b*-I-locally
finite if for each x € X, there exists a b*-I-open set U containing x and U intersects at most finitely many

members of A.

Lemma 2.1. Let A be a collection of subsets of an ideal topological space (X, t,I). If A is locally finite,
then it is b*-1-locally finite.

Proof. Let Abelocally finite. We will verify that Ais b*-7-locally finite. Let x € X. Since A is locally
finite, there exists an open set G, containing x, which intersects at most finitely many elements
of A. Given that G, is an open, it follows that it is b*-7-open. Consequently, A is b*-7-locally

finite. O

Definition 2.2. An ideal topological space (X, T, I') is said to be b*-I-paracompact if every open cover of X
has a b*-1-locally finite refinement A = {A, : o € A} consisting of b*-1-open sets (not necessarily a cover)
such that X — U{A, : « € A} € 1. The collection ‘A of subsets of X such that X — U{A, :a € A} € I is
called an I -cover.

A subset A of an ideal topological space (X, 7,1 ) is said to be b*-I-paracompact relative to X if for any
open cover of A has a b*-I-locally finite refinement B = {B,, : w € Q)} consisting of b*-I-open sets such
that X —U{B, : w € O} € 1.

Example 2.1. Let R denote the set of real numbers. Equip R with the standard topology 7. Define
the ideal 1 to be the collection of all countable subsets of R.

Consider the open cover U = {(—-n,n) : n € IN} of R. Suppose there exists a b*-7-locally finite
refinement A of U consisting of b*-7-open sets. However, for any point x € R — Uyen(—1,1) —
which must be countable — every neighborhood of x intersects infinitely many sets of the form
(—n,n), and hence intersects infinitely many members of A, since A refines U. This contradicts

the definition of local finiteness. Therefore, the space (X, 7, I') is not b*-7-paracompact.
Theorem 2.1. If a topological space (X, t) is paracompact, then (X, t, I) is b*-I-paracompact.
Proof. Using Lemma 2.1 and the inclusion 0 € 7. ]

Example 2.2. Consider the set of all positive integers, denoted by IN. Define a topology 7 on IN as

follows:
T=1{0,N}U{{1,2,...,n}:n € N}.
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Let 7 = {A CIN: 1 ¢ A}, which clearly forms an ideal on IN. Now, consider the open cover
A=1{1,2,3,...,n} :n €N}

of IN. It is straightforward to verify that there is no locally finite open refinement 8B of A that still
covers IN. Therefore, the space (IN, 7) is not paracompact in the classical sense.

However, N is b*-7-paracompact. Given any open cover U of IN, one can take the refinement
V = {{1}}. In fact, the complement N — {1} = {2,3,4, ...} belongs to the ideal 7, and the singleton
{1} is a b*-T-open set. Moreover, V is trivially b*-7-locally finite, thus satisfying the condition for

b*-I-paracompactness.

Theorem 2.2. Let (X, 7,1) be an ideal topological space and A C X. Then GNb* cly(A) = 0 if and only
if GNA = 0, for all b*-1-open subset G of X.

Proof. By part (3) of Lemma 1.2 and since A C b*cly(A), the verification of the proof is now

complete. O

Theorem 2.3. Let A = {A, : w € Q} be a collection of subsets of an ideal topological space (X, t,TI). The
following statements are true.
(1) If Ais b*-1-locally finite and B, C A,, for all w € Q), then B = {B,, : w € O} is b*-1-locally finite.
(2) Ais b*-I-locally finite if and only if {b* cly (Ay) : @ € O} is b*-I-locally finite.

Proof. (1): Let x € X. Since A is b*-I-locally finite, there exists a b*-7-open set U containing x,
which intersects at most finitely many elements of A. As B, € A, for all w € (), it follows that
U intersects at most finitely many of the sets in 8 = {B,, : @ € }}. Hence, 8 = {B, : w € ()} is
b*-1-locally finite.

(2): Let Abe b*-I-locally finite and let x € X. Then, there exists a b*-7-open set G containing x that
satisfies GN A, = 0 forevery  # w1, @y, ..., w,. By Theorem 2.2, we obtain that GNb* cly (A,) = 0
for every  # w1, @y, ..., wy. Therefore, {b* cly(Ay) : @ € O} is b*-T-locally finite.

The converse follows from (1). ]

Remark 2.1. It is noted that if (X, t,I) is b*-I-paracompact and J is an ideal on X with I C J, then
(X,1,9) is b*-J -paracompact.

Lemma 2.2. If an open cover A = {A, : w € Q} of an ideal topological space (X, t,I) has a b*-I-locally
finite b*-I-open refinement B = {B, : u € A} such that X — U{B,, : u € A}} € I, then there exists a precise
b*-1-locally finite b*-1-open refinement C = {C,, : w € Q} of A such that X — U{C,, : w € O} € 1.

Proof. A similar technique is employed as in the proof of Lemma 1.3 in [26]. m]

Definition 2.3. An ideal topological space (X, 7, I) is said to be b*-I-regular if for every closed set F C X
and any point x ¢ F, there exist disjoint b*-1-open sets U and V such that x € Uand F-V € 1.

Theorem 2.4. If (X, 7, I) is a Hausdorff space that is b*-I-paracompact, then (X, 1, I) is b*-I-regular.



Int. J. Anal. Appl. (2025), 23:210 7

Proof. Let F be a closed subset of X, and let x ¢ F. For each point y € F, since X is Hausdorff,
there exist disjoint open neighborhoods V, and Oxy such that x € Vy and y € Oxy- This ensures
y & cl(Vy). Now, consider the collection

A=1{Oy:yeFJU(X-F),

which forms an open cover of X. By the hypothesis, there exists a b*-7-locally finite b*-7-open
refinement
B = {Hy, : y € F}U{W},
where Hy, C Oy, for each y € Fand W C X — F, with
X = (UyerHyy UW) € 1.
Define the sets
V - UyeFny, al’ld u — X - b* C]._[(UyeFny).
We claim that U and V are disjoint b*-7-open subsets of X. Since H,, C O, and
and since x ¢ cl(Oyy), it follows that x ¢ b cl7(Hyy), hence x € U. Moreover, we have:
F—V =F-UyerHyy € X — (UyerHey UW) € T.

Therefore, U and V are disjoint b*-7-open subsets of X such that x € U and F —V € 1. This proves
that the space (X, t, 1) is b*-7-regular. O

Lemma 2.3. Let (X, 7,1) be an ideal topological space. The following statements are equivalent:
(1) For every closed subset F of X and every x ¢ F, there exist disjoint b*-1-open sets U and V such
that x € Uand F-V € 1.
(2) For every open subset G of X and every x € G, there exists a b*-1-open set U such that x € U and
b'cy(U)-Gel.

Proof. (1) = (2): Let G be an open set and x € G. Then X — G is closed, and since x ¢ X — G, by
assumption, there exist disjoint b*-7-open sets U and V such that x € Uand (X -G) -V € 1. Since
U and V are disjoint, by Theorem 2.2, we have b* clz (U) € X — V. Therefore, b* cly(U) N (X -G) C
(X - G) - V. Hence, we conclude that b* cl7(U) N (X -G) =b*cly(U) -G e 1.

(2) = (1): Let F be a closed set and x ¢ F. This implies that X — F is open, and x € X — F. By
assumption, there exists a b*-7-open set U such that x € U and b*cly(U) — (X -F) € I. Thus,
we define V = X —b*cly(U), which is a b*-7-open set. Since U and V are disjoint, we have
F-V=F-(X-bcy(U)) =bcy(U)-(X-F)el. o

By Theorem 2.4 and Lemma 2.3, we have the following theorem.

Theorem 2.5. If an ideal topological space (X,t,T) is both Hausdorff and b*-I-paracompact, then for
any open set G C X and for every point x € G, there exists a b*-1-open set U such that x € U and
b'cly(U)-Gel.
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Theorem 2.6. If an ideal topological space (X, t, I') is both reqular and b*-I -paracompact, then every open
cover of X has a b*-1-locally finite I-cover refinement of b*-1-closed sets.

Proof. Let A be an open cover of X. Since X is regular, for each point x € X and each open set
U, € A containing x, there exists an open set Gy such that x € G, and cl(Gy) € U,. Define the
collection A; = {Gy : x € X}, which forms an open cover of X. As X is b*-7-paracompact, the cover

Ap admits a b*-7-locally finite refinement 81 = {B,, : w € O} consisting of b*-7-open sets such that
X —UpenBy € 1.
Since B, C b* cly(B,,) for each w € ), X — Uyeqb® clz(By) € X — UyenBew, we also have:
X —Ugeqb ' dy(By) € 1.
By Theorem 2.3, the collection
B={b"clz(By) : w € O}
is b*-I-locally finite. Since each B,, € 8B; refines some Gy € A, we have:

b*cly(By) € cl(By) € cl(Gy) C Uy,

implying that 8 refines A.
Thus, the collection 8B is a b*-1-locally finite refinement of b*-7-closed sets that forms an 7-cover
of X. m]

Theorem 2.7. If an ideal topological space (X, t,I') is Hausdorff and A is a b*-I-paracompact subset of X,
then A'is a closed set in (X, T*).

Proof. Let x € X — A. Since X is Hausdorff, for each point y € A, there exists an open set G, € 7
such that y € G, and x ¢ G,. Therefore, the collection A = {G, : y € A} forms an open cover
of A. As A is a b*-T-paracompact subset of X, the cover A admits a b*-7-locally finite refinement

B = (B, : w € )} consisting of b*-7-open sets such that
A—UyenBy, € 1.
As x ¢ cl(B,) for all w € (), it follows that
X & Upeq cl(By).
Moreover, because the family 8 is locally finite, it is closure-preserving. Hence,
Uwen cl(By) = cl (UpenBw) ,
which implies
x & cl (UpenBw) -
Now define the open set G = X — cl (UyenBy ), and let K = A — cl (UyeqnBw)- Then G € T and

KQA_U(UeﬂBwEI

Furthermore, we have (G- K) N A = 0. Hence, x ¢ A*, and it follows that A* C A. ]
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Theorem 2.8. Let A and B be subsets of an ideal topological space (X, t, I'). If A and B are b*-I-paracompact
subsets of X, then AU B is also a b*-1-paracompact subset of X.

Proof. Let A = {A,, : w € O} be an open cover of A U B. This cover (A also serves as an open cover
forboth A and B. By assumption, there exist b*-7-locally finite b*-7-open families 8 = {B, : @ € ()1}
for Aand C = {C,, : u € ()} for B, which refine A such that:

A_Ua)teBa) EI, B_U‘UEQZC# E.Z-
This implies that:
A CUpen,BoUL, BC UHGQZCHUIZ'
where I1, I, € I. Therefore, we have:
AUB C (Uye,Bw) U (Uueq,Cu) U (I U ).
It follows that:
AUB —Uyeq, e, (BoUCy) ChUL € 1.

We see that the collection D = {B, UCy : w € Oy, u € (O} of b*-T-open sets is b*-7-locally finite
and refines A. Consequently, A U B is a b*-7-paracompact subset of X. m]

Theorem 2.9. Let (X, 1, 1) be an ideal topological space. If A is a b*-I-paracompact subset of X and B is a
closed subset of X, then A N B is also a b*-1-paracompact subset of X.

Proof. Let A = {A, : w € Q) be an open cover of AN B. Since X — B is open in X, the collection
A = {Ay 1 w € Q}U{X - B} serves as an open cover of A. By the given assumption and Lemma 2.2,
there exists a precise b*-7-locally finite b*-7-open refinement 8 = {B,, : w € O} U {V} of A; such
that:
By CA, forallwe, VCX-B, and A- (UyenBo, U{V}) e T.

Now, observe that:

ANB-=UgueaBy = ANB = (UyeaBao U {V})

CA-(UyenBo U{V}) € I.

Thus, AN B - U,eaB,, € 1. It follows that the collection 81 = {B,, : w € )}, consisting of b*-7-open
sets, is b*-7-locally finite and refines A. Therefore, A N B is a b*-7-paracompact subset of X. O

As a consequence of Theorem 2.9, we obtain the following corollary.

Corollary 2.1. Let (X, t, I') be a b*-I-paracompact space. Then the following hold:
(1) Ewvery closed subset of X is b*-1-paracompact.

(2) The union of two closed subsets of X is also b*-I-paracompact.
() If A € X is b*-I-paracompact and B is an open subset of X with B C A, then the set A — B is

b*-I-paracompact.

Lemma 2.4. [13] Let I be an ideal on a topological space X. If Y is a subset of X, then Iy ={INY : 1 € I}

isanidealon'Y.
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As illustrated in Example 1.1, the intersection of two b*-7-open sets may fail to be b*-7-open.

Hence, it is essential to explicitly assume this condition in the following theorem.

Theorem 2.10. In an ideal topological space (X, 7,1 ), let A and B be subsets of X where A is contained in
B. Suppose that for any b*-1 g-open in B is b*-I-open in X. If A is a b*-1 g-paracompact subset of B, then it
is a b*-1 -paracompact subset of X.

Proof. Let A = {A, : @ € O} be an open cover of A in X. Consider the collection B4 = {A,NB: w €
)}, which forms an open cover of A when viewed as a subset of B. Since A is b*-1g-paracompact
in B, there exists a b*-7 g-locally finite refinement C# = {C,, : @ € ()} consisting of b*-1 g-open sets
in B, where C,, C A, N B for each w € (). Moreover,

A —UyenCy € 1.

Since C,, C A, forevery w € (), the family C 4 is also a refinement of A. By the given assumption,

Ca is a refinement consisting of b*-7-open sets in X that is b*-7-locally finite. Furthermore,
A—-UyenCyp€elpCT.

Therefore, A is b*-7-paracompact in X. m]

3. b’i-] -PARACOMPACTNESS AND ITS CHARACTERIZATIONS

This section examines the notion of bj-7-paracompactness, a stricter variant of -
paracompactness introduced by Qahis [24], and subsequently investigates its characterization.
Al-Jarrah [3] defined Bj-paracompactness as follows: A topological space (X, 7) is called f;-
paracompact if every f-open cover of X has a locally finite open refinement. Qahis [24] expanded
the notion of f1-paracompactness to ;-paracompactness concerning an ideal as follows: An ideal
topological space (X, 7, I) is said to be 17 -paracompact if every f-open cover U of X has a locally
finite open refinement V such that X - U{V : V € V} € 1. Utilizing b*-7-open sets, we introduce a

new form of paracompactness analogous to the one proposed by Qahis.

Definition 3.1. An ideal topological space (X, t,I) is said to be bj-I-paracompact if every b*-I-open
cover of X has a locally finite open refinement A = {A, : a € A} (not necessarily a cover) such that
X —U{Ay : @ € A} € 1. The collection A of subsets of X such that X — U{A, : « € A} € T is called an
T -cover of X.

A subset A of an ideal topological space (X, T, I') is said to be by-I-paracompact relative to X if for every
b*-T-open cover of A has a locally finite open refinement B = (B, : A € O} suchthat A—U{By : A € O} € 1.

Example 3.1. Consider the ideal topological space (X, 7, 1), where X = {1,2,3}, T = {0, X, {1}} and
I =1{0,{2},{3},12,3}}. Hence, the set of all b*-7-open sets of X is {0, {1}, {1,2},{1,3}, X}. Every b*-1-
open cover U of X possesses alocally finite open refinement V = {{1}}, suchthat X — {1} = {2,3} € 1.
Consequently, (X, 7, I') is b}-I-paracompact.
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Example 3.2. Let us consider an ideal topological space (N, t,7), where IN, the set of natural
numbers, T = {0} U{A CIN : IN — A is finite}, and 7 = {A C IN : A is finite}.

Now, we consider the collection U = {U,, = IN — {n} : n € IN}. Each U, is a cofinite set, hence
U, € 7, and clearly U,enU, = IN. Thus, U is a T-open cover of X. It is easy to verify that each U,
is also b*-7-open.

Now suppose there exists a locally finite refinement A = {A, : a € A} of U such that
X - UO(E AAa € .Z- .

Then U,ep A, must cover all of X except possibly a finite number of points. Since each A, is open
in the cofinite topology, it must be cofinite, and so the intersection of finitely many A,’s is also
cofinite.

But in the cofinite topology, a locally finite collection of cofinite sets must be finite, because for
any point x € X, the only open set containing x is cofinite, and any infinite number of cofinite sets
will intersect infinitely often. Hence, A must be finite.

As a result, Upep Ay can miss infinitely many points, which contradicts the requirement that
X = UgepAq € I. Therefore, no such locally finite refinement exists, and the space is not b}-7-

paracompact.

Based on the definitions of b*-7-paracompactness and b}-7-paracompactness in ideal topolog-
ical spaces, it can be deduced that if (X,7,7) is bj-I-paracompact, then it is necessarily b*-7-

paracompact. This leads to the following theorem.
Theorem 3.1. If an ideal topological space (X, T, I') is by-I-paracompact, then it also be b*-I -paracompact.

Proof. Assume that A is an open cover of X. Then, A also constitutes a b*-7-open cover. Given
that (X, 7,7) is b’i—f -paracompact, there exists a locally finite open refinement 8 = {B,, : w € (3} of
A such that

X - U(UGQBCLJ € I.

By Lemma 2.1, the family B is b*-7-locally finite. Hence, (X, 1, 1) is b*-I-paracompact. m]

In the subsequent theorem, we discuss a space endowed with two topologies; hence, to avoid
ambiguity, we must redefine the concept of local finiteness. A collection V of subsets of an ideal
topological space (X, 7,7) is said to be 7-locally finite if for each x € X, there exists an open set
U € 7 such that x € U and U intersects with at most finitely many elements of V. As stated in
Example 1.1, the intersection of any two b*-7-open sets is not necessarily a b*-7-open set; therefore,

this assumption must be made in the subsequent theorem.

Theorem 3.2. Let (X,7,1) be an ideal topological space. Suppose that I is codense and t-simple, that
(X, 7, I) is bj-I-paracompact, that every b*-I-open set in (X, 7, 1) is also b*-I-open in (X, 7", I), and
that the intersection of any two b*-I-open sets in (X, T, I') remains b*-I-open. Then every b*-I-open cover

of (X, 7, 1) admits a locally finite refinement consisting of b*-I-open sets that forms an I-cover.
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Proof. Let A = {A, : @ € A1} be a b*-T-open cover of (X,7,7). Then, A is also a b*-I-open
cover of (X,7*, 7). Since (X,7*,7) is bi-I-paracompact, there exists a 7*-locally finite refinement
B ={B, : A € Ay} of A such that
X—=Upen,Br €1,

whereeach By =V, -1y withV,etand I, € 1.

Since 8 is t*-locally finite, for each x € X, there exists a b*-7-open set H containing x such that
H intersects only finitely many members of 8B, say B,,,B,,, ..., B),. As I is 1-simple, such a set H
can be writtenas H = U—I, where U € tand I € 1. Then, for each A ¢ {14,...,A,}, we have

(U-I)NBy=0= (UNV,)-(IUl,) =0.
Since I is codense, it follows that U N V; = 0 for such A. Hence,
UN(ViNnAy) =0 forallwe Ajand A ¢ {Aq,..., A}

Therefore, the collection C = {Vy N A, : w € A1, A € Ay} is T-locally finite.
We now show that C is a b*-7-open refinement of A. Since B refines A, for each B, € B, there
exists A, € A such that B, C A,. Then,

By=A,NB,=A,N (V/\—I/\) = (VA ﬂAa)) -y CV,NA, CA,.
Thus, C refines ‘A.
Finally, since
X = Upepy, wen, (VANAy) € X —Upep,Br € 7,

it follows that X — Ujep,, wen, (VA NAy) € I. Therefore, C is a t-locally finite b*-7-open refinement
of A, completing the proof. ]

Theorem 3.3. Let (X, 7,I) be an ideal topological space that is b}-I-paracompact. If the union of any
collection of sets in I belongs to I, then the space (X, t", I') is also bj-I-paracompact.

Proof. Let A = {A, : w € Q) be a b*-T-open cover of (X,7*,1), where each A, = G, — I, with
Gw € Tand I, € 7 for all w € Q). Then, the collection 8 = {G,, : w € O} forms a b*-7-open cover of
(X, 7, I). Since (X, 1, I) is bj-I-paracompact by assumption, there exists a precise 7-locally finite

open refinement C = {C,, : w € (3} of B such that
X - Uweﬂcw € I.

For a fixed o’ € )1, consider the family {C, NI, : @ € Q}. Since each C, N1, lies in 7, it
follows from the assumption that
Uwen (CoNly) € 1.
Therefore,
X = Upen(Cow = Iy) € (X = UpeaCuw) U (Upen(Co Nly)) € I,
which implies that
X —Upen(Co —Iy) € I.
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Since C is 7-locally finite and 7" is finer than 7, the collection C" = {C,, — Iy : A € Q}}is a t*-locally

finite family of 7*-open sets. Moreover, C’ refines A. Hence, (X, 7%, I) is b}-Z-paracompact. m]

Theorem 3.4. Ifan ideal topological space (X, T, I') is a Hausdorff space and A is b}-I-paracompact relative
to X, then A is closed in (X, ).

Proof. We aim to prove that A* € A. Assume that x ¢ A. Since (X, t,7) is Hausdorff, for each
y € A, there exists an open set G, € 7 such that y € G, and x ¢ cl(G,). Hence, the collection
A = {Gy : y € A} forms an open cover of A, and therefore a b*-7-open cover.
Because A is b}-Z-paracompact, there exists a 7-locally finite open refinement 8 = {B,, : w € (3}
of A such that
A—U,enBy, € 1.

For each w € Q), we have x ¢ cl(B,), so
Because the family 8 is locally finite, it is closure-preserving. Therefore,

Uwen cl(By) = cl (UpenBw) ,
it follows that
x & cl (UpenBw) -
Define the sets
U; = X —cl (UyenBy) and Uy = A —cl (UpeqBow) -

Then clearly Uy € t, Uy € 7, and (U; — Uz) NA = 0. Since x € Uy — Uy and Uy — Uy € 77, it follows
that x ¢ A*. Thus, A* C A, and consequently, A is closed in the topological space (X,7*). This
completes the proof. m]

Theorem 3.5. If an ideal topological space (X, t,I) is b}-I-paracompact and A C X is b*-I-closed in X,
then A is b-I-paracompact.

Proof. Let A = {A, : w € O} be a b*-T-open cover of A. Since X — A is a b*-7-open subset of X, the
collection
A ={A, :we QJU{X-A}

forms a b*-7-open cover of X. By assumption, A; has a precise locally finite open refinement
B = (B, : w € O} U {V} such that for each w € ), B, € A,, and V C X — A, satisfying:

X = (UpeqBo UV) €T,
Observe that
A—=UyeaBow = AN (X =UyuenBo)
= AN (X=(UpenBu UV))

C X - (UpeqBoUV),
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and hence A — U,enBy € 1. Since B, C A, for every w € (), it follows that {B,, : w € (O} is a locally
finite open refinement of A. Therefore, A is bj-Z-paracompact. m]

Theorem 3.6. Let A and B be subsets of an ideal topological space (X, T, I'). If A and B are b}-I-paracompact
in X, then AU B is bj-I-paracompact.

Proof. Let A = {Ay : w € Q) be a b*-T-open cover of AUB. Then A also serves as a b*-7-
open cover for both A and B individually. By assumption, there exist locally finite open families
B={Br: A€ M}and C = {C, : u € ()} that refine A over A and B, respectively, such that:

Letl; = A—-Uyeq,Byand I = B — Uyeq,Cy, with I1, I € 1. Then we have:
AUB C (Upeq, Br U L) U (Upen,Cu U Do)
= (U/\GQ1B}L) U (U,UEQZCH) U (Il UIQ).
Hence, (AUB) — ((UAengA) U (UMEQZC‘U)) € 1. Since both 8 and C are locally finite, for each
x € X, there exist b*-7-open sets G; and G, such that G; intersects only finitely many members
of B, and G, intersects only finitely many members of C. Consequently, the intersection G; N G,

meets only finitely many members of the collection {By UC, : A € O, u € ()}. Thus, AUB is
b’i -J-paracompact. O

Theorem 3.7. Let A and B be subsets of an ideal topological space (X, t,T). If A is b}-I-paracompact and
B is b*-I-closed in X, then A N B is bj-I-paracompact.

Proof. Let A = {A, : w € (1} be a b*-T-open cover of AN B. Since X — B is a b*-7-open subset of X,
the collection
A =1{A, :we M}U{X-B}

is a b*-T-open cover of A. As A is bj-I-paracompact, the cover A; admits a locally finite open
refinement 8 = {B, : A € (L} U {V}, such that for each A € (),, By C A, for some w € (), and
V € X — B, with

A—(Upen,BAUV) e 1.

Now consider:
ANB—-Ujen,Bp =ANB - (U)\EQZB)\ U V)
CA- (U/\GQZB/\ U V) ,

and therefore, (AN B) — U en,By € 7. Since each By C A, for some w € (), it follows that
{By : A € (1} isalocally finite open refinement of the cover A. Thus, A N Bis bj-I-paracompact. O

Corollary 3.1. The finite union of b*-I-closed sets of a by-I-paracompact ideal topological space (X, 7, I)

is also b}-I-paracompact.
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Proof. According to Theorem 3.6, every b*-7-closed subset of a b}-7-paracompact space (X, t, )
remains bj-7-paracompact. Furthermore, Theorem 3.7 ensures that the union of two b}-7-

paracompact subsets is also bj-7-paracompact. m|

4. ON PRESERVATION OF b*-7-PARACOMPACTNESS

This section shows that b*-7-paracompactness is maintained under specific conditions. Before

continuing, we first introduce the following definition.

Definition 4.1. Let (X, 7,7 ) and (Y, ¢, J) be ideal topological spaces, and let f : X — Y be a function.
(1) The function f is said to be b*-I-open if the image of every b*-1-open set in X is a b*-J-open set in
Y.
(2) The function f is said to be b*-1-closed if the image of every b*-I-closed set in X is a b*-J-closed
setinY.
(3) The function f is said to be b*-I -irresolute if the preimage of every b*-J -open set in Y is a b*-1-open
set in X.

Note that if f : X — Y is a function and Y is a topological space equipped with an ideal 7, then
the preimage f~(J) defines an ideal on X. Moreover, if f is surjective and X carries an ideal 7,
then the image f(7') constitutes an ideal on Y.

We now explore the behavior of a function between two ideal topological spaces, focusing on
how certain properties are preserved from one space to the other. Asa foundation, we introduce the

concept of b*-7-compactness and present a lemma that will be instrumental in proving Theorem 4.1.

Definition 4.2. An ideal topological space (X, t, I') is called b*-I-compact if every collection of b*-I-open

sets that covers X has a finite subcollection that also covers X.

Lemma 4.1. Let (X, 7, 1) and (Y, ¢, J) be ideal topological spaces, and f : X — Y be surjective. Then, f
is b*-I-closed if and only if for every y € Y and for every b*-I-open set U in X containing f=*({y}), there
exists a b*-J-open set V containing y such that f~1(V) c U.

Proof. Lety € Y, and suppose G is a b*-Z-open subset of X such that f~({y}) € G;. Define the set
G2 = Y - f(X = Gy). Then G; is a b*-J-open set in Y, and clearly y € G, with f71(G,) € G;. This
proves the necessity.

Now consider a b*-7-closed subset F C X, and let y € Y — f(F). Then f!({y}) € X-F. By
hypothesis, there exists a b*-J-open set V, C Y such that y € V, and f~(V,) C X - F, implying
Vy €Y~ f(F). Thus,

Y- f(F)=UlV,:yeY-f(F)}

is a union of b*-J-open sets, and hence b*-J-open. It follows that f(F) is b*-J -closed in Y. m]

Theorem 4.1. Let (X, t, 1) be a b*-T-paracompact ideal topological space, and let (Y,1, ) be another
ideal topological space. Assume that a function f : X — Y satisfies the following conditions:
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(1) f is continuous;

(2) fis b*-I-open;

(3) fis b*-I-closed;

(4) f is surjective;

(5) Foreachy €Y, the preimage f~'({y}) is b*-I-compact; and
© f(I) .

Then, Y is b*- 9 -paracompact.

Proof. Let A = {A, : @ € Q) be an open cover of Y. Using (1), we deduce that B = {f1(A,) :
w € O} forms an open cover of X. Since X is b*-7-paracompact, the collection 8 has a precise

b*-I-locally finite refinement C = {B,, : w € ()}, where each B,, is b*-7-open and
X - U(uEQBw el.

Since f is b*-Z-open, the family f(C) = {f(By) : @w € Q} consists of b*-J-open sets and is a

refinement of A. Moreover, by conditions (4) and (6), we have
Next, we check that f(C) is b*-J-locally finite. Let y € Y. Since C is b*-7-locally finite, for each

x € f1({y}), there exists a b*-T-open set G, containing x such that G, intersects at most finitely
many elements of C. Because f~!({y}) is b*-7-compact, and the family {G, : f(x) = y} forms a
b*-I-open cover of f~1({y}), there exists a finite subcover {K,,, K,,, ..., Ky, } such that

f_l({y}) €Ky, UKy, U---UKy,,

and K, UKy, U---UK,, intersects at most finitely many elements of C. As f is b*-Z-closed, applying

Lemma 4.1, there exists a b*-J-open set W, containing v such that
fH(Wy) S Ky UKy, U+ UKy,

Thus, f~!(W,) intersects at most finitely many elements of C, which implies that Wy, intersects at
most finitely many elements of f(C). Therefore, f(C) is b*-J-locally finite in Y. Consequently,
(Y, ¢,9) is b*-J -paracompact. O

The following result provides characterizations of a function f : (X,t,7) — (Y,¢), where
(X,1,T) is a b*-I-paracompact ideal topological space and (Y, ¢) is a topological space, such that
Y inherits the same structural properties as X.

Theorem 4.2. Let (X, 1,1) be a b*-I-paracompact ideal topological space, and let (Y, 1) be a topological
space. Suppose a function f : X — Y satisfies the following conditions:

(1) f is continuous;

(2) fis b*-I-irresolute;

(3) fis b*-I-open;

(4) f is surjective; and
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(5) For every b*-I-locally finite family V in X, the image f (V) is b*-f (I)-locally finite in Y.
Then, (Y,, f(1)) is a b*-f (I )-paracompact ideal topological space.
Proof. As fissurjective, f(I)isanidealin Y. Let A = {A,, : @ € O} be an open cover of Y. From (1),

it follows that 8 = {f71(A,) : w € Q} constitutes an open cover of X. Since X is b*--paracompact,
the collection 8 has a precise b*-7-locally finite b*-7-open refinement C = {B,, : w € ()} such that

X_ Ua)eQBw € .Z-

Since

Y - UwEQf(Bw) c f (X - UmeQBw) ’

and f (X —UguenBo) € f(1), it follows that

Y - Upenf(Bw) € f(T).

Based on assumptions (3) and (5), f(C) = {f(Bw) : @ € O} forms a b*-f (I )-locally finite consisting
b*-f(I)-open subsets in Y.

Now, we proceed to verify that f(C) refines A. For each f(B,) € f(C), we have B, € C, and
there exists A,, € A such that B, C f~!(A,), as C refines 8. This implies that

f(Bw) € f(fH(Aw)) € Aun
Consequently, (Y, ¢, (1)) is b*-f (I )-paracompact. m|

Based on Theorem 4.2, the conclusion remains valid if conditions (4) and (5) are replaced by the

assumption that the function f is bijective. This leads to the following corollary.

Corollary 4.1. Let (X, t,I) be a b*-I-paracompact ideal topological space, and let (Y, ) be a topological
space. If a function f : X — Y is bijective, continuous, b*-I-irresolute, and b*-I-open, then the space

(Y, ¢, f(T)) is b*-f (I )-paracompact.

The next theorem provides criteria under which a mapping from a topological space X to a
b*-J -paracompact ideal topological space Y guarantees that X inherits the b*-J-paracompactness
property from Y.

Theorem 4.3. Let (X, T) be a topological space, and let (Y, vy, T ) be a b*-J-paracompact ideal topological

space. Assume a function f : X — Y satisfies the following conditions:
(1) fis open;
() fisb-f~Y(J)-irresolute; and
(3) f is a bijection.

Then, (X, 7, f71(J)) is a b*-f~1( T )-paracompact ideal topological space.
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Proof. Let A = {A, : w € )} be a open cover of X. Since f is open, the collection f(A) = {f(Ay) :
w € O} is an open cover of Y. By hypothesis, f(A) has a precise b*-J-locally finite b*-J-open
refinement 8 = {B,, : w € )} such that

Y - UypeaBo € T

This implies that Y — U,eqB, = ] for some | € J, which means

FHY) =Uoeaf T (Bo) = fTHY) = f 7 (UnenBo) = f(]).
Hence,
X =Ugeaf ™ (Bw) € fH(T).

Let 7 = f~1(9). Since f is b*-I-irresolute, the collection C = {f!(B,,) : w € O} forms a b*-1-
locally finite collection of b*-7-open sets. For each f ~1(B,) € C, since B, € B, there exists A, € A
such that B, C f(A,) as B refines f(A). Thus,

f(Bw) € fH(f(Aw)) = Ao.

The refinement of Aby Cis then asserted. Therefore, (X, 7, 1) is shown to be b*-7-paracompact. O

5. ON PRESERVATION OF b’i-] -PARACOMPACTNESS

This section establishes that b}-7-paracompactness is preserved under certain conditions. We
begin with the following theorem, which characterizes functions from a b}-7-paracompact ideal
topological space (X, 7,7) to another ideal topological space (Y, 1, J), under which the space Y
also inherits the b]-J-paracompactness property.

Theorem 5.1. Let (X, 7, 1) be a bj-I-paracompact and ideal topological spaces and let (Y, y, ) be ideal
topological spaces. Suppose that f : X — Y satisfies the following statements:

(1) f is open;

(2) fis b*-I-irresolute;

(3) fis b*-I-closed;

(4) f is a surjective function;

(5) fY({y}) is b*-I-compact for every y € Y; and

© fI) .
Then (Y, ¢, ) is b}~ -paracompact.

Proof. Let A = {Ay, : @ € O} be a b*-T-open cover of Y. Since f is b*-7-irresolute, the collection
B =|f -1 (Aw) @ w € O} forms a b*-T-open cover of X. Given that X is b’i-[ -paracompact, there
exists a locally finite refinement C = {C, : u € A} of B such that
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Since f is open, the collection f(C) = {f(C,) : u € A} forms an open refinement of A. Moreover,
because X —U,eaCy € 7, it follows that

Y — UyeAf(C‘u) €ed.

Next, we show that f(C) is locally finite. Let y € Y. For each x € f~({y}), since C is locally finite,
there exists an open neighborhood Gy of x that intersects only finitely many members of C. The
collection {Gy : x € f1({y})} is an open cover of f~1({y}). As f~1({y}) is b*-T-compact, there exists
a finite subcollection {K;,, K,, ..., K, } such that

iy Ky, UKy, U---UKy,,

and K, UK,,,U---UK,, intersects only finitely many elements of C.
Now, since f is b*-I-closed, by Lemma 4.1, there exists a b*-J-open set U, containing y such
that
fH(Uy) €K, UKy, U---UK,,.
This implies that f~(U,) intersects only finitely many members of C, and therefore U, intersects
only finitely many members of f(C). Thus, the collection f(C) is locally finite in Y. We conclude
that (Y, ¢, J) is bi-J -paracompact. O

Let (X, ) and (Y, o) denote topological spaces. A function f : (X,7) — (Y, 0) is called almost
closed [23] if for any regular closed set F in X, the image f(F) is closed in Y. A subset K of the
space X is defined as N-closed relative to X if every cover of K by regular open sets of X possesses
a finite subcover.

The following theorem and its corollaries provide characterizations of functions mapping from
a bj-I-paracompact ideal topological space (X, 7, 1) into a topological space (Y, 1), ensuring that
Y inherits the corresponding paracompactness property. The proof of the theorem requires the

following lemma.

Lemma 5.1. [22] Let (X, 1) and (Y, o) be topological spaces and f : (X,t) — (Y, o) be almost closed
surjection with N-closed point inverse. If {U, : a € A} is a locally finite open cover of X, then {f (U, ) : o €
A} is a locally finite cover of Y.

Theorem 5.2. Let (X,7,I) be a bj-I-paracompact ideal topological space and let (Y,1) be an ideal
topological space. Suppose that f : X — Y satisfies the following statements:

(1) f is open;

(2) fis b*-I-irresolute;

(3) f is almost closed; and

(4) f is a surjective function with N-closed point inverse.

Then (Y, ¢, f(I)) is b}-f (I )-paracompact.

Proof. Giventhat f : X — Yissurjective, the image f(7) formsanidealon Y. Let A = {A, : w € )}
be a b}-f(I)-open cover of Y. As f is b*-I-irresolute, the collection 8 = {f~1(A,) : w € Q}isa
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b*-I-open cover of X. Since X is bj-Z-paracompact, the cover 8 has a precise locally finite open
refinement B1 = {C,, : w € )} such that

X_Uweﬂcw € I.

It follows that

f (X - UweQCw) € f(I)
Moreover, we have

Y —Upenf(Cow) € f (X = UpenCa),

which implies

Y~ Unenf(Ca) € f(T).

As f is open, almost closed, surjective, and has N-closed point inverses, and since $; is locally

finite, it follows by Lemma 5.1 that the collection f(8;) = {f(Cs) : @ € O} is locally finite in Y.

Next, we verify that f(8;) refines A. Let f(C,) € f(B1) for some w € Q. Since B; refines B,
there exists w € Q such that C,, € f~!(A,). Then,

f(Co) € F(f(A)) € Aw.
Therefore, (Y, v, f(I)) is b}-f(I)-paracompact. m]

As any compact set is an N-closed set and any closed map is an almost closed map, by Theorem

5.2, we have the following corollaries.

Corollary 5.1. Let a function f : (X,t,I) — (Y, ) be open, b*-I-irresolute, closed, and surjective with
compact point inverse. If (X, t, I') is by-I-paracompact, then (Y, 1, f(I)) is by-f (I )-paracompact.

By observing the proof of Theorem 5.2, we will obtain the following corollary.

Corollary 5.2. Let a function f : (X,t,I) — (Y, ) be open, b*-I-irresolute, almost closed, surjective,
and f(V) is locally finite in Y for every locally finite V in X. If (X,t,I) is bj-I-paracompact, then
(Y, f(I)) is by-f (I')-paracompact.

The following theorem provides properties of a function that maps from a topological space X
to a b}-Z-paracompact ideal topological space Y guarantees that X exhibits identical characteristics
toY.

Lemma 5.2. [13] Let (X, t) and (Y,0) be topological spaces. If f : (X,t) — (Y,0) is a continuous
surjective function and {U, : « € A} is a locally finite in Y, then {f~1(U,) : & € A} is a locally finite in X.

Theorem 5.3. Let (X, T) be a topological space and let (Y, vy, ) be a b}~ -paracompact ideal topological
space. Suppose that f : X — Y satisfies the following statements:

(1) f is continuous;

(2) fis b*-T-open; and

(3) f is bijective.
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Then (X, t, f~1()) is by-f (T )-paracompact.

Proof. Let I = f~1(J). Consider a b*-T-open cover A = {A,, : @ € Q} of X. Since f is b*-T-open,
the collection f(A) = {f(Aw) : @ € Q} is a b*-J-open cover of Y. By assumption, f(A) has a
precise locally finite open refinement 8 = {B,, : w € O} such that Y — U,eqB, € J. That is, there
exists | € J such that Y = Uy,eqBy, U J.

Applying f~! to both sides gives:

X = f_l(Y) = f_l (UweQBw U]) = Umeﬂf_l(Bw) Uf_l(])~

Since f~1(]) € Z, it follows that X — Ugeq f 1 (By) € I. Therefore, C = {f"1(B,,) : w € Q}isalocally
finite open refinement of A, by Lemma 5.2.

Now we confirm that C refines A. Let f~!(B,) € C. Since B, € B and B refines f(A), there
exists f(Ay) € f(A) such that B, C f(A,). Consequently, f~}(B,) € f~}(f(Aw)) = A, because
A, € A. Hence, X is b’i—f -paracompact. m]

CONCLUSION

In this paper, we have introduced and systematically studied two new concepts in ideal topo-
logical spaces: b*-7-paracompactness and b}-7-paracompactness. These notions extend classical
paracompactness through the framework of b*-7-open sets and ideal-based refinements, offering
a more nuanced understanding of covering properties in topological spaces with ideals.

Our main contributions can be summarized as follows:

(1) We established the fundamental theory of b*-7-open sets, proving their essential properties
including:
e Closure under arbitrary unions
e Relationships with classical open and closed sets
e Characterization through b*-7-closure and interior operators
(2) We developed comprehensive characterizations of b*-7-paracompact and bj-Z-
paracompact spaces, including:
e Behavior under subspaces and finite unions
e Preservation under various types of continuous mappings
e Comparison with existing notions like f-paracompactness and J-paracompactness
The supporting examples demonstrate both the generality of our concepts and their dis-
tinctions from classical cases.
(3) We proved several preservation theorems, notably:
¢ Conditions for preservation under continuous, open, and closed mappings
e Stability under surjective functions with compact or N-closed point inverses
e Inheritance properties for unions and intersections
(4) The theoretical framework developed here has significant implications for:
e Extending the general theory of ideal topological spaces
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e Applications in digital topology and geometric modeling
e Developing new approaches to covering properties in generalized topological settings
The results presented in this work not only advance the theoretical understanding of para-
compactness in ideal topological spaces but also suggest several promising directions for future

research. Natural extensions of this work could investigate:

Connections with other generalized separation axioms

Applications in computational topology and geometric analysis

Further refinements of the b*-7-open concept

Relationships with other ideal-based topological properties

Our findings provide a solid foundation for continued exploration of these generalized paracom-

pactness properties and their applications across various branches of topology and its applications.
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