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Abstract. In this paper, we introduce notion of extended fuzzy bipolar metric space and prove some fixed point results

in this space. Our results generalize and expand some of the literature’s well-known results. We also explore some of

the applications of our key results to integral equation and fractional differential equation.

1. Introduction and Preliminaries

Fixed point theory has been attracting the attention of many researchers lately and that is due

to the fact that it has many applications in different fields [1–3]. In 1960, Schweizer and Sklar [4]

introduced the notion of continuous triangular norm. After that in 1965, Zadeh [5] introduces the

theory of fuzzy sets. Using the concept of fuzziness, in 1975, Kramosil and Michalek [6] defined the

fuzzy metric space with the help of continuous t-norm. The fuzzy approach to the distance follows

from the idea that it is not necessary that there always exist a real number to define the distance

between any two points which we have to approximate or to find, but it is a fuzzy notion. In 1994,

George and Veeramani [7] modified the definition of fuzzy metric spaces. Grabeic [8] extend the

well known fixed point theorem of Banach to fuzzy metric spaces in the sense of Karamosil and

Michalek [6]. After that, Gregori and Sapena [9] extended the fuzzy banach contraction theorem

to fuzzy metric space in the sense George and Veeramani’s [7]. Mutlu and Gurdal [10] generalized
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metric space which was called bipolar metric spaces and give a new concept of measurement of

distance between the elements of two different sets. Bartwal, Dimri and Prasad, [11] introduced

fuzzy bipolar metric space and proved fixed point theorems. Recently, Sezen [12] proved controlled

fuzzy metric spaces and some related fixed point results. More details, one can see [14-24].

Now, we present some basic definitions, lemmas and propositions as follows:

Definition 1.1. [7] Let Φ be a nonempty set. An ordered triple (Φ,Θ, ∗) is called a fuzzy metric space
if Θ is a fuzzy set on Φ2

× (0,∞) and ∗ is a continuous σ-norm satisfying the following conditions for all
π, υ, z ∈ Φ and σ,$ > 0;

(i) Θ(π, υ, σ) > 0;
(ii) Θ(π, υ, σ) = 1 iff π = υ;

(iii) Θ(π, υ, σ) = Θ(υ,π, σ);
(iv) Θ(π, z, t+ s) ≥ Θ(π, υ, σ)∗Θ(υ, z,$);
(v) Θ(π, υ, .) : (0,∞) −→ (0, 1] is continuous.

Definition 1.2. [11] Let ∆ and Φ be two non-empty sets. A quadruple (∆,Φ,Θf , ∗) is said to be fuzzy
bipolar metric space, where ∗ is continuous σ-norm and Θf is a fuzzy set on ∆×Φ× (0,∞), satisfying the
following conditions for all σ,$, r > 0:
(FB1) Θf (π, υ, σ) > 0 for all (π, υ) ∈ ∆×Φ;
(FB2) Θf (π, υ, σ) = 1 iff π = υ for π ∈ ∆ and υ ∈ Φ;
(FB3) Θf (π, υ, σ) = Θf (υ,π, σ) for all π, υ ∈ ∆∩Φ;
(FB4) Θf (π1, υ2, t+ s+ r) ≥ Θf (π1, υ1, σ)∗Θf (π2, υ1,$)∗Θf (π2, υ2, r) for all

π1,π2 ∈ ∆ and υ1, υ2 ∈ Φ;
(FB5) Θf (π, υ, .) : [0,∞) −→ [0, 1] is left continuous;
(FB6) Θf (π, υ, .) is non-decreasing for all π ∈ ∆ and υ ∈ Φ.

Definition 1.3. Let ∆ and Φ be two non-empty sets, ζ : ∆ ×Φ → [1,∞). A quadruple (∆,Φ,Θf , ∗) is
said to be extended fuzzy bipolar metric space(EFBMS), where ∗ is continuous σ-norm andΘf is a fuzzy set
on ∆×Φ× (0,∞), satisfying the following conditions for all σ,$, r > 0:
(FCB1) Θf (π, υ, σ) > 0 for all (π, υ) ∈ ∆×Φ;
(FCB2) Θf (π, υ, σ) = 1 iff π = υ for π ∈ ∆ and υ ∈ Φ;
(FCB3) Θf (π, υ, σ) = Θf (υ,π, σ) for all π, υ ∈ ∆∩Φ;
(FCB4) Θf (π1, υ2, ζ(π1, υ2)(t+ s+ r)) ≥ Θf (π1, υ1, σ)∗Θf (π2, υ1,$)

∗Θf (π2, υ2, r) for all π1,π2 ∈ ∆ and υ1, υ2 ∈ Φ;
(FCB5) Θf (π, υ, .) : [0,∞) −→ [0, 1] is left continuous;
(FCB6) Θf (π, υ, .) is non-decreasing for all π ∈ ∆ and υ ∈ Φ.

Example 1.1. Let ∆ = {1, 2, 3, 4}, Φ = {2, 4, 5, 6} and ζ : ∆ ×Φ → [1,∞) be a mapping defined by
ζ(π, υ) = π+ υ+ 1. Define Θf : ∆×Φ× (0,∞)→ [0, 1] defined by

Θf (π, υ, σ) =
min{π, υ}+ σ
max{π, υ}+ σ

,
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for all π ∈ ∆ and υ ∈ Φ. Then (∆,Φ,Θf ,?) is a EFBMS with the continuous σ-norm ? such that
a∗f = af . Now, ζ(1, 2) = 4, ζ(1, 4) = 6, ζ(1, 5) = 7, ζ(1, 6) = 8, ζ(2, 2) = 5, ζ(2, 4) = 7, ζ(2, 5) =

8, ζ(2, 6) = 9, ζ(3, 2) = 6, ζ(3, 4) = 8, ζ(3, 5) = 9, ζ(3, 6) = 10, ζ(4, 2) = 7, ζ(4, 4) = 9, ζ(4, 5) = 10

and ζ(4, 6) = 11. Axioms (FCB1) to (FCB3) and (FCB5), (FCB6) are easy to verify we only prove (FCB4).
Let π1 = 1, υ2 = 4, υ1 = 2 and π2 = 3. Then

Θf (1, 4, σ+$+ r) =
min{1, 4}+ σ+$+ r

max{1, 4}+ σ+$+ r

=
1 + σ+$+ r

4 + σ+$+ r
.

Now,

Θf (1, 2,
σ

ζ(1, 2)
) =

min{1, 2}+ σ
ζ(1,2)

max{1, 2}+ σ
ζ(1,2)

=
1 + σ

4

4 + σ
4

=
4 + σ

8 + σ
,

Θf (3, 2,
$

ζ(1, 2)
) =

min{3, 2}+ $
ζ(1,2)

max{3, 2}+ $
ζ(1,2)

=
2 + $

4

3 + $
4

=
8 +$

12 +$

and

Θf (3, 4,
r

ζ(1, 2)
) =

min{3, 4}+ r
ζ(1,2)

max{3, 4}+ r
ζ(1,2)

=
3 + r

4

4 + r
4

=
12 + r

16 + r
.

Clearly,

1 + σ+$+ r

4 + σ+$+ r
≥

(
4 + σ

8 + σ

)(
8 +$

12 +$

)(
12 + r

16 + r

)
, ∀ σ,$, r > 0.

So,

Θf (1, 4, σ+$+ r) ≥ Θf (1, 2,
σ

ζ(1, 2)
)?Θf (3, 2,

$

ζ(1, 2)
)?Θf (3, 4,

r

ζ(1, 2)
).

On the same steps, one can prove the remaining cases. Hence (∆,Φ,Θf ,?) is a EFBMS.
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Example 1.2. If we take minimum σ-norm instead of product σ-norm in Example 1.1, then (∆,Φ,Θf ,?)

is not a EFBMS. For instance, let π1 = 1, υ2 = 4, υ1 = 2, π2 = 3 and σ = 0.02,$ = 0.03, r = 0.04 with
ζ(π, υ) = π+ υ+ 1, then

Θf (1, 4, 0.02 + 0.03 + 0.04) =
1 + 0.09
4 + 0.09

= 0.2665,

and

Θf (1, 2,
0.02
ζ(1, 2)

) =
1 + 0.02

4

2 + 0.02
4

= 0.50124,

Θf (3, 2,
0.03
ζ(1, 2)

) =
2 + 0.03

4

3 + 0.03
4

= 0.67250,

Θf (3, 4,
0.04
ζ(1, 2)

) =
3 + 0.04

4

4 + 0.04
4

= 0.7581.

Clearly,

Θf (1, 4, 0.02 + 0.03 + 0.04) � Θf (1, 2,
0.02
ζ(1, 2)

)?Θf (3, 2,
0.03
ζ(1, 2)

)

?Θf (3, 4,
0.04
ζ(1, 2)

).

Hence (∆,Φ,Θf ,?) is not a EFBMS with minimum σ-norm.

Definition 1.4. Let (∆,Φ,Θf , ∗) be a EFBMS. The points belong to ∆,Φ and ∆ ∩Φ are called as Left,
Right and Central points respectively and sequences belong to ∆,Φ and ∆∩Φ are named as Left, Right and
Central sequences respectively.

Lemma 1.1. Let (∆,Φ,Θf , ∗) be a EFBMS such that

Θf (π, υ, νσ) ≥ Θf (π, υ, σ)

for π ∈ ∆, υ ∈ Φ and ν ∈ (0, 1). Then π = υ.

Proof. We have

Θf (π, υ, νσ) ≥ Θf (π, υ, σ) for σ > 0. (1.1)

Since νσ < σ for all σ > 0 and ν ∈ (0, 1), by (FCB6) we have

Θf (π, υ, νσ) ≤ Θf (π, υ, σ). (1.2)

From (1.1) and (1.2) and definition of EFBMS, we get π = υ. �

Definition 1.5. Let (∆,Φ,Θf , ∗) be a EFBMS. A sequence {πℵ} ∈ ∆ converges to a right point υ if and
only if for every ε > 0 and σ > 0, there exists ℵ0 ∈ N such that Θf (πℵ, υ, σ) > 1 − ε for all ℵ ≥ ℵ0,
i.e., Θf (πℵ, υ, σ) → 1 as ℵ → ∞ for all σ > 0 (symbolically {πℵ} → υ or limℵ→∞ πℵ = υ as ℵ → ∞).
Similarly, a right sequence {υℵ} converges to a left point π if and only if for every ε > 0 and σ > 0, there
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exists ℵ0 ∈N such that Θf (π, υℵ, σ) > 1− ε for all ℵ ≥ ℵ0, i.e., Θf (π, υℵ, σ)→ 1 as ℵ → ∞ for all σ > 0

(symbolically {υℵ} → π or limℵ→∞ υℵ = π as ℵ → ∞).

Definition 1.6. Let (∆,Φ,Θf , ∗) be a EFBMS then:
(i) Sequence (πℵ, υℵ) ∈ ∆×Φ is named as a bisequence on (∆,Φ,Θf , ∗).

(ii) If both πℵ and υℵ converge, the sequence (πℵ, υℵ) ∈ ∆ ×Φ is said to be a convergent sequence.
If both πℵ and υℵ converge to some center point, bisequence (πℵ, υℵ) is said to be a biconvergent
sequence.

(iii) A bisequence (πℵ, υℵ) on EFBMS (∆,Φ,Θf , ∗) is said to be a Cauchy bisequence if for each ε > 0,
there exists ℵ0 ∈ N such that for all ℵ,℘ ≥ ℵ0(ℵ,℘ ∈ N),we have Θf (πℵ, υ℘, σ) > 1 − ε for
each σ > 0, i.e., a bisequence (πℵ, υℵ) is said to be a Cauchy bisequence if Θf (πℵ, υ℘, σ) → 1 as
ℵ,℘→∞ for all σ > 0.

Definition 1.7. The EFBMS (∆,Φ,Θf , ∗) is said to be complete if every Cauchy bisequence in ∆ ×Φ is
convergent in it.

Proposition 1.1. In a EFBMS, every convergent Cauchy bisequence is biconvergent.

Proof. Let (∆,Φ,Θf , ∗) be a EFBMS and a bisequence (πℵ, υℵ) ∈ ∆×Φ such that {πℵ} → υ ∈ Φ and

{υℵ} → π ∈ ∆. Since (πℵ, υℵ) is convergent Cauchy bisequence, so for all σ > 0 we have

Θf (πℵ, υ℘, σ)→ 1 as ℵ → ∞,

which implies that

Θf (π, υ, σ) = 1 for all σ > 0.

Hence by (FCB2) bisequence (πℵ, υℵ) is biconvergent. �

Proposition 1.2. In a EFBMS, every biconvergent bisequence is a Cauchy bisequence.

Proof. Let (∆,Φ,Θf , ∗) be a EFBMS and bisequence (πℵ, υℵ) ∈ ∆×Φ converges to a pointπ0 ∈ ∆∩Φ

for all ℵ,℘ ∈N and σ > 0, by (FCB4), we have

Θf (πℵ, υ℘, σ) ≥ Θf (πℵ,π0,
σ

3ζ(πℵ,π℘)
)∗Θf (π0,π0,

σ

3ζ(πℵ,π℘)
)

∗Θf (π0, υ℘,
σ

3ζ(πℵ,π℘)
).

Letting ℵ,℘→∞, we get

Θf (πℵ, υ℘, σ) ≥ 1 for all σ > 0.

Which implies that Θf (πℵ, υ℘, σ)→ 1 for all σ > 0. Hence, (πℵ, υℵ) is a Cauchy bisequence. �

Lemma 1.2. Let (∆,Φ,Θf , ∗) be a EFBMS and κ ∈ ∆∩Φ is a limit of a sequence then it is a unique limit
of the sequence.
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Proof. Let {πℵ} ∈ ∆ be a sequence. Suppose that {πℵ} → υ ∈ Φ and also {πℵ} → κ ∈ ∆∩Φ, then for

σ,$, r > 0, we have

Θf (κ, υ, t+ s+ r) ≥ Θf (κ,κ,
σ

ζ(κ, υ)
)∗Θf (πℵ,κ,

$

ζ(κ, υ)
)∗Θf (πℵ, υ,

r

ζ(κ, υ)
).

Letting ℵ → ∞, we get

Θf (κ, υ, t+ s+ r) ≥ 1,

which implies that κ = υ, i.e., sequence {πℵ} have a unique limit. �

Definition 1.8. A point π ∈ ∆ ∩Φ is said to be fixed point for the mapping Ξ on π ∈ ∆ ∩Φ such that
π = Ξπ.

Motivated by Sezen [12], we prove fixed point theorems on EFBMS with an application.

2. Main Results

2.1. Fixed point theorems. In this section, we prove the extension of some well known fixed point

theorems to EFBMS.

Theorem 2.1. Let (∆,Φ,Θf , ∗) be a complete EFBMS with ζ : ∆×Φ→ [1,∞) such that

lim
σ→∞

Θf (π, υ, σ) = 1 for all π ∈ ∆, υ ∈ Φ. (2.1)

Let Ξ : ∆∪Φ→ ∆∪Φ be mapping satisfying
(i) Ξ(∆) ⊆ ∆ and Ξ(Φ) ⊆ Φ;

(ii) Θf (Ξ(π),Ξ(υ), νσ) ≥ Θf (π, υ, σ) for all π ∈ ∆, υ ∈ Φ and σ > 0, where ν ∈ (0, 1).
Further, suppose that for an arbitrary π ∈ ∆, υ ∈ Φ and ℵ, q ∈N, we have

ζ(πℵ, υℵ+q) <
1
ν

.

Then Ξ has a unique fixed point.

Proof. Fix π0 ∈ ∆ and υ0 ∈ Φ and assume that Ξ(πℵ) = πℵ+1 and Ξ(υℵ) = υℵ+1 for all ℵ ∈N∪ {0}.

Then we get (πℵ, υℵ) as a bisequence on fuzzy controlled bipolar metric space (∆,Φ,Θf , ∗). Now,

we have

Θf (π1, υ1, σ) = Θf (Ξ(π0),Ξ(υ0), σ) ≥ Θf (π0, υ0,
σ
ν
)

for all σ > 0 and ℵ ∈N. By simple induction we get

Θf (πℵ, υℵ, σ) = Θf (Ξ(πℵ−1),Ξ(υℵ−1), σ) ≥ Θf (π0, υ0,
σ

νℵ
) (2.2)

and

Θf (πℵ+1, υℵ, σ) = Θf (Ξ(πℵ),Ξ(υℵ−1), σ) ≥ Θf (π1, υ0,
σ

νℵ
) (2.3)

for all σ > 0 and ℵ ∈N.
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Letting ℵ < ℘, for ℵ,℘ ∈N. Then, we get

Θf (πℵ, υ℘, σ) ≥Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)

?Θf (πℵ+1, υ℘,
σ

3ζ(πℵ, υ℘)
)

...

≥ Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)? · · ·

?Θf (π℘−1, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘, υ℘,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Consequently,

Θf (πℵ, υ℘, σ) ≥ Θf (π0, υ0,
σ

3νℵζ(πℵ, υ℘)
)?Θf (π0, υ1,

σ

3νℵζ(πℵ, υ℘)
)

? · · · · · ·?Θf (π0, υ0,
σ

3℘−1ν℘+1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Letting ℵ,℘→∞, we get

Θf (πℵ, υ℘, σ) ≥ 1 for all σ > 0.

Therefore, the bisequence (πℵ, υℵ) is a Cauchy bisequence. Since (∆,Φ,Θf , ∗) is a complete. So,

bisequence (πℵ, υℵ) is a convergent, then there exist a point κ ∈ ∆∩Φ which is a limit of the both

sequence {πℵ} and {υℵ}. Let we claim that κ ∈ ∆∩Φ is a fixed point of Ξ. Now,

Θf (Ξ(κ),κ, σ) ≥ Θf (Ξ(κ),Ξ(υℵ),
σ

3ζ(Ξ(κ),κ)
)∗Θf (Ξ(πℵ),Ξ(υℵ),

σ

3ζ(Ξ(κ),κ)
)

∗Θf (Ξ(πℵ),κ,
σ

3ζ(Ξ(κ),κ)
),

for all ℵ ∈N and σ > 0. As ℵ → ∞, we have

Θf (Ξ(κ),κ, σ)→ 1∗1∗1 = 1.

Therefore, Ξ(κ) = κ. Let v ∈ ∆∩Φ be a another fixed point of Ξ. Then,

Θf (κ, v, σ) = Θf (Ξ(κ),Ξ(v), σ) ≥ Θf (κ, v,
σ
ν
)

for ν ∈ (0, 1) and for all σ > 0. Hence, κ = v. �

Example 2.1. Let ∆ = [0, 1], Φ = {0} ∪N − {1} and ζ : ∆ ×Φ → [1,∞) be a mapping defined by
ζ(π, υ) = π + υ − 1. Define Θf (π, υ, σ) = σ

σ+|π−υ|2
for all σ > 0 and π ∈ ∆ and υ ∈ Φ. Clearly,

(∆,Φ,Θf , ∗) is a complete EFBMS, where ∗ is a continuous σ-norm defined as a∗f = af .
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Define Ξ : ∆∪Φ→ ∆∪Φ by

Ξ(κ) =


κ
2 , if κ ∈ [0, 1],

0, if κ ∈N− {1},

for all κ ∈ ∆∪Φ. Ξ satisfies the condition (i) of Theorem 2.1. Now, suppose that ν = 1
2 then for all σ > 0,

condition (ii) of Theorem 2.1 also satisfies by Ξ. We can construct the bisequences Ξ(πℵ) = πℵ+1 and
Ξ(υℵ) = υℵ+1 for all ℵ ∈ N∪ {0} by assuming π0 = 1 and υ0 = 2, we obtain a non-trivial sequence as
(πℵ, υℵ) = {(1, 2), ( 1

2 , 0), ( 1
22 , 0), · · · }. By Theorem 2.1, we get Ξ have a unique fixed point, i.e.,π = 0.

Theorem 2.2. Let (∆,Φ,Θf , ∗) be a complete EFBMS with ζ : ∆×Φ→ [1,∞) such that

lim
σ→∞

Θf (π, υ, σ) = 1 for all π ∈ ∆, υ ∈ Φ. (2.4)

Let Ξ : ∆∪Φ→ ∆∪Φ be mapping satisfying
(i) Ξ(∆) ⊆ Φ and Ξ(Φ) ⊆ ∆;

(ii) Θf (Ξ(υ),Ξ(π), νσ) ≥ Θf (π, υ, σ), for all π ∈ ∆, υ ∈ Φ and σ > 0, where ν ∈ (0, 1).
Further, suppose that for an arbitrary π ∈ ∆, υ ∈ Φ and ℵ, q ∈N, we have

ζ(πℵ, υℵ+q) <
1
ν

.

Then Ξ has a unique fixed point.

Proof. Fix π0 ∈ ∆ and assume that Ξ(πℵ) = υℵ and Ξ(υℵ) = πℵ+1 for all ℵ ∈N∪ {0}. Then we get

(πℵ, υℵ) as a bisequence on fuzzy controlled bipolar metric space (∆,Φ,Θf , ∗). Now, we have

Θf (π1, υ0, σ) = Θf (Ξ(υ0),Ξ(π0), σ) ≥ Θf (π0, υ0,
σ
ν
)

for all σ > 0 and ℵ ∈N. By simple induction we get

Θf (πℵ, υℵ, σ) = Θf (Ξ(υℵ−1),Ξ(πℵ), σ) ≥ Θf (π0, υ0,
σ

ν2ℵ
) (2.5)

and

Θf (πℵ+1, υℵ, σ) = Θf (Ξ(υℵ),Ξ(πℵ), σ) ≥ Θf (π0, υ0,
σ

ν2ℵ+1
) (2.6)

for all σ > 0 and ℵ ∈N.

Letting ℵ < ℘, for ℵ,℘ ∈N. Then, we get

Θf (πℵ, υ℘, σ) ≥Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ, υℵ,

σ

3ζ(πℵ, υ℘)
)

?Θf (πℵ+1, υ℘,
σ

3ζ(πℵ, υ℘)
)

...

≥ Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)? · · ·

?Θf (π℘−1, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)
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?Θf (π℘, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘, υ℘,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Consequently,

Θf (πℵ, υ℘, σ) ≥ Θf (π0, υ0,
σ

3ν2ℵζ(πℵ, υ℘)
)?Θf (π0, υ0,

σ

3ν2ℵ+1ζ(πℵ+1, υ℘)
)

? · · · · · ·?Θf (π0, υ0,
σ

3℘−1ν2℘+1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Letting ℵ,℘→∞, we get

Θf (πℵ, υ℘, σ) ≥ 1 for all σ > 0.

Therefore, the bisequence (πℵ, υℵ) is a Cauchy bisequence. Since, (∆,Φ,Θf , ∗) is a complete. So,

bisequence (πℵ, υℵ) is a convergent, then there exist a point κ ∈ ∆∩Φ which is a limit of the both

sequences {πℵ} and {υℵ}. Now, to prove κ ∈ ∆∩Φ is a fixed point of mapping Ξ. For this,

Θf (Ξ(κ),κ, σ) ≥ Θf (Ξ(κ),Ξ(πℵ),
σ

3ζ(Ξ(κ),κ)
)

∗Θf (Ξ(υℵ),Ξ(πℵ),
σ

3ζ(Ξ(κ),κ)
)

∗Θf (κ,Ξ(πℵ),
σ

3ζ(Ξ(κ),κ)
),

for all ℵ ∈N and σ > 0. As ℵ → ∞, we have

Θf (Ξ(κ),κ, σ)→ 1∗1∗1 = 1.

Therefore, Ξ(κ) = κ. Let v ∈ ∆∩Φ be a another fixed point of Ξ. Then,

Θf (κ, v, σ) = Θf (Ξ(v),Ξ(κ), σ) ≥ Θf (κ, v,
σ
ν
)

for ν ∈ (0, 1) and for all σ > 0. Hence, κ = v. �

Example 2.2. Let ∆ = [0, 1], Φ = {0} ∪N − {1} and ζ : ∆ ×Φ → [1,∞) be a mapping defined by
ζ(π, υ) = 2(π+ υ) − 1. Define

Θf (π, υ, σ) = e−
(π−υ)2

σ , ∀ π ∈ ∆, υ ∈ Φ, σ > 0.

Then (∆,Φ,Θf , ∗) is a complete EFBMS with product σ-norm. Define Ξ : ∆∪Φ→ ∆∪Φ given by

Ξ(κ) =


1−3−κ

5 , if κ ∈ [0, 1],

0, if κ ∈N− {1},
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for all κ ∈ ∆∪Φ. Let π ∈ [0, 1] and υ ∈N− {1}, then

Θf (Ξ(π),Ξ(υ), νσ) = Θf

(
1− 3−π

5
, 0, νσ

)

= e−

(
1−3−π

5

)2

νσ

≥ e−
(π−υ)2

σ

= Θf (π, υ, σ).

Therefore, all the hypotheses of Theorem 2.2 are satisfied. Hence Ξ has a unique fixed point, i.e., κ = 0.

For weak B-contraction, Mihet [13] defined an increasing function Ψ : (0, 1] → (0, 1] such that

limℵ→∞Ψℵ(ν) = 1 and Ψ(ν) ≥ ν for all ν ∈ (0, 1]. We are proving following fixed point theorem in

EFBMS by using weak B-contraction.

Theorem 2.3. Let (∆,Φ,Θf , ∗) be a complete EFBMS and Ξ : ∆ ∪Φ → ∆ ∪Φ a mapping with ζ :

∆×Φ→ [1,∞) satisfying
(i) Ξ(∆) ⊆ ∆ and Ξ(Φ) ⊆ Φ;

(ii) For π ∈ ∆, υ ∈ Φ and σ > 0,Θf (π, υ, σ) > 0⇒ Θf (Ξ(π),Ξ(υ), σ) ≥ Ψ(Θf (π, υ, σ)).
Further, suppose that for an arbitrary π ∈ ∆, υ ∈ Φ and ℵ, q ∈N, we have

ζ(πℵ, υℵ+q) <
1
ν

.

Then Ξ has a fixed point.

Proof. Let π0 ∈ ∆ and υ0 ∈ Φ be such thatΞ(πℵ) = πℵ+1 andΞ(υℵ) = υℵ+1 for all ℵ ∈N∪ {0}, then

(πℵ, υℵ) be a bisequence on fuzzy controlled bipolar metric space (∆,Φ,Θf , ∗). By the definition

of (FCB2) for all σ > 0 and condition (ii), we have

Θf (πℵ, υℵ, σ) ≥ Ψℵ(Θf (π0, υ0, σ)) (2.7)

and

Θf (πℵ+1, υℵ, σ) ≥ Ψℵ(Θf (π1, υ0, σ)). (2.8)

Letting ℵ < ℘, for ℵ,℘ ∈N. Then, we get

Θf (πℵ, υ℘, σ) ≥Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)

?Θf (πℵ+1, υ℘,
σ

3ζ(πℵ, υ℘)
)

...

≥ Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)? · · ·

?Θf (π℘−1, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)
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?Θf (π℘, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘, υ℘,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Consequently,

Θf (πℵ, υ℘, σ) ≥ Ψℵ(Θf (π0, υ0,
σ

3ζ(πℵ, υ℘)
))?Ψℵ(Θf (π1, υ0,

σ

3ζ(πℵ+1, υ℘)
))

? · · · · · ·?Ψℵ(Θf (π0, υ0,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)).

Letting ℵ,℘ → ∞, we have Θf (πℵ, υ℘, σ) → 1 for all σ > 0. Therefore, the bisequence (πℵ, υℵ) is

a Cauchy bisequence. Since, (∆,Φ,Θf , ∗) is a complete. So, bisequence (πℵ, υℵ) is a convergent,

then there exist a point κ ∈ ∆ ∩Φ which is a limit of the both sequences {πℵ} and {υℵ}. Now,

to prove κ ∈ ∆ ∩Φ is a fixed point of mapping Ξ. Since, Θf (πℵ,κ, σ) → σ for all σ > 0 and

Θf (πℵ+1,Ξ(κ), σ) = Θf (Ξ(πℵ),Ξ(κ), σ) ≥ Ψ(Θf (πℵ, (κ), σ)) ≥ Θf (πℵ, (κ), σ), and it follows that

πℵ+1 → Ξ(κ), which implies that Ξ(κ) = κ. �

Example 2.3. Let ∆ = {2, 4, 5, 6},Φ = {1, 2}, a∗f = af for all a, f ∈ [0, 1] and ζ : ∆ ×Φ → [1,∞) be a
mapping defined by ζ(π, υ) = π+ υ− 1. Define

Θf (π, υ, σ) =
min{π, υ}2 + σ

max{π, υ}2 + σ
for all π ∈ ∆, υ ∈ Φ and for all σ > 0.

- Then (∆,Φ,Θf , ∗) is an complete EFBMS. Now, define Ψ : (0, 1]→ (0, 1] such that Ψ(ν) =
√
ν. Clearly,

Ψ(ν) =
√
ν satisfies conditions of Ψ function.

Let Ξ : ∆∪Φ → ∆∪Φ be a mapping such that Ξ(2) = Ξ(4) = Ξ(1) = 2,Ξ(5) = Ξ(6) = 4. Then
all the conditions of Theorem 2.3 are satisfied. The fixed point of Ξ is π = 2.

Theorem 2.4. Let (∆,Φ,Θf , ∗) be a complete EFBMS and Ξ : ∆ ∪Φ → ∆ ∪Φ a mapping with ζ :

∆×Φ→ [1,∞) satisfying:
(i) Ξ(∆) ⊆ Φ and Ξ(Φ) ⊆ ∆;

(ii) For π ∈ ∆, υ ∈ Φ and σ > 0,Θf (π, υ, σ) > 0 =⇒ Θf (Ξ(υ),Ξ(π), σ) ≥ Ψ(Θf (π, υ, σ)).
Further, suppose that for an arbitrary π ∈ ∆, υ ∈ Φ and ℵ, q ∈N, we have

ζ(πℵ, υℵ+q) <
1
ν

.

Then Ξ has a fixed point.

Proof. Proof of the Theorem follows on the lines of proof of the Theorem 2.3 and Theorem 2.2. �

3. Application

In this section, we study the existence and unique solution to an integral equations as an

application of Theorem 2.1.
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Theorem 3.1. Let us consider the integral equation

π(%) = f (%) +
∫
Λ1∪Λ2

Ω(%,$,π($))d$, % ∈ Λ1 ∪Λ2,

where Λ1 ∪Λ2 is a Lebesgue measurable set. Suppose
(T1) Ω : (Λ2

1 ∪Λ
2
2) × [0,∞)→ [0,∞) and b ∈ L∞(Λ1)∪ L∞(Λ2),

(T2) there is a continuous function θ : Λ2
1 ∪Λ

2
2 → [0,∞) and ν ∈ (0, 1) such that

|Ω(%,$,π($)) −Ω(%,$, υ($))| ≤
√
νθ(%,$)(|π(%) − υ(%)|),

for %,$ ∈ Λ2
1 ∪Λ

2
2,

(T3) sup%∈Λ1∪Λ2

∫
Λ1∪Λ2

θ(%,$)d$ ≤ 1.
Then the integral equation has a unique solution in L∞(Λ1)∪ L∞(Λ2).

Proof. Let ∆ = L∞(Λ1) and Φ = L∞(Λ2) be two normed linear spaces, where Λ1,Λ2 are Lebesgue

measurable sets and m(Λ1 ∪Λ2) < ∞.

Consider Θf : ∆×Φ× (0,∞)→ [0, 1] by

Θf (π, υ, σ) = e−
sup%∈Λ1∪Λ2

|π(%)−υ(%)|2

σ .

for all π ∈ ∆, υ ∈ Φ. Define ζ : ∆ ×Φ → [1,∞) given by ζ(π, υ) = 1. Then (∆,Φ,Θf ,?) is a

complete EFBMS. Define Ξ : L∞(Λ1)∪ L∞(Λ2)→ L∞(Λ1)∪ L∞(Λ2) given by

Ξ(π(%)) = f (%) +
∫
Λ1∪Λ2

Ω(%,$,π($))d$, % ∈ Λ1 ∪Λ2.

Now,

Θf (Ξπ(%),Ξυ(%), νσ) = e− sup%∈Λ1∪Λ2
|Ξπ(%)−Ξυ(%)|2

νσ

= e− sup%∈Λ1∪Λ2

|f (%)+
∫
Λ1∪Λ2

Ω(%,$,π($))d$−f (%)−
∫
Λ1∪Λ2

Ω(%,$,υ($))d$)|2

νσ

= e− sup%∈Λ1∪Λ2

∣∣∣∣∣∣f (%)+∫
Λ1∪Λ2

Ω(σ,$,π($))d$−

(
f (%)+

∫
Λ1∪Λ2

Ω(σ,$,υ($))d$

)∣∣∣∣∣∣
2

νσ

≥ e− sup%∈Λ1∪Λ2

∫
Λ1∪Λ2

|Ω(%,$,π($))−Ω(%,$,υ($))|2d$

νσ

≥ e− sup%∈Λ1∪Λ2

∫
Λ1∪Λ2

νθ(%,$)(|π(%)−υ(%)|2)d$

νσ

≥ e− sup%∈Λ1∪Λ2

∫
Λ1∪Λ2

νθ(%,$)(|π(%)−υ(%)|2)d$

νσ

≥ e− sup%∈Λ1∪Λ2
|π(%)−υ(%)|2

σ

= Θf (π, υ, σ).

Hence all the hypotheses of a Theorem 2.1 are verified and consequently, the integral equation has

a unique solution. �
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4. Application to Fractional Differential Equations

In this section is devoted to prove the uniqueness of the solution of the following fractional

differential equation consisting of Caputo fractional derivative. More details can be found in [20].

D
`
0+π(%) + g1(%,π(%)) = 0, 0 < % < 1, (4.1)

where, 1 < ` ≤ 2,π(0) + π′(0) = 0,π(1) + π′(1) = 0 are the boundary conditions with

g1 : [0, 1] × [0,∞) → [0,∞) being continuous. Let ∆ = (C[0, 1], [0,∞)) = {g : [0, 1] →

[0,∞) : g is a continuous function} and Φ = (C[0, 1], (−∞, 0]) = {g : [0, 1] → (−∞, 0] :

g is a continuous function}. Consider Θf : ∆×Φ× (0,∞)→ [0, 1] by

Θf (π, υ, σ) = e−
sup%∈Λ1∪Λ2

|π(%)−υ(%)|2

σ ,

where a ∗ f = af . Define ζ : ∆×Φ→ [1,∞) given by ζ(π, υ) = 1. Note that π ∈ ∆∪Φ solves (4.1)

and whenever π ∈ ∆∪Φ is the solution of

π(%) =
1

Γ(`)

∫ 1

0
(1− ρ)`−1(1− %)g(ρ,π(ρ))dρ

+
1

Γ(` − 1)

∫ 1

0
(1− ρ)`−2(1− %)g(ρ,π(ρ))dρ

+
1

Γ(`)

∫ %

0
(% − ρ)`−1g(ρ,π(ρ))dρ.

Theorem 4.1. Consider the operator, define Ξ : ∆∪Φ→ ∆∪Φ given by:

Ξπ(%) =
1

Γ(`)

∫ 1

0
(1− ρ)`−1(1− %)g(ρ,π(ρ))dρ

+
1

Γ(` − 1)

∫ 1

0
(1− ρ)`−2(1− %)g(ρ,π(ρ))dρ

+
1

Γ(`)

∫ %

0
(% − ρ)`−1g(ρ,π(ρ))dρ.

Suppose the conditions:
(i) for all π ∈ ∆, υ ∈ Φ and g : [0, 1] × [0,∞)→ [0,∞), satisfies

|g(ρ,π(ρ)) − g(ρ, υ(ρ))| ≤ ν
1
2 |π(ρ) − υ(ρ)|,

(ii)

sup
%∈(0,1)

∣∣∣∣∣∣ 1− %
Γ(`+ 1)

+
1− %
Γ(`)

+
%`

Γ(`+ 1)

∣∣∣∣∣∣2 = η < 1,

holds. Then eqution (4.1) have a unique solution.
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Proof. Let π ∈ ∆, υ ∈ Φ and consider

|Ξπ(%) −Ξυ(%)|2 =

∣∣∣∣∣∣ 1
Γ(`)

∫ 1

0
(1− ρ)`−1(1− %)(g(ρ,π(ρ)) − g(ρ, υ(ρ)))dρ

+
1

Γ(` − 1)

∫ 1

0
(1− ρ)`−2(1− %)(g(ρ,π(ρ)) − g(ρ, υ(ρ)))dρ

+
1

Γ(`)

∫ %

0
(% − ρ)`−1(g(ρ,π(ρ)) − g(ρ, υ(ρ)))dρ

∣∣∣∣∣∣2
≤

(
1

Γ(`)

∫ 1

0
(1− ρ)`−1(1− %)

∣∣∣∣∣∣g(ρ,π(ρ)) − g(ρ, υ(ρ))

∣∣∣∣∣∣dρ
+

1
Γ(` − 1)

∫ 1

0
(1− ρ)`−2(1− %)

∣∣∣∣∣∣g(ρ,π(ρ)) − g(ρ, υ(ρ))

∣∣∣∣∣∣dρ
+

1
Γ(`)

∫ %

0
(% − ρ)`−1

∣∣∣∣∣∣g(ρ,π(ρ)) − g(ρ, υ(ρ))

∣∣∣∣∣∣dρ
)2

≤

(
1

Γ(`)

∫ 1

0
(1− ρ)`−1(1− %)ν

1
ℵ |π(ρ) − υ(ρ)|dρ

+
1

Γ(` − 1)

∫ 1

0
(1− ρ)`−2(1− %)ν

1
ℵ |π(ρ) − υ(ρ)|dρ

+
1

Γ(`)

∫ %

0
(% − ρ)`−1ν

1
ℵ |π(ρ) − υ(ρ)|dρ

)2

= ν|π(%) − υ(%)|2
(

1
Γ(`)

∫ 1

0
(1− ρ)`−1(1− %)dρ

+
1

Γ(` − 1)

∫ 1

0
(1− ρ)`−2(1− %)dρ+

1
Γ(`)

∫ %

0
(% − ρ)`−1dρ

)2

= ν|π(%) − υ(%)|2
(

1− %
Γ(`+ 1)

+
1− %
Γ(`)

+
%`

Γ(`+ 1)

)2

≤ ν|π(%) − υ(%)|2 sup
%∈(0,1)

(
1− %

Γ(`+ 1)
+

1− %
Γ(`)

+
%`

Γ(`+ 1)

)2

= ην|π(%) − υ(%)|2

≤ ν|π(%) − υ(%)|2,

so, we have ∣∣∣∣∣∣Ξπ(%) −Ξυ(%)
∣∣∣∣∣∣2 ≤ ν|π(%) − υ(%)|2,

i.e.,

−

sup%∈[0,1]

∣∣∣∣∣∣Ξπ(%) −Ξυ(%)
∣∣∣∣∣∣2

νσ
≥ −

sup%∈[0,1] |π(%) − υ(%)|
2

σ
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exp
(
−

sup%∈[0,1]

∣∣∣∣∣∣Ξπ(%) −Ξυ(%)
∣∣∣∣∣∣2

νσ

)
≥ exp

(
−

sup%∈[0,1] |π(%) − υ(%)|
2

σ

)
,

thus, we have

Θf (Ξπ(%),Ξυ(%), νσ) ≥ Θf (π(%), υ(%), σ).

Hence, all the hypothesis of a Theorem 2.1 are verified and consequently, the equation (4.1) have

a unique solution. �

4.1. Common fixed point theorems. In this section, we prove the extension of some well known

common fixed point theorems to EFBMS.

Theorem 4.2. Let (∆,Φ,Θf , ∗) be a complete EFBMS with ζ : ∆×Φ→ [1,∞) s.t.

lim
σ→∞

Θf (π, υ, σ) = 1 ∀ π ∈ ∆, υ ∈ Φ. (4.2)

Let Ξ,S : ∆∪Φ→ ∆∪Φ be mapping satisfying
(i) Ξ(∆) ⊆ ∆, S(∆) ⊆ ∆ and Ξ(Φ) ⊆ Φ, S(Φ) ⊆ Φ;

(ii) Θf (Ξ(π),S(υ), νσ) ≥ Θf (π, υ, σ) ∀ π ∈ ∆, υ ∈ Φ and σ > 0, where ν ∈ (0, 1).
Further, suppose that for an arbitrary υ ∈ ∆,π ∈ Φ and ℵ, q ∈N, we have

ζ(υℵ,πℵ+q) <
1
ν

.

Then Ξ and S have a unique CFP (UCFP).

Proof. Fix π0 ∈ ∆ and υ0 ∈ Φ and assume that Ξ(π2ℵ) = π2ℵ+1, S(π2ℵ+1) = π2ℵ+2 and Ξ(υ2ℵ) =

υ2ℵ+1, S(υ2ℵ+1) = υ2ℵ+2 ∀ ℵ ∈ N∪ {0}. Then ({πℵ}, {υℵ}) is a bisequence on EFBMS (∆,Φ,Θf , ∗).

Now,

Θf (π1, υ1, σ) = Θf (Ξ(π0),S(υ0), σ) ≥ Θf (π0, υ0,
σ
ν
)

for all σ > 0 and ℵ ∈N. Then

Θf (π2ℵ+1, υ2ℵ+1, σ) = Θf (Ξ(π2ℵ),S(υ2ℵ), σ) ≥ Θf (π0, υ0,
σ

ν2ℵ+1
) (4.3)

and

Θf (π2ℵ+1, υ2ℵ+2, σ) = Θf (Ξ(π2ℵ),S(υ2ℵ+1), σ) ≥ Θf (π0, υ1,
σ

ν2ℵ+1
) (4.4)

for all σ > 0 and ℵ ∈N. Letting ℵ,℘→∞, we get

Θf (υℵ,π℘, σ) ≥ 1 for all σ > 0.

Letting ℵ < ℘, for ℵ,℘ ∈N. Then

Θf (πℵ, υ℘, σ) ≥Θf (πℵ, υℵ+1,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(πℵ, υ℘)
)

?Θf (πℵ+1, υ℘,
σ

3ζ(πℵ, υ℘)
)
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...

≥ Θf (πℵ, υℵ+1,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(πℵ, υ℘)
)

? · · ·?Θf (π℘−2, υ℘−1,
σ

3℘−2ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘−1, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘−1, υ℘,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Consequently,

Θf (πℵ, υ℘, σ) ≥ Θf (π0, υ1,
σ

3νℵζ(πℵ, υ℘)
)?Θf (π0, υ0,

σ

3νℵ+1ζ(πℵ, υ℘)
)

? · · · · · ·?Θf (π0, υ1,
σ

3℘−1ν℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Letting ℵ,℘→∞, we get

Θf (πℵ, υ℘, σ) ≥ 1 ∀ σ > 0.

Therefore, the bisequence ({πℵ}, {υℵ}) is a Cauchy bisequence. Since (∆,Φ,Θf , ∗) is a complete, the

bisequence ({πℵ}, {υℵ}) is a convergent. Therefore, bisequence ({πℵ}, {υℵ}) is biconvergent then

{πℵ} → π and {υℵ} → π ∀ π ∈ ∆∩Φ.

From (FCB4),

Θf (Ξ(π),π, σ) ≥ Θf (Ξ(π), υℵ+1,
σ

3ζ(Ξ(π),π)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
)

= Θf (Ξ(π),S(υℵ),
σ

3ζ(Ξ(π),π)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
)

≥ Θf (π, υℵ,
σ

3ζ(Ξ(π),π)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
),

for all ℵ ∈N and σ > 0 and as ℵ → ∞, we have

Θf (Ξ(π),π, σ)→ 1∗1∗1 = 1.

From (FCB2), we get Ξ(π) = π. Again,

Θf (π,S(π), σ) = Θf (Ξ(π),S(π), σ)

≥ Θf (π,π,
σ
ν
) = 1.
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Therefore, S(π) = π. Hence π is CFP of Ξ and S. Let ρ ∈ ∆∩Φ be another fixed point of Ξ and

S. Then

Θf (π,ρ, σ) = Θf (Ξ(π),S(ρ), σ) ≥ Θf (π,ρ,
σ
ν
)

for ν ∈ (0, 1) and ∀ σ > 0. Therefore π = ρ. �

Example 4.1. Let ∆ = [0, 2], Φ = {0} ∪N − {1, 2} and ζ : ∆ ×Φ → [1,∞) be a mapping defined by
ζ(π, υ) = π+ υ − 1. Define Θf = σ

σ+|π−υ|2
∀ σ > 0 and π ∈ ∆ and υ ∈ Φ. Clearly, (∆,Φ,Θf , ∗) is a

complete EFBMS, where ∗ is a continuous σ-norm given by i∗b = ib. Define Ξ,S : ∆∪Φ→ ∆∪Φ given
by

Ξ(π) =

2−π, if π ∈ [0, 2],

2, if π ∈N− {1, 2},

and

S(π) =

π, if π ∈ [0, 2],

2, if π ∈N− {1, 2},

for all π ∈ ∆∪Φ. Clearly, Ξ and S are satisfied the axiom (i) of Theorem 4.2. Let ν = 1
2 , then ∀ σ > 0, we

obtain
Case 1: Let π ∈ [0, 2] and υ ∈ [0, 2], then

Θf (Ξ(π),S(υ), νσ) = Θf (2−π, υ, νσ)

=
νσ

νσ+ |2−π− υ|2

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).

Case 2: Let π ∈ [0, 2] and υ ∈N− {1, 2}, then

Θf (Ξ(π),S(υ), νσ) = Θf (2−π, 2, νσ)

=
νσ

νσ+ |2−π− 2|2

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).

Case 3: Let π ∈N− {1, 2} and υ ∈ [0, 2], then

Θf (Ξ(π),S(υ), νσ) = Θf (2, υ, νσ)

=
νσ

νσ+ |2− υ|2

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).
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Case 4: Let π ∈N− {1, 2} and υ ∈N− {1, 2}, then

Θf (Ξ(π),S(υ), νσ) = Θf (2, 2, νσ)

= 1

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).

Therefore, axiom (ii) of Theorem 4.2 also fulfills by Ξ and S. By Theorem 4.2, we get Ξ and S have a UCFP,
i.e., π = 1.

We present our second result.

Theorem 4.3. Let (∆,Φ,Θf , ∗) be a complete EFBMS with ζ : ∆×Φ→ [1,∞) such that

lim
σ→∞

Θf (π, υ, σ) = 1 ∀ π ∈ ∆, υ ∈ Φ. (4.5)

Let Ξ,S : ∆∪Φ→ ∆∪Φ be mapping satisfying
(i) Ξ(∆) ⊆ Φ, Ξ(Φ) ⊆ ∆ and S(∆) ⊆ Φ , S(Φ) ⊆ ∆;

(ii) Θf (Ξ(υ),S(π), νσ) ≥ Θf (π, υ, σ) ∀ π ∈ ∆, υ ∈ Φ and σ > 0, where ν ∈ (0, 1).
Further, suppose that for an arbitrary υ ∈ ∆,π ∈ Φ and ℵ, q ∈N, we have

ζ(υℵ,πℵ+q) <
1
ν

.

Then Ξ and S have a UCFP.

Proof. Fix π0 ∈ ∆ and υ0 ∈ Φ and assume that Ξ(π2ℵ) = υ2ℵ, S(π2ℵ+1) = υ2ℵ+1 and Ξ(υ2ℵ) =

x‘2ℵ+1, S(υ2ℵ+1) = π2ℵ+2 ∀ ℵ ∈ N∪ {0}. Then ({πℵ}, {υℵ}) is a bisequence on EFBMS (∆,Φ,Θf , ∗).

Now,

Θf (π1, υ0, σ) = Θf (Ξ(υ0),S(π0), σ) ≥ Θf (π0, υ0,
σ
ν
)

for all σ > 0 and ℵ ∈N. Then

Θf (π2ℵ+1, υ2ℵ+1, σ) = Θf (Ξ(υ2ℵ),S(π2ℵ+1), σ) ≥ Θf (π0, υ0,
σ

ν4ℵ+1
) (4.6)

and

Θf (π2ℵ+1, υ2ℵ, σ) = Θf (Ξ(υ2ℵ),S(π2ℵ), σ) ≥ Θf (π0, υ0,
σ

ν4ℵ
) (4.7)

for all σ > 0 and ℵ ∈N. Letting ℵ < ℘, for ℵ,℘ ∈N. Then

Θf (πℵ, υ℘, σ) ≥Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)

?Θf (πℵ+1, υ℘,
σ

3ζ(πℵ, υ℘)
)

...

≥ Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)? · · ·
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?Θf (π℘−1, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘, υ℘,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Consequently,

Θf (πℵ, υ℘, σ) ≥ Θf (π0, υ0,
σ

3ν2ℵ+1ζ(πℵ, υ℘)
)?Θf (π0, υ0,

σ

3ν2ℵζ(πℵ, υ℘)
)? · · ·

· · ·?Θf (π0, υ0,
σ

3℘−1ν2℘+1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Letting ℵ,℘→∞, we get

Θf (πℵ, υ℘, σ) ≥ 1 ∀ σ > 0.

Thus, the bisequence ({πℵ}, {υℵ}) is a Cauchy bisequence. Since (∆,Φ,Θf , ∗) is a complete, the

bisequence ({πℵ}, {υℵ}) is a convergent. Therefore, the bisequence ({πℵ}, {υℵ}) is biconvergent then

{πℵ} → π and {υℵ} → π ∀ π ∈ ∆∩Φ.

From (FCB4),

Θf (Ξ(π),π, σ) ≥ Θf (Ξ(π), υℵ+1,
σ

3ζ(Ξ(π),π)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
)

= Θf (Ξ(π),S(πℵ+1),
σ

3ζ(Ξ(π),π)
)?Θf (Ξυℵ,Sπℵ+1,

σ

3ζ(Ξ(π),π)
)

?Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
)

≥ Θf (π,πℵ+1,
σ

3νζ(Ξ(π),π)
)?Θf (υℵ,πℵ+1,

σ

3νζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
),

for all ℵ ∈N and σ > 0 and as ℵ → ∞, we have

Θf (Ξ(π),π, σ)→ 1∗1∗1 = 1.

From (FCB2), we get Ξ(π) = π. Again,

Θf (π,S(π), σ) = Θf (Ξ(π),S(π), σ)

≥ Θf (π,π,
σ
ν
) = 1.

Therefore, S(π) = π. Hence π is CFP of Ξ and S. Let ρ ∈ ∆∩Φ be another fixed point of Ξ and

S. Then

Θf (π,ρ, σ) = Θf (Ξ(π),S(ρ), σ) ≥ Θf (π,ρ,
σ
ν
)
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for ν ∈ (0, 1) and ∀ σ > 0. Therefore π = ρ. �

Example 4.2. Let∆ = {0, 1, 2, 7} andΦ = {0, 1
3 , 1

2 , 3} and define a continuous σ-norm as r∗f = min{r,f}.
Let ζ : ∆ ×Φ → [1,∞) be a mapping defined by ζ(π, υ) = π + υ − 1. Now, define Θf (π, υ, σ) =

exp− |π−υ|
2

σ ∀ σ > 0,π ∈ ∆ and υ ∈ Φ. Then (∆,Φ,Θf , ∗) is a complete EFBMS. Suppose we define a
mapping Ξ,S : ∆∪Φ→ ∆∪Φ s.t.

Ξ(π) =


1
3 , if π ∈ {7, 2},

0, if π ∈ {0, 1
3 , 1

2 , 1, 3}

and

S(π) =


1
2 , if π ∈ {7, 2},

0, if π ∈ {0, 1
3 , 1

2 , 1, 3}

Now, suppose that ν = 1
2 , then ∀ σ > 0, we obtain

Case 1: Let π ∈ {7, 2} and υ ∈ {7, 2}, then

Θf (Ξ(π),S(υ), νσ) = Θf

(
1
3

,
1
2

, νσ
)

=
νσ

νσ+ |13 −
1
2 |

2

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).

Case 2: Let π ∈ {7, 2} and υ ∈ {0, 1
3 , 1

2 , 1, 3}, then

Θf (Ξ(π),S(υ), νσ) = Θf

(
1
3

, 0, νσ
)

=
νσ

νσ+ |13 |
2

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).

Case 3: Let π ∈ {0, 1
3 , 1

2 , 1, 3} and υ ∈ {7, 2}, then

Θf (Ξ(π),S(υ), νσ) = Θf (0,
1
2

, νσ)

=
νσ

νσ+ |12 |
2

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).
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Case 4: Let π ∈ {0, 1
3 , 1

2 , 1, 3} and υ ∈ {0, 1
3 , 1

2 , 1, 3}, then

Θf (Ξ(π),S(υ), νσ) = Θf (0, 0, νσ)

= 1

≥
σ

σ+ |π− υ|2

= Θf (π, υ, σ).

Therefore, axiom (ii) of Theorem 4.3 also fulfills by Ξ and S. By Theorem 4.3, we get Ξ and S have a UCFP,
i.e., π = 0.

For weak B-contraction, Mihet [13] defined an increasing function Ω : (0, 1] → (0, 1] s.t.

limℵ→∞Ωℵ(ν) = 1 and Ω(ν) ≥ ν ∀ ν ∈ (0, 1]. Now, we present our result.

Theorem 4.4. Let (∆,Φ,Θf , ∗) be a complete EFBMS and Ξ,S : ∆ ∪Φ → ∆ ∪Φ be a mappings with
ζ : ∆×Φ→ [1,∞) satisfying

(i) Ξ(∆) ⊆ ∆, S(∆) ⊆ ∆ and Ξ(Φ) ⊆ Φ, S(Φ) ⊆ Φ;
(ii) For π ∈ ∆, υ ∈ Φ and σ > 0,Θf (π, υ, σ) > 0⇒ Θf (Ξ(π),S(υ), σ) ≥ Ω(Θf (π, υ, σ)).

Further, suppose that for an arbitrary υ ∈ ∆,π ∈ Φ and ℵ, q ∈N, we have

ζ(υℵ,πℵ+q) <
1
ν

.

Then Ξ and S have a CFP.

Proof. Fix π0 ∈ ∆ and υ0 ∈ Φ and assume that Ξ(πℵ) = πℵ+1, S(πℵ+1) = πℵ+2 and Ξ(υℵ) = υℵ+1,

S(υℵ+1) = υℵ+2 ∀ ℵ ∈N∪ {0}. Then ({πℵ}, {υℵ}) is a bisequence on EFBMS (∆,Φ,Θf , ∗). Now,

Θf (πℵ, υℵ, σ) ≥ Ωℵ(Θf (π0, υ0, σ)) (4.8)

and

Θf (πℵ+1, υℵ, σ) ≥ Ωℵ(Θf (π1, υ0, σ)). (4.9)

Letting ℵ < ℘, for ℵ,℘ ∈N. Then,

Θf (πℵ, υ℘, σ) ≥Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)

?Θf (πℵ+1, υ℘,
σ

3ζ(πℵ, υ℘)
)

...

≥ Θf (πℵ, υℵ,
σ

3ζ(πℵ, υ℘)
)?Θf (πℵ+1, υℵ,

σ

3ζ(πℵ, υ℘)
)

? · · ·?Θf (π℘−1, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)

?Θf (π℘, υ℘−1,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)
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?Θf (π℘, υ℘,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
).

Consequently,

Θf (πℵ, υ℘, σ) ≥ Ωℵ(Θf (π0, υ0,
σ

3ζ(πℵ, υ℘)
))?Ωℵ(Θf (π1, υ0,

σ

3ζ(πℵ, υ℘)
))

? · · ·?Ωℵ(Θf (π0, υ0,
σ

3℘−1ζ(πℵ, υ℘)ζ(πℵ+1, υ℘) · · · ζ(π℘−1, υ℘)
)).

Lettingℵ,℘→∞, we haveΘf (πℵ, υ℘, σ)→ 1 ∀ σ > 0. Thus, the bisequence ({πℵ}, {υℵ}) is a Cauchy

bisequence. Since (∆,Φ,Θf , ∗) is a complete, the bisequence ({πℵ}, {υℵ}) is a convergent. Therefore,

the bisequence ({πℵ}, {υℵ}) is biconvergent then

{πℵ} → π and {υℵ} → π ∀ π ∈ ∆∩Φ.

From (FCB4),

Θf (Ξ(π),π, σ) ≥ Θf (Ξ(π), υℵ+1,
σ

3ζ(Ξ(π),π)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
)

= Θf (Ξ(π),S(υℵ),
σ

3ζ(Ξ(π),π)
)?Θf (πℵ+1, υℵ+1,

σ

3ζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
)

≥ Ω(Θf (π, υℵ,
σ

3ζ(Ξ(π),π)
))?Θf (πℵ+1, υℵ+1,

σ

3ζ(Ξ(π),π)
)

∗Θf (πℵ+1,π,
σ

3ζ(Ξ(π),π)
),

for all ℵ ∈N and σ > 0. Letting ℵ → ∞, we have

Θf (Ξ(π),π, σ)→ 1∗1∗1 = 1.

From (FCB2), we get Ξ(π) = π. Again,

Θf (π,S(π), σ) = Θf (Ξ(π),S(π), σ)

≥ Ω(Θf (π,π, σ)).

Therefore, S(π) = π. Hence π is CFP of Ξ and S. �

Example 4.3. Let ∆ = {2, 4, 5, 6},Φ = {1, 2}, i∗b = ib ∀ i, b ∈ [0, 1] and ζ : ∆×Φ→ [1,∞) be a mapping
defined by ζ(π, υ) = π+ υ− 1. Define

Θf (π, υ, σ) =
(min{π, υ})2 + σ

(max{π, υ})2 + σ
∀ π ∈ ∆, υ ∈ Φ and ∀ σ > 0.

Then (∆,Φ,Θf , ∗) is a complete EFBMS. Now, define Ω : (0, 1] → (0, 1] s.t. Ω(ν) =
√
ν. Clearly,

Ω(ν) =
√
ν satisfies conditions of Ω function.
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Define Ξ,S : ∆ ∪ Φ → ∆ ∪ Φ given by Ξ(2) = Ξ(4) = Ξ(1) = 2,Ξ(5) = Ξ(6) = 4 and
S(2) = S(5) = S(6) = 2,S(4) = S(1) = 4. Then all the conditions of Theorem 4.4 are satisfied. The
CFP of Ξ and S is π = 2.

Theorem 4.5. Let (∆,Φ,Θf , ∗) be a EFBMS and Ξ,S : ∆∪Φ→ ∆∪Φ be a mappings with ζ : ∆×Φ→

[1,∞) satisfying
(i) Ξ(∆) ⊆ Φ, Ξ(Φ) ⊆ ∆ and S(∆) ⊆ Φ , S(Φ) ⊆ ∆;

(ii) For π ∈ ∆, υ ∈ Φ and σ > 0,Θf (π, υ, σ) > 0 =⇒ Θf (Ξ(υ),Ξ(π), σ) ≥ Ω(Θf (π, υ, σ)).
Further, suppose that for an arbitrary υ ∈ ∆,π ∈ Φ and ℵ, q ∈N, we have

ζ(υℵ,πℵ+q) <
1
ν

.

Then Ξ and S have a CFP.

Proof. Combining Theorem 4.4 and Theorem 4.3 to get our result. �

5. Application

In this section, we present an integral equations as an application of Theorem 4.2.

Theorem 5.1. Let us consider the integral equation

π(ω) = b(ω) +

∫
Λ1∪Λ2

G1(ω,f,π(f))df, ω ∈ Λ1 ∪Λ2,

π(ω) = b(ω) +

∫
Λ1∪Λ2

G2(ω,f,π(f))df, ω ∈ Λ1 ∪Λ2,

where Λ1 ∪Λ2 is a Lebesgue measurable set. Suppose
(T1) G1,G2 : (Λ2

1 ∪Λ
2
2) × [0,∞)→ [0,∞) and b ∈ L∞(Λ1)∪ L∞(Λ2),

(T2) there is a continuous function θ : Λ2
1 ∪Λ

2
2 → [0,∞) and ν ∈ (0, 1) s.t.

|G1(ω,f,π(f)) −G2(ω,f, υ(f))| ≤
√
νθ(ω,f)(|π(ω) − υ(ω)|),

for ω,f ∈ Λ2
1 ∪Λ

2
2,

(T3) supω∈Λ1∪Λ2

∫
Λ1∪Λ2

θ(ω,f)df ≤ 1.
Then the integral equations have a unique common solution in L∞(Λ1)∪ L∞(Λ2).

Proof. Let ∆ = L∞(Λ1) and Φ = L∞(Λ2) be two normed linear spaces, where Λ1,Λ2 are Lebesgue

measurable sets and m(Λ1 ∪Λ2) < ∞.

Consider Θf : ∆×Φ× (0,∞)→ [0, 1] by

Θf (π, υ, σ) = e−
supω∈Λ1∪Λ2

|π(ω)−υ(ω)|2

σ .
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for all π ∈ ∆, υ ∈ Φ. Define ζ : ∆ ×Φ → [1,∞) given by ζ(π, υ) = 1. Then (∆,Φ,Θf ,?) is a

complete EFBMS. Define Ξ,S : L∞(Λ1)∪ L∞(Λ2)→ L∞(Λ1)∪ L∞(Λ2) given by

Ξ(π(ω)) = b(ω) +

∫
Λ1∪Λ2

G1(ω,f,π(f))df, ω ∈ Λ1 ∪Λ2,

S(π(ω)) = b(ω) +

∫
Λ1∪Λ2

G2(ω,f,π(f))df, ω ∈ Λ1 ∪Λ2.

Now,

Θf (Ξπ(ω),Sυ(ω), νσ) = e− supω∈Λ1∪Λ2
|Ξπ(ω)−Sυ(ω)|2

νσ

= e− supω∈Λ1∪Λ2

|b(ω)+
∫
Λ1∪Λ2

G1(ω,f,π(f))df−b(ω)−
∫
Λ1∪Λ2

G2(ω,f,π(f))df)|2

νσ

≥ e− supω∈Λ1∪Λ2

∫
Λ1∪Λ2

|G1(ω,f,π(f))−G2(ω,f,υ(f))|2df

νσ

≥ e− supω∈Λ1∪Λ2

∫
Λ1∪Λ2

νθ(ω,f)(|π(ω)−υ(ω)|2)df

νσ

≥ e− supω∈Λ1∪Λ2

∫
Λ1∪Λ2

νθ(ω,f)(|π(ω)−υ(ω)|2)df

νσ

≥ e− supω∈Λ1∪Λ2
|π(ω)−υ(ω)|2

σ

= Θf (π, υ, σ).

Hence, all the hypothesis of a Theorem 4.2 are verified and consequently, the integral equations

have a unique common solution. �

6. Application to Fractional Differential Equations

In this section is devoted to prove the uniqueness of the solution of the following fractional

differential equation consisting of Caputo fractional derivative. More details can be found in

( [20]- [23]).

D
δ
0+π(ω) + g1(ω,π(ω)) = 0, 0 < ω < 1,

D
δ
0+π(ω) + g2(ω,π(ω)) = 0, 0 < ω < 1, (6.1)

where, 1 < δ ≤ 2,π(0) + π′(0) = 0,π(1) + π′(1) = 0 are the boundary conditions with

g : [0, 1] × [0,∞) → [0,∞) being continuous. Let ∆ = (C[0, 1], [0,∞)) = {g : [0, 1] →

[0,∞) : g is a continuous function} and Φ = (C[0, 1], (−∞, 0]) = {g : [0, 1] → (−∞, 0] :

g is a continuous function}. Consider Θf : ∆×Φ× (0,∞)→ [0, 1] by

Θf (π, υ, σ) = e−
supω∈Λ1∪Λ2

|π(ω)−υ(ω)|2

σ ,
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where i ∗ b = ib. Define ζ : ∆×Φ → [1,∞) given by ζ(π, υ) = 1. Note that π ∈ ∆∪Φ solves (6.1)

and whenever π ∈ ∆∪Φ is the solution of

π(ω) =
1

Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)g1(λ,π(λ))dλ

+
1

Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)g1(λ,π(λ))dλ

+
1

Γ(δ)

∫ ω

0
(ω− λ)δ−1g2(λ,π(λ))dλ,

π(ω) =
1

Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)g2(λ,π(λ))dλ

+
1

Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)g2(λ,π(λ))dλ

+
1

Γ(δ)

∫ ω

0
(ω− λ)δ−1g2(λ,π(λ))dλ.

Theorem 6.1. Consider the operator Define Ξ,S : ∆∪Φ→ ∆∪Φ given by:

Ξπ(ω) =
1

Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)g1(λ,π(λ))dλ

+
1

Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)g1(λ,π(λ))dλ

+
1

Γ(δ)

∫ ω

0
(ω− λ)δ−1g1(λ,π(λ))dλ,

Sπ(ω) =
1

Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)g2(λ,π(λ))dλ

+
1

Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)g2(λ,π(λ))dλ

+
1

Γ(δ)

∫ ω

0
(ω− λ)δ−1g2(λ,π(λ))dλ.

Suppose the conditions:
(i) for all π ∈ ∆, υ ∈ Φ and g1, g2 : [0, 1] × [0,∞)→ [0,∞), satisfies

|g1(λ,π(λ)) − g2(λ, υ(λ))| ≤ ν
1
2 |π(λ) − υ(λ)|,

(ii)

sup
ω∈(0,1)

∣∣∣∣∣∣ 1−ω
Γ(δ+ 1)

+
1−ω
Γ(δ)

+
ωδ

Γ(δ+ 1)

∣∣∣∣∣∣2 = η < 1,

holds. Then eqution (4.1) have a unique common solution.

Proof. Let π ∈ ∆, υ ∈ Φ and consider

|Ξπ(ω) −Sυ(ω)|2 =

∣∣∣∣∣∣ 1
Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)(g1(λ,π(λ) − g2(λ, υ(λ))))dλ
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+
1

Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)(g1(λ,π(λ) − g2(λ, υ(λ))))dλ

+
1

Γ(δ)

∫ ω

0
(ω− λ)δ−1(g1(λ,π(λ) − g2(λ, υ(λ))))dλ

∣∣∣∣∣∣2
≤

(
1

Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)

∣∣∣∣∣∣(g1(λ,π(λ) − g2(λ, υ(λ))))

∣∣∣∣∣∣dλ
+

1
Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)

∣∣∣∣∣∣(g1(λ,π(λ) − g2(λ, υ(λ))))

∣∣∣∣∣∣dλ
+

1
Γ(δ)

∫ ω

0
(ω− λ)δ−1

∣∣∣∣∣∣(g1(λ,π(λ) − g2(λ, υ(λ))))

∣∣∣∣∣∣dλ
)2

≤

(
1

Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)ν

1
2 |π(λ) − υ(λ)|dλ

+
1

Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)ν

1
2 |π(λ) − υ(λ)|dλ

+
1

Γ(δ)

∫ ω

0
(ω− λ)δ−1ν

1
2 |π(λ) − υ(λ)|dλ

)2

= ν|π(ω) − υ(ω)|2
(

1
Γ(δ)

∫ 1

0
(1− λ)δ−1(1−ω)dλ

+
1

Γ(δ− 1)

∫ 1

0
(1− λ)δ−2(1−ω)dλ+

1
Γ(δ)

∫ ω

0
(ω− λ)δ−1dλ

)2

= ν|π(ω) − υ(ω)|2
(

1−ω
Γ(δ+ 1)

+
1−ω
Γ(δ)

+
ωδ

Γ(δ+ 1)

)2

≤ ν|π(ω) − υ(ω)|2 sup
ω∈(0,1)

(
1−ω

Γ(δ+ 1)
+

1−ω
Γ(δ)

+
ωδ

Γ(δ+ 1)

)2

= ην|π(ω) − υ(ω)|2

≤ ν|π(ω) − υ(ω)|2,

so, we have ∣∣∣∣∣∣Ξπ(ω) −Sυ(ω)
∣∣∣∣∣∣2 ≤ ν|π(ω) − υ(ω)|2,

i.e.,

−

supω∈[0,1]

∣∣∣∣∣∣Ξπ(ω) −Sυ(ω)
∣∣∣∣∣∣2

νσ
≥ −

supω∈[0,1] |π(ω) − υ(ω)|
2

σ

exp
(
−

supω∈[0,1]

∣∣∣∣∣∣Ξπ(ω) −Sυ(ω)
∣∣∣∣∣∣2

νσ

)
≥ exp

(
−

supω∈[0,1] |π(ω) − υ(ω)|
2

σ

)
,
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thus, we have

Θf (Ξπ(ω),Sυ(ω), νσ) ≥ Θf (π(ω), υ(ω), σ)

Hence, all the hypothesis of a Theorem 4.2 are verified and consequently, the equation (6.1) have

a unique common solution. �

7. Conclusion

In this paper, we proved fixed point theorems and common fixed point theorems on EFBMS

with an application. Beg, G. Arul Joseph and Gunaseelan [24], proved common coupled fixed

point theorem on fuzzy bipolar metric space. It is an open problem to prove common coupled

fixed point theorem on EFBMS.

Authors’ Contributions: The authors contributed equally and significantly in writing this paper.

All authors read and approved the final manuscript.

Acknowledgment: The authors A. Aloqaily, and N. Mlaiki would like to thank Prince Sultan

University for paying the publication fees for this work through TAS LAB.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

References

[1] W. Shatanawi, T.A.M. Shatnawi, New Fixed Point Results in Controlled Metric Type Spaces Based on New Con-

tractive Conditions, AIMS Math. 8 (2023), 9314–9330. https://doi.org/10.3934/math.2023468.

[2] A. Rezazgui, A.A. Tallafha, W. Shatanawi, Common Fixed Point Results via Aν − α-Contractions with a Pair and

Two Pairs of Self-Mappings in the Frame of an Extended Quasi b-Metric Space, AIMS Math. 8 (2023), 7225–7241.

https://doi.org/10.3934/math.2023363.

[3] M. Joshi, A. Tomar, T. Abdeljawad, On Fixed Points, Their Geometry and Application to Satellite Web Coupling

Problem in S-metric Spaces, AIMS Math. 8 (2023), 4407–4441. https://doi.org/10.3934/math.2023220.

[4] B. Schweizer, A. Sklar, Statistical Metric Spaces, Pac. J. Math. 10 (1960), 313–334.

[5] L. Zadeh, Fuzzy Sets, Inf. Control 8 (1965), 338–353. https://doi.org/10.1016/s0019-9958(65)90241-x.

[6] I. Kramosil, J. Michalek, Fuzzy Metric and Statistical Metric Spaces, Kybernetika 11 (1975), 326–334. http://dml.cz/

dmlcz/125556.

[7] A. George, P. Veeramani, On Some Results in Fuzzy Metric Spaces, Fuzzy Sets Syst. 64 (1994), 395–399. https:

//doi.org/10.1016/0165-0114(94)90162-7.

[8] M. Grabiec, Fixed Points in Fuzzy Metric Spaces, Fuzzy Sets Syst. 27 (1988), 385–389. https://doi.org/10.1016/

0165-0114(88)90064-4.

[9] V. Gregori, A. Sapena, On Fixed-Point Theorems in Fuzzy Metric Spaces, Fuzzy Sets Syst. 125 (2002), 245–252.

https://doi.org/10.1016/s0165-0114(00)00088-9.

[10] A. Mutlu, U. Gürdal, Bipolar Metric Spaces and Some Fixed Point Theorems, J. Nonlinear Sci. Appl. 09 (2016),

5362–5373. https://doi.org/10.22436/jnsa.009.09.05.

[11] A. Bartwal, R.C. Dimri, G. Prasad, Some Fixed Point Theorems in Fuzzy Bipolar Metric Spaces, J. Nonlinear Sci.

Appl. 13 (2020), 196–204. https://doi.org/10.22436/jnsa.013.04.04.

https://doi.org/10.3934/math.2023468
https://doi.org/10.3934/math.2023363
https://doi.org/10.3934/math.2023220
https://doi.org/10.1016/s0019-9958(65)90241-x
http://dml.cz/dmlcz/125556
http://dml.cz/dmlcz/125556
https://doi.org/10.1016/0165-0114(94)90162-7
https://doi.org/10.1016/0165-0114(94)90162-7
https://doi.org/10.1016/0165-0114(88)90064-4
https://doi.org/10.1016/0165-0114(88)90064-4
https://doi.org/10.1016/s0165-0114(00)00088-9
https://doi.org/10.22436/jnsa.009.09.05
https://doi.org/10.22436/jnsa.013.04.04


28 Int. J. Anal. Appl. (2025), 23:265

[12] M.S. Sezen, Controlled Fuzzy Metric Spaces and Some Related Fixed Point Results, Numer. Methods Partial. Differ.

Equ. 37 (2020), 583–593. https://doi.org/10.1002/num.22541.
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