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ABSTRACT. Researchers have shown interest in how hybrid nanoparticles can improve heat transfer, promoting
further investigation into the regular fluid. This study examines the flow of hybrid nanoliquid flow with heat transfer
on a moving plate, with a focus on Joule heating. Additionally, the aligned magnetic effect is incorporated for the
analysis of Copper and Aluminum oxide nanoparticles combined with water as a base fluid. The PDE’s complexity

was reduced via a similarity transformation into an ODE system that was numerically solved for different values of

governing parameters using the Keller box method. There is a unique solution available against A > 0, while two

solutions are available for A < A < 0. Additionally, it was observed that the magnetic factor enhances the energy

transmission performance and increases the critical value, while no impact of the Eckert number. The outcomes of

this problem are novel and innovative, with numerous practical applications in industry and engineering.

1. Introduction
A nanofluid is a fluid created by mixing nanoparticles, which typically range in
diameter between 1 and 100 nanometers, in a base fluid such as oil, water, or ethylene glycol.
These nanoparticles can be metallic, ceramic, or carbon-based, chosen based on their desired
properties and specific applications. Common nanoparticles in nanofluids include materials

such as aluminium, copper, alumina, graphite, and carbon nanotubes. Similarly, typical base
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fluids are water, propylene glycol, and various oils. The field was introduced by Choi [1], who
proposed the concept of nanofluids.

Recent decades have seen increased exploration of nanoparticles and nanofluids, which
have advanced numerous fields due to their unique properties. Additionally, nanofluids,
comprising fluids with suspended nanoparticles, have demonstrated improved thermal and
mechanical characteristics, opening new possibilities for heat transfer and lubrication
technologies. Parkash et al. [2] provided an analytical discussion on nanofluid flow through a
channel. Huminic [3] examined nanofluid flow in mini channels, micro channels, and cavities
under various physical conditions and boundary scenarios. Molana et al. [4] offered an
alternative perspective on the mathematical modelling of the effective thermal conductivity of
nanofluids.

Research has shown growing interest in the flow and heat transfer mechanisms of
hybrid nanofluids within enclosed structures, given their wide range of applications in science
and technology. Hybrid nanofluids are a recent development that builds on the concept of
nanofluids composed of different nanoparticles dispersed in a base fluid. This mixture aims to
enhance thermophysical and rheological properties while improving heat transfer. Aly and Pop
[5] studied the heat transfer and MHD boundary layer flow of a hybrid nanoliquid flowing over
a contracting or expanding sheet, considering partial slip and Joule heating. Their study
demonstrated that the hybrid nanofluid is more effective than single-component nanofluids in
terms of overall performance. Aladdin et al. [6] discussed the flow of a hybrid nanofluid over a
permeable moving surface.

Magnetohydrodynamics (MHD) studies the behaviour of electrically conducting fluids
like electrolytes, liquid metals, and plasmas under magnetic fields. In MHD, the interplay
between fluid movement and magnetic forces leads to unique phenomena such as magnetic
field induction, electric current generation, and changes in flow patterns. MHD applications in
various fields, such as astrophysics, plasma physics, and engineering, are used to understand
phenomena like solar flares, the dynamics of the Earth's magnetosphere, and the design of
advanced propulsion systems and energy generation technologies. Many industry and
engineering sectors heavily rely on MHD processes, including power generation, industrial
operations, crystal growth, metal casting, and cooling in nuclear reactors, as noted by Zainal [7].
Goud et al. [8] studied the various impacts of stretching a porous plate, accounting for viscous
dissipation. Meanwhile, Chamkha et al. [9] explored the effects of Joule heating and thermal
radiation.

MHD boundary layer flow refers to the study of fluid movement close to a solid surface,
where a magnetic field influences the boundary layer characteristics. This includes phenomena

such as the modification of velocity profiles, heat transfer rates, and boundary layer thickness
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caused by the interaction among the fluid flow, magnetic field, and solid surface. Reza-E-Rabbi
et al. [10] created a model for time-dominated boundary layer flow in MHD, specifically
examining laminar two-dimensional incompressible nanofluids flowing over an inclined porous
surface under stretching conditions.

Shaw et al. [11] investigated the flow of magnetized graphene oxide and alumina
nanoparticles through a narrow needle within a porous medium where the flow stops. Wakif et
al. [12] employed the Buongiorno nanofluid model to study the impacts of thermal radiation
and surface irregularities on thermo-magnetohydrodynamic. Heat exchange due to thermal
radiation refers to the transfer of heat energy between surfaces or bodies via electromagnetic
waves emitted because of their temperatures. Thermal radiation plays a key role in designing
thermal comfort and material testing techniques. In astronomy, it helps study the temperature
and composition of celestial objects. When it comes to heat transfer, thermal radiation can
happen even in a vacuum, unlike conduction and convection, which need a medium.

The temperature and emissivity of the involved surfaces are two examples of
parameters that influence the amount of heat exchanged through thermal radiation. It is also
important to remember that thermal radiation might not be the optimal choice when designing
thermal devices that experience significant temperature variations. Benos et al. [13] and Ibrahim
et al. [14] performed a numerical analysis of unsteady fluid flow in two dimensions that
included radiative effects. Their study revealed that temperature profiles rose as radiation
factors and Ecker numbers increased. Rao and Deka [15] examined how thermal radiation and
chemical reactivity influence the MHD flow of Casson nanofluid caused by a stretched sheet.
Kumar et al. [16] studied the movement of Casson fluid along a stretching curved surface under
thermal radiation effects, using Runge-Kutta and shooting methods for analysis.

Early in the 20th century, German physicist and engineer Ludwig Prandtl introduced
the concept of boundary layer flow. The idea was first proposed in 1904 by Prandtl to explain
how fluid flow behaves close to solid limits. Boundary layer flow over a permeable surface
describes the phenomenon where a thin layer of fluid adjacent to a surface experiences distinct
flow characteristics. When the surface is permeable, it allows fluid to pass through, influencing
the flow within the boundary layer. Okechi et al. [17] investigated MHD flow through a
sinusoidal boundary and observed that the effect of boundary waviness decreases under high
magnetic field conditions, and found that the flow rate increases with lower wave numbers.
Waini et al. [18] describe the flow and heat transfer properties of a hybrid nanofluid over a
permeable sheet. Gowda et al. [19] explore effects of activation heat and chemical processes on
energy transfer in a non-Newtonian nanofluid's Marangoni flow.

Based on the above-mentioned research work, no study has examined the flow of a

hybrid nanoliquid over a movable surface, considering the inclined magnetic effect numerically.
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This study investigates how a hybrid nanofluid behaves in an inclined magnetic field when
thermal radiation is present. Similarity variables are employed to transform the partial
differential equations into ordinary differential equations. The results are produced using the
Keller box numerical method. We are confident that the novel theoretical conclusions made in

this work are innovative.

2. Mathematical Formulation
This study examines the boundary layer flow of a hybrid nanofluid over a permeable
flat plate. The coordinate system uses x along the plate and y perpendicular to it. The flow is
possible for y > 0. In addition, the UA indicates the velocity of the plate, where A corresponds to
the moving plate, when 4 > 0 it shows the flow moving away from the plate in the same
direction, whereas it moves towards the origin when A < 0 in the opposite direction as shown in

Figure 1. Furthermore, 1,, indicates the velocity for suction injection v,, < 0 while for injection

1
it becomes v,, > 0. The magnetic field, as given by Aly et al. [20], is equal to B = Byx z.

y.v

Mowvable Hvbrid
o y 1
plate nanoparticles

Figure 1. Physical representation using a coordinate system.

Based on these assumptions, it can be expressed as Devi and Devi [21]:
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The Rosseland approximation describes the radiation flux as, q, = Sy

Here, k* is considered the mean absorption coefficient and ¢* the Stefan-Boltzmann
constant. This allows for expansion of T*in a Taylor series to be around T, with higher-order

terms being neglected T* = 4T2T — 3T+, The linked boundary conditions are
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u=AU, v=vy, T=T, at y=0, u->U, T>T,,u->U, T>Ty, as y—> 4)

Table 1. Given Takabi and Salehi [22], correlation hybrid nanofluids

Properties Hybrid nanofluid
Density (p) Prng = (1= Png)pr + D101 + 2052
Heat Capacity (pcp)hnf =(1- d’hnf)(pcp)f + ¢1(pCp)51 + ¢2(pcp)52
(pCyp)
Dynamic Viscosity Hhnr _ 1
= 25

(W) U (1= bnay)
Thermal oy [P0 4 2k 4 209 ks + 02k) = 20k
conductivity (k) k| hik, + bk

s # + 2ks — (1ky + d2ks) + Prnsks |
Electrical . '%j’ﬂz 120, + 2101 + $203) — 2¢hnf0'f-
conductivity (o) o | o + By

f # + 207 — (101 + $202) + Puusoy

Table 2. Oztop and Abu-Nada [23] thermophysical characteristics for pure water and nanoparticles

Thermophysical Unit Pure Water  ALO3 CuO
Property
Density (p) kg/m?3 997.1 3970 8933
Specific Heat (Cp) J/ (kg K) 4179 765 385
Thermal Conductivity (k)  W/(m K) 0.613 40 400

Hence, the similarity variables are:

w=Uf = 2o - rnln =y -2

2xvf’
¥ =\2vaf (), 6() = )
While the transpiration effect is defined as
U
v, = = |5LS. (6)

Here, suction and injection are indicated by S > 0 and S < 0, where S denotes the mass
flux velocity. These are the converted ODEs and boundary conditions obtained by substituting
(6) into Equations (2) and (3).
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I*hnf Ohns
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The symbols for the radiation parameter N, the magnetic parameter is M, the Eckert
number is Ec, and the Prandtl number is Pr. The physical quantities of significance are the skin

friction coefficient C; and the local Nusselt number Nu,. These parameters are defined as

pr=Cr gy 2oB8 g U (10)
kf ! Upf ! (Cp)f(Tw_Too)
_ Hnnf 6_u _ XKnpnf a_T _ 40'*To3o
Cf - prU? (ay)yzo'Nux - k£ (T —Too) (6y)y=0' N = k*a (11)

Through applying, we can get the parameters such that

1/ Hhnf _1/ knnf
V2Re,/2C; = “—ff”(O),\/ERex 2Nu, = —k—fe'(O) (12)

And the local Reynolds number is Re, = e

v

3. Results and Discussion

The main features of flow and heat transfer in a magnetohydrodynamics boundary layer
over a permeable sheet are analyzed using hybrid nanofluids in the working fluids. To
thoroughly understand the physical problem, numerous numerical solutions are obtained for
different values of the physical parameters. The nonlinear ordinary differential equation (7) and
Equation (8) are solved numerically in MATLAB employing the Keller box method for specific
parameter values. Additionally, the boundary conditions in Equation (9) are addressed with
numerical methods. The temperature profile 6(n), the velocity profile f'(n), against the magnetic
parameter M, the radiation parameter N, the suction/injection parameter S, with fixed Prandtl number Pr
at Pr = 6.2 (water) are the graphs obtained numerically.

The Keller box method, or finite volume method (FVM) is a numerical technique utilized
to solve ODE’s especially in fluid dynamics and heat transfer phenomena. It discretizes the
domain into a grid (or boxes) and integrates the PDEs over these finite volumes. Two solutions
are predicted to exist for various involved parameter values. The freestream flow and moving
plate are travelling in the same direction when A1 > 0. Conversely, when A < 0 they move in

opposite directions. Other parameters based on the solution domain are defined as
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0<5<05, 0=sM<002, 0<Ec<1, 0=<¢;¢, <001

Where ¢, and ¢, are nanoparticle volume fractions. When there are dual solutions, it is
teasible for there to be two different values of 1., which would lead to two separate velocity
profiles f'(n) and temperature profiles 6(n). Table 3 and Table 4 display the results of a few
validation tests that were undertaken before generating the solutions. These tests confirm the
accuracy of the current model.

Since the primary focus of this work is on hybrid fluid and magnetic field, comparisons
are restricted to viscous working fluids and single fluids without the control parameter. The
different values of S in regular fluid are compiled by Weidman et al. [24] when ¢; = ¢, = 0 and
M = 0 (presented in Table 3). Meanwhile, Table 4, which is consistent with Rohni et al. [25],
shows the available solutions of ¢; =0, ¢, =0.1andM =S =R = 0.

Table 3. Validation test using suction/injection parameter for the critical value A..

S Weidman et al. [24]  Khashi'ie et al. [26] Present
-0.50 -0.1035 -0.10388 -0.10389
-0.25 -0.2125 -0.21461 -0.21463
0.00 -0.3541 -0.35410 -0.35411
0.25 -0.5224 -0.52238 -0.52239
0.50 -0.7200 -0.72001 -0.72002

Table 4. First and second solutions of f"(0) whenM =S =R =0and ¢, =0, ¢, =0.1
A Rohni et al. [25] Khashi'ie et al. [26] Present

First Second First Second First Second
-0.1000 0.5416 0.0023 0.541615 0.002274 0.541614  0.002285
-0.1500 0.5276 0.0102  0.527547 0.010169 0.527657 0.010170
-0.2000 0.5053 0.0261 0.505318 0.026061 0.505329  0.026172
-0.2500 0.4717 0.0533 0.471688 0.053322 0.471789  0.053333
-0.3000 0.4190 0.0997  0.418959 0.099702 0.419060 0.099713
-0.3500 0.3028 0.2098 0.302592  0.209761 0.302801  0.209872
-0.3541 0.2623 - 0.257961 0.253877  0.262380 --

Figures 2 and 3 show velocity profiles f'(n) for various values of solid volume fractions
¢, and @, with the influence of M = 0.1,0.5 when, N = 0.1, Pr = 6.5, Ec =0.1,A=1.0, S =1.0,
@1 = 0.1 and ¢, = 0.1 and y = 45 as given in Figure 2. Note that the magnetic field affects the

velocity profile when A > 1. The difference between first and second solutions is the fluid
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velocity decrements. Essentially, the magnetic field resists fluid movement through a drag

called the Lorentz force, which slows down boundary layer separation.

1 ' ' ' '
ool M=0.1 1
\ N=017
08 - Pr=65 .
1st solution Ec=017
2nd solution A=710
07- - ]
A 5=710
06 -
= ) ¢.2 o
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T
04r- ]
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02- ]
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0

0 1 2 3 4 5 6 7 8 9 10
n

Figure 2. Velocity profile f'(n) variation for various M values

The velocity f'(n) profile is shown in Figure 3, together with the influence of M = 0.1,0.2 versus
a wide range of parameters, suchas M = 0.1, Pr = 6.5, Ec=01,A=-12,5=1.0,¢, =01 , ¢, =01,
and the inclination angle y = 45°. Regarding the impact of the magnetic field on the velocity profile, this
concerns the difference in fluid velocity increments between the first and second solutions. Temperature
can be increased by physically dispersing more energy, which is achieved by raising the volume fraction

of nanoparticles.

02| M=0.1 h
N=0.1
Pr=6.5
0.4 1st solution Ec=0.1 ]
2nd solution A=-1.2
o6 S$=1.0 i
$,=0.1
M=0.1,02 =0
o8 200
= y=45°
™
A i
-1.2
-1.4
-1.6 |
1.8 : : : ‘ : :
0 1 2 3 4 5 6 7

n

Figure 3. Velocity profile f'() variation for various M values

The suction parameter influences dimensionless velocity f'(n) profiles shown in Figure

4. These profiles include the effects of suction parameter S = 0.1,0.2, along with several
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additional factors, suchas M = 0.1, N=0.1,Pr=6.5,Ec=0.1,A= 1.0,y = 45°% ¢, = 0.1 and
@, = 0.1. An increase in the suction parameter tends to draw fluid into a void, thereby altering
the boundary layer. As a result, increasing the suction parameter causes the velocity to decrease

in both solutions.

1st solution
2nd solution A=1.0

f ()

s 7 8 9 10
i
Figure 4. Velocity profile f'(n) variation for various S values
The impact of an aligned angle y on velocity profiles is seen in Figure 5. Based on
different values of the parameter y = 1°,30° and shows the f'(n) profile for a range of
parameters, suchas N =0.1, Pr=6.5, Ec=0.1,A=10, $=0.1, ¢p; = 0.1 and ¢, = 0.1 The

velocity profile falls as the angle of inclination rises. As y grows, the boundary layer's thickness

correspondingly decreases.

1

0.9 -\ m=01 i
N=0.1
0.8 Pr=6.5
- 1st solution Ec=0.1
2nd solution A=1.0
0.7 - s=1.0 b
4,=0.1
0.6 - #,=0.1 7
S o5} i
S
0.4 )
0.3 ]
0.2 ]
0.1
0 —_— . .
0 1 2 3 4 5 6 7 8 9 10

7
Figure 5. Velocity profile f'(n) variation for various y values

The temperature profile, represented as 6(n) in Figure 6, illustrates the impact of the

Eckert numbers Ec = 0.1 and 0.3 on several parameters, including M = 0.1, N = 0.1 , Pr =0.1,
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§=05,1=12 y=45° ¢, =01 and ¢, =0.1. As the temperature profile increases, the
boundary layer viscosity also increases, while the Eckert number decreases. Even with a higher
Eckert number, the kinetic energy of the fluid flow exceeds the thermal energy involved. This
greater kinetic energy enhances heat transfer and fluid mixing, leading to more efficient thermal

energy distribution throughout the system and an overall rise in temperature.

1

0.9 M=0.1 *
N=01
0.8 S$=0.5 i
Pr=0.1
A=1.2
0.7 5 =45° )
#,=0.1
_ 0.6 #,=0.1 ]
E o5 |
S
0.4 il
0.3 8
0.2 i
0.1 i
0 ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 2.5 3 3.5 4

7
Figure 6. Temperature profile 6(n) variation for various Ec values

Figure 7 illustrates the relationship between the temperature profile and the radiation
parameter N, showing the temperature plotted 6(n) profile alongside the effects of the
radiation parameter N = 0,1 and 2. The analysis includes other parameters such as M = 0.1,
Pr=20,5=0.5,Ec=01,1=1.0,y =45% ¢, = 0.1 and ¢, = 0.1. As the radiation parameter
decreases, the temperature profile also increases. As a result, heat is produced by the flow field,

raising the thermal layer’s temperature.

M=0.1 N
Pr=20
$=0.5 i
1st solution Ec=0.1
2nd solution A=1.0

#,=0.1
#,=0.1

0(n)

n

Figure 7. Temperature profile 6(n) variation for various N values
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4. Conclusion

In this study, we investigate the MHD boundary layer flow of hybrid nanofluid flow
over a permeable moving surface. In addition, an inclined magnetic field along with radiation
effects is taken into consideration. Moreover, it is analysed how Joule heating effects affect the
flow phenomenon of the hybrid nanoliquid. The Keller box method in MATLAB is utilized to
solve the system of ordinary differential equations created by applying a similarity
transformation to the governing partial differential equations. Standard boundary layer flow
approximations are then applied to the physical phenomena. Tables and graphs are
representing the calculated findings. Two solutions are seen when 1, <1< 0.

The effects of various parameters are studied in this research. This study examines
various parameters, including velocity, temperature, and skin friction. The velocity profile
decreases for different values of M, suction S and in y. The temperature profile increases for
values of Eckert (Ec) and decreases for the radiation parameter N. The findings of this study
suggest that the heating and cooling sectors improve heat transfer efficiency by introducing a

small-scale magnetic field and suction.
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