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Abstract. In this paper, we investigate the construction of new continuous c-K-g-frames in Hilbert C*-modules, extending
and generalizing existing frame theory results. Our main theorem establishes sufficient positivity conditions on an
auxiliary operator T to ensure that the transformed family {A,T}yecq forms a continuous c-K-g-frame. Through
examples, we illustrate the necessity of these positivity conditions. We also present a method for combining multiple
continuous c-K-g-frames into a single continuous c-)_; K;T;-g-frame. We prove associativity of continuous c-K-g-frames
under product measure spaces, and explore exactness and stability under restriction to some measurable subsets for
non-decreasing continuous K-g-frames with respect to an ordered measurable space. Additionally, we characterize dual
frames in this setting, providing insight into their existence and construction. Our results extend and unify various

notions of continuous frames in both Hilbert spaces and Hilbert C*-modules.

1. INTRODUCTION

The theory of frames, initially developed by Duffin and Schaeffer [3] in 1952 to address is-
sues related to nonharmonic Fourier series, has since undergone significant generalizations and
refinements. A major advancement was the introduction of continuous frames by Ali, Antoine,
and Gazeau [2] in 1993, and their interpretation as frames associated with measurable spaces by
Gabardo and Han [6]. These developments paved the way for applications in signal processing,
quantum physics, and other areas requiring continuous decompositions.

In parallel, the theory of Hilbert C*-modules a generalization of Hilbert spaces in which the
scalar field is replaced by a C*-algebra has provided a rich framework for operator theory and
noncommutative geometry. Frank and Larson [5] extended the concept of frames to this setting by

introducing frames in Hilbert C*-modules. Later, continuous frames were also generalized to this
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context [15,16], offering new tools for both theoretical exploration and practical applications. In
recent studies, some authors have shown particular interest in the structure of K-frames for a given
bounded operator K. This has led to the development of continuous K-g-frames (abbreviated as
c-K-g-frames), which combine generalized frames (g-frames) with operator-based flexibility in a
continuous setting. These structures are especially useful in handling perturbations, reconstruction
algorithms, and duality theory within the framework of operator modules; For more detailed
information on frames theory, readers are recommended to consult: [4,7,9-11,13,14,18-30].

Throughout the paper, (Q), 1) denotes a measure space, and H, H,, H, are separable Hilbert
C*-modules over a fixed C*-algebra A. The space End’;(H;, H>) denotes the set of all adjointable
A-linear operators from H; to Hy, with End(H) as shorthand for End’;(H, H). Additionally,
Ran(K) denotes the range of the operator K € End;(H), and {H,}ueq is a measurable field of
Hilbert A-modules indexed by ().

The paper is structured as follows. In Section 2, we provide the necessary background on
Hilbert C*-modules, adjointable operators, and Bochner integration. Section 3 presents the main
results concerning c-K-g-frames, including sufficient and necessary conditions for their existence,
and properties of the associated frame operator. One of our main theorems establishes sufficient
positivity conditions on an auxiliary operator T to ensure that the transformed family {A,T},ecn
forms a c-K-g-frame.

We also investigate the construction of new c-K-g-frames in Hilbert C*-modules, extending and
generalizing existing results in frame theory. Given bounded adjointable operators K; and K; on
Hilbert C*-modules and a known continuous c-K;-g-frame, we develop conditions under which
new continuous c-K»-g-frames can be constructed via operator transformations.

Through examples, we illustrate the necessity of these positivity conditions, demonstrating how
their failure leads to the loss of frame properties. In the same section, we prove the associativity of
c-K-g-frames under product measure spaces and explore exactness and stability under restriction
to measurable subsets for non-decreasing c-K-g-frames.

Some examples and applications to operator-valued Hardy spaces and multiplication operators
illustrate frame constructions via Hadamard products and functional sequences.

Finally, Section 4 is devoted to the existence and properties of the associated frame operators
and duality relations. We also characterize dual frames in this setting, providing insights into their

existence and construction.

2. PRELIMINARIES

Let Abe aunital C*-algebra, and let H be a left A-module. We say that H is a pre-Hilbert A-module
if it is equipped with an A-valued inner product (-, )z : H X H — A, which satisfies the following
properties: it is linear in the first argument, meaning that (af + g, h)a = alf, h)a + p{g, h)x for
all f,¢,h € H and a, € C; it is compatible with the A-action, so that {(af, g)a = a(f, g for all
a € A; it is adjoint symmetric, satisfying (f, &) = (g, f); and it is positive-definite, meaning



Int. J. Anal. Appl. (2025), 23:232 3

(f, fYa = 0 with equality if and only if f = 0. Given such an inner product, we define a norm on

‘H by
IFll == ||CF, o2, forall f e H.

If H is complete with respect to this norm, then it is called a Hilbert A-module, or a Hilbert C*-module
over A.

Let H and K be Hilbert A-modules. A map T : H — K is said to be adjointable if there exists a
map T : K — H such that

(Tf,9a={f,T'¢9a forall feH, geK.

The following result is a Douglas’s theorem version relative to C*-Hilbert modules.

Theorem 2.1. [32] Consider H, Hy, H, Hilbert C*-module over a C*-algebra A. Suppose that T €
End’(H1,H), S € Endy(Ha, H ) and that the range of S, denoted Ran(S), is closed. Then, the following
conditions are equivalent:

(1) Ran(T) € Ran(S).

(2) There exists a non-negative A > 0 such that TT* < A?SS*.

(3) There exists an operator Q € End’y (H1, Hz) for which T = SQ.

The next theorem characterize the operators on Hilbert C*-modules that possesses a Moore-

Penrose inverse

Theorem 2.2. [31, Theorem 2.2] Let H and K be two Hilbert A-modules, and let T € End*ﬂ(?(, K).
Then the following statements are equivalent:

(1) The range of T is closed.
(2) The Moore-Penrose inverse TT of T exists; this means that T' is an element of End’ (K, H ) which

satisfies:
TT'T =T, T'TT'=T", (TT")" =TT and (T'T) =T'T.

In the context of Hilbert C*-modules, integration theory plays a crucial role in defining con-
tinuous frames, synthesis and analysis operators, and related structures. To bridge classical and
operator-valued settings, we begin by recalling the Bochner integral for Banach space-valued
functions and its compatibility with bounded linear operators, see [12].

Let (), %, u) be a measure space, and let E be a Banach space. A function f : () — E is said to
be strongly measurable if it is the pointwise limit of simple functions and Bochner integrable if

[ 1r@edute) < oo
O

The Bochner integral fQ f(w)du(w) € E is then defined as the norm-limit of integrals of simple
functions approximating f. A key property of the Bochner integral is its compatibility with
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bounded linear operators: if T : E — F is a bounded linear map between Banach spaces and

f : QO — Eis Bochner integrable, then

([ s@nte)) = [ 07t duta,

Let A be a unital C*-algebra, and let H be a Hilbert A-module and {H,,}n a family of Hilbert

A-modules. Denote by (@ H,, “)LZ the space

we)

{F € H ‘H,, : F strongly measurable and f IKF (@), Flo)lladu(w) < oo}.
we) O

It is known (@w cq Ho, y)Lz equipped with A-valued inner product

<R®=i&%»ﬂ@M@@»

is a Hilbert C*-module over A. Now, consider a family {A,}oeq € [1 Endi(H,H,,), such that

we)

{Awlwea € (@weﬂ H,, H)LZ’ for all f € H. Under these assumptions, we define the associated
analysis operator T* from H into (@a)eﬁ Heo, ”)LZ by

(T"f)(w) := {Aaw(f)leeq, forall f e H

and the corresponding synthesis operator T (EB@EQ H,, ‘u)LZ — H, defined weakly by

(TF, 9) ::f(A;,P(w),gmdy(w), forallFe(@?—(w,y] , g€ H. 2.1)
Q 12

we()

We now consider conditions under which the family {A},eq forms a continuous K-g-frame (c-
K-g-frame) for H. Let K € End; (H ), and suppose that the family {A, f},cq is strongly measurable
for each f € H. Then, as shown in [8] (resp. in [1] for the Hilbert spaces case), {Ay}weq is a c-K-g-
frame for H with respect to {H,}weq if and only if the synthesis operator T is bounded, adjointable,

and A-linear, and there exists a constant A > 0 such that
AKK* < TT".

In this case, the analysis operator satisfies T*f = {A flwen, and ||T]| < VB, where B is the upper
c-K-g-frame bound of the family {Ay}wen-
We now turn to the frame operator associated with {A,}, defined by

S) = [ Ahofdu(e), fe,

where the integral is taken in the Bochner sense. Since each A} A, f € H, the integral yields a
well-defined element of H. The operator S is linear, bounded, positive, and self-adjoint on H, due
to the continuity of the adjointable maps A; A, and the boundedness guaranteed by the frame

inequality.
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To analyze the action of S, we compute

st na=([ A;Awfd#(w),f>ﬂ ~ [t A pradule)

The following definition will serve as a basis in what follows; see [8, Definition 1.10] for an

equivalent version.

Definition 2.3. Let (), 1) be a measure space, H a Hilbert C*-module over a C*-algebra A, and
K € End(H). A continuous family of operators

{Avlwen € Endy [w,(@ Ho, y] ]
L2

we)

is called a c-K-g-frame for H if there exist constants A, B > 0 such that for all f € H,

AWK, K fy < fQ(Awf,Awf)dv(w) < B(f, f).

3. SoME PosiTiviTy AND STABILITY CONDITIONS FOR THE CONSTRUCTION OF C-K-G-FRAMES

Our first main theorem establishes sufficient positivity conditions on an auxiliary operator T to

ensure that the transformed family {A,,T},en forms a c-K-g-frame.

Theorem 3.1. Let K, T € End’;(H) and suppose that {Ay}weq is a c-K-g-frame for H with respect to
{Holwea and

(T* —=wI)KK* (T +wl) > 0 (3.1)

for some non-zero complex number w. Then {A, T}, eq) is a c-K-g-frame for H.

Proof. We know that there exist positive real constants A, B such that

AKF,K'f) < f (Auf, Auf)d (1) < BED (32)
0
for all f € H. Thus, for every f € H we have

AK*Tf,K*Tf) Jy AT f, AuTfdu(w)

B(Tf, Tf)
BIITIF(f, f-

Since (T* —wl)KK*(T + wl) and (T* — wI)KK*(T — wl) are positive and from the fact that

ININIA

2w(T* —WI)KK* = (T* =@l KK*(T + wl) — (T* = @I KK*(T — wl),

we have

w(T* ~TKK' = (w(T' ~TIKK')' = TKK'(T - wl).
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Therefore
(KTFKTF) = [wK f,Kf)+ (K f,K (T =wl)f)
+W(K (T —wl) f, K* Y + (K (T —wl) f, K* (T - wl) f)
= [wPKf, K f) + 20((T — wI) KK, f)
K (T =l f, K (T =) )
[w(K* f, K* f) + {(T* = W) KK*(T + wl) f, f)
[w*(K* f, K" f)

\%

forall f € H. So
[wPAK £, K f) < f (NoTf, AT (1) < BITI(E, £
Q
forall f € H. Thus {A,T}eq is a ¢ — K — g-frame for H. O

In the previous theorem, one can observe that the operator T satisfies condition (3.1) for a given
nonzero w € C if and only if, for every nonzero scalar A, the operator AT satisfies (3.1) for % On
the other hand, if an operator T satisfies (T* — ul)KK* > 0 for some positive scalar u, then T satisfies
(3.1) for w = u. In particular, by choosing T + I instead of T and setting u = 1, one can derive the
following consequence of the theorem.

Corollary 3.2. Let {Ay}eq be a c-K-g-frame for H and T € End’y(H). If T'KK" is a positive operator,
then {Ao(I+ T)} ey is a c-K-g-frame for H.

The following example illustrates the necessity of the condition (3.1) in Theorem 1. It also shows
that even when the original family {A,}weq is a c-K-g-frame, the transformed family {A,T}wen

may fail to be a c-K-g-frame if the operator T does not satisfy the required positivity condition.

Example 3.3. Let H = A x A be a Hilbert C*-module over the C*-algebra A. Let QO = [0,1], and
for each w € O, let H,, = H. Let u be the Lebesgue measure on (). Define the operators K, A, To
and T on ‘H by:

K(a,b) = Ay(a,b) = (a,0), To(a,b) =(0,b), T(ab)= (ba), forall(ab)eH.

Assume that {A, },en is a c-K-g-frame. Then, there exists a positive scalar B such that:

Baa® = B(K(a,b),K(a,b)) = L(AwT(a,b),Aa,T(a, b))du(w).
Now observe that:
AoT(a,b) = KT(a,b) = K(b,a) = (b,0).
(1) Suppose that {A,T},eq is a c-K-g-frame. Then we must have:
(KT(a,b),KT(a,b)y = {((b,0),(b,0)) = bb".
So the frame inequality would imply:

Baa® < bb*,
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for alla, b € A. However, this inequality cannot hold in general, leading to a contradiction.

Hence, {AyT}weq is not a c-K-g-frame. Note that in this case, we also have:
K=K, T=T"=T"', KK'=K, TKK =TK,
and
(TK(a,b), (a,b)) = ((0,a), (a,b)) = ab",
(K*T(a,b), (a,b)) ={(b,0),(a,b)) = ba".
(2) Consider the operator To(a,b) = (0,b). If {A,To}weq is a c-K-g-frame, then we would have:
T,KK* =0, and KK'T;=0.
Therefore, the positivity condition in Theorem 1 fails, and {A,To}weq is not a c-K-g-frame.

Let (L u) = (1 X0, 11 ®uz) be a product measure Euclidean space and let A =
{Aw1,w2} (@r,w0)e0,x0, D€ @ Bessel family for the Hilbert C*-module H with respect to the family
{Hw, w,} of Hilbert C*-modules. Based on Fubini Theorem for Banach spaces, see p. 93 in [12] The

following theorem shows that we have the associativity property for c-K-g-frame.

Theorem 3.4. Let (Q,u) = (O3 X, 11 ® o) be a product measure space and let A =
{A w00} (@,00)e0,x00, be @ Bessel family for the Hilbert C*-module H with respect to the family {H, o, }-
Then:

(1) Foreach wy € O, the family { Ay, w,}aneq, 1S a Bessel family for H with respect to {He, w, }w,, and
the associated analysis operator is given by

Aa;l H — 7’{a)1 = [ @ Ha)l,a)zr [12] ’ f = (Awl,wzf)wzeﬂz .
L2

W€y

(2) Let K € End(H ). Then the family A is a c-K-g-frame for H with respect to {H,, «,} if and only
if the family {Ay, }o,cq, 15 a c-K-g-frame for H with respect to {H, }o, e -

Proof. Since A is a Bessel family, there exists B > 0 such that for all f € H,

fQ  apnf A P10 ) (w1, 02) < B, )

Applying Fubini’s theorem, we get

fﬂ ( (e, Do) s ) dus (1) < B )

Hence, for pi1-almost every w; € (), the function w; = Ay, 0, f belongs to L2(02 ; Heoy ), and so

the operator
Awlf = (Awl,wzf)wz

defines a Bessel mapping from H into H,,,.
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Now suppose that A is a c-K-g-frame, i.e., there exist constants A, B > 0 such that

AKFKf) < f Poyonfs Moy f) (111 ® 2) (w1, w2) < B,

O xp

Using Fubini?s theorem again, we write:

f (f <Aw1,wzf/Aw1,w2f>dP‘Z(“)Z))dlfll(wl):f Norfr Doy frdu (1)
Q] 02 Ql

Thus, the inequality becomes:

AKFKfy < fQ (Ao, B dpis (1) < B, £,

which shows that {A, }u,e0, is a c-K-g-frame for H with respect to {H,,, o, -
Conversely, if {Ay, }o,cq, is a c-K-g-frame, applying the same reasoning in reverse and using

Fubini’s theorem gives that A is a c-K-g-frame. m|

A c¢-K-g-frame (Ay),cq on Q is called exact if, for every measurable subset ()1 C Q) with
0 < p(M) < +oo, the family (Aw),eq\n, is Not a c-K-g-frame. The following result shows that a
Bessel family that is not decreasing does not necessarily need to be exact.

Theorem 3.5. Let K € End’;(H). Suppose that {Ay}weq is a continuous K-g-frame for H with respect
to the family {Hy}weq. Assume that {A,}eeq is non-decreasing with respect to some order defined on Q).

ploeQ:w<wo}) <+oo and p(fweQ : w>wp}) #0 (3.3)
Then, the restricted family { Ay} weo\jweq : w<w,) 1S als0 a c-K-g-frame.

Proof. Since {Aylweq is a c-K-g-frame, there exist constants A, B > 0 such that

AKf,Kf) < f (Aof, Aofydu(w) <B(f, f) forall feH.
QO

Denote O~ = {w € Q:w < wp}, O = {we Q:w>wi}and O = O\ (QTUQ7). Since the
disjoint union Q3 = O~ U QT U Q) We estimate:

[ tutmopin@ = [ of rupaute)+ [ ufrupdut@)+ [ (Auf Auprduto).

Observe that if A = sup {1 £ (( ))} then

WO A f, A )
Jop B fs A f dp(@)
Jo-(Aaf, Aafrdp(@)

A fQ+ <Aa)f, Aa)f) d‘u((‘))

vV IV IV

for all f € H. Therefore,

[ rupaue) < [ Bufnopdu@) <14 [ (uf Aupdule)
O\NQ- o\0-



Int. J. Anal. Appl. (2025), 23:232 9

forall f € H. Thus,

1—|——/\<K*f K fy < f\ 7(Aa,f,Aa,f>dy(a)) < B(f,f) forall feH.

Therefore, {Ay}weqy is also a c-K-g-frame. m]

Example 3.6. Let A a C*-algebras and denote Z(A) its center. We denote by Hiq(]D) the A-valued
Hardy Hilbert C*-module over A defined by

H% (D) := L*(dD, A) NH(D, A)

One can see that f € HZ (D) if and only if there exist (4, )neN, € *(A) such that

f(z) = Z Z'a, zeD (3.4)
n=0
Now for let (), 1) a measured space. Let ¢ := (¢u)neN, @ sequence of measurable functions

¢n : QO — C, n € Ny, such that the function

iz”qbn a, z€D

=0
belong to H;(]D) forall f = Y° z"a, € H> 7(ID), and @ € Q). We define the operator A, on H? 72(D)
by

B

[o0]

Aulf)(2) =) Z"Pu(@)a, zeD

n=0
for all f € H7(ID), with the expression (3.4). Note that A, (f) is the Hadamard product of ¢ and

f- Thus,
£):8) =Y bulw)and
n=0

forall f, g € H% (D). Hence

Do) Do(f)) = ; (P (@) Panas,.
f (Aol du(w )a 0( f | (@) Pdp(w )anan

Therefore, A is a Bessel c-g-frame if and only if ( fQ | () Pdp(w ))neN SR A
0
(1) Lety = Z Yn2" € H?(dD), and Ky the operator defined on H by Ky (f) = ¥ ¢nz"a" for
n=1 n=1

all f = E Ypa € H;(&]D). Thus Ky € End;(H) and
n=1

K () K(F) = Y luP
n=0



10

Int. . Anal. Appl. (2025), 23:232

)

®)

Thus A is a c-K-g-frame if and only if there is a positive scalar B such that

Bl,| s(fﬂ Iqbn(w)lzdy(a)))% for all n > 0.

Let QO = (0,1) and p the Lebesgue measure on (), ¢,(w) = @" foralln > 0 and A, = M.

Then we have
o 1- 2n+1

1
f Af, Ao fid () =
@o n=0

forall f = ). z"a,. Thus we have
n=0

00 1
(1-wo) Y ﬁana; < f (Mof, Nof)d p(w)
n=0 @o

— n :
- Z ne
fOI' all f z'a ThlS ShOWS that
n=0

1 1 1
(1—w0)£(Awf,Awf)dy(w)s (Awf,Awf)dlu(a))SfO‘(Aa,f,Awf>dy(a)).

wo
In fact in this case we can use Theorem 3.5 in order to prove that {Ay},e(0,1) is @ c-K-g-frame

for a given operator K is and only if {Aw}ue(w,,1) 1S @ c-K-g-frame for a given wp € (0,1).

K = M,, wehave K(f) = Y. a,z""!, thus
n=0

(o]

(K(f),8) =) aub,,;.

n=0

Hence K*(f) = Y. ap412"

n=0

[0e]

K(f), K ()= Y anad .

n=0
Therefore Ran(K*) = ZH; (D). Thus Ais a c-K-g-frame if and only if there is a positive

scalar B such that

B< (fQ I(pn(a))lzdy(a)))% foralln > 1.

Theorem 3.7. Let Ky, Ky, ..., Ky, Tq, T2, ..., Ty € End g (H), where n is a positive integer, and suppose that

n
{Awlweq is a c-K;-g-frame, for i € {1, ...,n}. Then {Ay}4eq 15 a c—( Y, KiTZ-)—g—fmmefor H.
i=1

Proof. We will prove the theorem for n = 2, the general case can be deduced easily by induction.

By assumption we know that there exist positive real constants A1, Ay, B such that

Ai(Ki £, K f) < fﬂ (Aof, Ao YA (1) < B, £) (3.5)
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forall f € H and i € {1,2}. Observe that
(KiT1 + Ko To)' f, (Ki Ty + Ko 1) f) = (TiK(f + T,K,f, TK f + T,K; f)
= (iKY, TiK P + (K, TR f)
KL, TK f) + (K f, TIK )
Using the fact that for all (i, ) € H we have
(h, @)+ (g, h) <<{h,hy+4g, 8
This follows from the fact 0 <<(h—g,h— g) = (h,h) +{g, §) — (h, §) — (g, ). Thus, we obtain

(KiT1 + Koo)' f, (KiT1 + Koo)' fy < ATIKSf, TIK ) + 2T3KS £, TiKS )
2K £, K f) + 20T IH(K £, K5 )
2 + TE) Lo, Aufiar ()

for any f € H. It follows that {Ay}eq is a c-(K1T1 + KpT2)-g-frame. O

IANIA

IA

In the following, according two bounded adjointable operators K; and K; between Hilbert

C*-modules and a given c-K;-g-frame, we construct some related c-K;-g-frames.

Theorem 3.8. Suppose that Ki € Endy (Hi) and {Ay)weq is a c-Ky-g-frame for Hy. Let Ky €
End’, (H2),T € Endy (Hi, Ha) has closed range and TK; = K,T. IfRan(K;) c Ran(T), then
{A0T}weq is a c-Ka-g-frame for H,.

Proof. Since {Ay}eq is a c-K;-g-frame for Hj, there exist positive constants A, B such that
AKY KT f) < f(Awh, Aphyd(!) < B¢h, h)
Q
for all h € H;. Therefore

AK T KT'hY < [ (AoTh AT h)d (1)

B(T*h, T*h)
BITIPh, 1)

IANINIA

for all h € H,. Since TK; = K,T,Ran (K;) C Ran(T) and Ran(T) is closed. The Pseudo-inverse of
the operator T" of T exists and we have (T")*T*K; = K;. This follows from the fact that for each
h € Hy, K;h = Tf for some f € H;. Thus

(TY'T'Kh = (TT')'Tf = TT'Tf = Tf = K'h.
-2
|(TH|| (T Kb, (TH) T K h)
< (T'K;h, T'K;h)
= (K{T'h, K;Th)

T4 (g, Ky

This implies that
AT Kok, Kohy < f (AoT'h, Ay T'hYd (1) < BI[T|*(h, h).
Q

We conclude that {A,T*} e, is a c-Kp-g-frame for H,. |
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As a simple consequence of the previous theorem, we can state

Corollary 3.9. Let K € End(H) and {Ay)weq be a c-K-g-frame on the Hilbert C*-module H. Let
T € End’y(H) with closed range and TK = KT. If Ran(K*) € Ran(T), then {Ay,T*}yeq is a c-K-g-frame
on H.

Recall that an operator T € End (H;, H>) is bounded below if there exists a constant C > 0 such
that T*T > C Idyy, ie., (Th, Th) > C{(h,h), forallh € H;.

Theorem 3.10. Let Ky € End’;(H1), and {A)}weq be a tight c-Ky-g-frame on H;. Let Ky € End’, (H>)
be such that K* is surjective, and T € End'g(Hy, Hz) such that Ran(T) is closed and TKy = KpT. Then
(AT} peq s a c-Kp-g-frame on H; if and only if T is surjective.

Proof. If T is surjective, then Ran(K}) € Ran(T) and by Theorem 3.8 {A,T"},eq is a c-Ko-g-frame
on H,. Conversely, let us assume that {A,T"},cq is a c-Kp-g-frame on H, with lower bound A;,
then for each h € H, we have

A(KGh, Koy < f (AT, A T'hy du(w)
QO

Since {Ay}oeq is a tight c-K;-g-frame for H; with bound A, then

AKLKD = [ (Maf Aupiuto), feth
Moreover since K{T* = T"K, for any h € H, we have
A(T"'KGh, T'KShy = ACK( T h, KiT h)

= L(AwT*h, Ao Thydu(w)

> A(K5h, Kh)
Therefore,

(T"KSh, T'KSh)y > %(th, Khy, heH,
Since K, is surjective, the above implies that %Idr]—{z < TT" thus by Theorem [32] T is surjective. O
4. On ConTinuous K-G-Duats

In this section, it is introduced the c-K-g-dual frame of a given c-K-g-frame and we obtain c-K-g-
dual of Parseval c-K-g-frames. Then we obtain synthesis operator related to c-K-g-duals. We first

recall the definition of c-K-frame dual.

Definition 4.1. Let K € End’(H) and {Ay},eq is a c-K-g-frame for H with respect to {H,},cq- A
dual c-K-g-frame of {Ay},ecq for H with respect to {H,,}, e is a c-g-Bessel family ('}, e for H
with respect to {H,,},,cq, that satisfies

(Kf, hy = L(A;wa,m du(w) forall f,heH 4.1)
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Theorem 4.2. Let K € End g (H) and A = (A} eq a c-K-g-frame for H with respect to {H,,},cq Such
that its operator frame S has a closed rang. Then A = {A,},eq possesses a dual c-K-g-frame (T} ey
Furthermore, {T )} ,eq is a c-K*-g-frame for H with respect to {Hy ), e and possesses {Ay)peq as a dual
c-K*-g-frame.

Proof. There exists a positive real scalar A such that AKK* < Sy = TAT),, where Ty is the synthesis
operator of A. Thus by Theorem 2.1 there exists an operator

Qe End}[ [7{, (@ He, [J] ); fr (rw(f))weﬂ
12

WEW

such that K = TxQ. Observe that for every f € H we have

JolTaf. Tuf du(@) = J(ToTuf, £ du(w)
< [ITLIXE, £ du(o)

= ([ ITalP du(@)) (£, £

Thus (Tw),cq is a Bessel g-frame where over H. Furthermore,

we

(Kf,g) = (TaQf, &)

(Ta (T (f))wea 8
= (JyALTu(H)d (1), 8)
JyAnTo(f), £)d(!)

Thus {T'y}weq is a dual c-K-g-frame of {Ay},eq- Now, from the equality K = TAQ and T}, Tx <
IT, TAlll we obtain that K'K = Q*T’, TQ < ||IT, TAllQ*Q. Hence for every f € H, we have

(Kf,Kf)

(K*Kf, )

I\ TAIKQ QS £

T\ TAll Jo(T5 L0 (), (1)
T TAll J,To (), T (£))d (1)

IA

Theretofore {I'y,},c) is a c-K*-g-frame.
m]

Theorem 4.3. Let K € End'g(H) such that K* is surjective and {Ay}yeq is a c-K-g-frame for H with
respect to {Hy},cq- Denote its synthesis operator by Ta, then the synthesis operator Tr related to
I' = {Aw(K*)+}w€Q is the bounded adjointable A-linear operator Tr = K'T. Furthermore, if {Aw}wen
is Parseval c-K-g-frame for H, then {Aw (K")Jr}we qsa c-K-g-dual of {Aw)weq and it is both a Parseval
c-K*K-g-frame and Parseval c-g-frame.
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Proof. Given thatT is a c-K*-g-frame for H, it follows that for every F € (@w cq Ho, y) pandgeH

we have

(TrF, g) = L <(Aw (K‘L)*)* F(a)),g> du(w)
= j; <K+Aw*F(a)),g> du(w)

= (K'TAF, )
Therefore Tr = K'T, is a bounded adjointable adjointable A-linear operator.
To prove the rest of the theorem, assume that {A},cq is a Parseval c-K-g-frame. Since K* is

surjective, we have
(Kf,9) = (KK ((K)'f), 9 = [ (000K, ()

for all f,g € H. Therefore {Aw (K")Jr}we o is a c-K-g-dual of {Ay}pen- Now, from the fact that
{Awlweq is a c-K-g-frame , we deduce that

Sk (K1), A (RYTFDA(D) = (KKK ()
- (R AR
forall f € H. Thus {Aa, (KJF)*}(Ue o isaParseval c-K'K-g-frame for H. To complete the proof observe

that the surjectivity of K* implies that (K*K)* = K*(K*)'f) is the identity operator on H, thus the
formula (4.2) tells us that {Aw (K*)jL}we o 1s a Parseval c-g-frame. ]

(4.2)

For the following result, we need to keep in mind that a c-g-Bessel sequence {A,},cq in H is

said to be independent if, for any c-g-Bessel sequence {I'y} e, in H we have
wa*wady(w) =0 VfeH = T,=0 ae (4.3)
0
Theorem 4.4. Let {A,},eq be a Parseval c-K-g-frame for H, where K € End’g(H ) such that its adjoint
K* is surjective. Then {Ay}oeq is independent if and only if its c-K-g-dual {Aw(K*)Jr}wew is independent.

Proof. By hypothesis {A,},cq is a Parseval c-K-g-frame for H, then we have

f KK fdu(w) = f Ao Ny fdu(w)
0 0
forall f € H. Since K* is surjective, its pseudo-inverse (K*)" is well defined on H and KK*(K*)'K* =
KK*. Thus
f Ao Ao fdu(w) = f AL A (KK fdu(w)
0 0

for all f € H. Therefore

f AL (Aw = Au(K)K) fdp(w) =0,

0

forall f € H. Thus, if {A,}4eq is independent, then by (4.3) A, — A, (K*)TK* a.e. Thus we conclude
that
Ao =KK'AL ae.
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Now let us assume that for every f € H, fQ (Aw(K*)‘L)* I'yfdu(w) = 0, for a given c-g-Bessel
sequence {I'y},cq- Then, one can check that

JyAwTofdu(w) = [ KK'ALT,fdu(w)

K [,K'AyTofdu(w) = 0
So by assumption, I',, =0, a.e.

For the reverse implication, let us assume that {Aa, (KJF)*}(Ue o is independent. Suppose that for
a c-g-Bessel sequence {T',},c), we have fQ Ay Ty fdu(w) =0, forall f € H. Then

[ (Autk ) Tufdut@) = K [ AuTufdu(@) =0
Q Q
this implies that I', = 0, a.e. So {Ay}ucq is independent. O
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