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Abstract. In the exploration of Neutrosophic fine spaces, this article investigates and study a novel concept known as
Neutrosophic fine open sets (NfOS). After giving the fundamental concepts of Neutrosophic fine open sets (NOS) in
topological spaces, we present the properties of these sets, the study obtained and analyzes both Neutrosophic fine
open and closed sets within the context of Neutrosophic fine spaces. The article establishes fundamental definitions,
accompanied by illustrative real time example, to provide a comprehensive understanding of the newly introduced
sets. Furthermore, the exploration extends to defining and examining key concepts such as Neutrosophic fine conti-
nuity, Neutrosophic fine irresoluteness, and Neutrosophic fine irresolute homeomorphism. This progression aims to

contribute to the broader comprehension and application of Neutrosophic fine spaces in topological contexts.

1. HiSTORICAL BACKGROUND

Neutrosophic system was defined by Smarandache at the beginning of 20th century In various
recent papers, has laid the foundation for a whole family of new mathematical theories generalizing
both their fuzzy and classical counterparts, and have wide range of real applications for the fields
of decision making,Medicine, Applied Mathematic,Information Systems, Computer Science. F.
Smarandache modified the concepts of intuitionistic fuzzy sets and different styles of sets to
obtained neutrosophic sets (NSs for short) [13].

F. Smarandache and A. Al Shumrani obtained the concept of neutrosophic topology on the
non-general and standard interval [14,17]. Several authors was extended this principle with many
applications (see [4,5,16,19,27-30,32]). Recently, Alomari and Smarandache [26,27] introduce and
discussed the concepts of continuity in neutrosophic topology.

S. Saha [21] introduced 6-open sets in topological spaces. In 2021, Vadivel and John Sunda [4]
defined 6-open sets in a neutrosophic topological space. E. Ekici [12] introduced and discussed the
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notion of e-open sets in a general topology. Several authors was extended and studied this principle
with many Topological space [24].Seenivasan and Kamala [23] in 2014 introduced fuzzy e-open
sets in a topological space along with fuzzy e-continuity. Vadivel et al. [6] studied Neutrosophic
e-open sets in Neutrosophic topological space.

In [8] Vadivel, introduced the notions of Neutrosophic e-open sets and Neutrosophic e-
continuity. Throughout this paper, we define and study the concept of Neutrosophic e-
compactness. This concept is stronger than the notion of Neutrosophic compactness . Also
we investigate the behavior of Neutrosophic e-compactness under several types of Neutrosophic
continuous functions in addition specialized some of their basic properties. Finally, we define a

Neutrosophic locally e-compactness and give some results on it.

Definition 1.1. [1] Let Z be a non-empty set. A neutrosophic set (NS for short) R is an object having the
form R = {(r, ug(r),0x(r), yr(r)) : r € Z}, where y(r), g (r), ug(r), and the degree of non-membership
(namely y(r) ), the degree of indeterminacy (namely o (r)), and the degree of membership function (namely
(7)), of each element r € Z to the set R.

Since our main purpose is to construct the tools for developing neutrosophic set and neutro-
sophic topology, we must introduce the Neutrosophic sets (NSs) Oy and 1y [1] in Z are introduced
as follows:

1 —On can be defined as four types:

(1) Oy = {(r,0,1,0) : r € Z},
(2) O = {(r,0,0,0) : r € Z},
(B) O = {(r,0,0,1) : re Z},

{ }

(4) Oy = {(r,0,1,1) : r € Z}.
2- 1y can be defined as four types:

1) In=Kr1,1,1):reZ),

2 In={(r1,1,0):re Z},

3) In =1{(r,1,0,0): r€ Z},

4) Iy ={(r,1,0,1) : r € Z}.

Definition 1.2. [1] Let {A; : j € ]} be a arbitrary family of NSS in Z, then
(1) Intersection and Union NA;, UA; may be defined as follows:
-Tq: ﬂAj = (r,j{g\][,lA]‘(T), /\]GA]‘(}’), V)/Aj(i’»

-T»: mA]- = (r,j/e\]pA]-(r) VOA](T’> V])/Aj<7’)>.
Tiz UA;j = (Y aj(r), VGA](r) i)
-Tr: UA; = (r, j\e/]ij(r) /\GA](T) /\]?/Aj(V»

Definition 1.3. Let R = (uz(r),ox(r),yg(r)) be an NS on Z. [10] The complement of the set
R(C(R), for short) may be defined as follows:
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(1) C(R) = ({r,1 = ug(r),1=yg(r)):re Z},
(2) C(R) = {(r, yr(r), 0r(r), ur(r)) : v € Z},
(3) C(R) = {(r, yr(r), 1 = og(r), ug(r)) : 7 € Z}.

Definition 1.4. [1] Let X be a non-empty set, and GNSS H and K in the form H = {r, up(r), ou(r), yu(r)},
K = {r, ux(r),ox(r), yx(r)}, then we may consider two possible definitions for subsets (H C K)
(H € K) may be defined as

(1) Ty: HC K © up(r) < ux(r), ou(r) < ox(r),and yu(r) = yk(r).
(2) Tr: HC K © up(r) < ux(r), ou(r) = ox(r),and yu(r) > yk(r).

Definition 1.5. [15] A neutrosophic topology (NT for short) and a non empty set Z is a family T of
neutrosophic subsets of Z satisfying the following axioms

(1) On, In €T

(2) HHNHy €T forany Hi,Hy € T

B) UH, e T ,V{H|lje ]} CT.

The pair (Z,T) is called a neutrosophic topological space (briefly NTS).

Definition 1.6. [1] Let R = {ug(r),0x(r), vx(r)} be a neutrosophic open sets (briefly NROs) and
B = {ug(r),08(r), y8(r)} a neutrosophic set on a neutrosophic topological space (Z, 7). Then

(1) R is called neutrosophic regular open iff R = NInt(NCI(R)).
(2) The complement of neutrosophic reqular open (NROs) is neutrosophic reqular closed (briefly NRCs).

Definition 1.7. [7] Let (Z,7) be NTs on Z and A be an Ns on Z. A set A is said to be a Neutrosophic

(1) o-interior of A (for short, NoInt(A)) is defined by
NoInt(A) = U{K: KC A,Kis aNROs € Z}.

(2) o-closure of A (for short, NOCI(A)) is defined by
NOCI(A) = (W{L: ACL,LisaNRCs e Z}.

Definition 1.8. [7] Let (Z,7) be NTs on Z and A be an Ns on Z. A set A is said to be a

(1) Neutrosophic 6-open set (briefly, NOOs) if A = NoInt(A).

(2) Neutrosophic 6-pre open set (briefly, N6 POs) if A € NInt(NO6CI(A)).

(3) Neutrosophic 6-semi open set (briefly, N 6 SOs) if A ¢ NCI(NoInt(A)).

(4) Neutrosophic 6-a-open (or) a-open set (briefly, NoaOs (or) NaOs) if A € NInt(NCI(NoInt(A))).
(5) Neutrosophic e*-open set (briefly, Ne*Os) if A € NCI(NInt(N6CI(A))).

(6) Neutrosophic p-open set (briefly, NBOs) if A € NCI(NInt(NCI(A))).

Definition 1.9. [6] Let (Z,7T) be NTs on Z and A be an Ns on Z. A set A is said to be a

(1) Neutrosophic e-open set (briefly, NeOs) if A € NCI(NoInt(A)) U NInt(No6CI(A)),
(2) Neutrosophic e-closed set (briefly, NeOs) if A 2 NCI(NoInt(A)) N NInt(NO6CI(A)).
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Remark 1.1. From the above definition and some types of NOS's,we have the following diagram:

N6 Os

Ne-open

Nosaiapr | —

Ne*-open

Nb-a-open

-~ ’ Nopre-open

Definition 1.10. [6] Let R be an NS and (Z, 7 ) an NT where R = {r, ug(r), og(r), vx(r)}. Then,
(1) NCL.(R) = N{H : His an NeCS in Z and R C H}.
(2) NInt,(R) = U{W : W is an NeOS in Z and W C R}.

It is clear that R is an NeCS (NeOS) in Z iff R = CL(R)(R = Int,(R)) .

Definition 1.11. [26] Let (Z,T) be a neutrosophic topological space and x, ;s be a neutrosophic point in
Z. A neutrosophic set S of Z is called a neutrosophic neighbourhood if there exists a neutrosophic open set
Xrts ih L such that pe € X, < S.

Definition 1.12. Let (X, 71), (Y, T2) be two NTSs, and let f : X — Y be a function, then
(1) IfA = {pz(A),04(A),y 1(A)} be a neutrosophic sets (briefly Ns) in Y then the preimage of A under
f, denoted by f-1(A) is a Ns in X defined by f~1(A) = [f"1(uz(A)), f 1 (04(A)), £ (ya(A))}
() If B = {ug(B),05(B),y5(B)} be a neutrosophic sets (briefly Ns) in X then the image of B under f,
denoted by f(B) is a Ns in f defined by £(B) = {F(ua(B)), f(05(B)), f(ys(B))L

Definition 1.13. [20] Let N(Z) be the set of all neutrosophic sets over Z. A NP x,;s € N(Z) is said to
be quasi-coincident with a NS B € N(Z) or x,1s € N(Z) quasi-coincides with a NS B € N(Z), denoted

by x,45qB, iff r > pze(x) or t <oz (x) ors < yze(x),ie, r>yz(x)ort <Ily—o4(x)ors < pz(x).

A NS B is said to be quasi-coincident with a NS A at x € Z or B quasi-coincides with A at x € Z,
denoted by BqA at x, iff ug(x) > pz(x) or o5(x) < op(x) or yg(x) < yj4(x). Now B quasi-coincides
with A or B is quasi-coincident with A, denoted by BqA, iff A quasi-coincides with A at some point x € Z.
Thus B quasi-coincides with A or B is quasi-coincident with A iff there exists an element x € Z such that
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p(x) > i (¥) o a5(x) < 04 (¥) 0r ya(x) < ya(x), i y(x) > 74(%) or ap(x) < Ty —04(x) or
yp(x) < pi(x). If the NP x, s is not quasi-coincident with a NS B, we shall denote it by x,;s4B.

A NS N is called e-nbd of x, s if there exists an NOS Q in N'(Z) such that x,;s € Q < N.

Similarly if the NS B is not quasi-coincident with the NS A, we shall denote it by BJA. The set of all the
points in Z, at which BqA, will be denoted by BOA, i.e., BOA = {x € Z : BgAlat x.

Definition 1.14. [11]Let (Z,T) bea NTS. A collection {H,, : v € A} of neutrosophic closed sets (NCs) of Z
is said to have the finite intersection property (briefly, FIP) if every finite sub-collection {H,, : j = 1,2, ..., n}
of {H, : v € A} satisfies the condition ﬂl;zl H,, # 0, where A is the index set.

Definition 1.15. [11]Let (Z,T) beaNTSand S € N(Z). A collection G = {H,, : v € A} of neutrosophic
open sets of Z is said a neutrosophic open cover (briefly, NOC) of S if S € VyeaH,. Then said G covers S.
In general, G is said to be an NOC of Z if S = VyepH,y.

Let G bea NOC of the NS S and G' € G. Then G is said a neutrosophic open subcover (briefly, NOSC)
of Gif G covers S. ANOC of S is said to be finite (resp. countable) if it consists of a finite (resp. countable)

number of neutrosophic open sets.

Definition 1.16. [11] A neutrosophic set S in an NTS (Z,T) is called to be a neutrosophic compact
(N-compact, for short) set if every NOC of S has a finite NOSC. In particular, the space Z is said to be a
neutrosophic compact space if every NOC of Z has a finite NOSC.

2. NEUTROSOPHIC €-COMPACTNESS

Definition 2.1. A neutrosophic topology (Z,T) (NT, for short) is said to be neutrosophic locally-compact
(briefly, N-L-compact) if for every NP x,;s € N (Z) there is a N-nbd S of x, s such that x,;s € Sand S is a

neutrosophic-compact relative to Z.

Definition 2.2. Let (Z,T') bea NTS on Z and x,;sa NP in Z. ANS S is called e-e-nbd (eeq-nbd) of x, s
if there exists a NeOS Q € Z such that x,;5 € Q < S (x41:9Q < S).

Definition 2.3. A neutrosophic topology (Z,T') (NT, for short) is said a N6 S-compact(resp. NOP-compact,
No-a-compact, Ne*-compact, NB-compact) iff every family of N6 SOs (resp. NOPOs, No 6-aOs, Ne*Os,
NBOs) cover of Z has a finite subcover.

Definition 2.4. Let (Z,T) be a NTS and S € N(Z). A collection G = {H,, : v € A} of neutrosophic
e-open sets of Z is said a neutrosophic e-open cover (briefly, NeOC) of S if S C VyepaH,. Then said G covers
S. In general, G is said to be an NEOC of Z if S = VyeaH,.

Let G be a NeOC of the NS S and G € G. Then G is said a neutrosophic e-open subcover (briefly,
NeOSC) of G if G’ covers S.

A NOC of S is said to be finite (resp. countable) if it consists of a finite (resp. countable) number of
neutrosophic e-open sets.
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Definition 2.5. A neutrosophic topology (Z,T') is called neutrosophic e-compact (briefly, Ne-compact) iff
every NeOSs cover of Z has a finite subcover. Also (Z,T') is called Ne-compact relative to Z iff every
NeOSs cover of Z has a finite subcover.

Example 2.1. Consider the NTS (Z,T'), where Z = {x, y},

_ X y X Y X y
Hy =\z\== wx || = = ) | == == |)
n+l 3392 n+2  n+3 n+3  n+2

and I' = {0,1}U{H, : n € N}. Note that \ J,cy Hy is a open cover for Z,but this cover has no finite

subcover. Consider

and observe that H; U Hp U Hj. So, for any finite sub-collection {H,;j : j €
A, where Ais a finite subset of N}, Unj € AH,j = Hy = 1y, where w = max{nj : ni € A}.Therefore
NTS (Z,T) is not compact.

From the above definitions of compactness the relations in the following diagram is clear,

Remark 2.1. From the above definition and some types of NOS's,we have the following diagram:

N-semi compact ’ Ne-compact ‘ N -pre compact

’ Ne*-compact ‘

’ Noé-a-compact ‘

Theorem 2.1. A neutrosophic topology (Z,T) is Ne-compact iff every family H = {H,, : v € A},where
H, = {r, un,(r),on,(r), yn,(r)} v € A of NeCS in Z having the FIP, we have )\ ,cp Hy, # On.

Proof. Let {r, um, (1), 0m,(r), ya,(r)} : v € A be a family of NeCS in Z which satisfies the finite
intersection property (FIP). To show that A eal?, pa, (1)
,om, (1), vm, (r) : v e A} # Oy, now let A eal?, pm, (1), 0, (1), va,(r) : v € A} # Oy. Then we have

\Ar, un, (r),0m, (1), va, (r) : v e A} = 1y. Then{r, un, (r), 0n, (1), va, (1)} : v € A is a NeOS cover
of Z. Since Z is Ne-compact, there exist a finite subfamily {< 7, un, (r), om, (*), yu, (r) >: v =
1,2,...,n} such that \/}_, H, = 1y and so Ap_1 Hy = Oy which is a contradiction with the FIP of
the family. Hence A}_; H, # On.



Int. J. Anal. Appl. (2025), 23:203 7

Conversely, let H = {H, : v € A} be a NeOSs cover of Z, and suppose that Z is not Ne-compact.
Then there is no finite subfamily of H cover of Z. Now, \/},_; H, # 1y implies A\},_; H, # On. Since
the family H = {H,, : v € A} satisfies the FIP. Therefore A _, H, # Oy so that Ap_1 Hy # 1 which is

a contradiction and then Z is a Ne-compact. m]

Theorem 2.2. Let S is a Ns of a neutrosophic topology (Z,T') is Ne-compact relative to Z iff every family
Q ={Qu : v e A}, where Q, = {r, ug,(r),00,(r), vq,(r) : v € A} of Ns in Z having the finite intersection
property (FIP) such that \;_; Q,qS, then we have \g o NCL(Qy) A S # On.

Proof. Suppose S = {r, us(r),os(r), ys(r)} not to be Ne-compact relative to space Z, so that there
exists a NOS cover K of Z such that K has no finite subcover H . Hence \/,, ey wy(r) < S(r),
for some r € S, (ie. us(r) < Viy,ey tw,r 05 > Awyen 0w, and ys > Ay cyVw,. Therefore
Vw,ert Wy (r) > S(r) > Oy and so that H = {W, : w, € K} has the (FIP) and A,y @u(r)qS, (now,
suppose wy, = {r, tw, (1), 0w, (1), Vw,(r)}, then Aw, = {r, A, (*), Vou,(r), Vyw,(r)} and for the
reason that us(r) > \/ w, (), hence A\, cy Wy (7)4S. By assumption A, <y NCL(w,) A S # Oy and
then A\, <y Wy A S # On. Hence for some r € S A\, gy Wy > Oy this implies \/, cy Wy < 1y, which
is a contradiction. Then S is Ne-compact relative to Z.

Conversely, suppose that there exists a family Q of NS having the FIP such that Aj_; Q,4S
and Ap,eoNCL(Qy) AS = On. Hence for each r € S, (Ag,eq NCl(Qy)(r)) = Oy and then
(V0,eq NCL(Qy))(r) = In. Then K = {NCL(Q,) : Qu € Q} is an NeOS cover of S. Since S is a Ne-
compact to Z, hence there exists a finite subcover, now we say {NCl,(Q1), NCl.(Q2), ..., NCl,(Qn)}

s.t V_; NCL(Qy)(r) = S(r) for each r € S. Then A]_; NCL.(Q,)(r) < S(r) for each r € S, (i.e.,

ENCL(Q)) S HS, ONCL(Q,) 2 a(S) and YNCL(Qy) = y(S)) therefore A\!_; NCL(Q,)4S(r), a contradic-
tion. Then we got the result. m]

Theorem 2.3. Every NeCS of a Ne-compact space (Z,T') is Ne-compact relative to Z.

Proof. Let Q = {r,ug,(r),00,(r),70,(r) : v € A} be a family of NS having the finite intersection
property (FIP) and Sq A\, <, holds for each finite sub-collection Qg of Q and a NeCS S. Consider
Q" = SV Q. For each finite sub-collection Qj of Q, if S ¢ Qj, hence /\QUGQB Qy # On. Now if
S € Qj and since Sq A Q, such that Q, € Qf and Q, ¢ S, which implies /\QUEQB Q, # Oy . Since
Q" is a family of NS having the FIP. Hence Z is Ne-compact, then /\QUGQ* Q. # Oy therefore
No,eq Cle(Qu) # On, this implies A\g o Cle(Qu) AS = Ag,eq Cle(Qv) A CLS) # On . Then by
Theorem 2.2, S is a Ne-compact. O

Theorem 2.4. If L is a neutrosophic e-closed crisp set in Z and S is an Ne-compact relative to Z, then
SV L is a Ne-compact relative to Z .

Proof. Let S = {r,us(r),05(r),s(r) : v € Ayand L = {r,ur(r),00(r),yr(r) : v € A}. Let Q =
{Qu : v e A}, where Q, = {r, ug,(r),00,(r),vq,(r) : v € A} is a NeOS cover of SAL,ie, SAL <
Vg,eq Qu - Which implies that (us A p)(r) < Vg,eq #(Qu)(r), (05 Var)(r) £ Vg,eq0(q,)(r) and
(ysVyL)(r) 2 Vg,eq V() (1), for every r € SA L. Since L = {r,yL(r),oL(r),uc(r) : v € A} is
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a neutrosophic e-open crisp set in Z and LV (V,c0 Qv) = (,Vo,e0 K@y V Y1 Noyea 9(0y) V
oL, NQ,eQ Y (Qy) V HL), then L v Q is a NeOS cover of S, (since S <L V (SAL), hence s < yrV (us A
pr) < oLV (Vg,eo tQ,) » 9s = (0sVor) Aogand ys > (ys VyL) A up, then as > (s V o) Aog =
(0sVoL)Vas < Vg,e00(0,) VHL = V,e0(Quv A pir). By assumption S is a Ne-compact relative to
Z, this implies there exists a finite subcover of S, this mean there exists Q,, (v = 1,2, ...,n) such
that S < /" Q, VL. Since S is a neutrosophic e-open crisp set, hence SAL < /" Q,. Therefore
S A L is an Ne-compact relative to Z. m]

Theorem 2.5. Let {Q, : v = 1,2,...,n} be a finite family of Ne-compact subsets of neutrosophic topological
space (Z,T), then \/, Q,, is Ne-compact relative to Z.

Proof. Let V. ={V;:1€ L}, where V; = {r, uy,(r),ov,(r), yv,(r) : v € A} be a NeOS cover of \/}, Q,,
this implies V is a NeOS cover of Q,, for any (v = 1,2,...,n). Hence for any (v = 1,2,...,n), there
exists a finite subset L, of L such that Q, < \/;¢;, VVi. Then, \/j_; Qy < V¢, VVL, where /| _; L,
is a finite subset of L. which implies that \/|_; Q, is Ne-compact relative to Z. m|

3. NEUTROSOPHIC ¢-COMPACTNESS AND FUNCTIONS

Definition 3.1. [4] Let (Z,T1), (R, I'2) be two neutrosophic topological spaces’s (NTSs). A map and g :
Z — Ris called neutrosophic (resp. 0, 6S, 6P, e, p and e*) open map(briefly, NO(resp. NOO,NOSO,N6PO,
NeO, NBO and Nse*O)) if the image of each Nsos in (Z,T1) is a Nos (resp.NOs,N6SOs,NOPOs, NeOs,
NBOs and Ne*Os) in (R, T2).

Remark 3.1. From the above definition and some types of NOS's,we have the following diagram:

N-map

[y | —— [ Ny

Ne*-map

Np map
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Definition 3.2. Let (Z,T1), (R,T2) be two neutrosophic topological spaces’s (NTSs) and § : Z — Ra
function. Then g is called,

(1) Neutrosophic continuous [6] (briefly, N-conts.) if and only if the preimage of every NOS in R is a
NOSin Z.

(2) Neutrosophic e-continuous [6] (briefly, Ne-conts.) if and only if the preimage of every NOS in R is
a NeOS in Z.

(8) Neutrosophic e-irresolute [6] (briefly, Ne-irrl.) if and only if the preimage of every NeOS in R is a
NeOS in Z.

(4) Neutrosophic open [25] (resp. e -open) (briefly, NO (resp. NeO)) if and only if the image of every
NOS in R is a NeOS (resp. NeOS) in in Z.

Definition 3.3. Let (Z,T1), (R,T2) be two neutrosophic topological spaces’s (NTSs) and ¢ : T — Ra
function. Then g is said to be,
(1) Pre-Neutrosophic e-open (briefly, pre-NeO) if and only if the image of every NeOS in R is a NeOS
inZ.
(2) Neutrosophic e*-irresolute (briefly, Ne*-irrl.) if and only if the preimage of every NeOS in R is a
NeOS in Z.

Remark 3.2. From the above definitions none of these implications is reversible in the following two
diagrams:

(1)’ Ne*-irrl. function ‘—>’ N-Conts. function ‘

| |

’ Ne-irrl. function ‘—>’ Ne-Conts. function ‘

(2)’ pre-NeO function ‘—>’ Ne-Conts. function ‘<—’ N-Conts. function ‘

Theorem 3.1. Let (Z,T'1), (R, T2) be two neutrosophic topological spaces’s (NTSs) and g : Z — Risa
Ne-irresolute surjection function. If (Z,T1) is Ne-compact, then (R, T3 ) is Ne-compact.

Proof. Let Q = {Q, : v € A}, where Q, = {r,ug,(r),00,(r),vq,(r) : v € A}, be a NeOS cover of
R. Hence from the Ne-irrl. of g, which implies that S = {¢g1(Q,) : v € A} is a NeOS cover of Z.
Since (Z,T) is Ne-compact, then there exist {Q, : v = 1,2,...,n} such that \/!_; ¢71(Q,) = 1n.

Hence g(V"_; ¢74Qv)) = Vi_1 897 1HQy) = V'_; Qy = g(1n) = 1y. This implies that (R, T,) is
Ne-compact. O

Corollary 3.1. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — R is
Ne-conts. function. surjection and Z is a Np-compact then R is a N-compact.

Proof. From Remark 2.1 since every Np-compact is Ne-compact, then the proof is obvious. m]
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Theorem 3.2. Let (Z,T1), (R,T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Ris

Ne-conts. function. surjection and Z is a Ne-compact then R is a N-compact.

Proof. The proof is similar pattern to Theorem 3.1. m]

Corollary 3.2. Let (Z,T'1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Ris
Ne-conts. function. If S is a Ne-compact relative to (Z,T1), therefore g(S) is a Ne-compact in (R,T3).

Proof. From Remark 3.2 the proof is obvious. O

Corollary 3.3. Let (Z,T'1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Ris
Ne-irrl. function. If S is a Ne-compact relative to (Z,T1), therefore g(S) is a Ne-compact in (R, T).

Proof. Let {{r, uo,(r),00,(r),70,(r)) : v € A} be any neutrosophic e-open cover of g(S). Therefore

3(8) € (100,01 00, () y0. () s v € Al

From the above relation

S¢ g_l(UKr, uq,(r),0q,(r),yo,(r)):ve A}),

follows that
sl g (r g, (1), 00,(1), yo,(r)) s v e Al,
so {g71((r, ug,(r),00,(r),v0,(r))) : v € A} is a neutrosophic e-open cover of S. Since S is neu-
trosophic e-compact, there exists a finite subcover {g~((r, g, (¥), o0, (r), y0,(r))) : v = 1,2,...,n}.
Then
scl| g (0, (1),00,(1), 70,(r)) v =1,2,..,n).
Then

38) € Ulg™ €010, (100,070,000 = 1,2,

= Jiglg™r 10, (1), 00,(r), v0,(N)) s v = 1,2,...,n)
= U ((r,ug,(r),00,(1),70,(r)) :v=1,2,..,n}

so g(S) is neutrosophic e-compact.
m

Theorem 3.3. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Ra
pre-NeO bijective function. If (R,T2) is Ne-compact, this implies (Z,T1) is Ne-compact too.

Proof. Let Q = {Q, : v € A}, where Q, = {r, ug,(r),00,(r),vq,(r) : v € A}, be a NeOSs cover of Z.
Since g is pre-NeO function, hence {g(Q,) : v € A} is a NOS'’s cover of Z. Since R is Ne-compact,
therefore there exist a finite subfamily {¢(Q,) : v = 1,2,...,n} such that \/)_; ¢(Q,) = 1n . Since g
is bijection function, we obtain 1 = g71(1) = ¢71(\V/_; g(Qu) = §7'¢(V_1(Qv) = V’_; Qu. Then
(Z,T1) is Ne-compact. O
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Corollary 3.4. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Risa
pre-NeO bijective function. If H is a Ne-compact relative to (R, T2), hence g1 (H) is a Ne-compact relative
to (R, T 2).

Proof. The proof is obvious. o

Theorem 3.4. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Risa
NeO bijective function. If H is a Ne-compact relative to (R, T2), hence g~ (H) is a Ne-compact relative to
(R, T).

Proof. Let{Q, : v € A}, where Q, = {r, ug,(r),00,(r),vq,(r) : v € A}, be a NeOSs cover of Z. Since
¢ is pre-NeO function, hence {g(Q,) : v € A} is a NOS’s cover of g~} (H). Hence {g(Q,) : v € A}
is a NeOS cover of H. Since H is a Ne-compact relative to (R, I2), there is a finite subset vy of A
such that {¢(Q,) : v € Ag} is a NeOS cover of H. Since, ¢ is bijection function, ¢™1(g(Q,)) = Q, is
aNOS, thus {Q, : v € Ao} is a cover of g™ (H). Then ¢! (H) is a N-compact relation to (Z,T7). O

4. NEUTROSOPHIC LOCALLY ¢~-COMPACTNESS

Definition 4.1. For any NTS (Z,T) is called neutrosophic locally e-compact (briefly, NLe-compact) if for
each NP x,;, € Z there is a e-nbd S of xy ;s such that S(x,;s) = 1n and S is a Ne-compact relative to Z.

Remark 4.1. From above Definition and Definition 2.1 it clear that,
(1) Every Ne-compact is NLe-compact, but the converse not need to be true, in general.

(2) Every NLe-compact is NL-compact but the converse not need to be true, as you see in the following

example.

Example 4.1. Suppose (Z,T') be an infinite neutrosophic discrete topological space, then Z is NLe-compact

but not Ne-compact.

Example 4.2. Let A = [On, In] and Q, = {r, ug, (r),00,(r), 0, (r) : v € A}, where Q,(r) = 1, ¥re A
and pg, (r) = On, V7 € A. Then the family ¥ = {On, 1n, Q} isa NT on A. It is easily to check that (A, '¥)
is NL-compact but not NLe-compact.

Theorem 4.1. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If ¢ : Z — Risa
NO surjection function. If g is Ne-cont. and (Z,T1) is a NLe-compact, hence (R,T2) is a NLe-compact.

Proof. Let r € R, r € g(zr1s) for some NP z,;,; € Z. Since Z is a NLe-compact, there is a
enbd Q = {z,up(z),00(z),70(z)} such that Q(z) = 1y is a N-compact relative to Z. Since
g is NO function, g(Q) is a e-nbd of r with (g(Q))(r) = (r,g(uo(r)),g(oa(r),g(yo(r))) =
(z, Vuo(z), Aog(z), Ayg(z)) = (z,1n,0n>) = 1n. Moreover, since g is Ne-cont., hence by Corollary
3.4 g(Q) is a Ne-compact relative to R. Then R is a NLe-compact. m]

Proposition 4.1. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Risa
NO surjection function. Now if g is N-cont. and (Z,T1) is a NLe-compact, hence (R, I'2) is a NLe-compact.
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Proof. The proof is obvious from Remark 4.1. m]

Proposition 4.2. Let (Z,T1), (R, I'2) be two neutrosophic topological spaces’s (NTSs). If g : Z — Riis
a NO surjection function. If g is N-irrl. and (Z,T1) is a NLe-compact, hence (R, T'2) is a NLe-compact.

Proof. The proof is obvious from Remark 4.1. m]

Theorem 4.2. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If ¢ : Z — Risa
NeO bijection function. Now if g is Ne*-irrl. and (Z,T1) isa NLe-compact, hence (R, T'2) is a NLe-compact.

Proof. Letz € Z, g(z) = r. Since R is a NLe-compact, there is an e-nbd Q = {z, ug(z),00(z),y0(z)}
of g(2) such that Q(g(x)) = [z, ia(8(2)), o

(g(2)),70(g(z))} = 1y and Q is a Ne-compact relative to R. By Theorem 4.1, ¢1(Q) is a
NL-compact relative to Z. Since g is Ne™irrl., ¢7'(Q) is a e-nbd of z and (¢71(Q))(z) =
(z, N po)(z),§700) (), (y0)(z)) = 1n. Then for z € Z, there is an e-nbd g71(Q) of z
such that ¢™1(Q)(z) = 1y and ¢~ !(Q) is a N-compact relative to Z. So that Z is a NL-compact. O

Theorem 4.3. Let (Z,T1), (R, T2) be two neutrosophic topological spaces’s (NTSs). If ¢ : Z — Risa
NeO bijection function. If g is Ne-irrl. and (Z,T'1) is a NLe-compact, hence (R,T2) is a NLe-compact.

Proof. By using Proposition 4.2, the proof is similar to Theorem 4.2 m]

5. CoNcCLUSION

The concepts of e-open sets, e-continuity, e-compactness and related studies in topological
spaces are due to many authors. This present paper contains the next steps of intuitionistic fuzzy
e-open sets, intuitionistic fuzzy e*-open sets, intuitionistic fuzzy a-6-open sets, intuitionistic fuzzy
e-continuity and intuitionistic fuzzy e-compactness in intuitionistic fuzzy topological spaces are
studied. After giving the fundamental concepts of neutrosophic sets and neutrosophic topolog-
ical spaces, we present neutrosophic e-compactness sets and neutrosophic e-irresolute and other
results related topological concepts. Several preservation characterizations and some properties

concerning neutrosophic locally e-compactness have been studded and obtained.
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