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Abstract. In solving practical problems in the fields of physics and engineering, singular integral equations are frequently
encountered. Among these, singular integral equations with the Hilbert kernel constitute the periodic cases. In this
article, we discuss the construction of an optimal quadrature formula for the numerical solution of Fredholm-type
singular integral equations of the first kind with Hilbert kernels using the functional approach in the space Lél) (0,2m).
Using the constructed optimal quadrature formula, the error between the exact solution and the approximate solution
of the integral equation is demonstrated through examples. Graphs illustrate how the approximate value converges to

the exact value as the number of nodes in the optimal quadrature formula increases.

1. INTRODUCTION

Singular integral equations are increasingly being applied to solve practical problems in various
branches of physics, namely mechanics, electrodynamics, aerodynamics, and elasticity theory. It
should be noted that in the aforementioned branches of physics, some problems have begun to
be reduced to singular integrals, as a solid theoretical foundation has been established for them
in the one-dimensional case ( [4], [5], [10], [11], [12], [15]). These authors developed a theory for
tinding all solutions in the class of integrable functions for characteristic equations. From the
theories presented in the above-mentioned literature, it is known that if the unknown function

in the integral equation is periodic and its kernel is equal to cot 5%, such an equation is called a
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singular integral equation with Hilbert kernel. We present a first-kind singular integral equation

with Hilbert kernel of the following form

2n
1 x—t
o= fg(x) cot de =o(t), (1.1)
0

where g(x), ¢(t) are 2r-periodic functions and 0 < t < 2m, 0 < x < 27t

The solution of integral equation (1.1) when the condition

27

f(P(X)dx =0 (1.2)

0

is satisfied, will be equal to
2
1 x—t
Q(t) = ~5n f(p(x) cot de +C, (1.3)

0

where C is an arbitrary constant [4]. The solution of equation (1.1) in the form (1.3) obtained with
condition (1.2) also consists of a singular integral with Hilbert kernel, and in many cases, finding
the value of this definite integral is a challenging task.

For this reason, many scientists have provided methods for the approximate calculation of
integrals of the form (1.3). These include interpolation methods [8], [9], discrete convolution
method [10], and other numerical methods [31].

We also provide a new method for the approximate calculation of the integral (1.3) based on the
functional approach. For this, the article is structured as follows. Section 2 of the article presents
the problem statement, Section 3 shows how to obtain the expression for the upper bound of the
quadrature formula error, Section 4 presents the finding of the conditional minimum of the norm
for the error functional, Section 5 finds the optimal coefficients, and Section 6 presents numerical

results.

2. STATEMENT OF THE PROBLEM

Thus, in this work, we consider the following quadrature formula for the solution of the integral

equation (1.1) in the form (1.3) when condition (1.2) is satisfied:

2n N

x—t
f(p(x) cot de = Z Cpp(xp) (2.1)
0 p=0

(1)

) (0,2m) is a Hilbert space,

where Cj are coefficients, xz are node points, p(x) € Lgl)(O, 2n). L
which is defined as:

Lél)(O, 21t) = {¢ : [0,21] = R, ¢(x) — absolutely continuous, ¢’ (x) € L,(0, 27)}.
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In this L;l) (0,2m) space, the inner product of the functions ¢ and g is defined as follows

<g,g>= f o ()¢ (x)dx 22)
0

and the norm of the ¢ function is determined by the inner product (2.2) as follows

(2.3)

In the quadrature formula (2.1) under consideration, the difference between the integral and the

quadrature sum

r x—t - 0 -t
f(p(x) cot de - ﬁZ{J Cpop(xp) = f(‘s[O,Zn] (x) cot 5~ ;} Cpo(x —xp))p(x)dx =
0 = —o0 =
~ [ et = o) 2.4)

is called the error of the quadrature formula (2.1).
For the resulting expression (2.4), the following error functional corresponds to the dual space

Lgl)* (0,2m), and its form is as follows

£(%) = £0m () cot —— — Z Cpd(x —xp), (2.5)

where ¢[go-](x) is the characteristic function of the segment [0,27], and 6(x) is Dirac’s delta
function.

According to the definition of the norm of a linear continuous functional, the following is known

sup (€, )l

11l o .
BT oo il

From the last equality, the Cauchy-Schwarz inequality follows

(€)1 <1l o il 0. (2.6)

According to the Cauchy-Schwarz inequality, the absolute value of expression (2.4) is estimated

from above. For the ¢(x) function, according to the norm (2.3), the following condition holds
(¢,1) =0. (2.7)

Therefore, the upper bound of the error (2.4) of the quadrature formula (2.1) is estimated from

above using the norm of the error functional £(x) belonging to the conjugate space Lél)* (0,2m).

Problem 2.1. Find the norm of the error functional €(x) of the quadrature formula (2.1).
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It can be seen that the error functional £(x) depends on the coefficients Cg and the nodes x;.
Minimizing the norm of the error functional with respect to the coefficients and nodes is called the
Nikolsky problem [13], [14]. When the xg nodes are fixed, and only the norm of the error functional
is minimized with respect to the coefficients Cg, it is called the Sard problem [16], [17], [18]. In this
work, we solve the Sard problem at equally distributed fixed points xs = hf (h = 3£, N = 1,2, ...).

Minimizing the norm of the error functional with respect to the coefficients Cg, i.e.,

180, 2y = 106000 (2.8)
coefficients satisfying this equality are called optimal coefficients and are denoted by Coﬁ. The
quadrature formula constructed using these optimal coefficients is called the optimal quadrature

formula. Therefore, to construct an optimal quadrature formula corresponding to expression (2.1)

(1)

) (0,2m), the following problem must be solved.

in the space L
Problem 2.2. Find the Coﬁ optimal coefficients that achieve the value (2.8).

The main purpose of this article is to construct an optimal quadrature formula that calculates

the value of the integral (1.3) with high accuracy in the space Lél) (0,2m).

(m)
2

calculated using the Sobolev method in works [21], [22], [23], [24]. Optimal quadrature formulas

In the space L, '(—1,1) space, singular integrals with Cauchy kernels were approximately

for regular integrals in various other spaces using the Sobolev method were constructed in works
[7], [25], [26], [27].

3. UprriER BoUND FOR THE ERROR OF A QUADRATURE FORMULA

First, to solve Problem 2.1, we will use the concept of an extremal function introduced by

Sobolev.

Definition 3.1. The function ¢(x) corresponding to the error functional £(x), which transforms inequality

(2.6) into equality, is called an extremal function.
The form of the extremal function in the space Lgl) (0,2m) is defined as follows [29]
Ye(x) = —(x) *Gi(x) +d, (3.1)
where Gy (x) = %l, d is an arbitrary constant.

Remark 3.1. = is a convolution operation, and the convolution of two functions is defined as follows

o) 4() = [ @pi- iy = [ gtr= vty

According to this, we calculate the form of the extremal function
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[ 2n N
X — X — —t x—h
Ye(x) = —0(x) *Gy(x) +d = — ff(y)ﬂdy—kd = —fl—mcoty—dy—k ZC;,| i +d.
2 2 2 = 2
—0o 0 =
Since Lgl) (0,2m) is a Hilbert space, we present the Riesz theorem on the general form of a linear

continuous functional.

Theorem 3.1. (Riesz theorem) Let H be a Hilbert space. Then for each linear continuous functional £ € H*,
there exists a unique function g in the space H that satisfies the equality (£, ) =< ¢, @ > and for this
function the following equality holds

el = Nlgella
and vice versa. For any Y, € H, a unique functional € € H* is found that satisfies the equalities (£, p) =<
Ve, > and Ul = Nlells [3].

According to the theorem, the extremal function 1/(x) is a Riesz element, and the following
holds

(6e) = 6P = lipel

According to the theorem, we calculate the square of the norm of the error functional

o0

1* = (€, ¢¢) = f L(x)Pe(x)dx = f £(x)(—€(x) * Gy (x) +d)dx =

2n 2n| | ; N 2n| hﬁ| N N |hﬁ h |
B xX—y x—t Y- X = x—t -y
= - ff 5 cot > cot > dxdy + 2 Z Cp f > cot > dx — Z Z CsCy >
0 0 F=0" % p=07y=0
Therefore,

2n 2n

N 2n N N
- x—yl x—t y-—t [x—hpl  x—t |hB — hy|
jap =~ [ [ o ot Ry 42 ¢ [P ot ax- Y Y o, L 6
0 0 p=0 % p=07y=0

Thus, Problem 2.1 is solved.

4. FINDING THE CONDITIONAL MINIMUM OF THE NORM FOR THE ERROR FuNCTIONAL

Now we solve Problem 2.2. The square of the norm of the error functional obtained in (3.2) is a
multivariable function with respect to the coefficients Cg. According to the theory of conditional
extremum of a multivariable function, along with the condition (2.7), we find the local minimum

of ||€||2. For this, we construct the Lagrange function
D(Cp, A) = P - 2A(L,1), p=0,1,..N.

Taking the partial derivatives of the resulting ® function with respect to the coefficients Cs (f =
0,1,...,N) and the unknown A and setting them to zero, we obtain the following system of linear

equations
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N mB-h
Zq,' ﬁz WA Ag), =01, N, (@&.1)

N
Y C=2s0 (42)
p=0

where

2n
lx—hpl  x—t
fi(hB) = cot dx =
J 2 2

oo 2k+1 in t
= 3k+1+12k— (2m)! —2(hﬁ)’) +2(t—hp) In 02 , (4.3)
kZ ; Zk + 1- l) sin }ﬂ
where the following formula was used [6]:
S 2%*B
fx cot xdx kZ_(‘]( ) (2k+p)(2k)!x p= x| <7t
By are Bernoulli numbers.
27

—t
gozfcot—xz dx = 0.

0
To solve the system of linear equations (4.1)-(4.2), we will use the Sobolev method [29]. For
this, we use the discrete analog D; (hf) of the differential operator d?/dx?. The operator D1 (hg) is

defined in the work [19] as follows

L0 B2
Dilhp) =54 1 IpI=1, (4.4)
-2, p=0.

We use some properties of the discrete analog D1 (hf). They are shown in the following theorem
[19].

Theorem 4.1. Discrete analogue D1 (hp) of the differential operator d* / dx? satisfies the following equalities:
1) D1 (B) * G (hB) = 5(hB)
2)Dy(hB)*1 =0,

where 6(hp) is the discrete delta function, i.e., 5(h) = 0 for B # 0 and 6(0) = 1.
Since we will now use functions with discrete arguments and operations on them, we will

present some concepts about them:

Definition 4.1. The function @(hp) is a function of discrete argument, if it is given on some set of integer

values of B.
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Definition 4.2. The inner product of two discrete argument functions ¢ (hp) and Y (hB) is given by

p(h), p(hB)] = Y p(hB) - w(hp)

p=—o0

if the series on the right hand side converges absolutely.

Definition 4.3. The convolution of two functions ¢(hp) and ¢ (hB) is the inner product

p(hp) + p(hp) = [p(y), P — )] Z(phy P(hp—hy).
‘J/f—DO

According to the Sobolev method, assuming that § < 0 and g > N, Cg = 0, we convert equation
(4.1) to convolutional form, where because the coefficients Cg are discrete, we set Cy = C[p] as

follows
Cl«Gi[pl +A = filgl,  p=01,...N
From here, we introduce the following notation
v[p] = C[pl = Gi[B], (4.5)
ulp] = v[p] + 4,
then the following holds:
8] = ilfl, B=0,1,..,N.
(hB) according to the properties of the differential operator
(4.6)

C[B] = h- D1[B] * u[B].

Thus, according to expression (4.6), to find the optimal coefficients of quadrature formula (2.1)

we need to determine the complete form of u[g] for p < 0 and > N. For this, we rewrite expression

(4.5):
N —
v[B] = C[B] * G1[B] = ZC[V] 1nB 2h7/|.
y=0
Hence for f <0
N —
= -1l ]'[ﬁz—y] — Bl ip,
y=0
wherep = 3 g Clyllyl.
Then forﬁ >N
5B B
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Considering that go = 0, we rewrite the form of u|f]

p+A , B<O,

ulpl=4 hlpl , 0<p<N,
-p+A , B>N.

Here we introduce the following notations
p+A=a;, -p+A=ay,

from this we can determine the following

G g
P="% 7773
Then u[g] will have the following form:
a, , B<0,
ull =4 filB] , 0<B<N, (4.7)
a; , Pp>N.

In (4.7), a; and ao+ are unknowns. If we find these unknowns, the form of u[g] will be fully
determined. To find these unknowns, from (4.7) we determine that for § = 0, a; = f1[0] and for
B =N,a; = fi[N]. Thus, the form of u[f] is fully determined

A0l -, B<O,
ulpl =4 filBl , 0<B<N, (4.8)
fl[N] , ﬁ>N.

5. FINDING THE COEFFICIENTS OF THE OPTIMAL QUADRATURE FORMULA

For the optimal coefficients of the quadrature formula (2.1), the following theorem holds.

Theorem 5.1. The coefficients éﬁ, B = 0,1,...,N of the optimal quadrature formula (2.1) in the space
Lél) (0, 27) have the fpllowing forms

clo) = 3 (11 - Aol
1
Clpl = 3{Als-1-26081+ AlB+1), p=1.2N -1

CIN] = 3{it-11- /) 5

here f1[f] is defined by (4.3).
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Proof. To find the optimal coefficients of the quadrature formula (2.1), we use formula (4.6). In this
case, the discrete analog D[] of the differential operator d?/dx? is defined by formula (4.4), and
the function u[f] is determined by expression (4.8)

C[B] = hD1[p] = u[p] =

[e¢]

(Z Di[B=ylu +ZD1ﬁ Yuly]+ ) Dl[ﬁ—y]u[ﬂ)z

y=-00 y=N+1

(i 1B+ y]u +ZD1ﬁ Vlu +ZD1 (y +N)Ju 7/+N])

(i 1B +71A[0 +ZDlﬁ ylAly +ZD1 (¥ + N)AIN ])

forp =0

Clo] = (i [yIA[0 +ZD1 YAl +ZD1 (y +N)IAIN ])

= WL AI0)+ (2501 + 1) = H{ Al - o)
forp=1,2,.,N-1

(ZD15+Vf1 ZDlﬁ YAl an (y+NIAl ])

p-2 N
= h(Z Di[B-ylAl] + Di[A[B 1]+ Di[0] il + Da[-1A[B+1)+ ) Dilp-71f m) =
y=0 y=p+2

~ il 1-2l81+ g+ 1))
forp=N

(i 1[N+71A[0 +ZD1N VALY +ZD1 N]):

- h(h—2<—2f1 N+ AN = 1)+ 55N = 3N 11~ AT

The theorem is proven.
Problem 2.2 is solved.
In the next section, we will use the optimal coefficients found to approximately calculate singular

integral equations with a Hilbert kernel.
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6. NuMEeRricAL ResuLTs

In this section, we conduct numerical comparisons with the exact solutions of several Fredholm-
type singular integral equations of the first kind with Hilbert kernels to determine the order of
accuracy of the optimal quadrature formula. The purpose is to demonstrate the effectiveness of the
optimal quadrature formula. For each example, the errors in the approximation of the integral’s
value to the exact solution are numerically analyzed in tabular and graphical form as the number

of node points increases.

Example 6.1. Solve the singular integral equation with the Hilbert kernel

2n
% fg(x) cot xT_tdx = cost. (6.1)
0

Solution. Since the integral equation (6.1) satisfies the condition (1.2), this equation has the following
solution according to (1.3)

21
—i fcosxcot x—_tdx
27 2 '

0

8(t) = (62)

The integral (6.2) has an exact solution g(t) = sint (see [5]). Thus, the integral equation (6.1) has
the solution g(x) = sinx. We will approximate the exact solution of this integral (6.2) using the optimal
quadrature formula (2.1).

Table 1 and Table 2 show the exact value of the integral calculated using the Maple mathematical
package, the value of the integral calculated using the optimal quadrature formula (OQF), and the
absolute error between them when N = 10 and N = 100, respectively.

These numerical results were calculated when the number of nodes was N = 10.

t 3(t) OQF 1g(t) — OQF|
27” 0.642787609686538 | 0.634477720875035 | 8.3098888115030E-03
%” 0.984807753012207 | 0.955978845267640 | 2.8828907744567E-02
%” 0.866025403784440 | 0.832944977510745 | 3.3080426273695E-02
87” 0.342020143325668 | 0.327538128272579 | 1.4482015053089E-02
mT” -0.342020143325668 | -0.327538128272584 | 1.4482015053084E-02
127” -0.866025403784440 | -0.832944977510745 | 3.3080426273695E-02
147” -0.984807753012207 | -0.955978845267635 | 2.8828907744572E-02
167“ -0.642787609686538 | -0.634477720875055 | 8.3098888114830E-03

Tasre 1. Here g(t) = sint, OQF = _%

N
L C[p] cos(hp)
p=0
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1 0.04
Y 0.5 0.03-
0 ; ‘ ‘ ‘ ‘ ‘ ¥ 0.021
T T 3m n\Sn in 77t/.{1'c 0.01-
_11 t ‘ ‘ ‘ ‘ ‘ ‘
1 nm w® 3n ©® S5nt 3n 7w 2®m
1.5 4 2 4 4 2 4
t
Fic 1. This figure shows
! UI;E c ! & 40 FW Ficure 2. This figure shows the
raphsof ¢(t) = sintan =
& 1p N 8(t) Q error graph of |g(t) — OQF|,N =
—gﬁgocvﬂ cos(hp), N = 10; 10;
These numerical results were calculated when the number of nodes was N = 100.
t 3(t) OQF g(t) — OQF]
27” 0.642787609686538 | 0.642720351959590 | 6.72577269480E-05
49—” 0.984807753012207 | 0.984517232639225 | 2.90520372982E-04
%” 0.866025403784440 | 0.865674715834655 | 3.50687949785E-04
87” 0.342020143325668 | 0.341863672689138 | 1.56470636530E-04
wT” -0.342020143325668 | -0.341863672689141 | 1.56470636527E-04
uTn -0.866025403784440 | -0.865674715834685 | 3.50687949755E-04
MT” -0.984807753012207 | -0.984517232639215 | 2.90520372992E-04
167” -0.642787609686538 | -0.642720351959060 | 6.72577274780E-05
N
TasLe 2. Here g(t) = sint and OQF = —% Y. C[B] cos(hp)
B=0
1.51
0.0010
11 0.0008
Yy
0.0006
0.5 Y 0.0004
) AR e 0.0002
n m 3n n\ 5t 3n Tn /{ T 0 : : : : ‘
057 4 2 4 4 2 4 n n 3n m St 3m 7m 2w
t 4 2 4 4 2 4

Ficure 3. This figure shows
graphsof g(t) = sintand OQF =

_%;ﬁoqﬁ] cos(hB), N = 100;

t

Ficure 4. This figure shows the
error graph of |g(t) — OQF|,N =

100;
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Remark 6.1. As can be seen from the Figures 1-4, the error decreases as the number of node points N

increases.

Example 6.2. Solve the singular integral equation with a Hilbert kernel

Solution. Since the integral equation (6.1) satisfies the condition (1.2), this equation has the following

271

1
21
0

solution according to (1.3)

The integral (6.4) has an exact solution g(t) =

the solution g(x) = — cos x. We will approximate the exact solution of this integral (6.4) using the optimal

g(t) =

quadrature formula (2.1).

Table 3 and Table 4 show the exact value of the integral calculated using the Maple mathematical

package, the value of the integral calculated using the optimal quadrature formula (OQF), and the

2n

27
0

—t
g(x) cot dex = sint.

1 . x—t
sin x cot de.

—cost (see [5]). Thus, the integral equation (6.3) has

absolute error between them when N = 10 and N = 100, respectively.

These numerical results were calculated when the number of nodes was N = 10.

t 8(t) OQF lg(t) — OQF|

2t | 0.766044443118979 | 0.726773910587135 | 3.9270532531844E-02
dn | 0.173648177666934 | 0.148941121134408 | 2.4707056532526E-02
& | -0.500000000000000 | -0.496575061480595 | 3.4249385194050E-03
8 | -0.939692620785909 | -0.914027554549930 | 2.5665066235979E-02
10n | .0.939692620785909 | -0.914027554549935 | 2.5665066235974E-02
121 | _0.500000000000000 | -0.496575061480587 | 3.4249385194130E-03
MT” 0.173648177666934 | 0.148941121134406 | 2.4707056532528E-02
16m | 0.766044443118979 | 0.726773910587185 | 3.9270532531794E-02

N
TasLe 3. Here g(t) = cost, OQF = 5= ¥, C[f]sin(hp)
p=0
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11
705
0 :
T
-0.51 4 ‘ ‘ ‘ ‘ ‘ ‘
m w®© 3n ©m 5nt 3n 7m 2m
-1 4 2 4 4 2 4
t
Figure 5. This figure shows
graphs of g(f) = cost and Ficure 6. This figure shows the
N error graph of |g(t) — OQF|,N =
1 . ’
OQF = 5- ). C[p]sin(hB),N = ‘
B=0 10;
10;
These numerical results were calculated when the number of nodes was N = 100.
t 3(t) OQF g(t) — OQF]
27” 0.766044443118979 | 0.765667567866665 | 3.76875252314E-04
49—” 0.173648177666934 | 0.173400292491196 | 2.47885175738E-04
%” -0.500000000000000 | -0.499953795693014 | 4.62043069860E-05
87” -0.939692620785909 | -0.939403175141790 | 2.89445644119E-04
wT” -0.939692620785909 | -0.939403175141755 | 2.89445644154E-04
127” -0.500000000000000 | -0.499953795693042 | 4.62043069580E-05
MT” 0.173648177666934 | 0.173400292491074 | 2.47885175860E-04
167” 0.766044443118979 | 0.765667567867245 | 3.76875251734E-04
N
TasLe 4. Here g(t) = cost and OQF = 5= ¥, C[g]sin(hp)
B=0
11
0.0010
Y o5 0.0008
0.0006
01— - Y0.0004
n 2T 0.0002
-0.51 4 0 : : : : : ‘
B n 3n wm Snm 3nm 7n 2w

shows

Ficure 7. This figure

graphs of g(f) =
N

OQF = %ﬁ;oqﬁ] sin(hg),N =

100;

cost and

2 4 4 2 4
t

Ficure 8. This figure shows the
error graph of |g(t) — OQF|,N =

100;
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Remark 6.2. As can be seen from the Figures 5-8, the error decreases as the number of node points N

increases.

7. CONCLUTION

In this article, an optimal quadrature formula was constructed using the Sobolev method for
high-precision approximate calculations of singular integral equations with Hilbert kernel, and
an analytical representations of the corresponding optimal coefficients were found. Using these
optimal coefficients, the exact and approximate solutions of two singular integral equations with
Hilbert kernels were compared. Their results are presented in tables, and the errors between the
exact and approximate solutions for the case 0 < t < 2 are illustrated using graphs. As canbe seen
from the tables and graphs, the accuracy of the constructed optimal quadrature formula increases

as the number of nodal points N increases, resulting in a decrease in error.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
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