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Abstract. In this work, we introduce and study a new subclass of bi-univalent analytic functions that are associated with
a leaf-shaped region, formulated through the framework of g-calculus and the principle of subordination. employing
appropriate analytical techniques, we derive sharp coefficient estimates with a particular focus on the initial bounds
for |ap| and |az|, which play a central role in geometric function theory. In addition, we establish Fekete-Szego-type
inequalities for functions belonging to the proposed class, thereby extending and complementing several existing results
in the literature. To illustrate the theoretical findings, we provide explicit examples and graphical representations that
highlight the behavior of functions in the class under consideration. The analysis not only broadens the applicability
of g-calculus methods in the study of bi-univalent functions but also contributes to a deeper understanding of function
classes connected with geometrically significant domains. Potential avenues for further research and connections to

related subclasses are also discussed.

1. INTRODUCTION, PRELIMINARIES AND DEFINITIONS

Let f be a holomorphic function defined on the open unit disk A, where
A={zeC:|z| <1}
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A function belongs to the class A if it admits the Taylor-Maclaurin expansion

f(z) =z+ Z a,z", z € A. (1.1)
n=2

Within this family, the subclass S consists of functions that are univalent in A and satisfy the

standard normalization conditions
fO)=0, f(0)=1. (12)
An analytic function 7 defined in A is called a Schwarz function if it satisfies
7(0) =0 and |t(z)] <1, z€eA.

Given two analytic functions fi, f € A, we say that f; is subordinate to f,, written as f; < fp, if

there exists a Schwarz function 7 such that

fi(z) = fa(7(2)), z€A.

Another class that plays an important role is P, which is closely connected to the Carathéodory

functions (see Miller [27]). These functions are analytic in A and satisfy the conditions
R{6(z)} >0, zZ €N, 6(0) =1.

A Maclaurin series expansion provides a standard representation for a function 6(z) belonging

to the class P, and may be written as
8(z) =1+) 6,2", zeA (1.3)
n=1

The coefficients 6, are subject to the classical bound
164 <2, nx1, (1.4)
which is a consequence of Carathéodory’s lemma (see Duren [19]). Equivalently, a function 6

belongs to the class P if and only if it satisfies the subordination relation

1+z
1-z’

For every f € S, there exists an inverse function f~! defined in a disk of radius ro(f) > ;. This

z € A.

o(z) <

inverse is characterized by the relations

z=f1(f@2), <c=ffC)  ll<n(f) zeA
The expansion of f~! about the origin takes the form
FHe) = x(¢) = c —axc® + (205 — a3) > = (ag + 53 — 5azaz)c* + -+ . (15)

A function f(z) € Sis said to be bi-univalent if both f and its inverse f~! are univalent in A. The
family of such functions is denoted by X. Several illustrative examples of functions in X together

with their corresponding inverses are listed in Table 1.
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TaBLE 1. Certain univalent functions along with their inverses.

) =52 | fYe)=-log(1-¢)

f3(z) = 1log(11%§) file) = =

Ma and Minda [26] developed the class K(X) using subordination. They presented their method

Z}((S) <N(z), (ze A)}.

In this formula, 8(z) denotes a function with a positive real component and is normalized according

as follows:

K(N):{fe.?{: 1+

to criteria 1.2. The table below highlights the variety of approaches adopted by different authors
in defining subclasses of functions, achieved by prescribing specific forms of N.

TasLE 2. Representative subclasses of analytic functions defined via subordination

relations.
N(z2) Authors Reference | Year
1+z Sokot and Stankiewicz [33] 1996
1 Piejko and Sokot [29] 2012
z4+ V1+22 Priya and Sharma [30] 2018
2+ V1423 Singh and Kaur [32] 2021

Ficure 1. The image of 8(A) is displayed in a leaf-shaped region. Here, 8(z) = z 4+ V1 + 23
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Quantum calculus, commonly known as g-calculus, provides a natural generalization of classical
calculus by introducing a parameter g € (0,1), thereby extending the scope of standard analytical
techniques. This framework has gained considerable attention because of its deep connections with
physics, quantum mechanics, and Geometric Function Theory (GFT). A fundamental reference for
g-difference calculus and its applications is the comprehensive treatise by Gasper and Rahman [24].

At the core of analytic investigations in this setting lies the g-difference operator d,;, which serves
as a central tool in studying the behavior of analytic functions. Notable developments include
the work of Seoudy and Aouf [31], who extended the g-calculus methods to functions defined on
the unit disk, thus enriching the analytic theory underlying GFT. For further perspectives, both
classical and recent contributions can be found in a number of sources, including [1,3-9,14-18],
and some applications can be found in [40, 41,43, 46,47].

More recently, Alsoboh and Oros [9] introduced and investigated a subclass of bi-univalent
functions associated with a leaf-shaped domain within the framework of g-calculus. Their study

was motivated by the following definition:

Definition 1.1 ( [9]). A function f € S is said to belong to the class X.;(A,NR(z;q)) if it has the form (1.1)
and satisfies the subordination relation

fz)

(1-2)~—+ Moof(2)) <R(zq),  zeA, (1.6)
where A > 1, 8(0;9) =1, and
{2z : 2z Y
NE) =i \/1 +(2+ a —q)z) | 47

The operator d; denotes the g-derivative of f, defined by
f(z) - f(q2)

, z#0,
z—qz
9f(z) = f'(z), g— 17, z+0,
£7(0), z=0.
Here, (n|q) denotes the quantum number, given by
1= 0<g<1 e C\ {0}
1 — q 7 q , N 7

"'+ +g9+1, neN,
(nlg) =
1, g— 0", neC\{0},

n, g— 17, neC\{0}.
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Remark 1.1. The mapping N(z;q) transforms the unit disk A into a leaf-shaped region. The function
N(z; q) is analytic and univalent in A, symmetric with respect to the real axis, and satisfies the normalization

conditions
N(0;9) =1 and 9;N(0;q9) = 1.

(e) The image of 8(A;0.1) (f) The image of N(A) with g — 07

Ficure 2. Illustration of the leaf-shaped region N(A; q).
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Recent work by Amourah et al. [10] introduced the starlike class S*(g; N(z;¢)), associated with
the leaf-shaped domain in A. This class is defined as follows:

Definition 1.2. A function f € S is said to belong to the class S*(q; N (z; q)) if it can be represented in the
form (1.1) and satisfies the subordination condition

z9,f(2)
f(z)

<N(z9), z €A, (1.8)
where N(z; q) is given by (1.7).

Definition 1.3. A function f € S is said to belong to the class C(q; N(z; q)) if it can be represented in the
form (1.1) and satisfies the subordination condition

29;f(2)

1+ dqf(2)

<N(z9), z €N, (1.9)

where N(z; q) is given by (1.7).

The primary objective of this work is to investigate the structural and analytic properties of
bi-univalent functions associated with a leaf-shaped domain in A. In this section, we provide
a rigorous definition of the class under consideration, supplemented by illustrative examples
to clarify its geometric significance. In Section 3, we establish sharp coefficient bounds and
examine the Fekete-Szego functional for the proposed class. Furthermore, by applying the results
developed in the earlier sections, we deduce several corollaries that address particular subclasses

and special cases of interest.

2. TuE Br-untvaLent Crass Kz (1, 4;8(z;9))

In this section, we make use of the g-difference operator in conjunction with the subordination
principle for analytic functions, as outlined in the preliminaries, to provide a rigorous mathematical
characterization of the newly introduced class Kx (1, ¢; X(z; q)) of bi-univalent functions associated

with a leaf-shaped domain.

Definition 2.1. Let n € [0,1]. A bi-univalent function f of the form (1.1) is said to belong to the class
Ks(n,q;8(z;q)) if and only if

20,/() y(294f(2))
@ TR

P1(z;q) = (1-1) <N(zq), ze€A (2.1)

and

d dglcdgx(c)
Da(c;q) = (1-1) : );,(;Z()g) +1 q(;;(t)g ) <N(c;q), ceA, (2.2)

where x = f~Yis given by (1.5), and N(z;q) is of the form (1.7).
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Remark 2.1. We emphasize that the class Ks(n,q; R (z;q)) is non-empty. To illustrate this, consider the

function

z

It is clear that f. € S and, moreover, f. € ¥ together with its inverse

4, C
fo(c) = T |9] < 0.55.

Using the notation introduced in (2.1) and (2.2), a straightforward computation yields
1-n  n(1+9gz)

®1(fE@0) = 75t 5. <035,

e 1 (1-9g¢)
1NN -1 N —vqe

Furthermore, for all z € A, one observes that

D1 (—9z;q) = P2(9¢;9),

|9 < 0.55.

which implies that
P1(8;q) = P2(A;9).

(2.3)

(2.4)

GeoGebra Classic 6 is used to generate boundary visualizations dA using functions ®1, , and

N, as illustrated in Table 3. This approach is particularly effective under the conditions [8] < 0.55

and g € (0,1).

It should be noted that N is univalent in A. Consequently, the subordinations

D1(z;9) <N(z;q) and DPa(c;q) <N(c;q9)

hold true. These relationships follow from the facts that

D1(0;9) = P2(0;9) =N(0;9) =1, P1(A;q) CR(Aq),  D2(A;q) CR(A;q).

For further details and graphical evidence, see Figure 3.
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FiGure 3. Image of N(¢'%; q) (blue) and ®(e?; q) (red) for various values

of g, 9, and 0 € [0,2n).

-1 M< -1

1 /g\ "<
= )
1 /2 3 M2 3

~

(@) g — 17 and & = 0.3901. (b) g — 1~ and § = 0.2401.
2 2
1 11

2 AN e /é 2 1.0 \1 /
— ) ’

» . x-x_ﬁ/\_,
() g = 0.81 and § = 0.2801. (d) q = 0.81 and § = 0.4999.
2] 2]
1]

R T -1 0 ) 2
-1 -R_J =11
(e) g = 0.4 and & = 0.4999. (f) g = 0.13 and 9 = 0.4999.

Example 2.1. For 1 = 0, a bi-univalent function f of the form (1.1) belongs to the class Ksx,(0,4;N8(z;q))

if and only if
29,f(2)

B <N(z9), z €A,
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and

<N(cq), ceA
where x = f~is given by (1.5), and N(z;q) is defined in (1.7).

Example 2.2. For 1 = 1, a bi-univalent function f of the form (1.1) belongs to the class Kx.(1,4;8(z;q))
if and only if

(9q(28qf(2))

W<N(Z,’l]), ZEA,
and ( )

9q(c 9qx (c)

W<N(g,q), CEA,

where x = 1 is given by (1.5), and X(z;q) is defined in (1.7).

Example 2.3. If g — 17, then Xgc (N(z;q)) is reduced to Xy (z +V1+ 23) defined by

2f () 1 1<z4+ V1423,

f(z)
and ;
-1
M+1<c+ Vite?,
f(c)

for all z and ¢ fall in the open unit desk A.

3. Tue BounDps oF THE COEFFICIENTS AND THE FEKETE-SZEGO FuncTioNAL wITHIN THE CLASS
Ky (,9:8(z;9))

Theorem 3.1. Let f € X be given by the expansion (1.1) and assume that f belongs to the class
Ks(n,9;8(2;q)). Then the initial Taylor-Maclaurin coefficients of f satisfy the following estimates:

Qg

Jal@m(a+ -0 -gnen)-g6-90 + ]

las| <

7

and
1 (2lg)*

2q(1+qQlpn) — 49*(1+qn)*
Proof. 1f f € Ks(n,;8(z;9)), then, according to Definition 2.1, there exist analytic functions 7; and
T, such that

las| <

1 z
61(2):L1():1+a)1z+w222+---, z €N,
1—T1(Z)
and
1+7
62(4:):A:1+11C+12g2+---, c €EA.
1-12(¢c)

Thus, 51,62 eP.
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From these representations, it follows that

61(2)—1
= A
u@ =5 o €N
and
62(@)—1
= —" € A.
e =571 ¢

Now, combining these relations with (2.1) and (2.2), we obtain

wmn+8#%m»

Di(z;9) = (1- = N(61(2);9),
and
cogx(c)  Ia(cgx(c))
Dr(c;q) = (1- + = N(02(¢);9).
2(c;q) = (1-1) N ERRT R (62(c);9)
3
LN p6i(z)-1) 3 (2lg)(61(2)-1)
R(11(2):9) = T aasm) \/1 + (1+351? )+]qiz1—51(z))) (3.1)
=14 82y ;4 40 (wz—Mwl)z +- (zeA),
and
3
N e Q) (62(0)-1)
N(t2(c);q) = 1+352q +2q 1= oz \/ 1+3an +2q 1-02(c ))) (3.2)
=148, 20 ( ) (ceA).
Since
z do(z0,f(z
(1-n) afq{z() L4 q(aq;{z() ) _ q(1 +qn)azz + qQ2lq) (1 + q(2lg)n)as — q(l + n((2lg)* - 1))a§z2 SRR
(3.3)
and
(<o
(1-m 28 4 q(ﬁq;é(f)) = —g(1+ qn)asz + (292} (1 + alg)) = (1 + (@22 - 1) 3
—q2I(1 + q<2lq>n)a3)22 b
(3.4)

By comparing (3.1) and (3.3), yields

q(1+gqn)axz+
9(2g)(1+ q¢2g)n)as — g (1+ n(2g)? - 1)) a3z + - (3.5)
_1+1ﬂa)z+1zq(a)z (3q) )z—|—

In addition, comparing (3.2) and (3.4), yields

~g(1+ qnaac + (20Ig) (1 + lgyn) — g 1+ 0@l - 1)) 3

(3.6)
—q<2lf/>(1+q<2lq>n)a3)c;2+-- =1+ 42, g+<{'ﬁ>( Gy )g2+...,
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By equating the corresponding coefficients in equations (3.5) and (3.6), and using the series

expansions of 61 and 0, we obtain the following relations.

2
qg(14qn)az = <4ﬂ w1, (3.7)
2
-q(14qn)ax = % n, (3.8)
2 3—
9(2lg>(1 + q¢2lq)n) as — q(1+ n((2g)* ~ 1)) a3 = % ( 2 Tq aﬁ) (3.9)

and

(202191 + g¢2lg)n) — 9 (1 + n((2g)* — 1)) a2 — 427> (1 + g¢2lg)n)as = ZL (12 - @zi) (3.10)
It follows directly from (3.7) and (3.8) that

W =-1, @ =1 (3.11)

2 20 Q?( 2 2 2, 2 _ 320+’ o
2¢° (1+qn)°a5 = ¢ (a)l + 11) = wjtn="gmm i (3.12)
By adding equations (3.9) and (3.10), and performing straightforward simplifications, we obtain

the following

(5 (- an =) = G2 | @+ + B2 (o )|

Substituting the value of (a)% + z%) from (3.12) into the relation, we obtain
_ (21g)* (w2 +12)
84 [<2Iﬂ/>(q +(1- - q))n) —q(83-q)(1+ vm)z]

Applying (1.4) to the coefficients w, and 1, , we obtain
2lg)

\/24 ‘<2Iq>(q +(1- - q))n) -q(3—-q) (1+ qn)z‘

I (3.13)

|az| <

4

2

. . 2 .
By subtracting (3.10) from (3.9), and using w] =1

, we get

2lg)
2q¢2lg)(1 + q(2lg)n) (a3 - a%) = Tq (w2 —12). (3.14)
Then, in view of (3.12), (3.14) becomes
2 2
sm (24 2) 4
324> (1 +4n)

Thus applying (1.4), we conclude that

lg
89¢2lq)(1 + g¢2lg)n)

(w2 —12)

1 (2lg)*

las| < 2
2q(L+4Q2pn) 42 (1+4qn)
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Theorem 3.2. Let u € R and let f be given by (1.1), belonging to class Ks(n,q;NR(z;q)). Then the

Fekete—Szeg0 functional satisfies the estimate

(2lg) 11—l < @)(q + (1= q)n - (1-q)12g)) =43~ ) (1 +q1)?
| ) 49¢2lg) (1 + q(2q)m)’ M= (21g)*(1 + g(2lq)n) '
az — uay| <
T aw Y 11— s [ A0 (=0 (- i) ~g(3 —a)(1 + oy
g 17\l H= Qlg)2(1 + q¢2lg)n) ’
where
(1-p)<2g)

W= @(a+ (1= q)n— (1 -q)n@g) - g3 - ) (1 +qn)*

Proof. If f € Ks(n,4;N(z;q)) is represented in the form (1.1), then from (3.13) and (3.14) we deduce
that
(1 - p) (219)* (w2 +12)

8q [<2|61>(6/ +(1-g)n-(1- q)n<2lc/>) —q(3-g)(1+ qn)z]

2
az — pa, =

(1+g)(w2—12)
8q¢2lq) (1 + g¢2lq)n)

S ) Y e )|

where

(1-p)C2lg) '
[@l) (94 (1= <2g>(1 = q))n) - q(3 = 9) (1 +41)?]

Then we conclude that
(2lp)) 1
wanaary I S Gpnamn
|a3 —Uu a%l <

21y () L

, Y1) 2 aeiemmy

This completes the proof of Theorem 3.2. m]

Theorems 3.1 and 3.2 yield the following corollary, which is typically associated with Exam-
ple2.1,22and 2.3.

Corollary 3.1. Let f € X of the form (1.1) be included in the class Ky (0,4;N(z;q)). Then

2 1 2|g)?
laa| < 2l , las| < —+< 7

-2 4427
2q |9¢2lg) - q(3 - q)| O

and
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1 29(2—9)|
45/<2|‘1>’ |1 ‘Ll| <2J3 7
R
(2-
<2|l]> 'y , |1 Hl < | <2J3‘1)|,
where
(1 - u)¢2q)
Y(u) = ——.
W= Bgt-g)
Corollary 3.2. Let f € X of the form (1.1) be included in the class Ky (1,q;N(z;q)). Then
g 1 1
ol < ! ;s

57
\/zq ’<2lv/>(v/ +(1-@Ip1- q))) —q(3-q)(1+ q)z‘ 29(1 + q(2lq))

and
(lp) 11—l < |1—<2|q>(1—q)—q(3—q)|
| | 4902l (1+q¢2lq))” = Qpy(1+4<2lg))
az — uay| <
<2lq> 1-(2l9)(1-9)—q(3—=4)
Y ()], 11— pl < | EI(EReIY |
where
(1-u)
Y(u) =

(+(1-@p(1-9))-9G-9) (1+q)

Corollary 3.3. Consider f defined as in equation (1.1), which belongs to class Xgc (N(z;q)). Then, we can
state the following

2
2// |1 Hlsg

lao| < L las] < 7 and|a u|<
2| £ ——=, 43| = 5 3=
2\/§ 48 tuZ )

4. CONCLUSION

In this paper, we studied a new subclass of bi-univalent functions on the unit disk A, intro-
duced in Definition 2.1. This subclass, denoted by Ks (1, 4;8(z;9)), was examined in terms of its
analytic and geometric behavior. We obtained sharp bounds for the first two Taylor-Maclaurin
coefficients, |a;| and |a3|, and also derived estimates for the Fekete-Szegd functional. These re-
sults highlight important structural features of the class and contribute to the ongoing study of
coefficient inequalities in geometric function theory.

The work presented here also points to several natural directions for further research. One
promising avenue is to study sharp bounds related to the Zalcman conjecture in the setting of
bi-univalent functions. Another is to investigate Hankel determinants for subclasses such as bi-
convex and bi-close-to-convex functions, which may shed more light on the interplay between

coefficient problems and geometric properties. It would also be interesting to extend the current
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approach to other g-analogue operators, connecting g-calculus with the modern theory of bi-
univalent functions. Finally, potential applications of these results could be explored in related
areas such as approximation theory and special functions.

In summary, this study adds new results for the class Ks (1, q; X(z; q) ), while also opening several
pathways for future exploration. We believe that pursuing these directions will not only deepen the

understanding of bi-univalent functions but also enrich geometric function theory more broadly.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.
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