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NEW INTEGRAL INEQUALITIES IN QUANTUM CALCULUS

KAMEL BRAHIM'*, SABRINA TAF2 AND BOCHRA NEFZI'

ABSTRACT. In this paper, we study the g-analogue of Klamkin-McLenaghan’s
and Grueb-Reinboldt’s inequalities then we use the Riemann-Liouville frac-
tional g-integral to get some new integral results.

1. INTRODUCTION

Let us consider
(1.1)

b b b
1(f,gia.t) = [ f(x)g(x)dx—<bfa / f(rf)dx> (bfa / g(x)dx>

where f and g are two integrable functions on [a, b],
and

b b b
1,00 = ;= | f(x)g(x)dqx—<bia / f(x)dqw> (bia / g(x)dqx>

where f and g are two functions defined on [a, b],.
The well-known Griiss integral inequality can be stated as follows (see [10, 15]):

1
provided that f and g are two integrable functions on [a, b] such that
(1.3) O<m< fla)<M<oo,0<n<g(z)<N<o0o, ,z € |a,b]

The constant i is best possible.
Gauchman gave the g-integral Griiss inequality as follows (see [8]):

T,(f, 9:0,5)| < 3O —m)(N —n),

In [12], the authors proved the following Klamkin-McLenaghan inequality
(1.4)

Z wkai Z wkbi — (Z wkakbk> < (\/? — \/Z) Z wrarbi Z wkbi,
k=1 k=1 k=1 k=1 k=1
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WhereO<’N”§“: <M<oo wg >0, k=1,.
In [9], the authors proved the following Grueb- Remboldt mequahty

- " (MN +mn)
1.5 2 b2 < - b
In [6], Dragomir and Diamond proved that

1 (M-m)(N-n) 1 [ 1t
1t [ e [ g

(1.6) |T(f,9;a,0)] <

and
(1.7)

IT(F, g:a,b)| < (m_m) (\/Jv—\/ﬁ)\/b_la/abf(x)dwbia/abg(a:)dx

In recent years, many researches have studies (1.1) and number of inequalities ap-
peared in literature (see [1, 2, 3, 4, 5, 14, 18]).

The main objective of this paper is to establish some new ¢-fractional integral
inequalities of Klamkin-McLenaghan and Grueb-Reinboldt type.

This paper is organized as follows: in section 2, we present some preliminary re-
sults and notation. In section 3, we state the g-analogue of Klamkin-McLenaghan
and Grueb-Reinboldt inequalities, then we establish some new g-fractional integral
inequalities.

2. BASIC DEFINITIONS

For the convenience of the reader, we provide in this section a summary of the
mathematical notations and definitions used in this paper (see [7, 13, 16]). We
write for a,b € C and ¢ € (0, 1),

) (259)o0
a;qQ)oo = —agh), a— b)) =¥ el
(a;q) kl;[o(l ") (a—b) @)

The ¢-Jackson integral from 0 to a is defined by (see [11])

(2.1) / @)y = (- ga’S flag")a
n=0

provided the sum converges absolutely.
The ¢-Jackson integral in a generic interval [a, b] is given by (see [11])

(2.2) /f dasf/f da:f/f

In the case a = bq"™, we can write

(2.3) / F(@)dgz = (1— b Y £(ba*)g*
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The fractional g-integral of the Riemann-Liouville type is (see [16])

) = —r [ gD -
(N @ = i [ =i a0

(24) = (00— e
where
1 a—1 0
Iy(a) = 1%(] ; (1 ﬁ q> eq(qu)dqu, and eq(t) = H(l —q"t).
k=0

The g-fractional integration has the following semi-group property for a, 5 € R
(I3 g (@) = (JgH7 ().

For the expression (2.4), when f(z) = 2*, we get another expression that will be

used later:
L,A+1) s

o A

J0@) = F A D

Finally, for b > 0 and a = bq",n = 1,2, ..., 00, we write

(2.5) [a,b]y = {bg" : 0 < k < n}, [0,b], = {bg" : k € N}.
3. MAIN RESULTS

Theorem 1. Let f and g be two functions defined on [a, b, satisfying the condition
(3.1) 0<m< f(t)<M<oo,0<n<g(t) <N<oo, te€la,bl

Then one has the inequality
(3.2)

Ty(f, :0,b)] < (m —m) (m —ﬁ) ¢ = g / gy

The following Lemma is used to prove Theorem 1:

Lemma 1. Let h and | are two functions defined on [a,b], such that
(33) 0<my <h(t)<M <oo, 0<ng <I(t) <Ny <oo, t€[a,bly.
Then, we have

(3.4)

/ab hz(x)dqa:/ab l2(x)dqm — (/ab h(x)l(:r)dqx>
< < ]7\14711 - \/n]\;»i>2/ab h(z)l(z)dqx /ablz(a:)dq:n

Proof. From the condition (3.8), we have

ml\/qT€ < h(bqk)\/qT“ < Ml\/%a
niVa* < 1(bg")V/a" < Niv/g.

2

and
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Using the Klamkin-McLenaghan inequality (1.4), we obtain
n—1 n—1 n—1 2
> RAbg")g" Y 1P (bd )t - (Z h(bqk)l(bqk)q’“>

k=0 k=0

2n—1 n—1
M, my k kN k 201 ky\ k
— == h(bg™)l(b 1“(b
Vo N1>E (Q)(Q)quZO(Q)q
From (2.3), we get

/ﬂ 12 @)y / Py - ( abh(:v)l(as)dqm>2

IN

Lemma 1 is thus proved.

Proof of Theorem 1:
Using the Cauchy-Schwartz inequality for double integrals, we have

/ / ) (o(x) — 9(u)dydyy
[ Lo sorae [ L sote]
oo e (o]

oo e (a0 ]
- [ e (Lo o)
(3.5) :bia/abf(x)dqx— (bia/abg(x)dqx)T.

By Lemma 1, we get

bia/abe(x)dqa: - (bia/abf(x)dqm>

| (f7gaa b|‘_

IA
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From (3.5), (3.6) and (3.7), we deduce the desired inequality (3.9).
Theorem 1 is thus proved.

Corollary 1. Let f and g be two functions defined on [0, b, satisfying the condition
(3.8) O<m<ft)<M<oo, 0<n<gt)<N<oo, te]|0,b],

Then one has the inequality

39) 17,000 < 3 (VAT - Vi) (VI - v \/ /  f@)dgr / g

Proof. By taking a = bg™ in the previous theorem and by tending n to co we obtain
the result. 0

Theorem 2. Let f and g be two functions defined on [a, b, satisfying the condition
(3.1). Then one has the inequality

10 mfgan < oM L e [ g

Lemma 2. [17] Let f and g are two functions defined on [a,b]q satisfying the
condition (3.8). Then we have

(3.11) /ab fQ(x)dqx/ang(x)dqx < (Ai]jmt\fn]n\b/?[l (/ [z )

Proof of Theorem 2:
Using Lemma 2, we get
Hence

(b—a)/abﬁ(a:)dqa;_ Af‘;ﬂ? (/ It da:),
(3.12)

_a/f2 dx—(b_la/abf(:c)dqx>2<(ﬂimz\? <_a/f d;v).

Similarly, we have
(3.13)

bia /ab92(:v)dqx - (b_la /abg(ac)dqx)2 < W@ia ng(x)dqx)2.

From (3.5), (3.12) and (3.13), we deduce the desired inequality (3.14).
Theorem 2 is thus proved.

Corollary 2. Let f and g be two functions defined on [0, b, satisfying the condition
(3.8). Then one has the inequality

1 ngonl < PO e [ e

Theorem 3. Let f and g be two positive functions defined on [0,00) satisfying the
condition

(3.15) O<m<f(r)<M<oo,0<n<g(r) <N <oo, 7€][0,t], t >0.
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Then for all « > 0, b > 0 we have

(310 e a0 - T30 (0)
< (VAT Vi) (VF = V&) gy £ 01790

The following Lemma is used to prove Theorem 3:
Lemma 3. Let h and l be two positive functions on [0,00) such that
(317) 0<my <h(r) <M <oo, 0<n <I(r) <Ny <oo, 7€[0,¢], £ >0.

Then for all a > 0, b > 0, we have
(3.18)

JERA(b) ISP (b) — (J“( ) <\/> \/;ﬁ J&(h(D)I(b))JS 1P (D).

Proof. Using the Klamkin-McLenaghan inequality (1.4), we obtain

o0

ZhQ bq k+1)(a l)qk ZZQ(bqk)(l _ qk+1)(a—1)qk

k=0

0o 2
(Zh bq k+1)(a 1)qk>

M, k+1\(a—1) k S 2 k k+1\(a—1) k
(V ,/N1> Zhbq — "IN TP (bg") (1 - ¢F Vg

k=0

From (2.4), we obtain

9 2
JERA(b) ISP (b) — (J;(h(b)l(b))) < (,/]7\1411 - \/”?i) J&(h(D)L(b)) 3P (b).

Lemma 3 is thus proved. ([

Proof of Theorem 3:
Define

(3.19) Q(7,p) = (f(1) = f(p))(g(T) — 9(p))

Multiplying (3.19) by (bqu)(a;)((j)ﬁqp)(a_l) and double integrating with respect to
q
7 and p from 0 to b, we get

(3.20) F2 // — )@ (b= ) IQ(r, p)dydyp

- m ¢ (F(0)g(b) = 275 f(b)J5 g(b).
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On the other hand, using the Cauchy-Schwartz inequality we get

// )@ (b — gp) TV Q(r, p)dyTdyp

N|=

< {r - // (b—qr) V(b —gp) "V (f(7) - f(p))2dq7dqp}

1
7 (@)
{F ta / / (b—qr)*=(b- QP)(QI)(Q(T)g(p))zdwdqp}

N

Then,
(3.21) / / @D — gp)@VQ(, p)d,rdyp
< 2[“2“) I 1) - (qf(b))er ) - a0

Using Lemma 3, we get

52) - ) < (VT vi) s o)
and
329 s i) - U5a0)” < (VI - Vi) s (gatn).

Using (3.20), (3.22) and (3.23), we deduce the desired inequality (3.16).
Theorem 3 is thus proved.

Theorem 4. Let f and g be two positive functions defined on [0,00) satisfying the
condition (3.15). Then for all o > 0, b > 0, we have
(3.24)

b (M —m)(N —n

Jg (F(0)g(b)) — Jg f(b)Jgg(b)| <

) (0% (0%
T (a+1)77 N ST Jg f(b)J;g(b).

To prove Theorem 4 we need the following result:

Lemma 4. Let h and [ be two positive functions on [0,00) such that the condition
(8.17). Then for all a« > 0, b > 0, we have

(MN + mn)?
dnmN M

Proof. Using Grueb-Reinboldt inequality (1.5), we obtain

(ZhQ bq k+1 a—1 k) <i12 k+1)a lqk>

(3.25) JERA (D) ISP (b) < (Joh(b)1(D))?

q

k=0

(3.26) < W(Zh(bqk)l(bqk)(l—q’““)"‘lqk)
k=0
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Which implies that
(Jqo‘hQ(b))(ngz(b)) < (MN + mn)?

2
(3.27) (Jeh®)I(D))?2  —  4nmNM
Lemma 4 is thus proved. (|
Proof of Theorem 4:
Using Lemma 4, we get
b 5 (M +m)? 5
- J« < N - T «@
F a0 < i)
thus,
be a r2 « 2 (M — m)2 a 2
. S - < M7
B2) P - S0 < S 0)
By the same, we obtain
b (N —n)?
2 a2 _ a 2 < M (g 2
(3:29) F a7 00— ) < (g

Using (3.20), (3.28) and (3.29), we deduce the desired inequality (3.24).
Theorem 4 is thus proved.
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