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Abstract. Standard numerical methods such as the implicit and explicit Euler and the Runge-Kutta methods have

been used to approximate solutions of continuous-time transmission dynamics of many diseases. However, their

convergence is conditional. Also, they do not always preserve the key features of the continuous-time model. Most

times, they require a small time step which may increase the computational complexities especially for a long time

horizon. In this paper we construct a nonstandard finite difference (NSFD) method to approximate the solution of a

malaria propagation model. NSFD methods do not suffer from the drawback of time step restriction and preserve the

physics of the problem under consideration. However their accuracy and rate of convergence remain a point of concern.

In the construction of the NSFD scheme that we propose, we consider weights and denominator functions that depend

not only on the time step but also iteratively on the state variables of the discrete model. This guarantees a second order

convergence as opposed to earlier NSFD schemes which were independent of weights and their denominator functions

were solely dependent of the time step. Numerical experiments confirm that the proposed scheme outperforms the

first order NSFD in terms of accuracy and rate of convergence.

1. Introduction

Standard numerical schemes such as Euler and Runge-Kutta methods fail to provide meaningful

approximations of the solutions to continuous-time models for certain step sizes, leading to numer-

ical instabilities [4, 18, 19, 23]. Numerical instabilities occur when a numerical method generates

chaos, oscillations, or inaccurate results. In 1980 Mickens proposed Nonstandard Finite Differ-

ence (NSFD) schemes to overcome those weaknesses often encountered when standard numerical

methods are used [14, 20]. Nowadays, these methods have been applied to solve mathematical

models in real-world situations to describe different phenomena and processes [2, 3, 5, 8, 13, 21].

Received: Jul. 3, 2025.

2020 Mathematics Subject Classification. 34A45, 65L05, 65L12, 65L20, 65L70.
Key words and phrases. malaria model; denominator function; NSFD method; second order; positivity; stability; error

analysis.

https://doi.org/10.28924/2291-8639-23-2025-231
ISSN: 2291-8639

© 2025 the author(s).

https://doi.org/10.28924/2291-8639-23-2025-231


2 Int. J. Anal. Appl. (2025), 23:231

Unfortunately, most of these dynamically consistent NSFD techniques are only first-order accu-

rate [11, 17, 25]. Owing to this, researchers have focused on improving the accuracy of NSFD

schemes, leading to the proposal of higher-order NSFD techniques (see, for example [9,10,15,16]).

The noteworthy findings that center on the high-order NSFD scheme are mentioned below. In

recent works, second-order NSFD methods that preserve positivity and local asymptotic stability

have been developed in [10]. Moreover, the second-order NSFD technique developed in [12]

preserves the positivity, local asymptotic stability, and global asymptotic stability of a general

single-species model. Such methods are said to be dynamically consistent with the corresponding

differential equations; that is, the discrete scheme enjoys the same qualitative features as the

continuous model. Newly proposed NSFD schemes are not only convergent of order two but are

also dynamically consistent with the model under study [9,10, 13]. This leads to advancements in

more accurate numerical solutions of the continuous models.

In this paper, we consider the nonlinear system of differential equations for malaria transmission

dynamics which was studied in [24]. In this compartmental model, the human population is

divided into susceptible humans (Sh), exposed humans (Eh), infected humans (Ih), and recovered

humans (Rh) and the vector population is divided into susceptible mosquitoes (Sm), exposed

mosquitoes (Em), and infected mosquitoes (Im).

The following is the flow diagram for the model showing the malaria transmission dynamics.

Sh Eh Ih Rh

Sm Em Im

Λh

bβhShIm

1 + νhIm αhEh rIh

ωRh

Λm

bβmSmIh

1 + νmIh αmEm

µh σh σm

µh µhµh

µm µm µm

Figure 1. Compartmental model of malaria transmission between humans and mosquitoes
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State variables and parameters for malaria transmission are given in the following tables.

Table 1. Description of state variables
Variable Description

Sh(t) Number of susceptible humans at time t
Eh(t) Number of exposed humans at time t
Ih(t) Number of infectious humans at time t
Rh(t) Number of recovered humans at time t
Sm(t) Number of susceptible mosquitoes at time t
Em(t) Number of exposed mosquitoes at time t
Im(t) Number of infectious mosquitoes at time t

Table 2. Description of model parameters
Parameter Description

Λh Recruitment rate of susceptible humans

Λm Recruitment rate of susceptible mosquitoes

b Mosquito biting rate

βh Transmission probability from infectious mosquito to human

βm Transmission probability from infectious human to mosquito

µh Natural death rate of humans

µm Natural death rate of mosquitoes

δh Disease-induced death rate of humans

δm Disease-induced death rate of mosquitoes

αh Progression rate from exposed to infectious in humans

αm Progression rate from exposed to infectious in mosquitoes

r Recovery rate of humans

ω Rate of loss of immunity in humans

νh Saturation constant (antibody response) in humans

νm Saturation constant (antibody response) in mosquitoes

The propagation of malaria is described by the following non-linear differential equations based

on the flow diagram in Figure 1:

dSh(t)
dt

= Λh −
bβhSh(t)Im(t)
1 + vhIm(t)

− µhSh(t) +ωRh(t),

dEh(t)
dt

=
bβhSh(t)Im(t)
1 + vhIm(t)

− (αh + µh)Eh(t),

dIh(t)
dt

= αhEh(t) − (r + µh + σh)Ih(t),
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dRh(t)
dt

= rIh(t) − (µh +ω)Rh(t), (1.1)

dSm(t)
dt

= Λm −
bβmSm(t)Ih(t)

1 + vmIh(t)
− µmSm(t),

dEm(t)
dt

=
bβmSm(t)Ih(t)

1 + vmIh(t)
− (αm + µm)Em(t),

dIm(t)
dt

= αmEm(t) − (µm + σm)Im(t),

with initial conditions:

Sh(0) = S0h , Ih(0) = I0h , Eh(0) = E0h , Rh(0) = R0h

Sm(0) = S0m , Em(0) = E0m , Im(0) = I0m .
(1.2)

The quantities Λh and Λm are birth rates of humans and mosquitoes respectively. The model

takes into account the latency period, after mosquito bites at a rate b, humans and mosquitoes move

from the class of susceptible to exposed with probability βh and βm respectively. At the end of the

latency period, the exposed humans and mosquitoes move to the infected class at the rate αh, and

αm respectively. The population is decreased by natural death in each compartment at a rate µh for

humans, and µm for mosquitoes. In addition to natural death, the infected mosquitoes and humans

are reduced by induced death at a rate σm and σh respectively. The infected humans transfer to the

recovery class at the rate r, and after some time individuals lose immunity and become susceptible

again at a rate ω. Infected mosquitoes transmit the virus to susceptible humans at a ratio of
Im(t)

1 + vhIm(t)
. The pace at which humans generate antibodies in response to the clash of antigens

released by infected mosquitoes is represented by vh ∈ [0, 1]. Likewise, vm ∈ [0, 1] represents the

mosquitoes’ rate of antibody production against the antigens they come into touch with from

infectious humans.

To the best of our knowledge, the implementation of the high-order NSFD scheme to solve

malaria propagation models has never been attempted before. In this paper, our objective is to

construct a second-order NSFD method that preserves the qualitative properties of the continuous

model (1.1). To achieve this goal, we employ non-local approximations with weights and denom-

inator functions that are not only dependent on the step size. Indeed, we prove that the proposed

second-order NSFD scheme is stable and preserves the positivity and boundedness of the solu-

tions. Moreover, we establish that the equilibrium points and the basic reproduction number of

the discrete model coincide with those of the continuous-time model. Moreover, numerical experi-

ments exhibit the impact of weights and how they affect the accuracy of the method. Furthermore,

we establish numerically the condition for weights that minimizes errors.

The structure of the paper is as follows: in Section 2, we develop a second-order NSFD (2NSFD)

method, prove the positivity and boundedness of solutions, calculate the equilibrium points,

examine the stability, and prove the order of convergence. In Section 3, we perform numerical

simulations of the model. In Section 4, we provide some concluding remarks of our work.
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2. The Second Order NSFD Method

In this section, after constructing the NSFD method, we discuss the qualitative properties of the

discrete solution as well as the stability and convergence of the method.

2.1. Construction of the method. We follow the ideas of [10,14] to construct a second-order NSFD

scheme for the continuous model (1.1). First, we consider the continuous model (1.1) on a finite

interval [0, T] and divide the interval by a uniform mesh such that

0 = t0 < t1 < ..... < tN−1 < tN = T, (2.1)

where ∆t = tk
− tk−1 for k = 1, 2, 3, ...., N is the step size. Let us denote (Sk

h, Ek
h, Ik

h, Rk
h, Sk

m, Ek
m, Ik

m)
T the

intended approximation of (Sh(tk), Eh(tk), Ih(tk), Rh(tk), Sm(tk), Em(tk), Im(tk))T. Using the theory

of NSFD methods(see for example [18, 22]), we discretize the model (1.1) as follows:

Sk+1
h − Sk

h

φ1(∆t, Sk
h, Rk

h, Ik
m)

= Λh −
bβhSk+1

h Ik
m

1 + vhIk
m
− µhSk+1

h +ωRk
h + Φ1Sk

h −Φ1Sk+1
h ,

Ek+1
h − Ek

h

φ2(∆t, Sk
h, Ek

h, Ik
m)

=
bβhSk

hIk
m

1 + vhIk
m
− (αh + µh)Ek+1

h + Φ2Ek
h −Φ2Ek+1

h ,

Ik+1
h − Ik

h

φ3(∆t, Ek
h, Ik

h)
= αhEk

h − (r + µh + σh)Ik+1
h + Φ3Ik

h −Φ3Ik+1
h ,

Rk+1
h −Rk

h

φ4(∆t, Ik
h, Rk

h)
= rIk

h − (µh +ω)Rk+1
h + Φ4Rk

h −Φ4Rk+1
h ,

Sk+1
m − Sk

m

φ5(∆t, Sk
m, Ik

h)
= Λm −

bβmSk+1
m Ik

h

1 + vmIk
h

− µmSk+1
m + Φ5Sk

m −Φ5Sk+1
m ,

Ek+1
m − Ek

m

φ6(∆t, Sk
m, Ek

m, Ik
h)

=
bβmSk

mIk
h

1 + vmIk
h

− (αm + µm)Ek+1
m + Φ6Ek

m −Φ6Ek+1
m ,

Ik+1
m − Ik

m

φ7(∆t, Ek
m, Ik

m)
= αmEk

m − (µm + σm)Ik+1
m + Φ7Ik

m −Φ7Ik+1
m .

(2.2)

where φi(∆t, Sk
h, Ek

h, Ik
h, Rk

h, Sk
m, Ek

m, Ik
m) = ∆t + O(∆t2) as ∆t → 0 (i = 1, 2, 3, 4, 5, 6, 7) is the nonstan-

dard denominator function and Φi (i = 1, 2, 3, 4, 5, 6, 7) is a real number that plays the role of

weight. Nonstandard discretization of the right-hand side of (2.2) uses Φi ∈ R as weights in the

discretization of the zero function. For example, 0 can be discretized as Sh − Sh = Φ1Sk
h −Φ1Sk+1

h .

In scheme (2.2), one notices that if the denominator function φi depends only on the step size ∆t,
and Φi = 0, then NSFD method (2.2) reduces to the first-order NSFD scheme:

Sk+1
h − Sk

h

φ(∆t)
= Λh −

bβhSk+1
h Ik

m

1 + vhIk
m
− µhSk+1

h +ωRk
h,

Ek+1
h − Ek

h

φ(∆t)
=

bβhSk
hIk

m

1 + vhIk
m
− (αh + µh)Ek+1

h ,
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Ik+1
h − Ik

h

φ(∆t)
= αhEk

h − (r + µh + σh)Ik+1
h ,

Rk+1
h −Rk

h

φ(∆t)
= rIk

h − (µh +ω)Rk+1
h , (2.3)

Sk+1
m − Sk

m

φ(∆t)
= Λm −

bβmSk+1
m Ik

h

1 + vmIk
h

− µmSk+1
m ,

Ek+1
m − Ek

m

φ(∆t)
=

bβmSk
mIk

h

1 + vmIk
h

− (αm + µm)Ek+1
m ,

Ik+1
m − Ik

m

φ(∆t)
= αmEk

m − (µm + σm)Ik+1
m .

In the NSFD scheme (2.2), the denominator function φi depends iteratively on the solution.

2.2. Qualitative properties of the discrete solution. We prove the positivity and boundedness of

the solutions and calculate the equilibrium points.

Positivity of solutions

Theorem 2.1. Let Φi ∈ R, satisfy Φi ≥ 0. Then for all values of the step size ∆t, Sk
h, Ek

h, Ik
h, Rk

h, Sk
m, Ek

m, Ik
m ≥ 0

for all values of k ≥ 0 when

S0
h, E0

h, I0
h, R0

h, S0
m, E0

m, I0
m ≥ 0.

Hence, positivity of the model (1.1) is upheld for all finite step sizes by the scheme (2.2).

Proof. For simplicity, we omit arguments of the denominator functions φ1,φ2,φ3,φ4,φ5,φ6,φ7.

We rewrite the scheme (2.2) in the explicit form

Sk+1
h =

(Sk
h + φ1)(Λh +ωRk

h + Φ1Sk
h))(1 + vhIk

m)

1 + vhIk
m + φ1(bβhIk

m) + φ1(µh + Φ1)(1 + vhIk
m)

,

Ek+1
h =

Ek
h(1 + vhIk

m) + φ2(bβhSk
hIk

m + Φ2Ek
h(1 + vhIk

m))

1 + vhIk
m + φ2(1 + vhIk

m)[(αh + µh + Φ2]
,

Ik+1
h =

Ik
h + φ3(αhEk

h + Φ3Ik
h)

1 + φ3((r + µh + σh) + Φ3)
,

Rk+1
h =

Rk
h + φ4(∆t, Ik

h, Rk
h)(rIk

h + Φ4Rk
h)

1 + φ4(∆t, Ik
h, Rk

h)(µh +ω+ Φ4)
, (2.4)

Sk+1
m =

(Sk
m + φ5(Λm + Φ5Sk

m))(1 + vmIk
h)

1 + vmIk
h + φ5(bβmIk

h + (1 + vmIk
h)(µm + Φ5))

,

Ek+1
h =

(1 + vmIk
h)(E

k
m) + φ6(bβmSk

mIk
h + (1 + vmIk

h)Φ6Ek
m)

1 + vmIk
h + φ6(1 + vmIk

h)(αm + µm + Φ6)
,
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Ik+1
h =

Ik
m + φ7(αmEk

m + Φ7Ik
m)

1 + φ7(µm + σm + Φ7)
.

Since all parameters in the system (2.4) are positive, it is clear that if

Sk
h, Ek

h, Ik
h, Rk

h, Sk
m, Ek

m, Ik
m ≥ 0

then

Sk+1
h , Ek+1

h , Ik+1
h , Rk+1

h , Sk+1
m , Ek+1

m , Ik+1
m ≥ 0

holds unconditionally for all state variables. This concludes the proof.

Boundedness of solutions

Theorem 2.2. The solution (Sk
h, Ek

h, Ik
h, Rk

h, Sk
m, Ek

m, Ik
m) ∈ R7

+ of the scheme (2.2) is bounded.

Proof. Let us suppose that Vk
h = Sk

h + Ek
h + Ik

h + Rk
h and Vk

m = Sk
m + Ek

m + Ik
m, then from (2.2) we

have
Vk+1

h −Vk
h

φ1(∆t, Ik
h)

= Λh − µhVk+1
h − σIk

h + Φ1Vk
h −Φ1Vk+1

h ,

Vk+1
m −Vk

m

φ2(∆t, Im)
= Λm − µmVk+1

m − σIk
m + Φ2Vk

m −ΦVk+1
m .

(2.5)

From (2.5), we have

Vk+1
h =

Vk
h(1 + φ1Φ1)

1 + φ1(µh + Φ1)
+

φ1Λh

1 + φ1(µh + Φ1)
−

φ1σhIk
h

1 + φ1(µh + Φ1)
,

Vk+1
v =

Vk
m(1 + φ2Φ2)

1 + φ2(µm + Φ2)
+

φ2Λm

1 + φ2(µm + Φ2)
−

φ1σIk
m

1 + φ1(µm + Φ2)
.

(2.6)

From the first equation of (2.6), we have

Vk+1
h ≤

Vk
h(1 + φ1Φ1)

1 + φ1(µh + Φ1)
+

φ1Λh

1 + φ1(µh + Φ1)

≤
1 + φ1Φ1

1 + φ1(µh + Φ1)

 (1 + φ1Φ1)Vk−1
h

1 + φ1(µh + Φ1)
+

φ1Λh

1 + φ(µh + Φ1)

+ φ1Λh

1 + φ1(µh + Φ1)

=

[
1 + φ1Φ1

1 + φ1(µh + Φ1)

]2

Vk−1
h +

φ1Λh

1 + φ1(µh + Φ1)

[
1 + φ1Φ1

1 + φ1(µh + Φ1)
+ 1

]
≤ · · · ≤

[
1 + φ1Φ1

1 + φ1(µh + Φ1)

]k+1

V0
h +

φ1Λh

1 + φ1(µh + Φ1)

k∑
j=0

[
1 + φ1Φ1

1 + φ1(µh + Φ1)

] j

=

[
1 + φ1Φ1

1 + φ1(µh + Φ1)

]k+1

V0
h +

φ1Λh

1 + φ1(µh + Φ1)


1−

(
1+φ1Φ1

1+φ1(µh+Φ1)

)k+1

1− 1+φ1Φ1
1+φ1(µh+Φ1)

 .

(2.7)
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As k→∞,

lim
k→∞

Vk
h ≤

Λh

µh
. (2.8)

In the same way, for the second equation of (2.6) we have Vk
m →

Λm
µm

as k→∞. This completes the

proof.

Equilibrium points
The disease-free equilibrium [6] of the continuous model (1.1) is given by

E0 =

(
Λh

µh
, 0, 0, 0,

Λm

µm
, 0, 0

)
, (2.9)

and the unique Endemic Equilibrium E∗ exists if and only if R0 > 1 where

R0 =

√
b2αhβhΛhαmβmΛm

µh(αh + µh)(r + σh + µh)µm(σm + µm)(αm + µm)
, (2.10)

with

E∗ =
(
S∗h, E∗h, I∗h, R∗h, S∗m, E∗m, I∗m

)
, (2.11)

and

S∗h =
Λh +ωR∗h
bβhI∗m

1+vhI∗m
+ µh

, E∗h =
(r + δh + µh)I∗h

αh
, R∗h =

rI∗h
µh +ω

,

S∗m =
Λm

bβmI∗h
1+νmI∗∗h

+ µm

, E∗m =
bβmS∗mI∗h

(1 + νmI∗h)(αm + µm)
, I∗m =

αmE∗m
µm + σm

.

Now we need to show that the equilibrium points of the discrete model (2.2) are the same as

those of the continuous model. To find the steady-state solutions of the NSFD scheme (2.2), we set

Sk+1
h = Sk

h, Ek+1
h = Ek

h, Ik+1
h = Ik

h, Rk+1
h = Rk

h, Sk+1
m = Sk

m, Ek+1
m = Ek

m and Ik+1
m = Ik

m. The Scheme (2.2)

becomes

Λh −
bβhSk

hIk
m

1 + vhIk
m
− µhSk

h +ωRk
h = 0,

bβhSk
hIk

m

1 + vhIk
m
− (αh + µh)Ek

h = 0,

αhEk
h − (r + µh + σh)Ik

h = 0, rIk
h − (µh +ω)Rk

h = 0,

Λm −
bβmSk

mIk
h

1 + vmIk
h

− µmSk
m = 0,

bβmSk
mIk

h

1 + vmIk
h

− (αm + µm)Ek
m = 0,

αmEk
m − (µm + σm)Ik

m = 0.

(2.12)

From (2.12), it is easy to notice that the set of equilibria of (1.1) and (2.2) are identical.
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2.3. Stability of the scheme. To determine the stability of the scheme (2.2), we can rewrite the

scheme (2.4) in another form. The first equation in the scheme (2.4) can take the form

Sk+1
h =

Sk
h + φ1

(
Λh +ωRk

h −
bβhSk

hIk
m

1+vhIk
m
− µhSk

h + Φ1Sk
h +

bβhSk
hIk

m

1+vhIk
m
+ µhSk

h

)
1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

) .

By rearranging and factoring out Sk
h, we have

Sk+1
h =

Sk
h

[
1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

)]
+ φ1

(
Λh +ωRk

h −
bβhSk

hIk
m

1+vhIk
m
− µhSk

h

)
1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

) ,

which reduces to

Sk+1
h = Sk

h + φ1
f1(Sk

h, Rk
h, Ik

m)

1 + φ1(∆t, Sk
h, Rk

h, Ik
m)

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

) , (2.13)

where

f1(Sk
h, Rk

h, Ik
m) = Λh −

bβhSk
hIk

m

1 + vhIk
m
− µhSk

h +ωRk
h. (2.14)

By applying the same reasoning to the remaining equations of the scheme (2.4), we obtain

Ek+1
h = Ek

h + φ2
f2(Sk

h, Ek
h, Ik

m)

1 + φ2(∆t, Sk
h, Ek

h, Ik
m)(αh + µh + Φ2)

,

Ik+1
h = Ik

h + φ3
f3(Ek

h, Ik
h)

1 + φ3(∆t, Ek
h, Ik

h)(r + µh + σh + Φ3)
,

Rk+1
h = Rk

h + φ4
f4(Ik

h, Rk
h)

1 + φ4(∆t, Ik
h, Rk

h)(µh +ω+ Φ4)
,

Sk+1
m = Sk

m + φ5
f5(Sk

m, Ik
h)

1 + φ5(∆t, Sk
m, Ik

h)(
bβmIk

h
1+vmIk

h
+ µm + Φ5)

,

Ek+1
h = Ek

m + φ6
f6(Sk

m, Ek
m, Ik

h)

1 + φ6(∆t, Sk
m, Ek

m, Ik
h)(αm + µm + Φ6)

,

Ik+1
h = Ik

m + φ7
f7(Ek

m, Ik
m)

1 + φ7(∆t, Ek
m, Ik

m)(µm + σm + Φ7)
,

(2.15)

where

f2(Sk
h, Ek

h, Ik
m) =

bβhSk
hIk

m

1 + vhIk
m
− (αh + µh)Ek

h,

f3(Ek
h, Ik

h) = αhEk
h − (r + µh + σh)Ik

h,

f4(Ik
h, Rk

h) = rIk
h − (µh +ω)Rk

h,
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f5(Sk
m, Ik

h) = Λm −
bβmSk

mIk
h

1 + vmIk
h

− µmSk
m, (2.16)

f6(Sk
m, Ek

m, Ik
h) =

bβmSk
mIk

h

1 + vmIk
h

− (αm + µm)Ek
m,

f7(Ek
m, Ik

m) = αmEk
m − (µm + σm)Ik

h.

Theorem 2.3. The NSFD scheme (2.2) is elementary stable.

Proof. Assuming that E∗0 is the equilibrium point of (2.2), then from (2.15), the Jacobian matrix of

(2.2) evaluated at E∗0 is

JD(E∗0) =



A11 0 0 A14 0 0 A17

A21 A22 0 0 0 0 A27

0 A32 A33 0 0 0 0

0 0 A43 A44 0 0 0

0 0 A53 0 A55 0 0

0 0 A63 0 A65 A66 0

0 0 0 0 0 A76 A77


, (2.17)

where

A11 = 1 +
φ1

∂ f1(Sk
h,Rk

h,Ik
m)

∂Sk
h

(E∗0)

1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

) , A14 =
φ1

∂ f1(Sk
h,Rk

h,Ik
m)

∂Rk
h

(E∗0)

1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

) ,

A17 =
φ1

∂ f1(Sk
h,Rk

h,Ik
m)

∂Ik
m

(E∗0)

1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

) , A21 =
φ2

∂ f2(Sk
h,Ek

h,Ik
m)

∂Sk
h

(E∗0)

1 + φ2(αh + µh + Φ2)
,

A22 = 1 +
φ2

∂ f2(Sk
h,Ek

h,Ik
m)

∂Ek
h

(E∗0)

1 + φ2(αh + µh + Φ2)
, A27 =

φ2
∂ f2(Sk

h,Ek
h,Ik

m)

∂Ik
m

(E∗0)

1 + φ2(αh + µh + Φ2)
,

A32 =
φ3

∂ f3(Ek
h,Ik

h)

∂Ek
h

(E∗0)

1 + φ3(r + µh + σh + Φ3)
, A33 = 1 +

φ3
∂ f3(Ek

h,Ik
h)

∂Ik
h

(E∗0)

1 + φ3(r + µh + σh + Φ3)
,

A43 =
φ4

∂ f4(Ik
h,Rk

h)

∂Ik
h

(E∗0)

1 + φ4(µh +ω+ Φ4)
, A44 = 1 +

φ4
∂ f4(Ik

h,Rk
h)

∂Rk
h

(E∗0)

1 + φ4(µh +ω+ Φ4)
,

A53 =
φ5

∂ f5(Sk
m,Ik

h)

∂Ik
h

(E∗0)

1 + φ5

(
bβhIk

h
1+vmIk

h
+ µm + Φ5

) , A55 = 1 +
φ5

f5(Sk
m,Ik

h)

∂Sk
m

(E∗0)

1 + φ5

(
bβhIk

h
1+vmIk

h
+ µm + Φ5

) ,

(2.18)
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A63 =
φ6

f6(Sk
m,Ek

m,Ik
h)

∂Ik
h

(E∗0)

1 + φ6(αm + µm + Φ6)
, A65 =

φ6
f6(Sk

m,Ek
m,Ik

h)

∂Sk
m

(E∗0)

1 + φ6(αm + µm + Φ6)
,

A66 = 1 +
φ6

f6(Sk
m,Ek

m,Ik
h)

∂Ek
m

(E∗0)

1 + φ6(αm + µm + Φ6)
, A76 =

φ7
f7(Ek

m,Ik
m)

∂Ek
m

(E∗0)

1 + φ7(µm + σm + Φ7)
,

A77 = 1 +
φ7

f7(Ek
m,Ik

m)

∂Ik
m

(E∗0)

1 + φ7(µm + σm + Φ7)
.

Now we have to find partial derivatives of the system (2.16) with respect to each state variable as

follows

∂ f1(Sk
h, Rk

h, Ik
m)

∂Sk
h

= −
bβhIk

m

1 + vhIk
m
− µh,

∂ f1(Sk
h, Rk

h, Ik
m)

∂Rk
h

= ω,

∂ f1(Sk
h, Rk

h, Ik
m)

∂Ik
m

=
(bβhSk

hIk
m)vh − (1 + vhIk

m)(bβhSk
h)

(1 + vhIk
m)

2
,

∂ f2(Sk
h, Ek

h, Ik
m)

∂Sk
h

=
bβhIk

m

1 + vhIk
m

,
∂ f2(Sk

h, Ek
h, Ik

m)

∂Ek
h

= −(αh + µh),

∂ f2(Sk
h, Ek

h, Ik
m)

∂Ik
m

=
(1 + vhIk

m)(bβhSk
h) − (bβhSk

hIk
m)vh)

(1 + vhIk
m)

2
,

∂ f3(Ek
h, Ik

h)

∂Ek
h

= αh,
∂ f3(Ek

h, Ik
h)

∂Ik
h

= −(r + µh + σh),
∂ f4(Ik

h, Rk
h)

∂Ik
h

= r,

∂ f4(Ik
h, Rk

h)

∂Rk
h

= −(µh +ω),
∂ f5(Sk

m, Ik
h)

∂Ik
h

=
(bβmIk

hSk
m)vm − (1 + vmIk

h)(bβmSk
m)

(1 + vmIk
h)

2
,

∂ f5(Sk
m, Ik

h)

∂Sk
m

= −
bβmIk

h

1 + vmIk
h

− µm,
∂ f6(Sk

m, Ek
m, Ik

h)

∂Ek
m

= −(αm + µm),

∂ f6(Sk
m, Ek

m, Ik
h)

∂Ik
h

=
(bβmSk

m)(1 + vmIk
h) − (bβmIk

hSk
m)vm

(1 + vmIk
h)

2
,

∂ f6(Sk
m, Ek

m, Ik
h)

∂Sk
m

=
bβmIk

h

1 + vmIk
h

,
∂ f7(Ek

m, Ik
m)

∂Ik
m

= −(µm + σm),
∂ f7(Ek

m, Ik
m)

∂Sk
m

= αm.

(2.19)

Moving forward, we analyze the stability of the scheme (2.2) at the disease-free equilibrium (DFE),

E0 =
(

Λh
µh

, 0, 0, 0, Λm
µm

, 0, 0
)
. The entries of the Jacobian matrix (2.17) are:

A11 = 1−
φ1(∆t, Λh

µh
, 0, 0)µh

1 + φ1(∆t, Λh
µh

, 0, 0)(µh + Φ1)
, A14 =

φ1(∆t, Λh
µh

, 0, 0)ω

1 + φ1(∆t, Λh
µh

, 0, 0)(µh + Φ1)
,

A17 = −
φ1(∆t, Λh

µh
, 0, 0) bβhΛh

µh

1 + φ1(∆t, Λh
µh

, 0, 0)(µh + Φ1)
, A22 = 1−

φ2(∆t, Λh
µh

, 0, 0)(αh + µh)

1 + φ2(∆t, Λh
µh

, 0, 0)(αh + µh + Φ2)
,

(2.20)
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A27 =
φ2(∆t, Λh

µh
, 0, 0) bβhΛh

µh

1 + φ2(∆t, Λh
µh

, 0, 0)(αh + µh + Φ2)
, A32 =

φ3(∆t, 0, 0)αh

1 + φ3(∆t, 0, 0)(r + µh + σh + Φ3)
,

A33 = 1−
φ3(∆t, 0, 0)(r + µh + σh)

1 + φ3(∆t, 0, 0)(r + µh + σh + Φ3)
, A43 =

φ4(∆t, 0, 0)r
1 + φ4(∆t, 0, 0)(µh +ω+ Φ4)

,

A44 = 1−
φ4(∆t, 0, 0)(µh +ω)

1 + φ4(∆t, 0, 0)(µh +ω+ Φ4)
, A53 = −

φ5(∆t, 0, Λm
µm

)
bβmΛm
µm

1 + φ5(∆t, 0, Λm
µm

)(µm + Φ5)
,

A55 = 1−
φ5(∆t, 0, Λm

µm
)µm

1 + φ5(∆t, 0, Λm
µm

)(µm + Φ5)
, A63 =

φ6(∆t, 0, Λm
µm

, 0) bβmΛm
µm

1 + φ6(∆t, 0, Λm
µm

, 0)(αm + µm + Φ6)
,

A66 = 1−
φ6(∆t, 0, Λm

µm
, 0)(µm + αm)

1 + φ6(∆t, 0, Λm
µm

, 0)(αm + µm + Φ6)
, A76 =

φ7(∆t, 0, 0)αm

1 + φ7(∆t, 0, 0)(µm + σm + Φ7)
,

A77 = 1−
φ7(∆t, 0, 0)(µm + σm)

1 + φ7(∆t, 0, 0)(µm + σm + Φ7)
.

It is clear that all the eigenvalues of the Jacobian matrix (2.17) satisfy |JD(E∗0)−ΛI| < 1. This shows

that the DFE is locally asymptotically stable. This completes the proof.

Corollary 2.1. If Φi, i = 1, . . . , 7, are real numbers satisfying

Φ1 ≥
−µh

2
, Φ2 ≥

−(αh + µh)

2
, Φ3 ≥

−(r + µh + σh)

2
, Φ4 ≥

−(µh +ω)

2
,

Φ5 ≥
−µm

2
, Φ6 ≥

−(µm + αm)

2
, Φ7 ≥

−(µm + σm)

2
,

(2.21)

then the equilibrium point E∗0 of (2.2) is locally asymptotically stable.

Proof. See [12], Theorem 2.1.

Computation of the basic reproduction number (R0)
We compute the basic reproduction number for the NSFD scheme (2.2) using the next-generation

matrix technique [1]. After reordering the equations of the scheme (2.2), the Jacobian matrix

evaluated at the DFE is

M =



A22 0 0 A27 0 0 0

0 A66 A63 0 0 0 0

A32 0 A33 0 0 0 0

0 A76 0 A77 0 0 0

0 0 0 A17 A11 0 0

0 0 A53 0 0 A55 0

0 0 A43 0 0 0 A44


(2.22)

Where entries of the matrix (2.22) are defined in (2.20). This matrix has the form
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M =

F + T 0

A C

 (2.23)

where

F =


0 0 0 A27

0 0 A63 0

0 0 0 0

0 0 0 0

 , T =


A22 0 0 0

0 A66 0 0

A32 0 A33 0

0 A76 0 A77

 (2.24)

The matrices F and T are non-negative and irreducible. We now compute the basic reproduction

number R0D . The inverse of (I− T), where I is the identity matrix, is

(I− T)−1 =


1

1−A22
0 0 0

0 1
1−A66

0 0
A32

(1−A22)(1−A33)
0 1

1−A33
0

0 A76
(1−A66)(1−A77)

0 1
1−A77

 . (2.25)

So,

F(I− T)−1 =


0 A27A76

(A66)(1−A77)
0 A27

1−A77
A63A32

(1−A22)(1−A33)
0 A63

1−A33
0

0 0 0 0

0 0 0 0

 . (2.26)

The nonzero eigenvalues of F(I− T)−1 are

λa =

√
A63A32A27A76

(1−A22)(1−A33)(1−A66)(1−A77)
, λb =

√
A66A27

(1−A33)(1−A77)
.

By simplifying arguments inside λb, we find it depends on the step size, and this can be proven

numerically that for any given step size, λb is always smaller than λa. From (2.20), the numerator

of λa is

φ2φ3φ6φ7
bβmΛm
µm

αh
bβhΛh
µh

αm

[1 + φ6(αm + µm + Φ6)][1 + φ3(r + µh + σh + Φ3)][1 + φ2(αh + µh + Φ3)][1 + φ7(µm + σm + Φ7)]
,

(2.27)

and the denominator is

φ2φ3φ6φ7(αh + µh)(r + µh + σh)(µm + αm)(µm + σm)

[1 + φ6(αm + µm + Φ6)][1 + φ3(r + µh + σh + Φ3)][1 + φ2(αh + µh + Φ3)][1 + φ7(µm + σm + Φ7)]
.

(2.28)
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By dividing the numerator and the denominator, we have

λa =

√
b2αhβhΛhαmβmΛm

µh(αh + µh)(r + σh + µh)µm(σm + µm)(αm + µm)
= RD

0 . (2.29)

We note that R0 = RD
0 , which means that the NSFD (2.2) preserves the basic reproduction number

of the continuous model.

2.4. Convergence of the NSFD scheme. By employing the technique in [14], we now show that

the NSFD scheme (2.2) is convergent of order 2.

Theorem 2.4. The NSFD scheme (2.2) is accurate of order 2 with global error O(∆t2) for all
(Sk

h, Ek
h, Ik

h, Rk
h, Sk

m, Ek
m, Ik

m) ∈ R7
+ and fi , 0, for i = 1, 2, 3, 4, 5, 6, 7 given in (2.14 and 2.16).

Proof. For the solution components (Sh(t), Eh(t), Ih(t), Rh(t), Sm(t), Em(t), Im(t)), using Taylor series

expansion in the neighborhood of t = tk, we have the following:

Sh(tk+1) = Sh(tk + ∆t) = Sh(tk) + ∆tS′h(t
k) +

∆t2

2
S′′h (t

k) + O(∆t3),

Eh(tk+1) = Eh(tk + ∆t) = Eh(tk) + ∆tE′h(t
k) +

∆t2

2
E′′h (t

k) + O(∆t3),

Ih(tk+1) = Ih(tk + ∆t) = Ih(tk) + ∆tI′h(t
k) +

∆t2

2
I′′h (t

k) + O(∆t3),

Rh(tk+1) = Rh(tk + ∆t) = Rh(tk) + ∆tR′h(t
k) +

∆t2

2
R′′h (t

k) + O(∆t3),

Sm(tk+1) = Sm(tk + ∆t) = Sm(tk) + ∆tS′m(t
k) +

∆t2

2
S′′m(t

k) + O(∆t3),

Em(tk+1) = Em(tk + ∆t) = Em(tk) + ∆tE′m(t
k) +

∆t2

2
E′′m(t

k) + O(∆t3),

Im(tk+1) = Im(tk + ∆t) = Im(tk) + ∆tI′m(t
k) +

∆t2

2
I′′m(t

k) + O(∆t3).

(2.30)

By making use of (2.14) and (2.16) and letting g1(∆t, Sk
h, Rk

h, Ik
m), g2(∆t, Sk

h, Ek
h, Ik

m), g3(∆t, Ek
h, Ik

h),

g4(∆t, Ik
h, Rk

h), g5(∆t, Sk
m, Ik

h), g6(∆t, Sk
m, Ek

m, Ik
h), g7(∆t, Ek

m, Ik
m) to be the right-hand side of the system

(2.13) and (2.15). From (2.13), it is easy to notice that

g1(0, Sk
h, Rk

h, Ik
m) = Sk

h (2.31)

Furthermore, by considering the first derivative of (2.13), we have

∂g1(∆t, Sk
h, Rk

h, Ik
m)

∂∆t
=

[
1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

)]
∂φ1
∂∆t f1 −φ1 f1

∂φ1
∂∆t

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

)
[
1 + φ1

(
bβhIk

m

1+vhIk
m
+ µh + Φ1

)]2 (2.32)
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Remark 2.1. Since φ(∆t) = ∆t + O(∆t2), then
∂φ

∂∆t
= 1 + O(∆t). By neglecting the higher orders of

∂φ

∂∆t
, then we have

∂φ

∂∆t
≈ 1 .

By the Remark 2.1, the equation (2.32) reduces to

∂g1(0, Sk
h, Rk

h, Ik
m)

∂∆t
= f1(Sk

h, Rk
h, Ik

m) (2.33)

Moreover, by taking the second derivative of equation (2.32), we have

∂2g1

∂∆t2 =
D2 ∂

2φ1

∂∆t2 f1 − 2 f1
(
∂φ1
∂∆t

)2 (
bβhIk

m

1+vhIk
m
+ µh + Φ1

)
(D)

D4
, (2.34)

where D = 1 + φ1

(
bβhIk

m

1 + vhIk
m
+ µh + Φ1

)
. Using Remark 2.1, the equation (2.34) reduces to

∂2g1(0, Sk
h, Rk

h, Ik
m)

∂∆t2 =

[
∂2φ1

∂∆t2 − 2
(

bβhIk
m

1 + vhIk
m
+ µh + Φ1

)]
f1. (2.35)

From the first equation of (2.15), we obtain the following by considering the first and second

derivatives:
g2(0, Sk

h, Ek
h, Ik

m) = Ek
h,

∂g2(0, Sk
h, Ek

h, Ik
m)

∂∆t
= f2(Sk

h, Ek
h, Ik

m),

∂2g2(0, Sk
h, Ek

h, Ik
m)

∂∆t2 =

[
∂2φ2

∂∆t2 − 2 (αh + µh + Φ2)

]
f2.

(2.36)

From the second equation of (2.15), we obtain the following by considering the first and second

derivatives:
g3(0, Ek

h, Ik
h) = Ik

h,

∂g3(0, Ek
h, Ik

h)

∂∆t
= f3(Ek

h, Ik
h),

∂2g3(0, Ek
h, Ik

h)

∂∆t2 =

[
∂2φ3

∂∆t2 − 2 (r + µh + σh + Φ3)

]
f3.

(2.37)

From the third equation of (2.15), we obtain the following by considering the first and second

derivatives:
g4(0, Ik

h, Rk
h) = Rk

h,

∂g4(0, Ik
h, Rk

h)

∂∆t
= f4(Ik

h, Rk
h),

∂2g4(0, Ik
h, Rk

h)

∂∆t2 =

[
∂2φ4

∂∆t2 − 2 (µh +ω+ Φ4)

]
f4.

(2.38)
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From the fourth equation of (2.15), we obtain the following by considering the first and second

derivatives:
g5(0, Sk

m, Ik
h) = Sk

m,

∂g5(0, Sk
m, Ik

h)

∂∆t
= f5(Sk

m, Ik
h),

∂2g5(0, Sk
m, Ik

h)

∂∆t2 =

∂2φ5

∂∆t2 − 2

 bβmIk
h

1 + vmIk
h

+ µm + Φ5

 f5.

(2.39)

From the fifth equation of (2.15), we obtain the following by considering the first and second

derivatives:
g6(0, Sk

m, Ek
m, Ik

h) = Ek
m,

∂g6(0, Sk
m, Ek

m, Ik
h)

∂∆t
= f6(Sk

m, Ek
h, Ik

h),

∂2g6(0, Sk
m, Ek

m, Ik
h)

∂∆t2 =

[
∂2φ6

∂∆t2 − 2 (αm + µm + Φ6)

]
f6.

(2.40)

From the sixth equation, we obtain the following by considering the first and second derivatives:

g7(0, Ek
m, Ik

m) = Ik
m,

∂g7(0, Ek
m, Ik

m)

∂∆t
= f6(Ek

m, Ik
m),

∂2g7(0, Ek
m, Ik

m)

∂∆t2 =

[
∂2φ7

∂∆t2 − 2 (µm + σm + Φ7)

]
f7.

(2.41)

Combining (2.31) through to (2.41) with Taylor theorem, we have the following:

Sk+1
h = Sk

h + ∆t f1 +
∆t2

2

[
∂2φ1

∂∆t2 − 2
(

bβhIk
m

1 + vhIk
m
+ µh + Φ1

)]
f1 + O(∆t3),

Ek+1
h = Ek

h + ∆t f2 +
∆t2

2

[
∂2φ2

∂∆t2 − 2 (αh + µh + Φ2)

]
f2 + O(∆t3),

Ik+1
h = Ik

h + ∆t f3 +
∆t2

2

[
∂2φ3

∂∆t2 − 2 (r + µh + σh + Φ3)

]
f3 + O(∆t3),

Rk+1
h = Rk

h + ∆t f4 +
∆t2

2

[
∂2φ4

∂∆t2 − 2 (µh +ω+ Φ4)

]
f4 + O(∆t3),

Sk+1
m = Sk

m + ∆t f5 +
∆t2

2

∂2φ5

∂∆t2 − 2

 bβmIk
h

1 + vmIk
h

+ µm + Φ5

 f5 + O(∆t3),

Ek+1
m = Ek

m + ∆t f6 +
∆t2

2

[
∂2φ6

∂∆t2 − 2 (αm + µm + Φ6)

]
f6 + O(∆t3),

Ik+1
m = Ik

m + ∆t f7 +
∆t2

2

[
∂2φ7

∂∆t2 − 2 (µm + σm + Φ7)

]
f7 + O(∆t3).

(2.42)

Hence, from (2.30) and (2.42), we have the local truncation error given by
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Sk+1
h − Sh(tk+1) = O(∆t3), Ek+1

h − Eh(tk+1) = O(∆t3),

Ik+1
h − Ih(tk+1) = O(∆t3), Rk+1

h −Rh(tk+1) = O(∆t3),

Sk+1
m − Sm(tk+1) = O(∆t3), Ek+1

m − Em(tk+1) = O(∆t3),

Ik+1
m − Im(tk+1) = O(∆t3).

(2.43)

By examining the largest possible error for all time steps, we have the global error given by

max
0≤k≤N

∣∣∣Sk+1
h − Sh(tk+1)

∣∣∣ = O(∆t2), max
0≤k≤N

∣∣∣Ek+1
h − Eh(tk+1)

∣∣∣ = O(∆t2),

max
0≤k≤N

∣∣∣Ik+1
h − Ih(tk+1)

∣∣∣ = O(∆t2), max
0≤k≤N

∣∣∣Rk+1
h −Rh(tk+1)

∣∣∣ = O(∆t2),

max
0≤k≤N

∣∣∣Sk+1
m − Sm(tk+1)

∣∣∣ = O(∆t2), max
0≤k≤N

∣∣∣Ek+1
m − Em(tk+1)

∣∣∣ = O(∆t2),

max
0≤k≤N

∣∣∣Ik+1
m − Im(tk+1)

∣∣∣ = O(∆t2).

(2.44)

This completes the proof.

Remark 2.2. It is important to note that φi, for i = 1, · · · , 7 satisfy (2.46) for

(Sk
h, Ek

h, Ik
h, Rk

h, Sk
m, Ek

m, Ik
m) ∈ R7

+ and fi , 0 given in (2.14) and (2.16).

∂2φ1(0, Sk
h, Rk

h, Ik
m)

∂∆t2 = ρ1(Sk
h, Rk

h, Ik
m) = 2

(
bβhIk

m

1 + vhIk
m
+ µh + Φ1

)
+
∂ f1
∂Sk

h

+
∂ f1
∂Rk

h

f4
f1
+
∂ f1
∂Ik

h

f7
f1

,

∂2φ2(0, Sk
h, Ek

h, Ik
m)

∂∆t2 = ρ2(Sk
h, Ek

h, Ik
m) = 2 (αh + µh + Φ2) +

∂ f2
∂Ek

h

+
∂ f2
∂Sk

h

f1
f2
+
∂ f2
∂Ik

m

f7
f2

,

∂2φ3(0, Ek
h, Ik

h)

∂∆t2 = ρ3(Ek
h, Ik

h) = 2 (r + µh + σh + Φ3) +
∂ f3
∂Ik

h

+
∂ f3
∂Ek

h

f2
f3

,

∂2φ4(0, Ik
h, Rk

h)

∂∆t2 = ρ4(Ik
h, Rk

h) = 2 (µh +ω+ Φ4) +
∂ f4
∂Rk

h

+
∂ f4
∂Ik

h

f3
f4

, (2.45)

∂2φ5(0, Sk
m, Ik

h)

∂∆t2 = ρ5(Sk
m, Ik

h) = 2

 bβmIk
h

1 + vmIk
h

+ µm + Φ5

+ ∂ f5
∂Sk

m
+
∂ f5
∂Ik

h

f3
f5

,

∂2φ6(0, Sk
m, Ek

m, Ik
h)

∂∆t2 = ρ6(Sk
m, Ek

m, Ik
h) = 2 (αm + µm + Φ6) +

∂ f6
∂Ek

m
+
∂ f6
∂Sk

m

f5
f6
+
∂ f6
∂Ik

h

f3
f6

,

∂2φ7(0, Ek
m, Ik

m)

∂∆t2 = ρ7(Ek
m, Ik

m) = 2 (µm + σm + Φ7) +
∂ f7
∂Ik

m
+
∂ f7
∂Ek

m

f6
f7

.

The function φi can be selected using the techniques in [14, 18] such that:

φi(∆t,ρi) =


1−e−ρi∆t

ρi
, if ρi , 0

∆t, if ρi = 0,
(2.46)

The denominator function (2.46) also satisfies the following properties: φi(∆t,ρi) = ∆t2 + O(∆t3)

as ∆t→ 0 and φi(∆t,ρi) > 0 for all ∆t > 0,ρi > 0 [10].



18 Int. J. Anal. Appl. (2025), 23:231

Corollary 2.2. Since weight ensures stability and convergence of the scheme, therefore, choice of

weight is determined by the stability of the method. By letting (S0
h, E0

h, I0
h, R0

h, S0
m, E0

m, I0
m)

T to be

the initial solutions of the scheme (2.2) with right-hand side fi, i = 1, . . . , 7, and assuming that the

second argument of the step by step update function is subject to the Lipschitz condition, then we

have: ∥∥∥fi(X) − fi(Y)
∥∥∥ ≤ LD

‖X−Y‖ , for all {X, Y} ∈ R7
+ (2.47)

where X = (Sk
h1, Ek

h1, Ik
h1, Rk

h1, Sk
m1, Ek

m1, Ik
m1)

T and Y = (Sk
h2, Ek

h2, Ik
h2, Rk

h2, Sk
m2, Ek

m2, Ik
m2)

T. The NSFD

(2.15) step by step update in the scheme provides fi such that:

fi =



f1(Sk
h,Rk

h,Ik
m)

1+φ1(∆t,Sk
h,Rk

h,Ik
m)

(
bβhIkm

1+vhIkm
+µh+Φ1

)
f2(Sk

h,Ek
h,Ik

m)

1+φ2(∆t,Sk
h,Ek

h,Ik
m)(αh+µh+Φ2)

f3(Ek
h,Ik

h)

1+φ3(∆t,Ek
h,Ik

h)(r+µh+σh+Φ3)

f4(Ik
h,Rk

h)

1+φ4(∆t,Ik
h,Rk

h)(µh+ω+Φ4)

f5(Sk
m,Ik

h)

1+φ5(∆t,Sk
m,Ik

h)

(
bβmIkh

1+vmIkh
+µm+Φ5

)
f6(Sk

m,Ek
m,Ik

h)

1+φ6(∆t,Sk
m,Ek

m,Ik
h)(αm+µm+Φ6)

f7(Ek
m,Ik

m)

1+φ7(∆t,Ek
m,Ik

m)(µm+σm+Φ7)
.



(2.48)

By obtaining the partial derivatives of (2.48) and substituting DFE, we have the following Jacobian

matrix:

Jfi =



∂f1
∂Sh

0 0 ∂f1
∂Rh

0 0 ∂f1
∂Im

0 ∂f2
∂Eh

0 0 0 0 ∂f2
∂Im

0 ∂f3
∂Eh

∂f3
∂Ih

0 0 0 0

0 0 ∂f4
∂Ih

∂f4
∂Rh

0 0 0

0 0 ∂f5
∂Ih

0 ∂f5
∂Sm

0 0

0 0 ∂f6
∂Ih

0 0 ∂f6
∂Em

0

0 0 0 0 0 ∂f7
∂Em

∂f7
∂Im


(2.49)

entries in the Jacobian matrix (2.49) are in the system (2.19). One can notice that from the Jacobian

matrix (2.49) all eigenvalues are negative. This shows that all perturbations around the DFE decay

exponentially over time. Moving forward, to obtain the Lipschitz constant LD, we calculate the

maximum row sum of the Jacobian matrix (2.49) which is given by

LD = ‖Jfi‖max row sum = max

 7∑
j=1

|Ji j|

 (2.50)
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Remark 2.3. The Lipschitz constant determines the convergence and stability properties. A smaller

Lipschitz constant shows that the scheme converges close to the true solution.

3. Numerical Simulations

This section showcases the advantages of the second-order NSFD (2NSFD) method and

provides numerical evidence to back-up the theoretical assertions from the preceding section.

We use the data and parameter values provided in Table 3 below (see [23]). By using parameter

values in the Table 3 and substituting them into the Jacobian matrix (2.49), the maximum row

sum (2.50) is LD = 0.39. In our simulations, we use the denominator function given by (2.46) and

t ∈ [0, 300]. As for the weight, we choose Φi = 0 for i = 1, . . . , 7 from Theorem 2.3 since it satisfies

both positivity and stability of the NSFD scheme (2.2).

Table 3. Value of parameters for numerical results

Sh(0) = 700 Eh(0) = 400 Ih(0) = 250 Rh(0) = 100

Sm(0) = 90 Em(0) = 40 Im(0) = 20

Λh = 0.17 Λm = 1.7 βh = 0.1 βm = 0.3

µh = 0.0001 µm = 0.010 σh = 0.2× 10−4 σm = 0.05

αh = 0.2 αm = 0.33 r = 0.012 ω = 0.0011

vh = 0.5 vm = 0.01 b = 0.01

Figure 2. Solution profiles generated by first-order NSFD (2.3) (left) and second-

order NSFD (2.2)(right) schemes for ∆t = 11.

Figure 2 shows that the second-order NSFD scheme for humans preserves the positivity, bound-

edness, and stability of the solutions for large step sizes. This validates Theorem 2.1 and Theorem

2.3. The same is observed for the first-order NSFD method.

Due to the unavailability of the exact solution, we employ the double-mesh principle [7] to

estimate the error EDM as follows.

EDM = |Sh(∆t)(tend) − Sh( ∆t
2 )(tend)|+ |Eh(∆t)(tend) − Eh( ∆t

2 )(tend)|+ · · ·+ |Im(∆t)(tend) − Im( ∆t
2 )(tend)|,

(3.1)
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where tend = 300. The convergence rate is approximated by

Rate = log2

(
EDM(∆t)

EDM(∆t/2)

)
. (3.2)

Table 4. Errors and convergence rates

∆t 2NSFD Errors Rate 1NSFD errors Rate

22 5.60× 10−1 – 1.03× 100 –

21 1.69× 10−1 1.7311 5.31× 10−1 0.9615

20 4.57× 10−2 1.8829 2.69× 10−1 0.9808

2−1 1.17× 10−2 1.9712 1.35× 10−1 0.9901

2−2 2.90× 10−3 2.0085 6.80× 10−2 0.9950

2−3 7.17× 10−4 2.0152 3.40× 10−2 0.9975

2−4 1.78× 10−4 2.0114 1.70× 10−2 0.9988

2−5 4.42× 10−5 2.0068 8.52× 10−3 0.9994

2−6 1.10× 10−5 2.0037 4.26× 10−3 0.9997

2−7 2.75× 10−6 2.0019 2.13× 10−3 0.9999

2−8 6.88× 10−7 2.0010 1.07× 10−3 0.9999

2−9 1.72× 10−7 2.0006 5.33× 10−4 1.0004

2−10 4.30× 10−8 2.0000 2.66× 10−4 0.9992

Despite both the 1NSFD and the 2NSFD schemes being dynamically consistent with the

continuous-time model, Table 4 confirms that the 2NSFD method is more accurate than the 1NSFD

method. The errors are computed using the equation (3.1) and the convergence rate using (3.2).

This fact is further highlighted in Figure 3 where the error vectors estimated via the double-mesh

principle are plotted using 200 and 400 subintervals.

Figure 3. The errors versus time for 2NSFD and 1NSFD. (Left: Susceptible humans,

Right: Infected humans).

Since weights (Φi) are presumed to be non-negative, one wonders whether any positive number

can be used to compute the errors. We use different positive values of Φ which satisfy condition

(2.21) in Table 5 to address this.
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It turns out that Φ affects errors in the sense that the error increases with the value of Φ. We

notice that the choice of weight (Φ = 0) satisfies the stability condition, and it is the optimal value

to minimize the errors of the NSFD scheme(2.2).

Table 5. Double-mesh errors, and convergence rate with different Φ values for 2NSFD

∆t Error(Φ = 0) Rate Error(Φ = 0.2) Rate Error(Φ = 0.5) Rate

22 5.60E01 – 8.16E-01 – 9.41E-01 –

21 1.69E-01 1.7311 3.02E-01 1.4355 3.97E-01 1.2452

20 4.57E-02 1.8829 9.65E-02 1.6445 1.45E-01 1.4515

2−1 1.17E-02 1.9712 2.77E-02 1.8025 4.63E-02 1.6478

2−2 2.90E-03 2.0085 7.40E-03 1.9010 1.33E-02 1.7971

2−3 7.17E-04 2.0152 1.91E-03 1.9531 3.59E-03 1.8915

2−4 1.78Ee-04 2.0114 4.85E-04 1.9781 9.33E-04 1.9443

2−5 4.42E-05 2.0068 1.22E-04 1.9896 2.38E-04 1.9719

2−6 1.10E-05 2.0037 3.07E-05 1.9950 6.01E-05 1.9859

2−7 2.75E-06 2.0019 7.68E-06 1.9975 1.51E-05 1.9929

2−8 6.88E-07 2.0010 1.92E-06 1.9988 3.78E-06 1.9965

2−9 1.72E-07 2.0006 4.80E-07 1.9994 9.47E-07 1.9982

2−10 4.30E-08 2.0000 1.20E-07 1.9995 2.37E-07 1.9992

Remark 3.1. It is worth noting that the value of the weight guarantees the stability of the underlying

NSFD scheme. The weight must be a non-negative real number. In Table 5, the optimum weight is

Φ = 0. This is simply a coincidence. In other situation the optimum weight can be strictly positive

(see for example [14]).

4. Conclusion

We developed a NSFD scheme for a malaria propagation model. The scheme comprises

weights and denominator functions that depend, not only on the step-size, but also iteratively

on the state variables. We showed that the constructed scheme is dynmanically consistent with

the continuous-time model in that it preserves the positivity, boundedness and stability of the

solution. Additionally, the equilibrium points and the basic reproduction number of the proposed

discrete model coincide with those of the continuous one. Moreover we proved that the scheme

is second-order convergent. Furthermore, we determined numerically the optimal weight for the

scheme (for the minimal error).
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