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Abstract. In this paper, we introduce notion of extended fuzzy bipolar metric space and prove some fixed point results
in this space. Our results generalize and expand some of the literature’s well-known results. We also explore some of

the applications of our key results to integral equation and fractional differential equation.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory has been attracting the attention of many researchers lately and that is due
to the fact that it has many applications in different fields [1-3]. In 1960, Schweizer and Sklar [4]
introduced the notion of continuous triangular norm. After that in 1965, Zadeh [5] introduces the
theory of fuzzy sets. Using the concept of fuzziness, in 1975, Kramosil and Michalek [6] defined the
fuzzy metric space with the help of continuous t-norm. The fuzzy approach to the distance follows
from the idea that it is not necessary that there always exist a real number to define the distance
between any two points which we have to approximate or to find, but it is a fuzzy notion. In 1994,
George and Veeramani [7] modified the definition of fuzzy metric spaces. Grabeic [8] extend the
well known fixed point theorem of Banach to fuzzy metric spaces in the sense of Karamosil and
Michalek [6]. After that, Gregori and Sapena [9] extended the fuzzy banach contraction theorem

to fuzzy metric space in the sense George and Veeramani’s [7]. Mutlu and Gurdal [10] generalized
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metric space which was called bipolar metric spaces and give a new concept of measurement of
distance between the elements of two different sets. Bartwal, Dimri and Prasad, [11] introduced
fuzzy bipolar metric space and proved fixed point theorems. Recently, Sezen [12] proved controlled
fuzzy metric spaces and some related fixed point results. More details, one can see [14-24].

Now, we present some basic definitions, lemmas and propositions as follows:

Definition 1.1. [7] Let @ be a nonempty set. An ordered triple (O, O, ) is called a fuzzy metric space
if © is a fuzzy set on @ x (0,00) and * is a continuous o-norm satisfying the following conditions for all
,0,3€ ©ando,o > 0;
(i) ©(m,v,0)>0;
(i) ©
(iii) ©
(iv) ©
(v) ©

n,v,0) =1liffn=v;
7,v,0) = O(v,m,0);
7,3,t+5) > O(m,v,0)+0(v,3,@);

7,v,.) : (0,00) — (0,1] is continuous.

~—~ ~ —~

Definition 1.2. [11] Let A and @ be two non-empty sets. A quadruple (A, D, Oy, *) is said to be fuzzy
bipolar metric space, where * is continuous o-norm and O is a fuzzy set on A X @ x (0, o), satisfying the
following conditions for all ¢, ®,t > 0O:

(FB1) ©(m,v,0) >0 forall (m,v) € A X D;

(FB2) ®f(7'c,v,a) =liffn=vforneAandve @;

(FB3) ©¢(m,v,0) = Of(v,m,0) forall m,v € AN D;

(FB4) Of(m1,v2,t + 54 1) 2 Of(11, v1,0)*Of (712, V1, @)*Of (12, V2, ¥) for all

11, T2 € A and v1,v2 € O;
(FB5) ©f(m,v,.) : [0,00) —> [0, 1] is left continuous;
(FB6) @f(n, v, .) is non-decreasing for all m € A and v € @.

Definition 1.3. Let A and @ be two non-empty sets, C : Ax @ — [1,00). A quadruple (A, D, O, *) is
said to be extended fuzzy bipolar metric space(EFBMS), where = is continuous o-norm and O is a fuzzy set
on A X @ x (0, c0), satisfying the following conditions for all o, ®,t > 0:
(FCB1) ©f(m,v,0) >0 forall (m,v) € A X D;
(FCB2) @f(n,v,a) =liffn=vfornedandve @;
(FCB3) ©¢(m,v,0) = O¢(v,m,0) forall ;,v € AND;
(FCB4) Of(m1,v2, (11, v2)(t+ 5 +1)) 2 Of(711,v1,0)+Of (112, 01, @)
*@f (712, V2, 1) for all Ty, 712 € A and v1, v € D;
(FCB5) ©f(m,v,.) : [0,00) —> [0, 1] is left continuous;
(FCB6) ©f(m,v,.) is non-decreasing for all m € A and v € .

Example 1.1. Let A = {1,2,3,4}, ® = {2,4,5,6} and L : AX D — [1,00) be a mapping defined by
C(m,v) =+ v+ 1. Define ©f : A x @ X (0,00) — [0, 1] defined by
min{m, v} + o

O(mv,0) = max{7, v} + o’
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forall m € Aand v € ©. Then (A, @, @f,*) is a EFBMS with the continuous o-norm % such that
axf = af. Now, {(1,2) = 4,((1,4) = 6,0(1,5) = 7,L(1,6) = 8,0(2,2) = 5,0(2,4) = 7,L(2,5) =
8,0(2,6) =9,0(3,2) =6,L(3,4) =8,0(3,5) =9,L(3,6) =10,L(4,2) =7,L(4,4) =9,L(4,5) =10
and C(4,6) = 11. Axioms (FCB1) to (FCB3) and (FCB5), (FCBG6) are easy to verify we only prove (FCB4).
Let 11 =1,vp = 4,01 = 2and 1, = 3. Then

min{l,4}+o0c+ o+

max{l,4}+o0+o+1

l+o+o+r

4+o0+o+1

O(L,4,0+o+r) =

Now,

min{1,2} + ﬁ
max{1,2} + c({;z)
1+ ¢

44
4+

o

O (1,2,
(L2 7 2)

) =

a wIa

7

8+o0

min{3,2} + ﬁ

© max{3,2} + _C(ED,Z)

and
' - min{3,4} + _C(lr,Z)
C(1,2)

©¢(3,4,
7 max|{3,4} + ﬁ

341
=it

12 +x
T 16+t

Clearly,

1+a+cD+r> 440\ 84+ (1241
44o0c4+o0+r \84+c\124+0/\16+1

),Va@x>&

So,

o ()] r
C(l, 2) ) * @f(3, 2, m) * @f(3,4, m

On the same steps, one can prove the remaining cases. Hence (A, @, ®f, %) is a EFBMS.

@f(1,4,0—|—®+r) Z@f(l,z, )
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Example 1.2. If we take minimum o-norm instead of product o-norm in Example 1.1, then (A, @, ©f, %)
is not a EFBMS. For instance, let 11 = 1,v2 = 4,v1 = 2, 1o = 3and o0 = 0.02,® = 0.03,r = 0.04 with
C(m,v) =m+v+1,then

@f(l, 4,0.02 4+ 0.03 + 0.04) = i i 883 = (0.2665,
and
0.02 , 1+9%%
6r(1,2, C(1,2)> = e - 0.50124,
0.03 2+ 08
®f(3,2, C(LZ)) = 31 00 = 0.67250,
. 34 L
6(3,4, 010‘; ) = —& = 0.7581.
C(1,2) 4+ 0%
Clearly,
0.02 0.03
®¢(1,4,0.02 4+ 0.03 + 0.04 Or(1,2, ———) * O¢(3,2, ————
0.04
* O/(3,4, ———).

Hence (A, @, ©f, %) is not a EFBMS with minimum o-norm.

Definition 1.4. Let (A, D, O, +) be a EFBMS. The points belong to A, ® and A N @ are called as Left,
Right and Central points respectively and sequences belong to A, @ and A N @ are named as Left, Right and

Central sequences respectively.

Lemma 1.1. Let (A, D, O, +) be a EFBMS such that

O¢(m,v,vo) 2 Bf(m,v,0)
formeA,ve @andv e (0,1). Then T = v.
Proof. We have

@f(rc, v,v0) > @f(n, v,0) for o > 0. (1.1)

Since vo < ¢ forall 0 > 0 and v € (0,1), by (FCB6) we have

O¢(m,v,vo) < Bf(m,v,0). (1.2)
From (1.1) and (1.2) and definition of EFBMS, we get = = v. O

Definition 1.5. Let (A, @, Of,*) be a EFBMS. A sequence {mx} € A converges to a right point v if and
only if for every € > 0 and o > 0, there exists No € IN such that O(ng,v,0) > 1€ for all 8 > Ry,
ie., Of(my,v,0) — 1as X — oo for all 0 > 0 (symbolically {rig} — v or limg_, Ty = v as N — o).

Similarly, a right sequence {vx} converges to a left point 1 if and only if for every € > 0 and o > 0, there
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exists N9 € IN such that @f(n, vy, 0) >1—¢eforallN >Ny, ie., @f(n, vx,0) = 1asN — oo forallo >0

(symbolically {vg} — 1 or img_,o Uy = Tas N — o).

Definition 1.6. Let (A, @, O, +) be a EFBMS then:
(i) Sequence (1ix,vx) € A X @ is named as a bisequence on (A, D, O, *).

(ii) If both my and vy converge, the sequence (1iy, vx) € A X @ is said to be a convergent sequence.
If both T and vy converge to some center point, bisequence (mx, Uy ) is said to be a biconvergent
sequence.

(iii) A bisequence (T, vx) on EFBMS (A, @, O, +) is said to be a Cauchy bisequence if for each € > 0,
there exists Ny € IN such that for all X, 9 > No(N, 9 € N),we have @f(TCN, Vp,0) > 1—€ for
each o > 0, i.e., a bisequence (7x, vy) is said to be a Cauchy bisequence if O¢(mx, vy, 0) — 1 as

N, — oo forall ¢ > 0.

Definition 1.7. The EFBMS (A, @, ©,+) is said to be complete if every Cauchy bisequence in A X @ is

convergent in it.
Proposition 1.1. In a EFBMS, every convergent Cauchy bisequence is biconvergent.

Proof. Let (4, D, O, +) be a EFBMS and a bisequence (7tx, vx) € A X @ such that {ng} — v € @ and
{vg} = m € A. Since (my, vy) is convergent Cauchy bisequence, so for all ¢ > 0 we have

Of (g, vp,0) = 1asN — oo,
which implies that

@f(n, v,0) = 1forallo > 0.
Hence by (FCB2) bisequence (7ty, vx) is biconvergent. o
Proposition 1.2. In a EFBMS, every biconvergent bisequence is a Cauchy bisequence.

Proof. Let (A, @, O, +) be a EFBMS and bisequence (7ty, vx) € 4 X @ converges to a point g € A N
forall N, p € N and ¢ > 0, by (FCB4), we have

o o

- *@ , P oy
3C(ﬂx,np)) (o, 0 3c(nx,np))

3C(myx, o) )

O (1x, vy, 0) 2 Of(1y, 700,
*@f (110, Vg,
Letting N, 9 — o0, we get
@f(nx, vy,0) > 1forall o > 0.
Which implies that ©¢(ry, vy, 0) — 1 for all 0 > 0. Hence, (7tx, vy ) is a Cauchy bisequence. o

Lemma 1.2. Let (A, @, O, +) bea EFBMS and x € A N @ is a limit of a sequence then it is a unique limit
of the sequence.
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Proof. Let {ix} € A be a sequence. Suppose that {rx} — v € @ and also {nx} = k € A N D, then for
o,®,r >0, we have

o

C(x,v)

)
)*@f(ﬂg,K,—)*@f(nN,v, )

Ok, v,t+s+1) > 0Ok, K,
#( ) = O ( o)

_r
C(x,v)
Letting N — oo, we get

@f(K,v,t +s+1)>1,

which implies that ¥ = v, i.e., sequence {rix} have a unique limit. m]

Definition 1.8. A point m € A N @ is said to be fixed point for the mapping E on m € AN D such that

= Em.
Motivated by Sezen [12], we prove fixed point theorems on EFBMS with an application.

2. MaIN Resurts

2.1. Fixed point theorems. In this section, we prove the extension of some well known fixed point
theorems to EFBMS.

Theorem 2.1. Let (A, @, Oy, *) be a complete EFBMS with C: A X @ — [1,00) such that

lim @¢(m,v,0) =1forallte A,v € . (2.1)

G—00
Let 5 : AU D — AU D be mapping satisfying

(i) E(A) € Aand E(D) C Dy

(i) Or(E(n), E(v),vo) 2 Of(m,v,0) forallm € A,v € @ and o > 0, where v € (0,1).
Further, suppose that for an arbitrary m € A,v € © and N, g € IN, we have

1
C(T(Nr UN—i—a) < 1_/

Then E has a unique fixed point.

Proof. Fix mp € A and vy € @ and assume that Z(nx) = 7x 1 and Z(vy) = vxyq forall X € N U {0}.
Then we get (s, vx) as a bisequence on fuzzy controlled bipolar metric space (A, @, O, +). Now,

we have
- _ o
O (11, v1,0) = Of(E(m0), E(v0),0) = O (110, V0, 1—/)

for all 0 > 0 and N € IN. By simple induction we get

— —_ o
@f(TLN,Ug,O') = @f(:(ﬂx_l),:(vx_l),ﬁ) > @f(T((), Vo, 1}) (2.2)
and
o — o
Gf(nN—Fl/vN/ G) = ®f(':' (T(N)r':(vx—l)/(f) = @f<ﬂ1,1)0, 1}) (23)

forallo > 0and 8 € IN.
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Letting N < g, for N, ¢ € IN. Then, we get

o

Of(1ix, vy, 0) 2Of(1x, vy, 3C(mix, V)
/Uy

— ) % Of(Ttxiq, VN,
3C(T(N/v(p)) f( N+1,UN

o

> O S )

o
) * Gf(nN—i-llvN/—) * o

> Of(mtx, vy, 3C(mx, vp)

¢
3C(mx, vy)

o
* Of(Tp-1, Vp-1,

39-1C(my, vp) LTt 41, V) * - C(mp-1,vp)
o

3W_1C(7TN/ U@)C(T(g_,_l, v!@) T C(Tig)_l, vﬁ))
o

3971 (s, vp) LTt 11,Vp) - Lo, 0p)

* Of (10, V-1,

* @f(ﬂp,vp,

Consequently,
Y

3VNC(7TN/ UW)
o

391y (mtx, vy ) (TR 41, Vp) - C(”go—lrvsp).

@f(T(N, vp,a) > @f(ﬂ(), Vo, ) * @f(?’(o, VU1,

3N (7y, vp)

Letting N, 9 — co, we get
@f(ﬂx, vy,0) > 1forall o > 0.

Therefore, the bisequence (7y, vx) is a Cauchy bisequence. Since (4, @, @, ) is a complete. So,
bisequence (7ty, vx) is a convergent, then there exist a point k € A N @ which is a limit of the both

sequence {rty} and {vy}. Let we claim that k € A N @ is a fixed point of Z. Now,

Br(E(x),x,0) = B¢ (E(x), E(U?Orm)*@f(i( x), E(vx), ﬁ)
OHE(M) K Sz ()
forallX e N and 0 > 0. As N — oo, we have
Or(E(x),x,0) = 1+1+1 = 1.
Therefore, Z(x) = k. Let v € A N @ be a another fixed point of =. Then,
O(x,v,0) = By(E(x), E(v), 0) > Oy (x, 0, %)
forv € (0,1) and for all ¢ > 0. Hence, x = v. m]

Example 2.1. Let A = [0,1], ® = {0JUN {1} and C : AX @ — [1,00) be a mapping defined by
C(m,v) = m+v -1 Define O(m,v,0) = a+|n P —” forall o > 0and m € A and v € ©. Clearly,
(A, @, Oy, +) is a complete EFBMS, where * is a continuous o-norm defined as axf = af.
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Define E2: AUD — AU D by

forall x € AU @. E satisfies the condition (i) of Theorem 2.1. Now, suppose that v = 1 then for all ¢ > 0,
condition (ii) of Theorem 2.1 also satisfies by Z. We can construct the bisequences Z(mx) = Tix,1 and
EZ(vx) = vxyq forall N € N U ({0} by assuming g = 1 and vg = 2, we obtain a non-trivial sequence as
(s, vx) = 1{(1,2), (%,O), (21—2,0), -+ }. By Theorem 2.1, we get = have a unique fixed point, i.e.,mt = 0.

Theorem 2.2. Let (A, @, Oy, *) be a complete EFBMS with C: AX @ — [1,00) such that

lim O¢(m,v,0) =1forallme A, v e . (2.4)

g—00
Let 5 : AU D — AU D be mapping satisfying
(i) E(A) S @and Z(D) C A;
(i) ©r(E(v), E(n),v0) 2 Of(1,v,0), forallmt € A,v € ®and o > 0, wherev € (0,1).
Further, suppose that for an arbitrary m € A,v € ® and N, g € IN, we have
1
C(TCN/ UN—i—q) <=
v
Then E has a unique fixed point.
Proof. Fix g € A and assume that Z(7tx) = vy and Z(vy) = x4 for all ¥ € IN U {0}. Then we get
(mx, vyx) as a bisequence on fuzzy controlled bipolar metric space (4, @, O, +). Now, we have
- - o
®f(7'c1,vo,a) = @f(:(vo),:(no),o) > @f(ﬂ(), Vo, ;)

for all 0 > 0 and N € IN. By simple induction we get

- - o
®f(nN/ UK/ G) = @f(:(vx—l)/:’(nx)/a) 2 @f(n[)/ Vo, VK) (25)
and
- - o
@f(ng+1,vx, O) = @f(:(vx),.:‘.(ﬂx),a) > @f(TC(), Vo, m) (2.6)
forallo > 0and N € IN.
Letting N < g, for N, ¢ € IN. Then, we get
o o
O (TR, Vo, 0) =Of(TIx, U8, —————) * Of(TIx, V8, —————
¢ (T8, Vg, 0) 20f (1, U8 3C(nx,vp)) ¢ (T8, UR 300, v0)
o
* Of(Tix11, Vy, ———————
f( N+1 [ 3C(’RN;U¢))
> Of(7mx, v ;)*G(n v ;)*---
= YN, UNy 3C(77N,U§o) FUIR+1, Uy 3C(TCN,U&7)

o
39-1C(my, vp) LTt 41, V) * - C(mp-1,vp)

* Of(11p-1, Vp-1,
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o

3971 (mx, v9) U(TtR 41, V) -+ C(TTp-1, V)
o

3971 (s, vp) UM 41, V) -+ C(Tp-1,09)

* @f(rcp, Vo1,

* @f(rcso, vy,

Consequently,

o

3V2N+1C(71N+1/ vp)
o

391201 (1, 0 ) C(Tiw1, V) -+ C(Tp—1, 0p)

@f(ﬂx, UW,CT) > @f(T(o, Vo, ) * ®f(7'(0,v0,

3V (1ty, vy)

Letting N, 9 — oo, we get
O (my, vp,0) = 1forall o > 0.

Therefore, the bisequence (7x, vx) is a Cauchy bisequence. Since, (4, @, By, ) is a complete. So,
bisequence (7ty, vx) is a convergent, then there exist a point k € A N @ which is a limit of the both

sequences {rtx} and {vx}. Now, to prove k € A N @ is a fixed point of mapping =. For this,

forall X e N and 0 > 0. As X — oo, we have
Or(E(x),x,0) = 1+1+1 = 1.

Therefore, Z(x) = k. Let v € A N @ be a another fixed point of =. Then,

O (x,0,0) = O4(£(v), £(x),0) = Bf(x, v, ‘V-’)

forv e (0,1) and for all o > 0. Hence, x = v. o

Example 2.2. Let A = [0,1], ® = {0JUN {1} and { : AX @ — [1,00) be a mapping defined by
C(m,v) = 2(m +v) — 1. Define

(Tr—v)2
O(m,v,0)=e 7 ,VmeAved,o>0.

Then (A, @, @, *) is a complete EFBMS with product o-norm. Define £ : AU ® — AU @ given by

L=, ifxelo,1],
O, ZfK S N - {1}/

E(k) =
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forallk e AU®. Let € [0,1] and v € N — {1}, then

= e vo
(77—11)2

>e

= O¢(m,v,0).

Therefore, all the hypotheses of Theorem 2.2 are satisfied. Hence Z has a unique fixed point, i.e., x = 0.

For weak B-contraction, Mihet [13] defined an increasing function ¥ : (0,1] — (0, 1] such that
limg e ¥¥(v) = 1and ¥ (v) > v for all v € (0, 1]. We are proving following fixed point theorem in

EFBMS by using weak B-contraction.

Theorem 2.3. Let (A, @, Of,*) be a complete EFBMS and £ : AU® — AU D a mapping with C :
AX D — [1,00) satisfying

(i) E(A) C Aand E(®) C ©;

(ii) Form € A,v € ®and o > 0,0¢(m,v,0) > 0= O(E(n),E(v),0) 2 ¥(6f(n,v,0)).
Further, suppose that for an arbitrary m € A,v € © and N, g € IN, we have

1
C(7s, Usa) < 5
Then E has a fixed point.
Proof. Letmp € A and vy € @ be such that Z(nty) = nx.1 and E(vx) = vy, forall X € N U {0}, then

(mx, vx) be a bisequence on fuzzy controlled bipolar metric space (4, @, ©,*). By the definition
of (FCB2) for all ¢ > 0 and condition (ii), we have

O (mx, Uy, 0) 2 TN(@f(T((], 00, 0)) (2.7)
and
Of(mtnr1, U8, 0) = ¥N(Of (11, v0,0)). (2.8)
Letting N < g, for N, ¢ € IN. Then, we get
o
Or(Ttx, Uy, 0) 2O (TR, UX, * Of (TR 11, V8, —————
¢ (T8, Vg, 0) 2Of(7tx, U 3C(nx,vp)) (T84, U 3Tl o)
o
* O (TN 41, Vo) =5
f( N+1,Vp 3C(’RN;U¢))
> O¢(my, v ;)*G(n v ;)*---
= YN, UNy 3C(77N, Ug{)) FUIR+1, Uy 3C(TCN,U&7)

o
39-1C(my, vp) LTt 41, V) * - C(mp-1,vp)

* Of(11p-1, Vp-1,
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o

3971 (mx, v9) U(TtR 41, V) -+ C(TTp-1, V)
o

3971 (s, vp) UM 41, V) -+ C(Tp-1,09)

* @f(rcp, Vo1,

* @f(rcso, vy,

Consequently,

o

O (1y, v, 0) 2 ¥ (O (100, v, 3C(mx 41, vp)
r Y9

o N
oy Ertme

Koo *TN(Qf(T(O/ vo, o

39_1C(T(N/ ng)C(nN+1/ Ug/)) e C(T(p—ll Ugo)

Letting N, 9 — oo, we have ®f(7'(g, Vp,0) — 1 for all ¢ > 0. Therefore, the bisequence (7, vyx) is
a Cauchy bisequence. Since, (A, @, O, +) is a complete. So, bisequence (7, vx) is a convergent,
then there exist a point k € A N @ which is a limit of the both sequences {nx} and {vx}. Now,
to prove x € AN @ is a fixed point of mapping Z. Since, @(my,k,0) — o for all ¢ > 0 and
Of(nx41, E(x),0) = Op(E(nyk), E(x),0) 2 ¥(Of(ny, (k),0)) = Of(ny, (x),0), and it follows that
Tix+1 — Z(x), which implies that Z (k) = «. ]

Example 2.3. Let A = {2,4,5,6}, ® = {1,2},a¢f = of forall a,f € [0,1] and C: AX P — [1,00) be a
mapping defined by C(m,v) = 1+ v — 1. Define

min{r, v} + o

Of(m,v,0) = orallneA v e Dand forall o > 0.
'f

max{m, v}2 +
- Then (A, @, Oy, =) is an complete EFBMS. Now, define ¥ : (0,1] — (0, 1] such that ¥ (v) = +/v. Clearly,
Y (v) = W satisfies conditions of ¥ function.

Let Z: AU®D — AU D be a mapping such that 5(2) = E(4) = (1) = 2,E2(5) = E(6) = 4. Then
all the conditions of Theorem 2.3 are satisfied. The fixed point of = is T = 2.

Theorem 2.4. Let (A, @, By, *) be a complete EFBMS and Z : AU® — AU D a mapping with C :
AX D — [1,00) satisfying:

(i) E(A) S @and Z(D) C A;

(i) Forme A,v € ®and 6 > 0,0¢(m,v,0) > 0 = O¢(E(v),E(n),0) 2 ¥(6¢(m,v,0)).
Further, suppose that for an arbitrary m € A,v € ® and N, q € IN, we have

C(TTR, UR4q) <

Then E has a fixed point.

Proof. Proof of the Theorem follows on the lines of proof of the Theorem 2.3 and Theorem 2.2. O

3. APPLICATION

In this section, we study the existence and unique solution to an integral equations as an

application of Theorem 2.1.
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Theorem 3.1. Let us consider the integral equation

n(0) = f(0) + f _ O(gor(@)ia, gt

where Ay U Ay is a Lebesgue measurable set. Suppose
(T1) Q: (A3UA3)x[0,00) = [0,00) and b € L (A1) UL®(A3),
(T2) there is a continuous function 6 : A3 U A3 — [0,00) and v € (0,1) such that

1Q(¢, @, (@) = Qg @, v(@))l < /vO(0,@)(Im(0) = v(0)]),
for o, @ € A% U A%,
(T3) Sup e ,u4, fA]UAz 0(0,@)do < 1.
Then the integral equation has a unique solution in L® (/A1) UL®(Ap).
Proof. Let A = L* (/1) and @ = L*(/;) be two normed linear spaces, where /3, /A, are Lebesgue
measurable sets and m(/A; UAy) < co.
Consider @f : A x @ x (0,00) — [0,1] by
SUPgeA; U, I(0)-v(0)?
Or(m,v,0) =€ e
for all 1 € A,v € ®. Define { : Ax® — [1,00) given by ((,v) = 1. Then (4, D, 0, x) is a
complete EFBMS. Define = : L®(A1) UL®(Ay) — L® (A1) UL®(A2) given by

=(n(0) =f(o) + f _ O(go,m(@)da, 0& MU

Now,

= - —sup 1= (0)-Zv(0)?
@f(-:n(@),.:l}(@),va) =e 0eA1UAy Vo

0+ [1, 01, Qoor(@)do~f (01, ua, Aeov(@)da)?
— e_ sungAl UAy vo

2

@+ 1,01 u<mn<m>>m—(f<g>+ fiyuny u(wv(m))do)

—su
—e pge/\l Uy vo

) hun, 12(0,0,m(@))-Q(g0v(0))do
> e_ supge/\l Uy vo

Iryua, 70@0)(In(0)-v(0)P)do
> e_ supge/ll UAy vo

Inyun, ve(e@)(n(0)-v(0)P)do

> e_ supgeAlqu vo
In(0)-v(0)?

> e SUPgeniun, — o

= O(m,v,0).

Hence all the hypotheses of a Theorem 2.1 are verified and consequently, the integral equation has

a unique solution. m]
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4. ArrLicATION TO FRACTIONAL DIFFERENTIAL EQUATIONS

In this section is devoted to prove the uniqueness of the solution of the following fractional
differential equation consisting of Caputo fractional derivative. More details can be found in [20].

D m(0) +mlom(o) =0, 0<p<1, (4.1)

where, 1 < ¢ < 2,n(0) + n'(0) = 0,m(1) + n’(1) = 0 are the boundary conditions with
g1: [0,1] X [0,00) — [0,00) being continuous. Let A = (C[0,1],[0,00)) = {g : [0,1] —
[0,00) : g isa continuous function} and @ = (C[0,1],(-,0]) = {g : [0,1] — (—o0,0]
g is a continuous function}. Consider & : A X @ x (0, 00) — [0, 1] by
SUPge U, IT(0)-0(0)

O¢(m,v,0) =e” S ,
where a*f = af. Define {: A X @ — [1,0) given by {(7,v) = 1. Note that 7 € A U @ solves (4.1)
and whenever © € A U @ is the solution of

1
7(0) =ﬁ fo (1-p) (1~ 0)a(p, n(p))dp
1
e | == ote (o)

1 0
+ — f — éqg , Tl dp.
r@)()@ p) " s(p, m(p))dp
Theorem 4.1. Consider the operator, define 5= : AU @ — AU @ given by:

1
En() :ﬁ fo (1= p) (1~ g)a(p, w(p))dp

1
r@{1%£<1—m“%1—maanunmp

_|_

rE [ (0= p)a(p, n(p))dp.

Suppose the conditions:
(i) forallme A,v € @and g: [0,1] X [0,00) — [0, ), satisfies

la(p, n(p)) = a(p, v(p))l < viin(p) = v(p)l,

(ii)

sup +

1-0 1-0 0
o | F(E+1)  T(£)

holds. Then eqution (4.1) have a unique solution.
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Proof. Let m € A,v € @ and consider

1Z7(0) = Zv(0)l" =|=7%

2

@ 1
v [ (a—p>f-1w|n<p>—v<p>ldp)

1
=v|n(o) — U(Q)ﬁ(ﬁ f(; (1- P)g_l(l —0)dp

so, we have

i.e.,
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SUP ye(0,1] En(o) — Ev(o)

) > exp ( _ SUPey It(0) - (o) )

o

exp(—

Vo

thus, we have

©r(Em(0), Ev(0),vo) = B¢(n(0), v(0), 0)-

Hence, all the hypothesis of a Theorem 2.1 are verified and consequently, the equation (4.1) have

a unique solution. ]

4.1. Common fixed point theorems. In this section, we prove the extension of some well known

common fixed point theorems to EFBMS.

Theorem 4.2. Let (A, @, Oy, *) be a complete EFBMS with C: AX @ — [1,00) s.t.

lim @f(rc, v,0)=1Ymedved. 4.2)

Let 5,8 : AU D — A U @ be mapping satisfying

(i) E(A)c A, SA)cAand E(D) C D, S(P) C D;

(ii) Of(E(m),S(v),vo) 2 Of(m,v,0) VY m € A,ve Dandc >0, wherev € (0,1).
Further, suppose that for an arbitrary v € A,m € © and N, 9 € IN, we have

1
C(VR, Ttx4q) < "

Then E and S have a unique CFP (UCFP).

Proof. Fix iy € A and vg € @ and assume that Z(mox) = 7ion i1, S(Toni1) = Toxio and E(vpx) =
Vox+1, S(Vax11) = vaxg2 VN € N U {0}, Then ({rx}, {vx}) is a bisequence on EFBMS (4, @, Oy, ).
Now,

Oy (r1,v1,0) = B (E(110), S(v0), 0) = (10, vy, g)

forallo > 0 and X € IN. Then
o

Of(Man+1, Vax+1,0) = Of(E(max), S(van), 0) = B (10, o, m) (4.3)

and

O (Tox 11, Van 12, 0) = Of(E(max), S(vax11),0) = Of(mo, v1, #) (44)
forall 0 > 0 and N € IN. Letting N, p — oo, we get

@f(vg, Ty,0) > 1forall ¢ > 0.
Letting N < g, for N, ¢ € IN. Then
O (1, vy, 0) 20 (Tx, V841, 3C(7'CGT@)) * Of (Ttx 41, UN+1/ m)
o

* Of (Ttx 11, Uy, m)
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o o

3C(myx, vyp) ) * O (m i, Vst 3C(mx, vg) )

* ook @f(ﬂg,_z, V-1,

> @f(ﬂx, UR+1,
o

3972L(tx, Vo ) LTt 1, Vp) -+ C(TTp1, V)
o

39-1C(mtx, vp) LTt 11, Vp) -+ C(T0p-1, V)
o

3971C(my, vp) U(Ttn41, Vp) -+ - L1, V) .

* @f(ngo—lr Vo-1,

* Of(1tp-1, vy,

Consequently,

e —
3VN+1C(T(NI UK))
o

39" l9=1C(mg, ) (T4, V) -+ C(Tp-1, Vp) '

Of(7x, vy, 0) = Of(mo, v1, ) * Of(mo, vo,

3VNC(7ix, vg)

Letting N, 9 — co, we get
@f(rcg, Vp,0) 21Y0>0.

Therefore, the bisequence ({mx}, {vx}) is a Cauchy bisequence. Since (4, @, @, *) is a complete, the

bisequence ({rtx}, {vx}) is a convergent. Therefore, bisequence ({rx}, {vx}) is biconvergent then
g} 2 mand {vg} > Ve ANO.

From (FCB4),

Or(2(n), m,0) 2 B (E(1), v 11, W‘))) * O (s, Vs, m)

( )
) o o

*@f(n?ﬂ»l/ ’

= B0¢(E(n), S(v ’3C<E(n),n))*Gf(nx+1lvx+1IW)
>('(’-Df(n?*-i-ll ’ ﬁ)
> O(m, VN3 3XE Gn)/ ) ) * O (1811, V41, ﬁ)

*Of (1t ’ Ar/ =7 N N\NJ7
f( N-l—l 3C(r—-r( ),T())
forall X € N and 0 > 0 and as N — oo, we have
O(E(n), m,0) = 1+1s1 = 1.
From (FCB2), we get Z(n) = . Again,
O¢(m,S(n),0) = B¢(E(m),S(n),0)
o
> @f(n, T, ;) =1.
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Therefore, S(n1) = n. Hence 7 is CFP of = and S. Let p € A N @ be another fixed point of = and
S. Then

0s(m,p,0) = B7(E(m), S(p),0) 2 64(m,p, )

forve (0,1) and VY o > 0. Therefore = = p. ]

Example 4.1. Let A = [0,2], ® = {0JUN —{1,2} and C : A X D@ — [1,00) be a mapping defined by
C(m,v) = m+v—1. Define @ = m Vo>0andme Aandv € @. Clearly, (A, D,0Bf,*) is a
complete EFBMS, where * is a continuous o-norm given by i*b = ib. Define 5,8 : AU® — A U @ given
by
_ 2-mn, ifnel0,2],
E(n) = '
2, ifmteIN—-{1,2]},
and
n, ifnel0,2],
2, ifnelN-{1,2},
forall m € AU ®. Clearly, £ and S are satisfied the axiom (i) of Theorem 4.2. Let v = 3, then ¥ o > 0, we
obtain
Case 1: Let w € [0,2] and v € [0, 2], then

S(n) =

Or(E(n),S(v),vo) = Bf(2~m,v,v0)
B vo
Cvo+R2-m—-v)2
o
T o+ |n—-v)?

= O(m,v,0).

O (E(n),S(v),vo) = O(2~-m,2,v0)
B vo
Vo 2-m -2
o
T o+ |n-v)?

= Of(m,v,0).
Case 3: Let m € N — (1,2} and v € [0, 2], then

Or(E(m),S(v),vo) = B (2,v,v0)

B vo
vo + 2 — v|?

o
T o+ |n—v?

= Of(m,v,0).
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Case 4: Let mt € N —{1,2} and v € N — {1, 2}, then
O (E(n),S(v),vo) = ©¢(2,2,v0)

=1
o
2 _—
o+ |m—v)
= O(m,v,0).

Therefore, axiom (ii) of Theorem 4.2 also fulfills by = and S. By Theorem 4.2, we get =Z and S have a UCFP,

ie., =1
We present our second result.

Theorem 4.3. Let (A, @, @f,*) be a complete EFBMS with C: A X ® — [1, o) such that
lim G)f(rc,v,a) =1VmeAveod. 4.5)

G—>00
Let 5,8 : AU D — AU D be mapping satisfying

(i) E(A) D, E(D)CAand S(A) C D, S(D) C 4;

(ii) Of(E(v),S(n),vo) 2 Of(m,v,0) Ve A,ve Dandc >0, wherev € (0,1).
Further, suppose that for an arbitrary v € A,m € © and N, g € IN, we have

1
C(UN/ TCNJrﬂ) < 1_/
Then Z and S have a UCFP.
Proof. Fix mp € A and vy € @ and assume that Z(mox) = vox, S(Moxt1) = vane1 and Z(vpy)

¥ox+1, S(vaxg1) = Toxy2 ¥ 8 € N U{0}. Then ({rix}, {vx}) is a bisequence on EFBMS (4, @, Oy, ).

Now,
- 1
@f(T(l,U(),G) = @f(.:(v()),S(T(()),G) > @f(T(o,vo, 1—/)
forall 0 > 0 and X € IN. Then

- o
O (Max+1,Van+1,0) = Of(E(van), S(Man11), ) = Bf (10, o, m) (4.6)
and
- o
Op(max1, V28, 0) = Of(E(vax), S(man), 0) 2 B (10, v0, =) (4.7)
forall 0 > 0 and N € IN. Letting N < g, for N, ¢ € IN. Then
o o
Or(Tix, Uy, 0) 2O (TR, V8, ————— ) * Of(Tix41, V8, ———————
(T8, Vg, 0) 2O (Tix, Un 3C(7—(N/vp)) (T 41, U8 o)
o
* O (Tt 41, Vo, ==
f( N+1, Vg 3C(nxzvgo))
> O¢(my, v L)*@(TC v ;)*m
= YUFUIN, UNy 3C(TCN,U{()) FUR+1, UN, 3C(7TN,USQ)
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o
* Of(Ty-1, Vo1,

f(Ttp-1, V-1 3971C(mtx, v ) LTt g1, Vp) -+ C(Tp-1, p)
* O (my, v :

fA s Bl 3971C(1ts, v ) C(Tx41, V) - -+ C(T1p-1, V)

o
3‘9‘1C(ﬂx, U@)C(T(N-Hz Up) tee C(np—ll Up) .

* @f(TCg), Up,

Consequently,

o
* O (10, V0, =g ) *
) * B (7o, vo 31/2%(“&%))

)
O (1, vy, 0) 2 O (10, V0, 3+ (1g, vp)

o
39201 (11, v ) C(Ttn 1, Vp) -+ CL(Ttp-1,0p)

<k @f(T(Q, Vo,

Letting N, 9 — o0, we get
O¢(ng,vp,0) 21V 0> 0.

Thus, the bisequence ({mtx}, {vx}) is a Cauchy bisequence. Since (4, @, O, +) is a complete, the
bisequence ({mtx}, {vx}) is a convergent. Therefore, the bisequence ({rtx}, {vx}) is biconvergent then

{nx} 2 mand {vg} > Ve ANO.

From (FCB4),

@f(E(ﬂ)/ 7T, 0) = @f(E(T(), UN+1/ W‘))) o @f(n8+1/ R+ m)

o

A ETL

= O4(2(n), S(my11), m> * Of(Evy, Sms41, m)
* Of (1841, T, ﬁ)

> @f(n, TIN+1, ﬁ) * @f(vx, TIN+1/ 3(;(EGT)

>('(’-Df(n?‘i-i-ll 7 ﬁ)/

forall X e N and 0 > 0 and as 8 — o0, we have
O (E(n), m,0) — 1+1+1 = 1.
From (FCB2), we get Z(n) = . Again,
O¢(m,S(n),0) = B¢(E(m),S(n),0)
> @f(rc, T, %) =1.

Therefore, S(n) = n. Hence 7 is CFP of £ and S. Let p € A N @ be another fixed point of £ and
S. Then

Oy(m,p,0) = B4(E(n), S(p),0) 2 Ey(m,p, )
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forve (0,1) and VY o > 0. Therefore © = p. ]

Example4.2. Let A ={0,1,2,7}and © = {0, %, %, 3} and define a continuous o-norm as r+O = min{r, O}.
Let C: Ax @ — [1,00) be a mapping defined by C(r,v) = m+v—1. Now, define O(m,v,0) =
exp~ @ Vo>0,nmeAandv e @. Then (A, ®,0Bf,*) is a complete EFBMS. Suppose we define a
mapping E,S: AUD - AU D st

1 .
—_ 37 lfﬁ € {71 2}/
:(T() - : 11
0/ lfﬂ € {0/ 3727 1/ 3}
and
l/ lfT( € {7/ 2}/
S(T() - - : 11
0/ lfﬂ € {O/ 3727 1/3}

Now, suppose that v = %, then Y o > 0, we obtain
Case 1: Let m € {7,2} and v € {7,2}, then

0/(E(n), S(v), v0) = @f(g, %,va)

vo

vo + |5 - 312
o
T o+ |n—v?

= ®f(n,v,a).

Case 2: Let m € {7,2} and v € {0, %, %, 1,3}, then

1
Or(E(n),S(v),vo) = @f(g,o,va)
v
vo + |32
9
T o+ |n—-v)?

= O(m,v,0).

Case 3: Let t € {0, %, %, 1,3} and v € {7,2}, then

0 (2(n), S(v), v0) = 6(0, %,vo)

vo
vo + 42

o+ |m—v)

= O¢(m,v,0).



Int. ]. Anal. Appl. (2025), 23:265 21

O (E(n),S(v),vo) = ©¢(0,0,v0)

=1
o
2 F—
o+ |m—v)
= @f(rc,v,a).

Therefore, axiom (ii) of Theorem 4.3 also fulfills by = and S. By Theorem 4.3, we get Z and S have a UCFP,

ie, =0

For weak B-contraction, Mihet [13] defined an increasing function Q : (0,1] — (0,1] s.t.

limg e Q¥ (v) = 1and Q(v) 2 vV v € (0,1]. Now, we present our result.

Theorem 4.4. Let (A, D, O, *) be a complete EFBMS and E,S : AU® — AU @ be a mappings with
C: AX® — [1, ) satisfying

(i) E(A)C A, S8(A) CAand E(®) C @, S(D) C ©;

(i) Form € A,v € ®and o > 0,0(m,v,0) > 0= O (E(n),S(v),0) 2 Q(6f(7,v,0)).
Further, suppose that for an arbitrary v € A,m € © and N, 9 € IN, we have

1
C(ox, Tsa) < -

Then E and S have a CFP.

Proof. Fix mp € A and vg € @ and assume that Z(ntx) = mtx 11, S(nxe1) = mxy2 and E(vx) = vy,
S(vxs1) = vy42 VX € N U {0}. Then ({rg}, {vx}) is a bisequence on EFBMS (4, @, B, *). Now,

Oy, vy, 0) 2 QN(@f(no, 00, 0)) (4.8)
and
Of (TR 41, V8,0) 2 QN(Qf(nl,vo, 0)). 4.9)

Letting N < g, for 8, ¢ € IN. Then,

o

@f(nx, vp,G) ZQf(HNI UN/ W
+Up

— ) % Of(mtxr1, VN,
3C(7TN/U§))> f( N+1,UX

o

* Of (1811, Vg, m)

o

3C(T(N/ vKJ)
o

39-1C(mtx, vp)C(Ttx 11, Vp) -+ C(T1p-1, V)
o

3971C(1y, Vo) LTt 41, V) - - - C(Tp-1, V)

2> @f(ﬂg,vg, )*@f(ﬂ;@rl,vx,

9
3C(nN/ UKJ)

* ook @f(n&g_l,vp_l,

* @f(TC@, Vo-1,



22 Int. ]. Anal. Appl. (2025), 23:265

o
3971C(mx, ) UTtn 41, V) - L7191, V) .

* @f(ng), vg),

Consequently,

o

@f(ﬂx,v&/,,o‘) > QN(@f(T(o,UO, ?)C(T(—va)

o N
3C(mx, vga))) * 76y (m, vo,

*---*QN(@J"(T[O,UO, g

3971 (mtx, vp)C(Ttx 11, Vp) -+ C(T1p-1, V)

Letting N, 9 — o0, we have @f(nx, vy, 0) = 1Y o > 0. Thus, the bisequence ({rx}, {vx}) is a Cauchy
bisequence. Since (4, @, B, +) is a complete, the bisequence ({rx}, {vx}) is a convergent. Therefore,

the bisequence ({rx}, {vx}) is biconvergent then

g} > mand {vx} > TV eAnO.

From (FCB4),
O(2(m),7,0) = OF(E (), v, 35 oy ) * O U84 35 ()
“Of (Tx+1, T, m)
= &2, S(N) 3z (o) * O (e 81 S )
O S )
> (@508 5z5 0o 77)) * O 8 32y )
O T S o))
for all N € N and ¢ > 0. Letting X — oo, we have
O (E(n),m,0) = 1x1x1 =1
From (FCB2), we get Z(n) = m. Again,
O¢(m,S(n),0) = B¢(E(m),S(n),0)
> Q(0¢(m, 1, 0)).
Therefore, S(n1) = n. Hence 7t is CFP of £ and S. m]

Example 4.3. Let A = {2,4,5,6},® = {1,2},i*b = ibVi, b€ [0,1] and L : A X @ — [1,0) be a mapping
defined by C(m,v) = m+ v — 1. Define

(minfr, v})? + 0

O¢(m,v,0) = VrneAve®andV o> 0.

(max{m,v})?2+ o0

Then (A, @,0f,+) is a complete EFBMS. Now, define Q : (0,1] — (0,1] s.t. Q(v) = +Wv. Clearly,
Q(v) = W satisfies conditions of Q function.
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Define 2,8 : AUD — AU given by Z(2) = E(4) = E(1) = 2,2(5) = E(6) = 4 and
S(2) = 8(5) = S(6) =2,8(4) = S(1) = 4. Then all the conditions of Theorem 4.4 are satisfied. The
CFPof Zand Sism = 2.

Theorem 4.5. Let (A, @, @f,*) bea EFBMS and £,8 : AU ® — AU @ be a mappings with ¢ : A X O —
[1, ) satisfying

(i) E(A) C D, (D) C Aand S(A) C D, S(D) C A

(i) Forme A,v € @and o > 0,0¢(m,v,0) > 0= O¢(E(v), E(n),0) 2 Q(Of(m,v,0)).
Further, suppose that for an arbitrary v € A, t € @ and 8, g € IN, we have

1
C(vg, Tixeg) < "

Then E and S have a CFP.

Proof. Combining Theorem 4.4 and Theorem 4.3 to get our result. m]

5. APPLICATION

In this section, we present an integral equations as an application of Theorem 4.2.

Theorem 5.1. Let us consider the integral equation

n(w) = b(w) + G1(w,0,n(0))dO, w € A U Ay,
A1UAy

(w) = b(w) —}—f G2(w,0,n(0))dO, w e Ay UA,,
A1UAp

where Ay U Ay is a Lebesgue measurable set. Suppose
(T1) G1,G> : (AFUA3) X [0,00) = [0,00) and b € L¥(A1) UL®(Ay),
(T2) there is a continuous function 0 : A2U A3 — [0,00) and v € (0,1) s.t.

61(w, 0, 1(0)) = G2(w, 5, v(0))] £ /v0(w, O)(In(w) - v(w)l),

for w,0 € A% UAZ,
(T3) sup,cp,un, fAlqu 0(w,0)d0 < 1.
Then the integral equations have a unique common solution in L= (A1) UL®(Ay).

Proof. Let A = L®(/A;) and @ = L*®(A;) be two normed linear spaces, where /1, /; are Lebesgue
measurable sets and m(/A; U Ap) < oo.
Consider @5 : A X @ X (0,00) — [0,1] by

SUP e U, (@) -v()P

O¢(m,v,0) =e” v
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forall m € A,v € ®. Define C : AX® — [1,00) given by {(n,v) = 1. Then (A,CD,@f,*) is a
complete EFBMS. Define =, S : L®(A;) UL®(Ap) — L®(A1) UL®(A;y) given by

E(n(w)) = b(w) + Gr(w,0,(0))d0, w € Ay U Ay,
A1UAy

S(r(@) =b(@) + | Ga(w,0,n(0)dT, we Ay U

Now,

— —sup |2 (@) -Sv(w)?
@f(:ﬂ(a)),SU(a))lvg) —e welUAy — e

Io(w)+ [, [y U, G1(@0m(0)d0-b(w)- ) [hyun, 92 (0,0,7(0))d0)|2
— e_ Supwe/ll Uy Vo

10, 161@OR(0))~G2(w,0,0(0))2d0
> e_ Sup{ue/\l Uy Vo

ryua, vO@O) (@) —0(w) 2)d0
> ¢ *"Paenyuny o

) hun, v0(w,0) (In(w)-v(w)[2)dO

Z e_ Supwe/ll Uy vo
Ire(w)—v(w)

Z e_ sup(ue/ll Uy o

= O(m,v,0).

Hence, all the hypothesis of a Theorem 4.2 are verified and consequently, the integral equations

have a unique common solution. ]

6. ArrricaTiON TO FrRAaCTIONAL DIFFERENTIAL EQUATIONS

In this section is devoted to prove the uniqueness of the solution of the following fractional
differential equation consisting of Caputo fractional derivative. More details can be found in
([20]- [23]).

O<w<l,

DY), m(w) + a1(w, m(w)) =0,
0, O<w<l, (6.1)

DY), mt(w) + g2(w, 1(w))

where, 1 < 0 < 2,n(0) +n’(0) = 0,7(1) + 7’(1) = 0 are the boundary conditions with
g: [0,1] X [0,00) — [0,0) being continuous. Let A = (C[0,1],[0,)) = {g : [0,1] —
[0,00) : g isa continuous function} and @ = (C[0,1],(-,0]) = {g : [0,1] — (—0,0]

g is a continuous function}. Consider & : A X @ x (0, 00) — [0, 1] by

SUP e U, (@) -v(w)P

O¢(m,v,0) =e” 7 ,
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where i+ b = ib. Define { : A X @ — [1,0) given by (7, v) = 1. Note that m € A U @ solves (6.1)
and whenever 1 € A U @ is the solution of

1

1
n(w) T fo (1-2)°1(1 - w)e1 (A, m(A))dA

1
r(51—1) fo (1-2)°2(1-w)a1(A, m(A))dA

+

1

+ mf(;m(w—)\)é_lgz()\,ﬂ(/\))d/t,

1
(W) === f(; (1-2)°(1 = w)ga(A, (A))dA

1
F((Sl- 1) fo (1-2)2(1 - @)a2(A, (A))dA

1

+ o) fow(a) — 1) g (A, t(A))dA.

Theorem 6.1. Consider the operator Define 5,S : AU D@ — AU @ given by:

1
En(w) :ﬁfo (1-2)°(1-w)e1(A, (A))dA
1
ST | == @m (4, n(d)ar

1

+ m L‘w(a) — A)é_lgl (/\,T((/\))d/\,

1
Sn(w) =—— fo (1-21)°"11 - w)ga(A, m(A))dA

1 ! -
+mfo (1-2)°2(1 - w)g2(A, 7(A))dA

1 f»w 51
+ — w—A a2 (A, t(A))dA.
) Jy @A)
Suppose the conditions:

(i) forallte A,v € ©®and g1,92: [0,1] X [0,00) — [0, 00), satisfies
g1 (A, (1)) = a2 (A, v(A)] < vI[r(A) —v(A)],
(ii)

1-w 1-w @° 2

P ITe+1) T Te) TTeTn

we(0,1)

=n<l,

holds. Then eqution (4.1) have a unique common solution.

Proof. Letm € A,v € @ and consider

1

1
IEn(w) - Sv(w)P = W j; (1-2)° (1= w) (a1 (A, (A) = a2(A,v(A))))dA
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+r(—5—1)f0( CAP2(1 = @) (61 (A, (M) = a2 (A, v(A))))
1 @ - ’
+mf0 (@ =21 (g1(A, () = 52(A, v(A))))dA

1 (! .
S(mfo (1-2)°"1-w) (gl()\,n(/\)—gz(A,v(A))))ld/\

1 ! 21— w
+—F(6—1)f0(1 A (1-w)

RS R
+r(5)f0( A)

1 ' )11 = wWvin(A) — v
S(F@ fo (1= )71 = @)vhir(A) - v(A)ldA

(61(A, m(A) —a2(A, v()\))))‘d)\

2
(a1 (A, m(A) - gz(/\,v(A))))’dA)

1 ! ~1)92(1 — )2 -V
ST | A== @pie() - o)A
L wa)— 6_11/%71 -V 2

1

(o) —v(@'z(ﬁfo (1= 2)1(1 = w)dd

1 ! ay0-2(1 _ (= Ap! 2
+r(5—1)fo(1 )21 C”)‘”‘Lr(é)fo(w A) dA)

1-w 1-w @Y

:V'”(‘”)_v(w)lz(rwﬂ) TE) " T(6+1))
< 2 l-w l1-w o\
v|n(w) —v(w)| wsel(lopl) T( 1)+ (s +F(5+1>)

so, we have

ie.,

Supwe[O 1] En(a)) - SU((U) Supme[O,l} |T((CL)) - v(a))lz
B Vo - o
2
Supa)e[O,l] ET((O)) - SU(C())

| W SRR
exp| — 2exp| — - ,

Vo
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thus, we have
O (En(w), Sv(w),vo) 2 Bf(n(w),v(w),0)

Hence, all the hypothesis of a Theorem 4.2 are verified and consequently, the equation (6.1) have

a unique common solution. O

7. CONCLUSION

In this paper, we proved fixed point theorems and common fixed point theorems on EFBMS
with an application. Beg, G. Arul Joseph and Gunaseelan [24], proved common coupled fixed
point theorem on fuzzy bipolar metric space. It is an open problem to prove common coupled
fixed point theorem on EFBMS.
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