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Abstract. In this paper, we study the existence of best proximity point for set-valued non-self contractions, like p-cyclic
contractions (p-CC) and p-cyclic ¢-contractions (p-C-¢-C) in a given fuzzy metric space, which extends and improves
some existing results in the literature. Furthermore, using the aforementioned contractions, we construct the Iterated

Function Systems (IFSs).

1. INTRODUCTION

A key finding in fixed point theory is the Banach contraction principle. By varying the functions
and the underlying spaces, several authors have established generalized versions of this result
[5,17,18,23,24,28]. The following result was obtained by Kirk et al. in [18] where they extended
the Banach contraction principle to a novel class of mappings known as the p-cyclic contractions.

Theorem 1.1. [18] Let I'y, I, ..., T'p, (p = 2,p € IN) be non-empty closed subsets of a complete metric
space (Q,d). Let g : U!_ Ty — U!_ T; satisfy the conditions below:

(i) g(T;) CTiyq, 1 <i<p whereT, 1 =Ty,

(ii) Ik € (0,1) such that d(ga, ga*) < kd(a,a*),a €T, a* € Tj;1.
Then g has a unique fixed point.

Suppose I' is a non-empty subset of a metric space ((),d). Amap g : I' — T is said to have a
fixed point if gx = x for some x € I'. When the equation gx = x does not have a solution, that is,

d(x,gx) > 0 for all x € I', we must look for an element x € I" such that d(x, I'x) is minimal. That is,
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let 'y, I'; be two disjoint non-empty subsets of a metric space ((),d) and g : I';y — I'; be a non-self

map. Then g is said to have a best proximity point in I'; if we can find an element x € I'; such that
d(x,gx) =d(I',T2) = inf{d(x,y) : x e T1and y € T}

The existence of the best proximity point for a p-cyclic contraction in a complete metric space was
later proved by Karpagam and Sushama in [16], who extended the findings to the case where the
intersection of I';’s is empty.

Definition 1.1. [16] Let {1“,-}57:1 be non-empty subsets of a metric space (Q),d) and let g : Ule I —»
Ule I';. Then g is a p-cyclic contraction, if

(i) g(T;) €Tiyq, 1 <i<p, whereT,,; =T;

(ii) Jk € (0,1) such that

d(ga, ga*) <kd(a,a*)+ (1 -k)d(T;,Ti11), aeTlj,a" €liyq,1<i<p.
Then, a point a € T; is known as a best proximity point of g, if d(a, ga) = d(T;, Tit1).

Additionally, Al-Thagafi and Shahzad [3] established the existence of a best proximity point for
a cyclic ¢-contraction map and introduced the idea of cyclic ¢-contraction maps, a bigger class
than cyclic contraction maps.

Furthermore, fuzzy logic enables us to analyze the world around us using only mathematics,
despite the fact that it is full of uncertainty. Zadeh [32] introduced fuzzy sets and examined
their properties using membership functions. After Zadeh’s work, Kramosil and Michalek [19]
established KM fuzzy metric space and extended fuzzy concepts to metric spaces. Later, George
and Veeramani [11] generalized KM fuzzy metric spaces to GV fuzzy metric spaces. Many writers
have provided various descriptions of the fuzzy metric space [8,10,33]. Since fuzzy metric spaces
are an extension of metric spaces, many theorems from fixed point theory can be extended to fuzzy
settings. See [1,9,13,15,25,31] for further details. Rodriguez and Romaguera [26] derived the
fuzzy version of the Banach contraction principle for a single valued self map in a complete fuzzy
metric space (FMS).

On the other hand, Mandelbrot [20] introduced the fractal theory. Later, Barnsley [7] used
Iterated Function Systems (IFS) to create fractals. Additionally, he proved a fractal version of the

Banach contraction principle, establishing the existence of an attractor of an IFS.

Definition 1.2. [7] An IFS consists of a complete metric space (Q), d) together with a finite set of contraction
mappings g; : Q) — Q) with respective contractivity factors k; fori =1,2,--- ,s. That is,

d(gix, giy) < kid(x,y),

forall x,y € Qand n = 1,2,---,s. The notation for the IFS is {Q),g;, i = 1,2,...,s, s € N} and its
contractivity factor is k = maxfk; : i =1,2,--- ,s}.
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Theorem 1.2. [7] Let {Q), i, i = 1,2,...,s, s € IN} be an IFS with contractivity factor k and SDC,,(Q)
denotes the set of all non-empty compact subsets of Q). Then, the mapping G : Pe,(Q) — Pep(Q) defined

by
G(E) = | J&i(E), VE € Py ()
=1

is also a contraction map on the complete metric space (Pep(Q2), h) with contractivity factor k, where h is
the Hausdorff metric. That is
h(GE,GT) < kh(E,T)

forallE, T € Py, (Q). Its unique fixed point is given by, E = lim G**(T), for any T € P, (Q)) and it obeys

The attractor of the given IFS {(), g;,1 < i < s} is the fixed point of the function G : P,(Q)) —
Pep(QD).

By varying the contraction and space, many researchers have established the existence of at-
tractors of different IFS, refer to [2,4,6,12,14,27]. In particular, Altun et al. [4] have extended
the ideas of IFS and attractors to the proximal setting and thereby extending the Theorem 1.2 to
non-self maps. Inspired by the work of Altun et al. [4], Unni and Pragadeeswarar [29] developed
the proximal IFSs using cyclic Meir-Keeler contractions and constructed fractals using the new
IFS. Analogously, in [30], they developed proximal fuzzy IFSs using a new class of contractions in
the setting of fuzzy metric spaces and constructed fractals from the correesponding IFSs in their
respective framework.

There are studies on the existence of an attractor for various cyclic contractions (see [21,22] for
further information). However, there is a research gap in the literature, on the existence of best
attractor of the IFS consisting of cyclic maps in a fuzzy metric space.

In this work, we prove an extended fractal version of the Banach contraction principle for a
p-cyclic contraction in a fuzzy metric space, inspired by the works of Karpagam [16] and Al-
Thagafi [3]. Furthermore, we use p-cyclic ¢-contractions to create an IFS.

The paper is organized as follows. We first prove the existence of the best attractor for a p-cyclic
contraction. Then, we extend the results to a p-cyclic ¢-contraction. In addition, we construct
IFS using both contractions, and as a consequence, we have an application in fractals. Finally, we

discuss the scope of future research in this direction.
2. PRELIMINARIES
The following are a few definitions and results that are required in the sequel.

Definition 2.1. [32] Let Q) be a space of points (with a generic element of () denoted by m). A fuzzy set

M in Q) is characterized by a membership (characteristic) function

pm = Q —[0,1],
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which associates with each point m € Q) a real number in the interval [0,1]. The value pp(m) represents

the grade of membership of m in M

Definition 2.2. [11] A triplet (Q), M, +) is said to be a fuzzy metric space (FMS), if Q) is an arbitrary set,
* is a continuous t-norm and M is a fuzzy set on Q% X (0,00) satisfying the following conditions for all
21,22,23 € Qand t1,t, > 0:

(1) M(z1,22,t1) >0,

(2) M(z1,22,t1) =1 & z1 =12,

(3) M(z1,22,t1) = M(z2,21,t1),

(4) M(z1,22,.) : (0,00) — [0, 1] is continuous,

(5) M(z1,23,t1) *M(z3,22,t2) < M(z1,22,t1 + £2).

Lemma 2.1. [26] M is a continuous function on Q3 X Q2 x (0, ).
Lemma 2.2. [13] M(x1,x2,.) is non-decreasing for all x1,x; in Q).

Here, we have some notions and they will be used frequently throughout the research article.
Let T'1, T2 be non-empty subsets of a FMS (Q, M, *) and P, (()) represents the family of all

non-empty compact subsets of (2.

Now, My : Pep(Q) X Py (Q) — [0, 00) is defined as below.
Mpy (T, Ty, t) = min {inf M(v, Ty, t), inf M(w,T,t)}, ¥ t>0.
vel wel;

Recall,

M(v,Ty,t) = supM(v,w,t), Y t >0.

wel'y

Here, Mp is known as the Hausdorff fuzzy metric.
Theorem 2.1. [26] Let (), M, *) be a FMS. Then, (Pc,(Q2), My, *) is also a FMS.
Now, we have some important Lemma’s which support our results.
Lemma 2.3. [30] My(I'y,I2,.) is non-decreasing for all T'1, T2 € Py (Q)).
Lemma 2.4. [30] My(T1,T2,t) = M(po, qo, t) for some pg € T and qo € Ty, where ', T2 € Py (QY).
Lemma 2.5. [30] If I'y C Ty, then M(v,T2,t) > M(v,T1,t),VI'1,T2 € Pep(Q)), v € Qandt > 0.

Lemma 2.6. [30] If T, C T3, then inrf M(w, T3, t) > inrf M(w,Ta,t), for all T1,T2,T3 € Pep(Q) and

wel welq
t>0.

Lemma 2.7. [30] Let (Q0, M, *) be a FMS and T'1, T, A1, Ax € Pep(QY). Then, we have
MH(F1 Ul'p, AU Ag,f) > min{MH(I“l,Al,t),MH(l"z,Az, t)}, Yt>0.

In general we have,
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Lemma 2.8. [30] Let (Q), M, +) be a FMS and {Xi¥;_;, {Yi¥;_, be collections of subsets of Pep(QY). Then

we have,

S S

MH(uXi’ u Yi t) > {2}2 Mpy(X;, Y, t), Vt>0,s€N.
1= 1=

Now, we define the following notion,

M(Pep(T1),Pep(T2), 1) = sup{Mu(A1, Mg, t) : Ay € Pey(T1), Az € Pey(T2)}, VE> 0,

where I't, T, € Q).
Recall, M(T,T,t) = sup{M(v,w,t) : v € T1and w € I'»}.

Remark 2.1. Let (Q),M,*) be a FMS and T1,T, € Q. Then we have, M(Pcp(rl),Pcp(Fz),t) <
M(Fl, 1"2, t), Yt > 0.

Proof. For some A1 C Ty, Ay €Ty, we have,
M(T1,Ta,t) = M(A1, Ag, t) > My (A1, Ay, t).
Therefore,

M(T',T,t)

\%

sup{Mp (A1, Az, t) : Ay € Pep(T1), Az € Pep(T2)}, Vit > 0.
= M(Pep(l1),Pep(T2),t), VE>0.

O

Lemma 2.9. Let A,B € P, (Q). Then, for given sy € A, we can find s, € B such that M(s1,s2,t) >
MH(A, B, t).

Proof. Let A and B be compact subsets of (). Hence for an arbitrary s; € A, we can find s, € B such
that

M(s1,s2,t) = sup M(s1, B, t)
SZGB

> inf M(A, B, t)

S1 €A

> MH(A, B, t).

3. MaIN Resurts

Here, we prove the existence of the best proximity point for multivalued p-cyclic contractions
and prove the same for multivalued p-cyclic ¢-contractions. Throughout the paper, {Iﬂi}f:1 (p=
2,p € IN) denotes a collection of non-empty subsets of a FMS (Q), M, *).
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3.1. IFS consisting p-cyclic contraction.
Definition 3.1. Let {T;};_, be non-empty subsets of a metric space (Q0, M, *) and let g Ule I — Ule Iy
g is a p-cyclic contraction (p-CC), if it satisfies the following conditions below:
(1) g(l"i) Cliq,i=1,2,- P, where rp-H' =T,
(ii) forsome 0 <k <1,
M(ga, ga*,t) 2 kM(a,a*,t) + (1 —=k)M(T;,Titq,t), a€lj,a" €Tipq,i=1,2,---p,
¥t > 0. Then, a point a € T; is a best proximity point, if M(a, ga,t) = M(T';, Titq,t).

Theorem 3.1. Let {Fi}f:1 be a collection of non-empty subsets of a FMS (Q), M, *) and let g : Ule Ii -
Uf:l I'; be a continuous map. Suppose, g is a p-CC, then the following conditions hold:

(i) under g, the elements in Uf:l Pep(Ti) are mapped to the elements in Ule Pep(Ti),
(i) for any E € U_, Pep(Ti), the mapping g : \J_, Pey(Ti) = UP_, Pey(T;) defined as
<(E) = {g(s) : s € E}
is a p-CC with respect to the Hausdorff metric.
Proof. (i) Given g is continuous, hence the compact subsets of I'; are mapped to the compact
subsets of I';1. For some E € P, (I';), we have g(E) € Pep(Tit1).

(ii) Let P € Pe(I;) and Q € Pep(Iiy1). Then, gP € Pp(Tiy1) and gQ € Pey(Liy2). Thus for
s € P, we get

M(gs,8Q,t) = supM(gs,gs't)

s*eQ

> sup[kM(s,s",t) + (1 —k) M(Ts, Tisn, £)]
s*eQ

> sup[kM(s,s",t) + (1 —k) M(Pcp(ri),Pcp(FiH),t)]
s*eQ

= kM(s, Q1) + (1~ K) MI(Peyp(T), Pep(Tis1), ).
Also, for s* € Q, we get
M(gs", gP,t) > kM(s",P,t) + (1= k) M(Pep(T:), Pep(Tis1), 1)
Now,
Mp(gP,gQ,t) = min {11611§M(gs, 2Q, t),si*reléM(gS*' gP, 1)}
> min{inf [kM(s, Q, ) + (1~ K)M(Pey(T3), Pep(Tia), 1)),
inf (kM(", P, 1) + (1= K)FE(Poy(T7), Pep (Tis), )
= kminfinfM(s,Q,1), inf M(s",P, 1)) + (1= K)M(Pey(T1), Pep (Tis1))

= kMu(P,Q t) + (1 = k)M (Pep(T;), Pep(Tisa), ).
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Hence,

MH(gPIgQ’ t) 2 kMH(P/ Q/ t) (1 k) (PCP( i)lpCp(ri+l)lt)l
where P € P, (T;), Q € Pep(Tiy1). Therefore, the result follows.

O

Proposition 3.1. Let (T } 1 be a collection of non-empty subsets of a FMS (Q, M, ). Given, continuous
mappings g; : Ui:l I —» Ui:l I, j=12,.,r(r € N), and f;'s are p-CCs with contractivity factors
kie(0,1),Vi<j<r,

M(g]‘S; g]‘S*, t) > k]‘M(S,S*, t) + (1 - k])M(I”l, ri+1/ t),
forallseTj,s* €Ty Let G : Ule Pep(Ti) = Ule Pep(T';) be defined as follows:

G(E) = &i(E)Ug(E)V..Ug(E)

= Ug] VEEUPcp

Then, G is also a p-CC with respect to the Huusdorﬁ‘ metric. That is,
Mu(GP,GQ, t) 2 kMu (P, Q,t) + (1= ko) M(Pep(T:), Pep(Ti11), t),
forall P € Pey(Ti),Q € Pep(Tiy1), where k. = maxi<j<, kj.
Proof. We use Principle of Mathematical Induction for proving the result. For » = 1, the result is

trivial. Now, we are going to verify it for r = 2.

2 2
Mu(GP,GQ,t) = Mu(| Jg(P) J2;(Q)1)
j=1

=1
Mpu(g1P U g2P, §1Q U 820, 1)
MHu(81P, §1Q,t) A Mu(82P, 20, 1)
min{ki M (P, Q1) + (1= ki)M(Pep(T1), Pop(Ti1)),
kaMu (P, Q,t) 4+ (1= ka)M(Pep(Ti), Pep(Tig1)))
min{ki [Mp (P, Q, t) = M(Pey (L), Pep(Li1), )] +M(Pcp(ri),7>cp(n+1),t),
ka[Mi (P, Q, 1) = M(Pep(T:), Pep(Ti), )] + p(Li), Pep(Tiv1), 1))
k[Mu (P, Q1) = M(Pep(Ti), Pep(Tis1), £)] + M(Pep(Ti), Pep(Tis1), 1),
where k. = max{kq, k;}. That is,
My (GP,GQ,t) = k*[MH(P,Q,t)—M(PCP(Fi),PCp(FiJrl),t)]+M(Pcp(Fi),Pcp(Fi+1),t)
= kMu(P,Q,t) + (1= k)M(Pey(T), Pep(Tis1), ).

Hence, the result can be easily proved using the Principle of Mathematical Induction. m]

\%

\%

VI(P
p(T
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Proposition 3.2. Let {l"i}f: be a collection of non-empty closed subsets of a FMS (Q, M, *). Given,
continuous mappings g : Ule Ii— Ule [;,j=1,2,..,r(r€N), and g;’s are p-CCs with contractivity
factors kj € (0,1),Y1 < j < r. Consider G : U_, Pep(Ti) = U_, Pey(T;) defined as in Proposition 3.1.
Then, for every P, Q € Pey(I';), for 1 <i < p, we have

(ll) MH(GPHP/ GPfH‘lQ, t) - M(PCP(FI')/ PC}?(l—‘i-i-l)/ t) asn — OO,

(lll) MH(GP”¢PP/ Gpl/H-lQ’ t) - M(PCP(Fi)/ PCP(FH-l)I t) asn — oo.

Proof. (i) By Proposition 3.1, we have G is also a p-CC with respect to the Hausdorff metric with
contractivity factor k = maxi<j< k;.
Let P € Pey(T;) and Q € Pep(Ti41). Then, we obtain

M(PC}? (ri+1)l Pcp (FH—Z)r t) 2 MH(GP/ GQ/ t)
2 kMH(P/ QI t) + (1 _k)M(PCp(ri)/ PCp(ri—H)/ t)
> kMH(P,Q,t)—I—(l—k)MH(P,Q,t)

= MH(P, Q, t).
Which implies
M(Pep(Tis1), Pep(Tis2), £) = M(Pep(Ti), Pep(Tiv1), t), Vi=1,2,...,p.

Therefore, we have

\%

M(Pe(Ty), Pep(T1), t) M(Pep(Tp-1), Pep(Tp), 1)

" = M(Pcp(l"l),ﬂp(l“z),t) = M(Pcp(rp)/Pcp(rl)rt)'

\%

Hence
M(Pep(Ti), Pep(Tiva),t) = M(Pep(Tiv1), Pep(Tiva), ),

foralli=1,2,..,p, wherep,; =T.
(ii) For P, Q € P, (I';), we have
M(Pep(Ti), Pep(Tiv1), t) > M (GP'P, GP"H1Q, ).

Now, since G is a p-CC with contractivity factor k = max<j<, k;, we get

M(Pcp(ri), Pcp (ri+1)r t)

\%

Mg (GP"P, GP"1Q, t)

kMu(GP"'P,GP"Q,t) + (1 = k)M(Pey(T:), Pep(Tis1), 1)

k [k My (GP" 2P, GP"1Q,t) + (1 = k)M(Pep (L), Pep(Tis1), 1)]
+(1=k)M(Pe(T), Pep(Tiy1), )

KM (GP"72P,GP"1Q, 1) + (1 = )M (Pep(T), Pep(Tia), £).

\%

v
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Proceeding in this way, we have
My (G"P,G" Q1) 2 K"Mu(P,GQ, 1) + (1 = K" )M(Pey (T3), Pep (i), 1).
Therefore, as n — oo, we get
My (GP"P,GP"1Q,t) — M(Pcp(ri)/Pch(riﬂ)/ t).
(iii) In the same way, we can prove that
My (GP™Pp,GP" Q. 1) — M(Pep(Ti), Pep(Tis1),t), asn — oo.
m]

Theorem 3.2. Let (O3, M, *) be a FMS and {Fi}le be a collection of non-empty closed subsets of (). If
gj: Ule Ii— Uf;l Ty, j=1,2,..,7(r € N) be continuous mappings and each g; is a p-CC. That is,
M(gjs, gjs",t) 2 kiM(s,s*,t) + (1 —k;)M(T;, Ti1q,t),

forall s € T;,s* € Ty, wherekj € (0,1),1 < j <r. Consider G : Ul_, Pep(Ti) = Ul Pep(Ts) defined as
in Proposition 3.1. Let B € P, (T;) for somei = 1,2,...,p. Assume that {GP"B} C P, (T';) has a convergent
subsequence in Py (T';). Then, G has a best proximity point.

Proof. Let {G""B} be the convergent subsequence in ., (T’;) and it converges to some By € P, (T;).
Then,
M(PCP(FZ')/ Pcn (ri+1 ), t) = M(PCP(Fi—l)r Pcn (ri)/ t)
My (GP"™~1B, By, t)
= Mpy(Bo, GP™ 1B, t).

\%

Now,

M(Pcp(ri), Pcp(riJrl )/ t)

\%

MH(B(), Gpn"’_lB, t)
> Mpy(Bo, GP"™ B, €) * My (GP"™ B, GP"~'B,t —¢), Ve > 0.

Hence as m — oo, by Proposition 3.2, we have

M(Pep(T), Pep(Tisa),t) 2 lim My (Bo, G""7'B, 1)

\%

M(PCP(ri—l)r Pcp(ri), t— 6)
= M(PCP(ri)/ Pcp<ri+1), t— €) Yt > 0.

Therefore, we obtain My (By, GP"" !B, t) — M(Pey(Li), Pep(Tiv1), t).
Now,

M(PCP(FI')/ PCP(FH-I)/ t)

\%

MH(Gpn"’B, GBy, i’)
kM (GP"~'B, By, t) + (1= k) M(Pep(T3), Pep(Tig1), £).-

\%
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As m — oo, we obtain
M (Bo, GBo, t) = M(Pep(T3), Pep(Tis1),1).

Remark 3.1. In general, Theorem 3.2 does not guarantee the uniqueness of the best proximity point.
Here, we are going to define the IFS.

Definition 3.2. Let (), M, *) be a FMS and {1”1-}5.7:1 be a collection of non-empty subsets of Q). If g; :
Ule I — Ule [, j=1,2,..,r (r € N) be continuous mappings and each g; is a p-CC. That is,

M(gjs, gjs",t) 2 kiM(s,s", t) + (1 = k;)M(T;, Ti, 1),
foralls € T,s* € Tiyq, wherekj € (0,1),1 < j <r. Then, {(Q,T1,I2,..,Tp);8j: j=1,2,---r} is called
proximal fuzzy p-CC IFS.

Remark 3.2. Theorem 3.2 ensures the existence of best proximity point for a multivalued map defined on the
EMS (Pcp(Q), My, t). On the other hand, the uniqueness of the Best attractor for the p-CC IFS defined in
Definition 3.2 cannot be guaranteed using the assumptions in Theorem 3.2. As uniqueness is an important
for the construction of fractals from the IFS, finding the sufficient conditions on the space and function that
ensures the uniqueness of the Best attractor for the proximal fuzzy p-CC IFS is a promising direction for

future research.
3.2. IFS consisting p-cyclic ¢-contraction.

Definition 3.3. [3] Let I'y and T'y be non-empty subsets of a FMS (Q, M, ) and let g : T1UT, - T1 U,
such that g(T'1) € Tp and g(T'2) C I'1. The map g is said to be a cyclic ¢p-contraction if ¢ : [0,00) — [0, c0)

is a strictly increasing map and
M(gs, gs*,t) = M(s,s",t) — p(M(s,s", t)) + p(M(T1,T2,t)),¥s € I'1,s" € Ty,

Lemma 3.1. Let I'y and T’ be non-empty subsets of a FMS (Q), M, *) and let ¢ : T1 U, —» T1 UT, bea
cyclic ¢p-contraction map. For sg € T'1 U, define s,1 = gsn for each n > 0. Then,

(1) —p(M(s,s*,t)) + d(M(T1,To,t)) 20, Vs € T'y,s* €Ty,
(i) M(gs,gs", t) = M(s,s*,t), Vs € T1,s* €Iy,
(111) M(5n+2/ Sn+1, t) = M(gsn+lr 85n, t) 2 M(Sn+1/5n/ t)/ VYn > 0.

Proof. The proof is straightforward and hence omitted. m]

Definition 3.4. Let {Fl-}f:1 be non-empty subsets of a fuzy metric space (Q0, M, ) and let g : Ule Ii —
Ule I'i; g is called p-cyclic ¢-contraction (p-C-¢p-C), if
(i) g(Ty) €Tiyq,i=1,2,---p, where T,y ; =T,
(ii) Let ¢ : [0,00) — [0, 00) is a strictly increasing map, and
M(gs, gs*,t) = M(s,s",t) — p(M(s,s", t)) + ¢(M(T;, Tit1, t)),

forallseT;,s* €Ty, 1<i<p.
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Theorem 3.3. Let {Fi}?zl be a collection of non-empty subsets of a FMS (Q), M, *) and let g : Ule I -
Ule I'; be a continuous map. Suppose, g is a p-C-¢-C, then the following conditions hold:

(i) under g, the elements in \J¥_, Pe,(T;) are mapped to elements in \J}_, P, (T7),
(i) for any E € U_, Pep(Ti), the mapping g : \J_ Pey(Ti) = UF_, Pey(T) defined as
Q(E) = {g(s) : s € E}

is a p-C-¢-C with respect to the Hausdorff metric.

Proof. (i) Given g is continuous, hence the compact subsets of I'; are mapped to compact the
subsets of T'; ;1. For some E € P, (I;), we have g(E) € Pp(Tis1).
(ii) Let P € Pep(T;) and Q € Pp(Tiv1). Then, gP € Py(Tiv1) and gQ € Py(Tif2). By Lemma
2.9, for each s € P, we can find s* € Q such that M(s,s*,t) > My(P, Q, t).
Now, consider

M(gs, gQ,t)

\%

M(gs, gs%,t)

M(s,s",t) — ¢
M(s,s", t) — ¢
Mu(P,Q,t)—¢
My (P,Q,t) — p(M(s, Q. 1))

Also, for s* € Q, we get

Mg gP,t) = Mu(P, Q1) = $(M(S", P, 1)) + p(M(Pey(T), Pey (Tisa), ).

\

i, Tiv,t))

I(Pep(Ti), Pep(Tiva), 1))
Pep(Ti), Pep(Tiv1), 1))
M(Pep(Ti), Pep(Tiz1),t)).

VAR,
<
©
m*
:::
@
E =

\%

Consider
Mu(gP,8Qt) = min{infM(gs,gQ, 1), inf M(gs", gP,t)}
> min{inf [My(P,Q,t) = ¢(M(s,Q 1)) + ¢(M(Pep(Ti), Pep(Tis1), 1)),
inf IMu(P, Q1) - ¢(M(s", P, t)) + $(M I(Pep(Ti), Pep(Ti1), 1))}
= min{Mu(P,Q,t) = p(inf M(s, Q, ) + ¢(M(Pey(T), Pep(Ti1), 1)),
Mpu(P,Q,t) - fP(i}lf M(s", P, 1)) + (M(Pey(Ti), Pep(Tiv1), 1))}
= Mu(P, Q1) = ¢(min{infM(s, Q, 1), inf M(s", P, 1)}) + O (M(Pep(Ti), Pep(Tit1)))
= Mu(P,Q,t) = p(Mn(P, Q1)) + ¢(M(Pey(Ii), Pep(Tia), 1))
Hence,
Mu(gP,8Q,t) 2 Mu(P,Q,t) = ¢(Mu(P, Q1)) + ¢(M(Pep (i), Pey(Li1), 1)),

where P € P, (T;), Q € Pep(Tiy1). Therefore, the result follows.
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Proposition 3.3. Let (T } | be a collection of non-empty subsets of a FMS (Q), M, #). Given, continuous
mappings g; : Uz’:l Ii— Ui:l irj=1,2,..,7(r € N) and g;’s are p-cyclic ¢ j-contractions. That is,

M(gjs, gjs",t) 2 M(s,s",t) —pj(M(s,s",t)) + Pj(M(T;, Ti1),t),
forallseTj,s* €Ty Let G : U?:l Pep(Ti) = U?Zl Pep(T;) be defined as follows:

G(E) = (E)Ug(E)U...ug(E)

r P
= | Jsi(B), VE€| Py (T
j=1 i=1

Then, G is also a p-C-¢-C with respect to the Hausdorff metric. That is,
Mu(GC,GD, t) > Mu(C, D, t) — ¢ (Mp(C,D, 1)) + ¢ (M(Pep(Ti), Pep(Tiv1), t)),
forall C € Pep(T;),D € Pep(Tig1), where ¢.(t) = maxi<j<r (t).
Proof. We use Principle of Mathematical Induction for proving the result. For r = 1, the result is

trivial. Now, we are going to verify it for r = 2.

2 2
Mu(GC,GD,1) = Mu(| Jgi(©).| Jgi(D).1)
=R~
MH(g1C U ng, ng ) gZD/ t)

> min{Mu(§1C, §1D,t), Mu(2C, 2D, t)}
min{Mp(C, D, t) = $1(Mu(C, D, £)) + ¢1(M(Pey (i), Pep (Tiz1), 1)),
M (C, D, t) = $2(Mu(C, D, 1)) + 2 (M(Pey (i), Pep(Tis1), 1)) |
)
)

\%

min{Mu(C, D, t) + p1(M(Pep(Ti), Pep(Tin1), 1)) = p1(Mu(C, D, 1)),
MH(C/D/ t) +¢2(M(Pcp(ri)/Pcp(ri+l) )) ¢2(MH(C D,t )

Given, ¢1 and ¢, are strictly increasing functions and My(C,D,t) < M M(Pep(Ti), Pep(Tiv1), ),
VC € Py(T;), D € Pep(Tiy1). For instance, if ¢q(t) = max{s(t), p2(t)}, then

D1 (M(Pep(T), Pep(Tis1), 1)) = 91(Mi(C, D, 1)) 2 pa(M(Pep(T), Pep(Ti1), 1)) = §2(Mu(C, D, ).
Hence we obtain
Mu(GC,GD,t) > Mu(C,D,t) + ¢pu(M(Pep(Ti), Pep(Tis1),t)) — ¢(Mnu(C, D, 1))
= Mu(C,D,t) = ¢.(Mn(C,D, 1)) + ¢« (M(Pey(T), Pep (Ti1), 1)),

where ¢.(t) = max{p1(t), p2(t)}. Hence, the result can be easily proved using the Principle of

Mathematical Induction. O

Lemma 3.2. Let {T;}}_, be non-empty subsets of a FMS (Q, M, +) and G : U!_ Pep(Ti) = U, Pep(Th)
be a p-C-¢-C. Then, the followmg conditions hold:
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(i) —¢(Mu(C,D,t)) + (P(M(PcP(ri)/Pcp(riH)/t)) >0, VC € Pep(Ti),D € Pep(Tit1),
(iii) My(GP"C,GP"*1D,t) > My(GP"~1C,GP"D, t), ¥n = 0, where C,D € Pep(Ti) and 1 <i < p.

Proof. The results can be easily derived from the definition of p-C-¢-C and the characteristics of
the function ¢. o

Proposition 3.4. Let {T } | be non-empty closed subsets of a FMS (Q, M, *) and G : Ule Peop(Ti) =
UP_, Pep(T:) be a p-C-¢-C. Then,for every C,D € P,y (T;), for 1 < i < p, we have

@) M(Pch(Fi)chP(riH)z t) = M(Pcp<ri+1)/7)cp(ri+2>rt)/ V1<i<p wherel,; =Tj,
(i) Mu(GP"C,GP"1D,t) = M(Pep(Ty), Pep(Tis1),t) as n — oo,
(iti) My (GP"*PC,GP"*1D,t) — M(Pep(T:), Pep(Tit1),t) asn — oo.

Proof. (i) Let C € Pey(I;) and D € Pey(Ti11). Then,

M(Pcp (ri+1 )1 PCp (ri+2)’ t)

\%

My(GC,GD, t)

Mu(C, D, t) = ¢(Mu(C, D, ) + $(M(Pep(Ti), Pep(Tit1), )
Mu(C,D,t) = p(My(C,D, 1)) + ¢(Mpu(C, D, t))
(

v vV

My (C,D, t
Which implies
M(Pep(Tis1), Pep(Tisa), t) = M(Pep(Ti), Pep(Tisa), t), ¥i = 1,2, .., p.

Therefore

M(pcia (rp)/ PCP (rl ), t)

\%

M(Pep(Tp-1), Pep(Tp), )
> M(Pep(T1), Pep(T2), t) = M(Pep(Ty), Pep(T1), 1).

\%

Hence
M(PCP(ri)/PC;ﬂ(FiH)/t) = M(PCP(F,'H),PC;; (Fi+2),t),
foralli=1,2,..,p, whereTp,; =T}

(ii) Let C,D € P(I;) and n € N . Assume h, = My(G"'C, G 1D, t), ¥n > 1 and clearly
0 <hy, < M(Tis1,Titp,t), Yn > 1. By Lemma 3.2, we have {h,} is increasing and bounded above.
Therefore, {h,} converges to some [, as n — oo.

Since G is a p-C-¢-C, we have
My (GP"C,GP"1D, t)
> My(GP"'C,G'"D, t) — p(Mu(GP"1C,G""D, t)) + ¢(M(Pep(T3), Pep(Tix1), 1))
That is, we can write

h" Zhn—l _(P( n— 1) +(P( (Pcp( ) Pcp( z+1)/t))/ (3-1)
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and by part (i) in Proposition 3.4, we get

¢(M(Pcp(ri)r pcp(rijtl)/f)) = qD(M(PCp(ri—l), Pcp(l“i),t)) > QZ)(MH(Gpn_lC, Gan,t)) = ﬂb(hn—l)-

3.2
Thus, from inequality 3.1 and inequality 3.2, ¥n > 1, we obtain >
(p(M(PcP(ri)/PCp(riH)/ t)) = (P(hn—l) 2 hp-1 = hy + ¢(M(P6p (ri)/PCP(rH—l)/ t)).
Asn — oo, we have
PM(Pep(Ti), Pep(Tis1), 1)) 2 im b (hn1) 2 G(M(Pep(Ti), Pep(Tig), 1)) (33)

n—->o0

Ths lim (1) = V(Pep(T7), Pey(Tis1), 1).

For all n € N, we have h, < [ and M(SDCP(R),PCP(DH)J) > h,. Hence as n — oo, we get
M(Pep(Ti), Pep(Tiv1), 1) > L.

Therefore, inequality 3.3 can be modified as below.

lim ¢ (hy-1) = (M(Pep(Ti), Pep(Ti1), 1)) = b(0). (3.4)

n—oo

Now, since ¢ is a strictly increasing function and M (Pep(Ti), Pep(Tiv1),t) 21> hy, VYn € N, we get

O(M(Pey(Ti), Pep(Tiv1),t)) 2 o(1) 2 ().
Asn — oo, we have

(P(M(PCP(D)/ Pcp(riJrl)ft)) 2 (P(l) > lim (]f)(]’ln) (3.5)

Nn—o00
Thus by inequality 3.4 and inequality 3.5, we obtain im ¢ () = ¢(M(Pep(Li), Pep(Tiv1), t)) =
¢(1). Here, ¢ is a striclty increasing function, hence we obtain | = M(Pg(T;), Pep(Tiz1), t).

(iii) Similar manner, we can prove that
My (GP™PC,GP" 1D, t) — M(Pep(Ti), Pep(Tis1), t) as n — oo.
O

Theorem 3.4. Let (O3, M, *) be a FMS and {l"i}f:1 be a collection of non-empty closed subsets of (). If
gj: Ule Ii— Ule [, j=1,2,..,r(r € N) be continuous mappings and each g; is a p-C-¢-C. That is,

M(gjsr ng*/ t) 2 M(S/ S*/ t) - ¢j(M(S/ s, t)) + qu(M(riz ri+1/ t))/

forall s € T;,s* € Tiy1. Consider G : Ule Pep(Ti) — U’;l Pep(L;) defined as in Proposition 3.1. Let
B € Py (T;) for some i = 1,2,...,p. Assume that {GP"B} C Py(T;) has a convergent subsequence in
Pep(Ii). Then, G has a best proximity point.



Int. ]. Anal. Appl. (2025), 23:275 15

Proof. Let {G""B} be the convergent subsequence in ., (T';) and it converges to some By € P, (T;).
Then,

M(Pcp(ri)rpcp(ri—o—l)rt) = M(Pcp(ri—l)/Pcp(ri)/t)
My (GP"™~1B, By, t)
= Mp(By, G""7 1B, t).

\%

Now

M(Pep(T;), Pep(Tiva), 1)

\%

Mg (Bo, GP"™ 1B, t)
Mgy (By, GP"™ B, €) * My (GP"™ B, GP" 1B, t —€), Ve > 0.

\%

Hence as m — oo, by Proposition 3.4 we have

M(Pey(Ti),Pep(Tix1),t) = lim My(Bo, G 'B,t —¢)

m—00

M(Pcp (ri—l )/ Pcp(ﬂ')f t)
= M(Pep(T:), Pep(Tit1), t).

\%

Therefore we get My (Bo, G~ !B, t) = M(Pep(T), Pep(Tit1), ).

Now,

\%

M(Pep(Ti), Pep(Tiva), t) Mp(G"""B, GBy, t)
> Mpy(GP™ 1B, By, t).
Therefore, as m — oo, we obtain

MH(BO, GBy, t) = M(Pcp(l"i), Pcp (Fi+1), t).

Remark 3.3. When ¢(t) = kt, where 0 < k < 1, p-C-¢-C reduces to p-CC.
Remark 3.4. In general, Theorem 3.4 does not guarantee the uniqueness of the best proximity point.
Here, we are going to define the IFS.

Definition 3.5. Let (Q), M, *) be a FMS and {l"i}f:1 be a collection of non-empty subsets of Q). If g; :

U?Zl Ii— Ule [, j=1,2,..,7(r € N) be continuous mappings and each g; is a p-C-¢-C. That is,
M(gjs, 8j5°/) = M(s,5", 1) = §;(M(s,5", 1)) + ¢ (M(T;, Ty, ),

foralls € Ty,s* € Tjq. Then, {(Q,T,T2,..,Tp);8;: j = 1,2,-- -1} is called proximal p-C-¢-C IFS.

Remark 3.5. Theorem 3.4 ensures the existence of best proximity point for a multivalued map defined on the

EMS (Pep(Q), My, t). On the other hand, the uniqueness of the Best attractor for the p-CC IFS defined in

Definition 3.5 cannot be guaranteed using the assumptions in Theorem 3.4. As uniqueness is an important

for the construction of fractals from the IFS, finding the sufficient conditions on the space and function that
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ensures the uniqueness of the Best attractor for the proximal fuzzy p-CC IFS is a promising direction for

future research.

4. CONCLUSIONS

In this work, we have proved the existence of best proximity points for set valued p-CC and
p-C-¢-C in a FMS. Our results extend those of Al-Thagafi [3] and Karpagam [16].
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