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Abstract. In this work, we introduce the framework of weaving continuous controlled K-g-fusion frames in Hilbert
C*-modules and provide several characterizations of this notion. Furthermore, we generalize some recent results on
woven K-g-fusion frames and controlled K-g-fusion frames to the continuous controlled case. In addition, we establish
a perturbation result for woven continuous controlled K-g-fusion frames. These advancements not only enhance our
understanding of fusion frames but also open up new avenues for research in operator theory and signal processing.
By exploring these concepts further, we hope to uncover additional properties and applications that could significantly

impact the field.

1. INTRODUCTION AND PRELIMINARIES

The theory of frames has become a fundamental tool in functional analysis and its applications,
providing stable and redundant representations of elements in Hilbert spaces. Over the last
decades, various generalizations of frame theory have been investigated, including g-frames,
fusion frames, and their controlled and K-operator versions. These extensions have been motivated
not only by theoretical interest but also by their relevance in applied fields such as signal processing,
sampling theory, image analysis, and data transmission.

In recent years, the concept of weaving frames has attracted considerable attention. Roughly
speaking, two or more families of frames are said to be woven if any selection of their elements,
when combined together, still forms a frame with universal bounds. This notion has been success-
fully extended to g-frames, fusion frames, and their controlled counterparts. On the other hand,

the study of frames in Hilbert C*-modules has emerged as a rich and powerful framework, where
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classical results from Hilbert spaces are generalized to the setting of operator algebras. For more
detailed information on frames theory, readers are recommended to consult [3,5-8,10,14-17,19-32].

The aim of this paper is to introduce and investigate the notion of woven continuous controlled
K-g-fusion frames in Hilbert C*-modules. We first provide a rigorous definition and establish
several characterizations of this new concept. Furthermore, we show that many recent results
on woven K-g-fusion frames and controlled K-g-fusion frames naturally extend to the continuous
case. Finally, we study the stability of these frames under perturbations and prove a perturbation
theorem that ensures the robustness of the proposed framework.

This work not only unifies and extends several existing results in frame theory but also con-
tributes to the development of the theory of frames in Hilbert C*-modules, offering potential
applications in both pure and applied mathematics.

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product to take
values in a C*-algebra rather than in the field of complex numbers.

Let’s now review the definition of a Hilbert C*-module, the basic properties, and some facts

concerning operators on Hilbert C*-modules.

Definition 1.1. [2] Let A be a unital C*— algebra and M be a left A— module, such that the linear
structures of A and M are compatible. M is a pre-Hilbert A module if M is equipped with an A—-valued
inner product (-, Yz : MX M — A such that is sesquilinear, positive definite and respects the module
action. In the other words,

1-y,»a>0,Vy e Mand(y,y)a = 0if and only if y = 0.

2-{az+y,x)a=a{z,x)a+y,x)aforallac Aandx,y,ze M

3- (x5, =y, xVy forall x,y € M.
For y € M, we define ||yl = |y, y)ﬂll%. If M is complete with ||.|, it is called a Hilbert A—module or a
Hilbert C*—module over A. For every x in C*—algebra A, we have |x| = (x*x)% and the A-valued norm
on M is defined by |x| = (x, x); forxe M.

Throughout this paper, M is considered to be a Hilbert C*— modules over a C*— algebra; we denote that
Ipq is the identity operator on M. {Hy}weq is a sequence of Hilbert C*—submodules of M, and {V}weq is
a sequence of Hilbert C*—modules V.

We denote by End; (M, V) the set of all adjointable operators from Mto V. In particular, End’y (M)
denotes the set of all adjointable operators on M. The range of an operator T is denoted by R(T). We
denote by GL (M) the set of all bounded, positive, and invertible linear operators on M, i.e., those positive
operators that possess a bounded inverse.

Definition 1.2. Let H and K be two Hilbert A-modules. A map T : H — K is said to be adjointable if
there exists a map T* : K — H such that (Tx, y)a = (x, T*y)a for all x e H and y € K.

Remark 1.1. It follows from the definition that if T is adjointable, T* is adjointable and (T"x, y)a =
&, Tyya. Thatis (T*)* =T

Proposition 1.1. [9] Let T be an adjointable map. Then T is a bounded linear module map.



Int. J. Anal. Appl. (2025), 23:278 3

Proposition 1.2. [9] For T € End*ﬂ(ﬂ), we have (Tx, Tx) < ||T|I*(x, x), Vx € H.
The following proposition is given by Ljiljana Arambasi¢ in [1].
Proposition 1.3. Let H and K be two Hilbert A-modules over a C*-algebra A, and T € End'(H, K).
The following statements are equivalent:
(1) T is surjective.
(2) T is bounded below with respect to the norm, i.e., there is m > 0 such that
IT*x|| > m|lx||, VxeXK.
(3) T is bounded below with respect to the inner product, i.e., there is m’ > 0 such that
(T*x, T"xy > m’{x,x), Yxe€ K.
Lemma 1.1. [1] Let U be a Hilbert A-module over a C*-algebra A, and let T € End’,;(U) be such that
T* = T. The following statements are equivalent:
(i) T is surjective.
(ii) There exist constants m, M > 0 such that
mllx|| < [|ITx|| < Mllx||, forall x € U.
(iii) There exist constants m’, M’ > 0 such that

m’(x,x) < (Tx,Tx) < M'(x,x), forallxe U.

Lemma 1.2. [4] Let &, ‘H, and L be Hilbert A-modules, and let T € End*ﬂ(& L)and T’ € End, (H,L).
Then the following statements are equivalent:

(1) T'(T")* < ATT" for some A > 0.

(2) There exists u > 0 such that

I(T")zll < pllTzll, forallz e L.

Lemma 1.3. [11] Let {W}}jej denote a sequence of orthogonally complemented closed submodules of H.
Suppose U € End, (H) is invertible and satisfies

U*UW]' c W]', Vie].

Under these conditions, the sequence {UW } s also forms a sequence of orthogonally complemented closed
submodules, and the relation
7'(Wj u = nwju*ﬂuwj

holds for each j € ].

Let X be a Banach space, (Q), y) be a measure space, and f : () — X be a measurable function.
Integral of the Banach-valued function f has been defined by Bochner and others. Most properties
of this integral are similar to those of the integral of real-valued functions. Since every C*-algebra

and Hilbert C*-module are Banach spaces, we can use this integral and its properties.
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Let (Q), ) be a measure space, M and V be two Hilbert C*-modules, and {V} : k € Q} be a
sequence of subspaces of V, and End’; (M, V) is the collection of all adjointable A-linear maps
from U into Vj. We define

<00,.

@ Vi =G = {Giken : Gk € Vi,
keQ

f IGylPdu (k)
Q

For any F = {Fi}keq and G = {Gilreq, the A-valued inner product is defined by
(F,G) = f(Fk, Gyydu(k) and the norm ||G|| = |G, G)II%. In this case @keﬁ Vy is a Hilbert C*-module.
Q

Firstly we give the definition of K — g—fusion frame in Hilbert C*~ Modules.

2. K- g—FusioN FRaME IN HiLBERT C*— MODULES

Definition 2.1. [11] Let A be a unital C*—algebra, and let H be a countably generated Hilbert A— module.
Let (v}) jey be a family of weights in A, i.e., each v; is a positive invertible element from the center of A. Let
(W;) jej be a collection of orthogonally complemented closed submodules of H, and let ('K;) jcj be a sequence
of closed submodules of another Hilbert A— module K.

Foreach j € ], let Y; € End’;(H, K;) be an adjointable operator.

We say that

Y = (Wj, Yj, Z)]‘)],q

is a g-fusion frame for H with respect to () jej if there exist constants 0 < A < B < oo such that

A, x) < Y 02 (Y P, Y P x) < B(x,x), VxeH.
g

The constants A and B are called the lower and upper frame bounds, respectively.

Definition 2.2. [11] Let A be a unital C*— algebra and H a countably generated Hilbert A— module. Let
(v}) jej be a family of weights in A, i.e., each vj is a positive invertible element from the center of A. Let
(W;) jej be a collection of orthogonally complemented closed submodules of H, and let ('K;) ey be a sequence
of closed submodules of a Hilbert A— module K.

Foreach j € ], let Y; € End’(H, K;) be an adjointable operator, and let K € End’ (H).

We say that

Y = (Wj, Y]', vj)je]

is a K-g-fusion frame for H with respect to (K;) jej if there exist constants 0 < A < B < oo such that
A(K*x,K'x) < Z 0]2. (YjPw;x, YjPwx) < B{x,x), Vx€ H.
j€l
The constants A and B are called the lower and upper bounds of the K — g—fusion frame in Hilbert C*—
Modules, respectively.
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Definition 2.3. [18] Let ‘H be a countably generated Hilbert A— module. Let C C' € GLT(H), and
K € Endy(H) , and Let (v;)jes be a family of weights in A, i.e., each v; is a positive invertible element
from the center of A. Let (W;)jes be a collection of orthogonally complemented closed submodules of H,
and let ('K;) jej be a sequence of closed submodules of another Hilbert A— module K.
Foreach j € ], let Y; € End(H, K;) . We say that
Yoo = (W), Yj0),,
is a C, C’-controlled - K — g—fusion frame for H if there exist constants 0 < A < B < oo such that

AK'x, K'x) < ) 02 (YPw,Cx, Y ;Pw,C'x) < Bx,x),  Vx € H.
jel
The constants A and B are called the lower and upper frame bounds,of the C, C’'-controlled K — g—fusion
frame respectively.

2.1. Continuous K — g—fusion frame in Hilbert C*—modules.

Definition 2.4. [12] Let K € End,(M). Let {Hy}wen be a measurable family of closed submodules
of M, each orthogonally complemented. Let Py, be the orthogonal projection from U onto Hy. Let
Yy € End, (M, Vy,) for all w € Q, and let {vy}weq be a family of weights in A, i.e., each vy, is a positive,
invertible element from the center of A.

Then the family Y = {(Hw, Yw, Vw)}weq is called a continuous K — g— fusion frame for M if the following
conditions hold:

(1) Foreach x € M, {Pn, x}weq is measurable;

(2) For each x € M, the function Y:0- Vw, defined by Y(w) = Yyux, is measurable;
(8) There exist constants 0 < A < B < oo such that for all x € M,

A(K*x,K*x) < f 02 (YoPh, %, YoPh,x) du(w) < B{x, x). (2.1)
Q

We call A and B the lower and upper frame bounds of a continuous K — g—fusion frame, respectively.

If the left-hand inequality in (2.1) holds with equality, then {(Hy, Yw, Vw ) lweq is called a tight continuous
K — g—fusion frame.

IfA =B =1, then {(Huw, Yuw, Vw) weq is called a Parseval continuous K — g—fusion frame for M.

If only the right-hand inequality in (2.1) holds, then {(Hyw, Yw, Vw)}weq is called a continuous K — g—
fusion Bessel sequence with bound B for M.
If K = 1, then the family Y = {(Hy, Y, Vw)}weq is called a continuous g-fusion frame for M

2.2. weaving frame. Given two frames {fi}rer and {gi}kes for a Hilbert space H, they are said to be

woven if there exist constants 0 < A < B < oo such that, for every subset ¢ C I, the family

{fitkeo Y {Sitkeoe

forms a frame for H.
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3. MaIN Resurr

3.1. Continuous Controlled K — g—fusion frame in Hilbert C*—~modules.

Definition 3.1. [13] Let C,C’ € GL" (M), and let {Hy}weq be a family of closed submodules of M,
each orthogonally complemented in M. Let Py, denote the orthogonal projection from M onto Hy, , and
Ay € Endig(M,Vy) for each w € Q). Let {vy}weq be a family of weights in A, where each vy, is a positive
invertible element from the center of the C*-algebra A.

We say that

N = {Hy, Aw, Vwhwen
is a continuous (C, C")-controlled K — g-fusion frame for M if:

(1) For each x € M, the family {Pn, x}weq is measurable;

(2) Foreach x € M, the function A : Q — Vy, defined by A(w) = Ay,x is measurable;

(3) There exist constants 0 < A < B < oo such that

A(K*x,K*x) < f 02 (AwPh,Cx, AyPp,C'xydu(w) < B{x,x), Yxe M. 3.1)
Q
The constants A and B are called the lower and upper continuous(C, C")— controlled K — g—fusion frame
bounds, respectively.

If only the right-hand inequality of (3.1) holds then , we call A a continuous (C,C")— controlled K — g—

fusion Bessel sequence.

—_

): If A = B, Ais called a tight continuous(C, C’)-controlled K — g— fusion frame.

2): If A =B =1, Ais called a Parseval continuous (C, C’)-controlled K — g— fusion frame.

3):

4): If C = C' = Iy then Acc is called a continuous K — g— fusion frame .
):

5

If C' = Iy then Acc is called a continuous ( C, Iy )-controlled K — g—fusion frame.

o~ o~ o~ o~ o~

If K = Iy then Acc is called a continuous (C, C')—controlled g— fusion frame .

Suppose that A = {Hy, Ay, Vw}weq bea (C, C')— controlled continuous g— fusion Bessel sequence

for M. The bounded linear operator
T(CC) @ Vi > M

we)

define by
, 1
T (aluse) = [ 0ulCC)2PuAadu(),  Virdeen € PV @2)
QO we)

T(CC) is called the synthesis operator for the continuous (C, C’)— controlled g— fusion frame A.
The adjoint operator T(C)" : M — €P__, Vi given by

7\ * l
T (y) = {owhuPrs, (CO)2y) )

weY

is called the analysis operator for the continuous (C, C’)— controlled g— fusion frame A.
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When the C and C’ commute with each other, and commute with the operator Py, A;,AyPh, for
each w € Q, then the continuous (C,C’)~- controlled g—fusion frame operator S(¢) : M — M is
defined as

SCC) (x) = TEITEL) (x) = f 02 C' Py, ALy APy, Cxdu(w),  Yxe M. (2.4)
Q
Now, we present woven continuous controlled K — g—fusion frame for M.

Definition 3.2. A family of continuous (C, C')— controlled K — g— fusion frames A =
{Hjo Ajuovju),
if there exist universal posztzve constants 0 < A < B < oo such that for every partition {o j }je (] of Q,
the family A = {Hju, Aju, 0jo)]
M with bounds A and B.

e, jeln for M is said to be woven continuous (C, C')— controlled K — g—fusion frame

weo; je[n] 51 continuous (C, C")— controlled K — g— fusion frame for

Each family A = {H]w, Njw, v ]w}
K-g-fusion frame.

Let: T := {ij,rjw,vjw}weolje[n]
controlled K-g-fusion frame for M

‘ is called a weaving continuous (C, C’)-controlled
weo; ,je[n]

and @ := {F jwr P, ij} two continuous (C, C")-

we), je(n]

Definition 3.3. T and ® are said to be woven continuous ( C, C" )— controlled K — g—fusion frame if there
exist universal constants 0 < A < B < oo such that for every partition {0} c(, of O, the family T U @ is a
continuous (C, C')— controlled K — g— fusion frame for M with bounds A and B respectively, that is:

Alx, x) 7 < f v?w (T juwPr,,Cx, TP, C'x) du(w)

o

+ f#?w (@i Pr,,, Cx, @iy Pr,,, CX)adp(w) < B(x, x) 7 for all x € M.

O—C

Theorem 3.1. Let A = {H jwr N juws ij}we a be a continuous (C,C")— controlled g—fusion Bessel sequence
for M for each j € [n].with bounds B; . Then every weaving is a continuous (C,C’)—controlled g—fusion
Bessel sequence for M with bounds }. je(, Bj.

Proof. Let A = {H jwr N juws v]-w}}wGQ be a (C,C’)— controlled continuous g—fusion Bessel sequence
for M for each j € [n] So

fv]w (NjuwPh;, Cx, NjwPh,, C'x)du(w) < Bix,x), Yxe M.
Q

Since we have for any partition {0} ;c[,) of 2 and x € M,:

fv]w (NjwPh;,Cx, AjwPh,,C'x)dp(w) < fv (NjwPh;, Cx, NjwPh;, C'x) du(w)
G]' (@)
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Hence
va]wm]wPH Cx, AjuP,, C'0)du(w va]wm]pr Cx, AjPh;, C'x)du(w) < Y Bix, ).
jelnl 5; jell g jln]

yielding the desired bound. m|

Theorem 3.2. Let A = {ij, Njw, vjw}wegj Jeln]
fusion frame for M with universal bounds A and B.If V € End;(M) be invertible operator such that

V* commutes with C, C' and V commutes with K and

be a woven continuous (C, C')— controlled K — g—

V'VHjw CHjw, Vje€J.

Then the family {Vij, AijH],wV*, vjw}
frame for M.

, is a woven continuous (C, C")-controlled K-g-fusion
weo; ,j€ [n]

Proof. Let A = {H jwr Njeos ij}wegl icln] be a woven continuous ( C, C’ )— controlled K — g—-fusion
] 7
frame for M with universal bounds A and B,and V € End:;(M) be invertible operator such

that V* commutes with C, C’ and V commutes with K and
V'VHjy, CHjy, VYj€ [n].

So by lemma (1.3) we have : Py, V* = Py, V*Pypy, forall w € o; and j € [n], the mapping

jw

w — Pyp,, is weakly measurable. For every x € M, we have

Y. f 0% (A jwPr, V Py, Cx, AjwPr, V' Py, C'x) du(w)
jelnl §

— Z fv]w (AjwPh,, V*Cx, NjuwPh,, V' C'x)du(w)
jeln]l §

= Y | AP, CVx, ApPy, C'V*x) du(w)
jeln]l §

< B(V*xV*x)

< BV (x,x).

On the other hand, for every x € H, we have:

A(K* V*X,K* V*X>§ Z‘ f?]?wU\ PH]wV PVijcx A]wPijV*PVijC’x)dy(w)
j€ln]

And : (K*x,K*x) = (V1)) VK x, (V) VK x). < |[V-1 |2 (VK x, VK 2,

Hence :

_11-2 " M ’
AV TR v K x) < Z f v, (AjwPh,, V*Pyh, Cx, AjoPh, V' Pyh, C'x)dp(w)
jeln]l
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Then the family { VHju, NjuwPh,;, V™, v]-w} is a woven continuous (C, C’ )— controlled K —

weo; ,je[n]

g— fusion frame for M with bounds A || y-1 || 2 and B | V||? O

Corollary 3.1. Let A = {H jwr N jws vjw}w@/ Jeln] be a woven continuous (C, C")— controlled K — g—
fusion frame for M with universal bounds A and B.If V € End’;(M) be invertible operator such that

V* commutes with C, C’' and V commutes with K and
V*VH]‘w c H]‘w, Vj € [n]

Then the family {VH jwr NP, V7, ij}

jw

, is a woven continuous (C, C')— controlled VKV* —
weo; je[n]

g— fusion frame for M.
Proof. The universal upper bounds is B|| V|| 2. On the other hand, for each x € M, we have
A * * A
((VKV*) x,(VKV*) x) =
V12 ( ) ) V12

< A((KV*)x, (KV*)x)

((VKV*) x,(VKV*) x)

IA

Y. | A (AjwPu, CV X, AP, C'Vx) du(w)
jeln] §
= Z f v?w (EjwPvh,,Cx, ijPVH,.wC’x)dy(w)
jeln]
With E]‘w = AijijV*
Hence the family {VH jwr NjwPH, V™, ij}weaj eln]
VKV* — g—fusion frame for M. m]

is a woven continuous (C, C")— controlled

Theorem 3.3. Let V € End’,; (M) be invertible operator such that V*and (V~')* commutes with C, C’
and {VHju, AjuPr,, V", 0ju)

jw

, is a woven continuous (C, C’)-controlled K-g-fusion frame for
weo; je[n]

M with universal bounds A and B such that
V*'VHjy CHjy, VYje€ [n].

SoA = {H jwr Njws v]-w} is a woven continuous (C, C")— controlled V-'KV — g—fusion frame

weo; ,je[n]
for M.
Proof. Letx € M, w € 0 ,j € [n], by lemma (1.3) and getting Z;, = AjyyPh,, V" we have:
A * * A
((V'KV) x,(V'KV) x) = —= (V'K (V)" x, V' K* (V) "x)
1vi2 ( ) ( ) v ) )

< A((K (VY )x (KT (V) x)

IA

o, @juoPyi, C(V) "%, By Py, C (V) %) dp(ww)

jw
jeln] o

IA

2, (B C(VY) "%, EjuC (V1) %) dps(w)
jeln] o
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)

jeln]

0 (Fjw vy, ij(V_l) “C'xydu(w)

v i (AjwPH;, Cx, AijH].wC’x> du(w)

|
Q% Qg}

jeln]

Then for each x € M we have:

((V—l KV)* x,(V‘lKV*)’e x) < fv (AjwPH,,Cx, AjuPH,,C'x) du(w)
jeln]

V112

For the upper bounds we put L = f vs, (NjwPh, Cx, AjuyPr, C'x) dp(w)
jeln]Q

L= Z f v (AP, CV (V1) "%, AjoPr, OV (V) %) dp(w)

jeln] o

< Yo | R AP, V Py, (VT Cx, Ao Pr, V Py, (VT Cx) dp(aw)
jeln] o

<), f 0% (AP, V Py, C(V™) "%, AP,V Py, C (V) ") du(w)
jeln] g

< BV, (V7))

< BII(V7HIP¢x, x)

Hence: A = {H 'w,A'w,U'w] , is a woven continuous (C, C’)— controlled V'KV —
] ] ] weo; Jjen]

g—fusion frame for M. m]
Let T := {Hju, Tiw, 00} . and @ := {Fiu, Do, 1o}

O, je(n]
controlled K — g—fusion frame for M

: -
weq, jen] two continuous (C, C")

Definition 3.4. T and ® are said to be woven continuous (C, C' )— controlled K — g— fusion frame if there
exist universal constants 0 < A < B < co such that for every partition {0} e, of (), the family I' U @ is a
continuous (C, C’')— controlled K — g—fusion frame for M with bounds A and B respectively,that is:

A(x,x>y[£fv (TjwPh;, Cx, TP, C'x) dp(w)

o
+ fy?w (®;Pr;, Cx, @joyPr;, Cx)adp(w) < B{x, x)a for all x € M.
UC
Now, we will see that the intersection of components of a woven continuous ( C, C’ )— controlled

K — g— fusion frame, with a closed subspace is a be woven continuous (C, C’ )—controlled K —

g—fusion frame, for the smaller space.

Theorem 3.4. Let {Hy, Ty, vollpeq and {Fu, Pu, e be woven continuous (C, C’")— controlled
K — g—fusion frame for M, and ‘W bea closed subspace of M.and Pr, Py = Py Pr,, Py, Py = PayPh,
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Then the families given by {Hy, NW, Ty, vulhweq and {Fu N W, Py, i)}
(C, C")— controlled K — g— fusion frame for W.

weq 9r€ woven continuous

Proof. The orthogonal projections of M onto F,, N W is the operator defined by Pr 4y = P, Pw
and The orthogonal projections of M onto H,, N ‘W is the operator defined by Py nw = P, Py .

Let 0 be a measurable subset of (). Then for every x € W, we have:

[ = fvi)(l"wPHwa,l"wPHwC’wdy(w) + fyi(@wPFH,Cx,waPpr’@dy(w)
[0 of

= fvi(rzuprPch, I’wPHwP(WC’x) dy(w) + fyi(CIDprwP(WCx, CI)wPFwP(WcIX> dy(w)

o of¢

= f 'Ui(erme(WC.x, FwPme(WC/x> dlu('(/U) + f [’l%U(@ZUPFw Q(WCX, @wPFw ﬁrw(:'x> d!l(zU).

o of

Then the families given by {Hy, N W, Ty, volyeq and {Fy N W, @y, tiy ),y are woven continuous
(C, C’)— controlled K — g—fusion frame for W. m]

Theorem 3.5. Let A = {ij, Ajw, z;]-w}weaj eln] be a woven continuous (C, C’)—controlled K —
g—fusion frame for M with universal bounds A and B,and V € End:;(M) be invertible operator such

that V* commutes with C, C' we suppose that:
V*'VHjy CHjy, Vj€[n].

and K have closed range, Then the family {Vij, AjwPr, V7, v]-w}wea icln] is a woven continuous
/ 7,

(C, C")—controlled K — g—fusion frame for M, if and only if there exists a p > 0 such that for each
x € M, we have (V*x,V*x) > B(K*x, K*x).

Proof. Let {VH jwr AijijV*, vjw}weg]_ Jeln] is a woven continuous (C, C’)-controlled K-g-fusion
frame for M,with bounds A" and B’.Then foreachx € M, w € 0 ,j € [n], by lemma (1.3) and
getting &, = AjPy,, V" we have:

jw

A {(K*x,K*x) < Z Z)?w <ijPVij Cx, ijPVij C’x) d[,l (w)
jeln]

— Z 0%y (NP, V'CX, AP, V*C'x) du(w)

jeln]
— Z f V't (NP, CV %, AjooPr, C'V %) dp(w)
jeln] @

IA

B{(V*xV*x)
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So for x € Mwe have (V*x, V*x) > f(K*x, K*x), with f = %.
Now we suppose (V*x, V'x) > f(K*x, K*x). for all x € M, Since K have a closed range we have :

(V'x, Vi) = (KT )'K*V'x, (KN K*V*x)
< [|KMJZ(K V*x, K'V*x)

for all x € M we have:

= Z fl)]??w (A]'wPijV*PVijCx, A]'wPijV*PVijC’x>dy(w)
jeln]

— Z f 0%, (AjuwPr, CV %, AjuPr, C'V*x) dus(w)
jeln] g

> A(K*'V*x, K'V*x)
> A|KT[72(V'x, Vix)
> A|lK'|[72BX(Kx, K x).
Then the family {VH jwr NjwPH, V', ij}weaj Jeln]

g—fusion frame for M, if and only if there existsa f > 0 such that for each x € M, we have:
(V*x, V'x) > B(K*x, K*x). m]

is a woven continuous (C, C’)— controlled K —

The following theorem shows that it suffices to verify continuous weaving controlled K —

g—fusion frames on a smaller measurable space than the original one.

Theorem 3.6. Foreach j € [n]let A = {ij, Ajo, ij}weﬂ be a woven continuous (C, C')— controlled

K — g—fusion frame for M with universal bounds A;. and B;. . If there exists a measurable subset Z C ()

such that the family A = {H]-w, Nju, vjw} is a woven continuous (C, C’')— controlled K —

je[n], wez

g—fusion frame for M with universal bounds A’ and B’ .Then A = {H jwr Njw, vjw}je (0] wenr is a woven
continuous (C, C')—controlled K — g—fusion frame for M.
Proof. For the Upper bound.
Let {y;} je[n] an arbitrary measurable partition of (2, for each x € M, we have :

Z f 02, (AjuPr, CX, Ay Priy, C'x) dpa(w)

jE [n] ‘)/j

<Y, f 02, (AP, Cx, AjuPr,, C'x) dp(w)

jeln] g
< () Bj)éx)
jeln]

For the Lower bound.
We have {y iNnz }i el isa partitions of Z. then, the family {H jwr N, © jw}j e [n)weyinz isacontinuous
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(C, C’")—controlledK — g—fusion frame for M with lower bound A’. Thus

Z fvfw <AijijCx,A]‘wPH].wC’JQd‘u(ZU)

je[n] )/]
> v (AjwPu, Cx, AiwPh, C'x)du(w)
jw jwl Hj, WX, LN jwl"Hy, 1%
je[n]y/-ﬂz

> A" (K*'x, K*x).
This establishes the desired result O

Theorem 3.7. Let {ij, Ajuw, v]'w}je[n} e be a woven continuous (C, C')— controlled K — g—fusion
frame for M. with bounds A’and B’ If there exists a measurable subset Z C Qand 0 < A <A’ such that
for x e M

Y | (AP, Cx, AjPr, C'6) dp(w) < AK'x, K'x).

jeln] 7
Hence {ij, Njuw, vjw}je[n],we(Q\Z)
M. with bounds A’ — A and B’

is a woven continuous (C, C’')— controlled K — g—fusion frame for

Proof. Let {H jwr Njws v]-w}je (n]weq) be a woven continuous (C, C" )—controlled K — g—fusion frame
for M. with bounds A’and B’ Thus for each x € M

A{K'x, K'x) < Z fv?w (AjwPh,,Cx, AjwPu;,C'x)du(w) < B'(x, x)a.

jelnl o
So:
L= Z 02, (AjPr;, Cx, AjoPr, C'x) dps(w)
je[”}(g\z)
= Z v]z'w (AijijCx, AijijC’x) d‘u(w) - Z fv?z(,(/\ijijCx, AijijC’x> dy(w)
o €T %

> (A" = A)(K'x,K'x).
For the upper bound for all x € M we have :
L=Y. f 0% (AjuwPr;, Cx, AjoPr,, C'x) dp(w)
j€ll o \Z

Y | AP, Cx, AjPr, Cx) du(w)
j€ll o

B’(x,x)ﬂ.

IA

IA

Hence :

(A= ANKx K < Y |92 (A juPr, Cx, AjuPry, C'x)du(w) < B'(x,x)z

Jw jw
j€lnl g\ z



14 Int. ]. Anal. Appl. (2025), 23:278

Then, {H jwr Njo,s v]-w}],e (0] we(@\2) is a woven continuous ( C, C" )— controlled K — g—fusion frame
for M. withbounds A’ — A and B’ m]

Proposition 3.1. Let {Hy, Ty, Vwlweq  be a continuous (C, C’)—controlled K — g—fusion frame for M
with bounds A and B.If V € End;(M) be invertible operator and K be a closed range operator such that
[ I — V| ||K+ ||2 < %||K+||_2, V' commutes with C, C' and

V'VHj, CHp, Vj€[n).

Then : {V‘le, TV, vw}we and {VHy, Ty, Uu}weq are woven continuous (C, C')—-controlled K —

g—fusion frame for Ry.

Q

Proof. Let y a partition of Q2 and x € Ry and by lemma (1.3) we have:
(x,x) = (K'K)* x, (K'K)*x) < [[KH]* (K™ x,K* x). We put :

E= fvzzu(l“wPHwa, I'wPr,C'x)du(w) + fvi,(FwVPV_leCx, [y VPyy, C'x)ydu(w)
Y v
We have :

E= fUZZU(FwPHwa,FwPHwC’x)dy(w) + fvi,(FwVPV_leCx,FwVPV_leC’x)dy(w)

V4 ye
= fvi,(l“wPHwa,l"wPHwC’mdy(w) + fvi)(l“wPHw CVx, TPy, C'Vx)du(w)
V4 ye
> f 02 (TP, Cx, TPy, C'x) du(w) — f 02 (TP, C(Ip — V)x,ToyPh, C'(Ipg — V)x)du(w)
V4 ye

> A(K'x,K*xy =Bl Iy — VII*(x, x).
> ACK'x, K'x) = Bl Iy = VI ||[K|? (K x, K™ x).

_ (A—B||IM - V||2||1<’f||2) (K*x, K" x).

So: (A ~BllIp - VI%) ||1<+||2) (K*x,K*x) <E
For the upper bound we have:

E= fvé(FwPHwa,FwPHwC’x)dy(w) + fva(FwVPV_leCx,FwVPV_leC’x)dy(w)
Y ye
= fvi(l“wPHwa,FwPHwC’x)dy(w) + fvﬁ,(l”wPHw CVx, TPy, C'Vx)du(w)
Y ye
< fv%u(l"wPHwa,FwPHwC’x) du(w) + fv%u(l"wPHw CVx, TPy, C'Vx)du(w)
0 0
< (B+NIVIIZ) (x, x).
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Then: {V'le, rL,v, Uw}we()

g—fusion frame for Ry. O

and {VHy, I'y, Vs }weq are woven continuous (C, C' )— controlled K —

The following theorem establishes a sufficient condition for the existence of a weaving contin-
uous controlled K — g—fusion frame , formulated in terms of the positive operators corresponding

to the underlying continuous controlled K — g— fusion frames.

Theorem 3.8. Let T = {Hw, Ouw, vw}wen and ¥ = {Fu, Yw, Vo},eq bea continuous (C, C')—controlled
K — g—fusion frame for M with A" ,B" and C" ,D’ the frame bounds of T and 'Y ,respectively. ,Suppose
foreach w € Q, the operator C,, : M — M defined by

(o), y) = [ 03(C"0u C'x, y) duws v € M
Q

where Oy = Pr, Yy, Yo Pr, — Pu, $y ¢w P, is a positive operator. Hence Y and T are Woven
continuous (C, C")—controlled K — g—fusion frame for M.

Proof. Let T a partition of () so for every x € M we have:

A(K*x,K*x) < f 02 (pwPh, Cx, pwPr, C'x)du(w)

= f v2(pwPH, Cx ¢wP, C'x)du(w) + f 02 (DwPh, Cx, ¢oPri, C'x) du(w)

— f 02 (PP, Cx, GPr, C'x)du(w) + f 02 (C"* Py, &% PwPr, Cx, x) du(w)

= } V2 wPh, Cx, ¢wPrr, C'x)ydu(w) + f va<c'*Pp W o Pr, Cx, x) dp(w f V2(C" @y C'x, x) dp(w)
< } v%,}(qwaHw Cx, pwPr, C'x)du(w) —|— f 02 (Y PF, Cx, ¥, Pp, C'x) dy( w)

< ZB' + D’ ){x, x). )

Hence for all x e M

A(K*x,K*x) < f 02 (pwPh, Cx, poyPrr, C'x) du(w)

T

+ f 02 (Y PF, Cx, Uy Pr, C'x)du(w) < (B’ 4 D’ ){x, x).

TC
Thus I' and ¥ are woven continuous (C, C’ )—controlled K — g—fusion frame for M with bounds

A’and B + D’ m]

Theorem 3.9. Let I'; = {Hjw, Ajw, Vjwlken be a family of continuous (C, C' )~ controlled K — g—fusion
frame for M. with bounds A; and B; For each j € [n]. Suppose there exists D such that
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0< f(‘i’j,ka, ‘Y]',kC'x> d[.lw
V4

< Dmin fvjz.w <A]‘wPH].wCX, AijH]-wC'x> d‘u(ZU), f?]]%w <AkakaCx , AkakaC’x> d}l(m)
QO QO
forallxe M, j#ke[n] and Zc Q.
And Tj,k = U].zwA]'wPij - UkzwAkaka

Then, the family T = {Hjy, Ajuw, Vjwlkeq, je[] is woven continuous (C, C")— controlled K — g—fusion

Ljef] Aj
(n-1)(D+1) +1 and Ljefx) Bj:

frame for M with universal bounds

Proof. Let {0]-} be a partition of (). So for x € M, we have:

jeln]
Z Aj(K"x,K"x) < vafw (AjwPH,,Cx, AijijC’x)dy(w)
jeln] jeln] o

B Z Z f V5, (AjwPH;, Cx, AjuPr;, C'2) dp(w)

jeln] ken] &,

< Z [fv?w (A]‘wPH/.wa, AijijC’x) dy(w)+
jeln]

gj

Y f(llf],ka, ¥ C'x) dp +

ken],k#j &,

P [ nes o]

kenl,k#j 5,

< Z [vf (AjwPr, Cx, AjPr,, C'x)du(w) +
jieln]

(D+1) f 02 (ArwPr, CX, AP, C'x) du(w) ]

ke[n], k+ j o

={(n-1)(D+1) +1} Y [ 0 AjwPh,Cx, AjPr, C'x)dys(w).
jE[n] O]'
So, for each x € M, we have
Ljeln) Aj
(n=1)(D+1)+

N (K*x,K*x) < Z fv?w (NjwPh;, Cx, NjwPh,,C'x)dp(w) < B'(x,x).
je[n] U]'
Then, the family T' = {Hjw, Aju, Vjwhteq, jeln) 18 WOVen continuous (C, C")— controlled K —
Lijeln) 4
(n=-1)(D+1)+1

g—fusion frame for M with universal bounds and ). ey Bj. O
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4. PeERTURBATION OF WOVEN CONTINUOUS CONTROLLED G-FusioN FRaME

In frame theory, a central issue is the stability of frames under perturbations. In this section,
we show that under certain small perturbations, continuous controlled K-g-fusion frames remain

woven continuous ,( C, C’ )— controlled K — g—fusion frame.

Theorem 4.1. Let T = {Hw, (jow,vw}weg and ¥ = {Fu, Vw, Vulyeq be a continuous (C, C')—-
controlled K — g—fusion frame for M with A’ ,B" and C’ , D’ the frame bounds of T and ¥, respectively.
Assume that there are constants non- negative y,6 ,and Bwith 0 <y <1, 6 < (1 —-y)A - BB
such that for each x € M, we put: ®, = Pr, ¢, Yw Pr, — Pu, ¢y ¢w P, and we have :

0 < fvé(C"@w C'x, x) dyy
o}

< V4 f ’05)<1PZUPFZU C'x’ l/}wPFw C/x> du (w) + ﬁ f Ui)<¢wPHw Cx’ qwaHw C,x> d#(w)
Q Q
+ 0(K*x, K" x).

Hence ¥ and T are Woven continuous (C, C’)— controlled K — g— fusion frame for M

Proof. Let 7 a partition of (). So for each x € M, we have:
L= f UZZU<17[}WPFZU Cx’ l/}wPFw C,x>dy(7/U) + f 'Ui, <¢wPHw Cx’ (PwPHw C,x> d[.l({/l])
T €

> fv%,(zpprw Cx, PoPr, C'x)du(w)

T

- f v (C* (Pr, ¥iy Y Pr, = Pr, @3y b Pr,) C'x, %) dpiey + f V2 (PuPF, CX, Y Pr, C'x)dp(w)

¢ T
> f 02 (W Pr, Cx, Ui Pr, C'x)dp(w) — f 02(C* Oy C'x, x) dizp.
Q Q
2 f v (YwPr, CX, YuPr, C'x)du(w)
Q

- (7/ fvg(](l]waFw Cx, YoPr, C'x)du(w) + B fv%}((pwPHw Cx, pwPr, C'x)du(w) + 6(K*x, K" x)
Q QO

2 (1 - y) f U%I<¢?UPFW Cx’ lll)wPPw C/x>d‘ll<'(,U) - ﬁ f ’U%U<¢wPHw Cx’ ¢wPHw Clx> d/.l('a)) -0 <K* x’K* x>
QO Q

> ((1 -y)A - BB - 6)(K*x,K*x).

For the upper bounds we have:

L= f vij(gl;wppw Cx, Y Pr, C'x)dpu(w) + f vzzu (¢wPh, Cx, p0Pr, C'x)du(w)

T €
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f v%(J(l‘)bprw Cx/ l][}wppw C,x>d‘u<ZU) + f vZZU <(PwPHw Cx’ (PwPHw C,x> dlu<w)
QO Q

< (B +D'){x,x)
Hence:
((1 -y)A - BB - 6)(K*x,K*x> <L < (B +D){xx)
Thus ¥ and I' are Woven continuous (C, C’ )— controlled K — g— fusion frame for M. ]

CONCLUSION

In this work, we have explored the concept of a woven continuous controlled K — g— fusion frame
in Hilbert C*-modules and provided several propositions. We also present new results related to
controlled generalized frames and discuss several properties of woven continuous controlled
K — g— fusion frames in Hilbert C*-modules. Finally, we have explored the perturbation theory

related to woven continuous controlled K — g— fusion frames.
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