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Abstract. This paper investigates several (g, C)-bipolar Q-intuitionistic fuzzy structures in an ordered semigroup G,
including subsemigroups (GBQIFSSG), left ideals (GBQIFLId), right ideals (GBQIFRId), ideals (GBQIFId), and bi-ideals
(GBQIFBId). We introduce a novel extension of GBQIFId, denoted (¢, {)-GBQIFL, and study its correspondence to lower
level sets (FLId, FRId, FBId) within &. Several characterizations are established, showing conditions under which these
fuzzy structures reduce to their crisp counterparts. Homomorphic and inverse images of GBQIFSSGs are analyzed, and
the role of regularity in ordered semigroups is explored to derive equivalences between product and meet operations.
Illustrative examples are provided to validate the proposed results and offer new insights into the interaction between

bipolar fuzzy frameworks and algebraic structures.

1. INTRODUCTION

As the world developed, human ambiguity and uncertainty increased, and the theory of crisp
sets proved insufficient for experts or decision analysts to address these complexities. Fuzzy set
theory (FST), intuitionistic FST (IFST), Pythagorean fuzzy set theory (PFST), and spherical fuzzy
set theory (SFST) are among the theories that have been developed as a result of the uncertainties.
The importance of the concept and its applicability to a wide range of disciplines, including real
analysis, measure theory, topology, group theory, logic, and groupoids, has been illustrated by
the numerous publications on FSTs. Ordered semigroups have several applications in formal
languages, computer arithmetic, error-correcting codes, and sequential machine theory. Rosenfeld

[10] described fuzzy subgroups and their characteristics. Mordeson [9] created a particular fuzzy
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semigroup classification. Zhang [12] was the first to introduce bipolar valued FSTs (BFSTs), which
he used for decision analysis and modeling. FSTs that have their MG range extended from [0, 1]
to [-1,1] are known as BFSTs. Bipolar intuitionistic fuzzy ideals (BIdFIs) are an expansion of
both fuzzy ideals (FIs) and intuitionistic fuzzy ideals (IFIs) by fusing the concepts of bipolarity
(positive and negative MGs) with IFSs (MG and NMG). The support of the FST is contained in [0, 1].
Numerous academics from nearly every scientific discipline were drawn to the FST, conducting
studies and using it in their work. The FST was initially used by Rosenfeld [10] to organize fuzzy
groups in a group context. Kuroki [5-7] performed an interpretation of fuzzy semigroups (FSG),
FId, and FBId in semigroups. Dib et al. [2] introduced FIds and FBIds in FSGs. Xie et al. [11] and
Kehayopulu et al. [3] introduced the idea of regular and intra-regular ordered semigroups.

Khan et al. [4] investigated specific characterizations of intra-regular semigroups. But FST
cannot account for people’s negative opinions or negative supporting grades; one expansion of
FST is the idea of a bipolar fuzzy (BF) set. Therefore, the BF set theory (BFST) expands the range
of FST ([0,1]) to the BFST ([0,1],[-1,0]) to encompass both positive and negative attitudes of
humans. Both the negative supporting grade (NSG) and the positive supportive grade (PSG) of
the BFST are found in [-1,0] and [0, 1], respectively. Recently, Palanikumar et al. discussed the
generalization of FSs via ordered semigroups [1] and bisemirings [8]. In contemporary algebra,
the study of semigroups is a thriving field. But a semigroup need not have elements with inverses;
the name suggests it is a variation of the group notion. Many scholars studied semigroups in the
early stages from the viewpoints of rings and groups. But ring theory offers some guidance on
how to develop the notion of ideals in the semigroup; it is possible to view the semigroup concept
as the successful child of ring theory. Furthermore, the idea of a semigroup is a powerful strategy
that has been applied by many academics in a variety of fields, including stochastic processes,

mathematical biology, control theory, and nonlinear dynamical systems.

2. PRELIMINARIES

Definition 2.1. An ordered semigroup is a structure (S, -, <), where (S, -) is a semigroup and < is a partial

order relation on & satisfying the following condition:
h<pandv <{=hv<pl,VYhp,v,{€C.
Here, © refers to the ordered semigroup.
Definition 2.2. Let X be an FS, if k, is the characteristic function of X, then

()< = { T EEX

0 otherwise.

Definition 2.3. An FS C of € is known as FRId (FLId) of S if

(1) h<p=C(h) =C(p),
(2) C(hp) = C(n) (resp. C(hp) = C(p)), Y 1, p € C.
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Definition 2.4. An FS o« of S is known as FBId of S if
(1) i< p =ec () 2 (p),
(2) o« (hpv) = minfec (h),cc (v)}, Y h,p,v e C.
Remark 2.1. & is reqular if and only if ¥V RId nand ¥ LId A of S, (nMA] = (no A

Remark 2.2. Let 1, A be subsets of S. Then

(1) (k,; alk,) = (Kgu)s
(2) (]k ol vc]k ) (]k(nl‘l/\})g

Remark 2.3. Let n,A C Sand {n; | i € I} be a collection of subsets of S. We define

(1) (n] € (A] if and only if (k(y)S > (k)5
(2) (ulellk(m])c ( Uier ( m)
3) (Mierk(y))E = (K ()

4

c
¢
c
¢

3. NEw GENERALIZATION OF BrroLar Q-INTuITIONISTIC FUZZY IDEALS
— -
Herec,(€[0,1],0>CT > >-1and0<<T < { <1.

Definition 3.1. The GBQIFS «= [(U, D), (4, 8)] of S is a known as (¢, {)-GBQIFSSG of G if
(1) v=€=0(v) 206(£),0(v) <2(0),
(2) max{G(v-¢£,1), T} = min{B(v, 1), B(¢, 1), C}

min{d(v- £, 1), C} < max{d(v,¢),4(¢
(3) min{D(v-£,1), T} <max{D(v,1),D(L, 1),

max{J(v-£,1), T} = min{I(v,1),I(6,1), (), Vv, e Sandie QC G.

Definition 3.2. The GBQIFS «= [(U, D), (4, 8)] of S is a known as (¢, {)-GBQIFLId of S if
(1) v<t=>0U((v) = U(é’) d(v) < 4(€), o(v) <O(¢), 3(v) = 3(¢),

(2) max{G(v-£,1), T} = min{(4,1),

min{d(v- ¢, 1), 2} < max{d (¢, ,—C>

(3) min{D(v-£,1), T) < max{D(4,1),

max{JI(v-£,1), T} = min{JI (£, 1),

Slg)

7

—_——

7

1

7

Vv,leSand e QC G,

)
Y

J‘\(T\r\{

Definition 3.3. The GBQIFS «= [(U, D), (4, 8)] of S is a known as (¢, {)-GBQIFRId of S if

(1) v<£=0(v) 20(0), 4v) < (0), 2(v) < 2(0), I(v) 2 I(¢),
(2) max{O(v-£,1),C} > min{O(v, 1), },

min{d(v- ¢, 1), g} < max{d(v, ),_>},
(3) min{d(v-£,1), T} < max{D(v, ),<C_
max{J(v-£,1), T} = min{J (v, ),(C_ LVYv,teGandie QC G

Definition 3.4. The GBQIFS o= [(U,0), (4, 3)] of S is a known as (¢, C)-GBQIFBId of S if
(1) v<E€=20(v) 20(¢),4(v) <4(0), o(v) <o(¢), B(v) = B(0),
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(2) max{G(v-£,1), T} = min{0O(v,1),B(¢,1), C},
min{d(v-¢,1), T} <max{d(v,1),4(¢,1
max{U(v-£-7,1),C} = min{UO(v,1),0(},1), C},
min{d(v-£-,1 ), c

(3) min{D(v-£,1), )
max{J (v

min{O (v -€~],L),<g_}

(3(v

}
max{J LVYv,61eCGand e QC G

Example 3.1. Let S = {by, by, b3, ba}, where - is defined on .
b1 bz b3 b4
bl b1 b1 b1 b1
ba | by bx b3 by
bs | by by bz b3
by | b1 bz bz b3

The order relation: {(bq,b1), (b1,b2), (b1,b3), (b1,b4), (b2, b2), (b2, b3), (b2, bs), (b3,b3), (ba,b3), (ba,ba)}.
Define a GBQIFS A = [(U,D),(4,3)] : © — [0,1] x [-1, 0] as follows:

[(0,D), (3, 3)] (b1, ¢) = ((0.28,-0.30), (0.54, ~0.63), 1)

[(15,0), (4, 3)] (b2, 1) = ((0.33,-0.36), (0.44, ~0.59), )
[(65,0), (4, 3)](bs, 1) = ((0.48,-0.47), (0.28, ~0.35), )
[(0,D), (4, )] (bs, 1) = ((0.41,-0.42), (0.35, —0.45), 1).
Thus, A is a (0.45,0.55)-GBQIFSSG of  and ( is in any subset of S.

Theorem 3.1. Leta GBQIFS o« bea (¢, {)-GBQIFSSG (GBQIFLId, GBQIFRId, GBQIFBIA) of . Hence,
the lower level set is an SSG (LId, RId, Bld) of S, where Uz = {v € & | U(v,1) > 2}, o ={rec|
i(v,1) < T}, De={red |1 < T}, and Je={veS|I(v,1) > <.

Proof. Suppose that cx—g is a (¢, 0)-GBQIFSSG of &. Letv,f € G be such that v,{ € U. Then
O(v,1) > 2,0(¢, L) > C. Thus, max{U(v-£,1), T} = min{U(v,1), U(f,L),_C)} > min{?,_g),_é)} =
Thus, B(v-¢,1) > 2, sov-l€ U». Thus, Uz is an SSG of S. Let v, € © be such that v, € 4.
Then 4(v,1) < E),j(f, 1) < 2. Thus, min{d(v - ¢, L),_C)} < max{d(v,t),d(¢, L),_C)} < max{_g),_g),_C)}
= _C) Thus, 4(v-¢,1) < 2, sov-l € 32. Thus, 4> is an SSG of €. Suppose that «c< is a (¢, 0)-
GBQIFSSG of €. Let v,¢ € © be such that v,{ € D«. Then ov,1) < <g_,D(€,L) < €. Thus,
min{o (v- ¢, 1), Tl < max{O(v,t),0(¢, L),<C_} <max{C,C, (C_} = €. Thus, ov-¢,1) < C sov-le
O« Thus, D« is an SSG of S. Let v, £ € S be such thatv,{ € 5<C—. Then 3 (v, 1) > (C_,S(f,L) > ¢
Thus, max{J(v- ¢, 1), 1> min{J (v, L),S(f,t),z_} > min{C, ¢, (Z} = % Thus, J(v-¢, 1) > € so
v-fe 5?' Thus,5<g—13 an SSG of &. O
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Theorem 3.2. A subset 11of Sisan SSG (LId, RId, BId) of  if and only if the GBQIFS oc= [(U, ©), (4, 3)]
of G is defined as follows:

- {> Cipvetl {< Cifve

_g) otherwise _g) otherwise

< <C_ fve (n] > <C_ if v e (n]

ifv if v
S, = 1= el Sy =12 CHvel

C otherwise C otherwise

is a (c, C)-GBQIFSSG (GBQIFLId, GBQIFRIA, GBQIFBId) of S.
Proof. Let v, ¢ € S be such that v,¢ € (n]. Then v-¢ € (n]. Thus, O(v(,1) > _C)
(vl 1) < C. Thus, max{U(v - K,L), ) > _C) = min{U(v, L),U(K,L),_C)} and min{d(v - ¢, L),_C>} <
- - . - N
C = max{d(v,1),4(¢,1), C}. Ifv ¢ (n or € ¢ (n], then min{UO(v,1),B(¢,1), T} = ¢ and
max{:l(v t),4(¢, 1), C} = C. That is, max{O(v-¢,1), ¢} = min{UO(v,t),U(£,1), C} and min{d(v -
L, L) 2 < max{:l(v,t),:l(f,L),_C)}. Letv, £ € Sbesuchthatv,( € (]. Thenv-{ € (1]. Thus,O(v{, 1) <
C and 3(v¢,1) > C. Thus, min{D(v-é’,L),%—} < <Z = max{E)(v,L),E)(f,L),t_} and max{J (v -
L, L),<C_} > <C_ = min{J(v,1), I(¢, L),<C_}. If v ¢ (nort ¢ (1, then max{O(v, L),D(f,[),t_} =7
and min{ﬂ(v,t),ﬁ({’,L),t_} = <C_ That is, min{o(v - ¢, 1), T < max{O (v, ),D(f,t),((:_} and
max{J (v-{,1), Tl > min{ﬁ(v,t),ﬁ({’,t),(c_} Thus, o« is a (g, {)-GBQIFSSG of S.

Conversely, assume that «= [U,d] is a (¢, {)-GBQIFSSG of &. Let v,{ € (n]. Then

- - -

O(v,t) 2 C,0(¢,1) 2 C and d(v,1) < C :I(f 1) < C. Now, «= [U,d] is a (¢, C)-GBQIFSSG of
S. Thus, max{U(v-£,1),C} > 1n{ (v, ) _C>} > min{_f,_C}, C}= _C) and min{d(v-¢,1), T} <
max{d(v, L) 4(¢, )_C>} < ma {_C> _C>} It follows that v€ € (n]. Let v,¢ € (n]. Then
O(v,1) < C,0(4,1) < C,and F(v,1) > C, 5(5 E . Now, o= [0, 9] is a (¢, {)-GBQIFSSG of .
Thus, min{o(v - ¢, L) T < max{o(v,t),0(¢, 1), C} < max{C, C, C} C and max{ﬁ(v~€,t),<g_} >
min{J (v, 1), I((, 1), } > C <- ,so vl € (n]. Hence, 11 is an SSG of &. m]

T

l

T

Definition 3.5. Let oc= [(U,0), (4, 3)] bea (¢, 0)-GBQIFSSG of S, and let t,s € (¢, C]. Hence, the level
subset (%) of oc is defined as

oc(t5) = {x €ec

U(x) >t and 4(x) <t,
O(x) <s and F(x)>s |’

Theorem 3.3. The GBQIFS oc= [(U, D), (4,3)] isa (¢, C)-GBQIFSSG (GBQIFLId, GBQIFRId GBQIF-
BId) of S if and only if each level subset o<\**) is an SSG (LId, RId, BId) of S, ¥ t € (<, C ]

Proof. Assume that o«c(*s) is an SSG of . Let vy, v, € S. Let t = min{U(vy,1),5(va, 1)}
Hence, vi,v2 € U;. Thus, max{U(v1~vz,L),_c;)} > + = min{U(vy,t), (v, ),—C)} Let t =
max({d(vy,t),4(vo,1)}. Hence, v1,v, € 4;. Thus, min{d(1; -VZ,L),_C)} < t = max{d(vy,1),d(vo, 1), _C>
Let s = max{O(vy,t),0(v2,1)}. Hence, vi,v2 € 5. Thus, min{O(vy - vy, ),g} < s =
max{0(v1,1),0(va, ),(C_}. Let s = min{3(vy,t), I(vp,1)}. Hence, v1,v, € J5. Thus, max{J(vy -

va,1), T} = s = min{I (v, 1), I (v, 1), C). Hence, o is a (c, C)-GBQIFSSG of S.
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Conversely, assume that o is a (¢, )-GBQIFSSG of S and vy, v ex(t5) Hence, O(vy, 1) >
t,0(v,t) > t. Thus, max{U(vl-vz,l)z_G)} > min{U(Vl,L),U(VQ,L)I—i} > t, 80 vy vy eoc(ts),
Now, 4(vi,t) < t,d(vp,1) < t. But « is a (¢,{)-GBQIFSSG of &, min{d(vi - v5,1),C} <
maX{:I(Vl,L),:](Vz,L),_C)} < t so vi-vp € 4. Hence, O(v1,t) < £9(vp,t) < s. Thus,

min{O (v1 - v, 1), )< max{O(vy,t),0(va, 1), <C_} <s,s0v1-vp € O Hence, I(vy,1) =5, (vp, 1) > 5.
But J is an SSG of S, max{J (v1 - vy, 1), T} > s. Hence, o (1,5) is an SSG of S. O

Remark 3.1. The GBQIFSSG o of G is a (¢, C)-GBQIFSSG of S, but reverse implication is need not be
true. By Example 3.1, we get Vi € S,

[(15,D), (3,9)] (b, 1) = ((0.05,-0.04), (0.22, -0.19), )
[(55,D), (3, 3)](ba, 1) = ((0.12,-0.09), (0.15,~0.12), 1)
[(5,D), (4, 9)](bs, 1) = ((0.22,-0.19), (0.05,—0.02), )
[(15,D), (3,9)](bs, 1) = ((0.16,-0.14), (0.10,~0.07), ¢).

Thus, « is a (0.13,0.27)-GBQIFSSG of © but not a GBQIFSSG.

Definition 3.6. The GBQIFS k, is defined as

H . .
IO L AT K (1,0 = < ifve(n)
e 2 otherwise v _C> otherwise
H . 0
1 (v, = L C el 1 (1,0 = Sifve(n)
Y <g_ otherwise L <C_ otherwise

Theorem 3.4. The subset 1) of S is an SSG (LId, Rld, Bld) of S if and only if the GBQIFS k  is a
(¢, 0)-GBQIFSSG (GBQIFLId, GBQIFRId, GBQIFBId) of .

Proof. Suppose that 1 is an SSG of S. Hence, ]k(n] is a GBQIFSSG of S, so Ik(n] is a (¢, C)-GBQIFSSG
of G.
Conversely, assume that k  is a (c,{)-GBQIFSSG of . Let v, ¢ € G be such that v, £ € (1.

Hence, lkz (v,1) = _C> = H(E({’, 1) = _C) But ]k:z is a (¢, C)-GBQIFSSG, we have

max{]k:] (v-¢, L),_g)} > min{]k<7 (v, L),]k(T] (¢, L),_C)}

=
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Let v,£ € © be such that v,¢ € (n]. Hence, ]k(];] (v,1) = z = ]k(f<€,L) = . But ka” is a
(¢, 0)-GBQIFSSG, we have

min{k (v-¢,1), T} < max{k{ (v,0), kf (¢,0), C)
_)
=max{Z, <, C}
H
=

as ¢ <_C> = Ikg(v-{’,t) <. Thus,v-f€ (n].

Thus, 1 is an SSG of S.

Let v,£ € © be such that v,¢ ¢ (n]. Hence, ]ka(v, 1) = 2 = ]ka(f, 1) = 2. But lkz is a
(¢, 0)-GBQIFSSG, we have

—

max(k! (v-£,1), 2} 2 min{k (v, 1), k[ (£,0), T}

as ¢ <_C> =>Ik$(v~€,t) >, Thus,v- £ ¢ (1.

Let v,{ € & be such that v,¢ ¢ (n]. Hence, ]k:i(v, ) = —C) = kf (¢,1) = C. But kf
(¢, 0)-GBQIFSSG, we have

(n]

min{]kf_ﬂ(v £,1),C} < max{]kg (v,t),IkE (¢0), C}
- - -
=max{C, C, C}
ﬁ
=

as’ ¢ <_C> = ka(%f,t) S_C). Thus, v-€ ¢ (1].
Letk,  bea (¢, 0)-GBQIFSSG of &. Let v, ¢ € S be such that v, ¢ € (n]. Hence, ]k;T;] (v,1) = % —
KT (6,1) = C. But k7 isa (c,)-GBQIFSSG, we have

min{Ik(—,T; (v-€,0), )< max{lkz (v, L),]k(_f] (¢, 10), <C_}
— — —
C}

7

max{

~

-
C

as T > %:> Ikz](v%,t) < (E Thus, v- € € (n].
Let v,£ € © be such that v,{ € (n]. Hence, ka] (v,1) = T = Ik(l;] (1) = . But lkf] is a
(¢, 0)-GBQIFSSG, we have

- - -

max{]kf” (v-€,u), T} > min{k’ (v,1),k
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as ¢ > (C_:> Ik(_f;(v-{’,t) > C. Thus,v-£ € (n].

Thus, n is an SSG of .

Let v,£ € © be such that v,{ ¢ (n]. Hence, Ik(—f] (v,1) = T = lk(—f] (1) = C. But lk(_,T:] is a
(¢, 0)-GBQIFSSG, we have

min{]kf] (v-€,0), 1< max{lk(lT” (v, l),]k;] (¢,1), C}
P
=max{c, <, C}
H
= C

as ¢ > = H(Z](V-f,L) < C. Thus,v- £ ¢ (n).
Let v,£ € © be such that v,¢ ¢ (n]. Hence, ]kf] (v,1) = (E = KkF
(¢, 0)-GBQIFSSG, we have

max{lkf;] (v-€,1), Tl = min{]kf; (v, L),]k?j] (¢,1), <C_}
— — —
=min{C, C, C}
H
=C

as T > (E:ka](v%,t) > % Thus, v- € ¢ (n].
Thus, 17is an SSG of &. m]

Definition 3.7. The subsets and their product o« o¢ is defined as follows:

. sup fecT () acT (D) if 0, # 0
och)(v,1) = {shen
0 otherwise

. inf {ocF () VeF (D) if v £ 0
(ocF ogF)(V, L) — ) (st)eny
1 otherwise

. inf (o7 (5) VT (B) if ny # 0

(oc? ogT)(V, L) = J(st)en
0 otherwise

( ? T—"))( ) (SI;p {OCF (S)ACF(t)} anv ¢ (Z)
o’ o¢ V,L) = s,t)eny

—1 otherwise

Definition 3.8. We define

-

(1) ©)50,0) = Br)aT)v2,

@ 5w =(Ev)vT)aZ,
(3) @) =ErYVT)a€E,
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4) (9)
Lemma 3.1. Let 1, A be subsets of S. Then (k, og]km) = (]k(,IM])g.

[y

) =(SW,)a)VE Vrea.

-

Proof. Letv € G. If v € (nAA], then (kgap)(v,t) = C. Butv < ab for certaina € (n],b € (4], we
have (a,b) € 1, so n, # 0. Thus,

(T oK) 1,1) = sup mintk (3,0, K7 (01

v=yz

> min{]k(f] (a,1), ]kg] (b, 1)}

ﬁ
=C,
(ki ok ) (v, 1) = vifyfz max{l (1, 1), K, (z,0))

< max{Ikg(a, L),]k:i (b, 1)}

N

Thus, (k, ok, )(v,0) = (kpuaa) (v, 1)
P
If v e (nAA], then (kz0) (v, 1) = C. Butv < ab for certaina € (1], b € (A], we have (a,b) € 1y,
so 1y # 0. Thus,

T 1T _ T T
(ke o ke ) (v ) = Jnf maxik, (¥, 0,k (2, 0]
< max{]kOTﬂ (a,1), ]k(f] (b,1)}
H
=C,
(]kf” o 5])(1/,0 = flzlyp;min{k(i](y,t),]kg] (z,0)}
> min{]kfl] (a,1), 5] (b, 1)}
%
= C .
Thus, (k, ok, )(v,0) = (kpuaa) (v, 0)-
pa- < -
Ifv ¢ (nAA], then (]k(TnM])(v, 1) =Cand (]k(FnM])(v,L) = (. Butv <abforcertaina ¢ (n],b ¢ (A].

Now,

(I o [ (v,1) = sup min(k ] (1), K (z,0)

v=yz
> min{]k(z] (a, L),lk(a] (b, 1)}
H
=G,
(5 85100 = inf mantk (0,8, 5.0

< max{]kf_ﬂ(a, L),]k:i (b, 1)}

-

= C.
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T _ < 7 _ < :
Ifv ¢ (nAA], then (H((nA)\])<V’L) = ¢ and (H((nAA])<V’L) = (. Butv <abforcertaina ¢ (n],b ¢ (A].

Now,

(K, o) (v 1) = Jnf max(lk, (y,1), ki, (z 1)
< max{]k(Tn] (a,1), ]kg] (b, 0)}
H
=7,
(I oy )(v71) = sup mindl, () ke (2, 0)
> min(k” (a,0), K, (b,1))
(_
=.
Thus, (k, ok, )(v,t) = (Kgaa) (v, 0). o

Theorem 3.5. Ifnisa (¢, {)-GBQIFLId (GBQIFSSG, GBQIFRIA) of S, then (n)g isa GBQIFLId (GBQIF-
SSG, GBQIFRId) of .

Proof. Suppose that 17is a (¢, ()-GBQIFLId of &. Let v, ¢ € S. Then

e~

max{(U) (v-f,t),_g} = max{({U(v-£,1) A }v_g>),_g)}



Int. J. Anal. Appl. (2026), 24:88 11

)

max((3)(v+£,0), T} = max((19(v+ £,) 2 T 7 ), €)
)
)

Thus, (1) = [(0), (9)¢] is a GBQIFLId of &. O

Theorem 3.6. Let nbe a (¢, C)-GBQIFRId and A be a (¢, C)-GBQIFLIA of &. Then ((no A])S C (nmE Al.

Proof. Let n = [(Uy,Oy), (35, 35)] be a (¢, C)-GBQIFRId and A = [(Ua,04), (43, 34)] be a (¢, C)-
GBQIFLId of €. Let (v,£,1) € I,. IfI; # 0, then j < v{. Thus, U;(7,1) > Uy(vf) = Uy(v,1)
3,(7,1) < 4,(v€) < 4,(v,1). Similarly, U, (7,1) = Ua(v€) = UBa(v,t) and 33(7,1) < h(vl) < i (v, ).
Let (v,{,1) € I,. If I; # 0, then ; > vf. Thus, O,(},t) < O,(vf) < Oy(v,t) and T, (7,1) = F,(ve) >
<O (vl) £Oi(v, 1) and T, (7, 1) =2 T (vE) = B, (v, ). Now,

(7,) = (Bon (1) AT) v

= [sup{U,(v,1) ATA(L, 1)} A_C>] v?e
vt

= [sup{Uy(v,1) AUA(L, 1)} A
j=<vt

= [supl(U,(v,0) 6 ) & (B1(6,0) 2 T ATV
j<vt

and

3, (v, 1). Similarly, ©,(j, ¢

(U(nm\])

ne~] ~—

Tal)ve

<((Gy(10) VD) A B2 VDN A T) VT
= {((By(1,1) 2T2(1,0)) V) &
= (0,201 (1,) AT) VT

=6, 2,00
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- -
(Fon))5 (1) = Fen (1) v ) 4T

= [inf {4 (v,0) V4 (£,0) 7 T] 2

= [inf 4,(v,1 VALV VAT
=g§uﬂuovavcmaov?»vaA?
> (1(E3(,0) 82) v (@) ANV T) AT
= {((H(,0)V(,0) 2aT) v T} AT

= (& v () v T1aT

= (:Iql‘l_f/\)(]ll)’

= [infg{Dn(v, VoL )}V
J<v-

= [inf (Dy(v,) V(L)}V TV | A T

J<vel
= [inf (2, 7 ) v (@u(6,) 7 TNV TI A S

\%

((CRIMISIMICHINIS LAV
= (P40 V2u(,) 2 )V T A T
(2,920 () v T At

=© <)L,

quéA
G

(3o 201,0) = (o () 5 ©) v €
= [sup(T,(v,) AT, (6,016 TV T

JSvel
= [sup(T,(v,0) A T (6,0} 2 T ATV E
jSvel
= [sup{(Ty(v,) A ) A (T (61) A T a TV E
=vt
<UG()TD)AG() TN ) TE
—{((3,(,) 63.(,0)) V) 2 TIVE
= (3,830,002 T)VE
= (3 <))

r]l‘lf_/\
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Letv,£¢1,. If I, = 0, then (U,00,)(;,t) = —1and (4;,04))(},1) =0,s0 j <v-{. Thus,

e -
(Bgor))5(1:8) = B () 2 T) VT

\V2
o
=
=
=
<
Ll
>

=1aC
> (Oun(, )V ) AT
= a0 v T),

(3o 2(1,8) = (Bion(1,0) 5 ©) v €
=0ve
.
= ¢
< (Bya(y0) o <C-) ve
= (3,m(1,1) A T).

Thus, ((ne A])¢ € (nMEA], o

4. RecurLArR CoNCEPT APPLIED TO VARIOUS Q-BrrorAr Fuzzy IDEALS

In this section, we investigate the influence of the regularity property of ordered semigroups on
various (¢, {)-bipolar Q-intuitionistic fuzzy ideals. Building on the definitions and results from
earlier sections, we show how regularity establishes direct equivalences between certain fuzzy
ideal operations and their crisp counterparts, particularly for products and meet operations. This
connection not only unifies the fuzzy framework with the underlying algebraic structure but also

provides simplified and elegant characterizations of these ideals.

Theorem 4.1. Let nbea (¢, C)-GBQIFBId and A be a (¢, C)-GBQIFLId of . Then S is regular if and only
i (70 ADS = (N5 Al
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Proof. Let (v,€,1) € I,. If I, # @, then j < v€. Thus, U;(7,1) = U,(vl) = Uy(v, 1) and 4,(j,1) < 4,(vf) <
3y (v, 1). Similarly, U,(j,1) = Uy (v€) = Bp(v,1) and d3(7,¢) < (vl) < da(v,1). Let (v, {,1) € I,. If
I, # 0, then j > v{. Thus, O,(},t) < O,(vl) < Oy(v,t) and T (j,1) = J,(vl) = T (v, 1). Similarly,
OA(7,1) £OA(vl) <Oa(v, 1) and Ta(7,1) = Jy(vl) = T, (v,1). For | € G, there exists x € & such
that j < (yx7). Hence, ;,x7 € I,. Now,

Oe)S (1) = (Ogen (1,02 T) v 2

= [sup{Uy(v, 1) AUA(L, 1)} A_C)] V<
j<vl

= [sup{U,(v,1) AU (L, 1)} &
1<v-l

= [sul:;{(U,?(v, L) A_C)) A (UL 0) A_C))} A_C)] v7<e
=V

> (((By(1,) V) & (Balxy,) VTN A T) VT
= (B0 2 T2(,0)) V) A T) VT

= (0, 0,) (1) A T}V T

= (0 2 )00,

n I‘I_E A

Talv2

- -
(:I(no}\] )—2 (]/ L) = (ﬂ(nO/\] (]/ L) v C) A_g)

= [inf (3,(v,0) V(L)) v C]aT
v
= [inf (3,(v,0) V() vevT]a?
j<v-
= []g.fg{(j,](v,t) v_f) v (da(€,0) v_i)} v_f] AT

<((HP 2 D)V (HElx,) 82NV L) AT
— ()Y H(0)82)v T
= (& v (,0)vT)aT

=3 200,

]I‘I/\

A

= —
<D(no}\])<§—<]l L) = (D(qu] (]/ L) v C) A <Q-

= [mf{D (v,0) vou(L,)tv

jSv-e

= [Inf[2,(v,0) TD4(6,0) 7 TvQat

= [inf ((2,(,) 7 T) v (@u(6,) 7 TNV TIA S

> ((@y(1,) 2 )V Ealx) s ) v C)aT
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— (D40 VOA(,)) A )V TIA T
— (@, VN,V T

= ©,2)0:0),

(3o 20,0) = (o) () 5 T) v €
= [sup(,(v,) AT\ (L)) ATV E

jSvel

= [SUP{SU(V, L) A S)\(f, L)} A

j<vt

= [sup((Ty(v,) A T) A (T (61) A T A TIVE

1<vt

(3,0 V) a(Balxy,) V) A )V E
— (3,02 32(,0)V) s YV E
— (8, 29)(,0) 20} VE

Taqve

IA

(3,200

Thus, ((n0 A])¢ € (nMC A], by Theorem 3.6 and hence, ((170 A])¢ = (nmE Al

Conversely, assume that (0 A]) = nMtA. By Theorem 3.4, k, is a (¢, C)-GBQIFBId and
k, is a (¢, C)-GBQIFLId of &. By Remark 2.2, Remark 2.3 and Lemma 3.1, we have (]k(ﬂﬂ/\])g =
(lkq I‘Ig ky) = (Ik,7 o ]kA)g = (lk(nw\})gf so (n I‘Ig Al = ((170)\])5. By Remark 2.1, we have G is

regular. m]

5. CONCLUSION AND FUTURE DIRECTION

Fuzzy set theory (FST) and its extensions, such as intuitionistic fuzzy sets (IFS) and bipolar
fuzzy sets (BFS), offer enriched perspectives on membership and non-membership grades. By
integrating these frameworks, we developed the concept of bipolar intuitionistic fuzzy structures
(BIFS), which capture both positive and negative evaluations within ordered semigroups. In this
work, we introduced and analyzed various (c,C)-GBQIF structures, including subsemigroups
(GBQIFSSG), left ideals (GBQIFLId), right ideals (GBQIFRId), ideals (GBQIFId), and bi-ideals
(GBQIFBId), as well as their lower level set counterparts. We established characterizations relating
these fuzzy structures to their crisp forms, examined their behavior under homomorphisms and
inverse mappings, and explored equivalences arising in regular ordered semigroups. The results
not only extend the theoretical foundation of bipolar fuzzy algebra but also open avenues for
further research, including the incorporation of cubic and interval-valued fuzzy structures and the

potential application of soft set theory to capture more complex uncertainty models.
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