Int. J. Anal. Appl. (2026), 24:106

International Journal of Analysis and Applications

Some Results on Modular Coloring Problems of Some Graph Operations

S. Mahalakshmi, G. Rajasekaran®

Department of Mathematics, School of Advanced Sciences, Vellore Institute of Technology, Vellore-632
014, Tamil Nadu, India

*Corresponding author: rajasekaran.ganapathy@vit.ac.in

Abstract. Letk > 2be an integer. A modular kcoloring of a graph G is defined as a mapping from V(G) to the set Z such
that adjacent vertices may receive the same color and their color sums are distinct under modulo k. The least integer k
that admits a valid modular coloring is referred to the modular chromatic number of G, represented by xc(G). In this
study, our focus is on the modular chromatic number for certain graph classes, particularly type-1 and type-2 trees and
some operations of graphs and those are: cartesian product, rooted product and join graphs. Also, we provide a graph
G satisfying xmc(G) = x(G) + 1.

1. INTRODUCTION

In this paper, we consider only connected simple graphs G without isolated vertices. Notations
and terminology used throughout this work are adopted from [1]. The open neighborhood of a vertex
u € G is the set of all vertices adjacent to u and it is represented by Ng(u) or N(u). A [1] Clique
is a maximal complete subgraph of graph G. Modular coloring is motivated by the checkerboard
problem and it was first formulated by Okamoto, Salehi, and Zhang [4].

Let graph G be a simple connected graph. The vertex coloring is a function g : V(G) — Zj
(k = 2) defined as follows, g(u) = g(w) and qb;(u) = ) g(w) (modk), forallu e V(G). The

weN(u

function g is said to be modular kcoloring of G whenever ¢ (w) # ¢3 (1), ¥ uw € E(G). The least
integer k > 2 for which a modular kcoloring of G exists refers to the ( [4]) modular chromatic number
of G(xmc(G)). Also, they proved that:
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Theorem 1.1. [4] If G is simple connected graph. Then it holds that: x(G) < xme(G) < A(G)(A(G) +
1)X(©)=2 11, where x(G) represent chromatic number and A(G) represent maximum degree of G, respec-

tively.

Okamoto, Salehi, and Zhang conjectured [4] that in an m X n checkerboard, coins are assigned to
specific squares (ensuring no more than one coin per square) can satisfy: squares of the same color
have neighbors with coin counts of equal parity, and squares of different colors have neighbors
with coin counts of opposite parity.

Let G and H be simple connected graph. The cartesian product GOH, as defined in [1], is the graph
formed from G and H graphs with V(GOH) = V(G) x V(H). The adjacent vertices (11, w1 ) (12, w2) €
GOH & eitherw; = wy, ujuy € E(G) or uy = up, wywy € E(H).

A nontrivial tree T is termed as type-1 precisely when xuc(T) = 2 and as type-2 when x,(T) = 3
( [6]). In particular, Okamoto et. al.( [6]) demonstrates that x,,.(T) = 2 for any tree T with a
diameter of atmost 6 and xu,.(T) = 3 for specific caterpillars T with large diameters(> 7). Also
they gave the following problem.

Problem 1.1. [6] Is there any characterization for type 1 (or type 2) trees?

Towards the above problem, we have given some trees T with xuc(T) = 2 and xpc(T) = 3.
Hence a question naturally arises that: 2 < x,,c(T10T2) < 3 for any two trees T7 and T,. Okamoto
et.al., in [4], proved that the grid graph P,,0P, admits a modular 2-coloring, follows this results,
we provide xuc(P,0S,) = 2 in section 4.

Paramaguru and Sampathkumar investigated modular colorings of cartesian product graphs,
in [7, 8], except some special numeric value of m and #n, xyc(CnOP,) = x(CnOP,) in [7]; and
Xme(CuBCy) = x(CuOCy) in [8].

Subsequently, Rajarajachozhan and Sampathkumar, in [10], computed that: xu.(K,0OG) =
max{m, x(G)}, where G € {P,,C,, Ky} and m,n > 4; except, xmc(KnOPy,), when m = 0(mod4)
and n =2 (mod 6) or m =1 (mod 2).

Moreover, Mahalakshmi and Rajasekaran, in [12], showed that: x,.(GOH) = max{x(G), x(H)},
here G € {P;,, Cy, Ky} with H is regular bipartite graph. They also provided a partial solution to
Problem 5.1 that was posed in [10].

A connected graph G is called unicyclic [1] iff it contains exactly one cycle.

A Graph G is rooted graph [3] means a single vertex is specifically designed as the root, thereby
distinguishing it from all other vertices. Let H be a labelled graph with n vertices and Gy, G, ..., G,
represents n isomorphic copies of a rooted graph of G. The rooted product [3] of H with G, repre-
sented as H o G, is the graph formed by merging the root vertex of each graph G, to the rvertex
of H, foreachr = {1,2,...,n}.

Given any n € Z" and a subset Q € {1,2,...,15]}, a circulant graph C,(Q) [1] with
V(Cu(Q)) = Z, = {vo,v1,...,0,-1} and an edge UrUpts(modn) € E(Cy(Q)) for each s € Q and

r€{0,1,...,n — 1} subscript taken addition modulo n. If n is even and the lengths 1,3,...,[ 7] are
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odd, then Cy(1,3,...,[5]) = Ky n. IfQ = {1, 2,..., [%J}, then C,(Q) = K,. Okamoto et al., in [4],
proved that: X (K,;) = n and )(mc(K%,%) =2.

Let G V H denote a join graph G and H [1], specified as the super-graph of G + H in which each
vertex in G is adjacent to all vertices in H. Clearly, in [4], xu.(GV H) > x(G) + x(H). Paramaguru
and Sampathkumar [9] established that x,,.(GV H) = x(G) + x(H) for certain graphs G and H.
Furthermore, they given that xuc(Cam+2 V Cani2) = X(Camia V Cans2) + 1.

Mahalakshmi and Rajasekaran, in [12], provided the partial solution for Problems 1 and 2 posed
in [9]. Also they proved that: Xmc(Com+1 V H) = X(Com+1 + H), where either H € {Ky, Cog41k,,} OF

H is bipartite graph. To prove our results, we utilize the following theorems:

Theorem 1.2. [4]

2 ifm=0(mod4),
ch(cm) =
3 otherwise.

Proposition 1.1. [4] For m > 3, Xme(Wn) = x(Wp).

In this article, we focus on finding the modular chromatic number for type-1 and type-2 trees,
as well as specific operations such as the rooted product, cartesian product and join of graphs. For
each class, some examples are provided and in it the notation a(b) is consistently used throughout,

where in a denotes the color assigned to a vertex and b denotes its corresponding color sum.

2. TrREEs

In this section, we find some class of trees which are type-1 and type-2.

2.1. Type-1. Let P, := x1x3...x, denote a path on n vertices. A triangular tree T,(introduced
in [11]) is formed by associating each vertex x, of P, with the designated leaves ( either only one
pendent vertex or vertex of degree one) of a corresponding path P, of order r. In this construction,
the path P, is base of the triangular tree T,.

We next construct a generalized triangular tree T as follows: Let T}, T2, ..., T" be nrisomorphic
copies of T, and let V(T%) = (x* : 1 <r <n,1<k<rand1<s < m}be a vertex set of TZZ. The
generalized triangular tree T} is obtained by identify all first vertices xi’s of each copy T5(1 < s < n)
into a single vertex v(say, rooted vertex). Hence the vertex set of T} is V(T})') = {v} U (s 2<r<
n,1<k<r 1<s<m}

Theorem 2.1. For m,n > 2, Xpc(TH') = 2.

Proof. Clearlyby 1.1, we have xmc(T}') > x(Ti') = 2. Hence xmc(T})') > 2. Define g : V(T}}) — Z;
as follows: fors € {1,2,...,m},
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Fiure 1. Ynuc(T3) = 2.

1 if (r,k) = (0 (mod 2),2(mod 4));
g(xf'j) = and (r,k) = (1 (mod 2),3(mod 4));
0 otherwise.
It clearly shows that adjacent vertices have different color sum (for illustrate, see Fig. 1). Hence

Xme(TH) = 2. O

Letn € Z* and t > 0 be an integer. The graph T (n, t) represents a complete n-ary tree [2] of length
t such that each internal vertex has exactly n children and all leaf vertices are located at distance ¢
from the root. If t = 0, T(n,0) has only one vertex (i.e., root vertex of T(n, t)), say, vg. Alsoif t =1,
T(n,1) = Ky,.

Theorem 2.2. Fort,n > 2, xuc(T(n,t)) = 2.

Proof. Let ¢ > 0be levels of the tree T(n, t). Clearly, by 1.1, we have xuc(T(n,t)) > 2.
For n is even, the table shows the colorings and color sums of T(n, t).

Level @0 @1 2 ®3 1 95 P 7 P8 P9 P10 P11 P12 P13 P14 --- Pr1 Pt

Color 1.0 1.0 1.0 1 0 1 0 1 0 1 0 1 ... 1 0
ColorSum 0 17 0 1 o 1 0 1 0 1 0 1 O 1 0 ... 0 1

For n is even, the table shows the colorings and color sums of T(n, t).

t =1(mod4)
Level Po P1 P2 P3 P4 P5 Pe P7 P8 P9 P10 P11 P12 P13 P14 --- Pr-1 Pt
Color 1. 0 0 01 O 0017 0 06 0 1 0 O ... 0 1

ColorSyum 0 17 0 1 o 1 0 1 0 1 0o 1 O 1 O ... 1 O
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t # 1(mod 4)

Level oo @1 @2 ®3 1 5 P P7 Ps P9 P10 P11 P12 P13 P14 --- P-1 Pt

Color O 01 0 00 1.00 0 1 0 o0 o0 1 .. 0 1
ColorSum 0 17 0 1 0 1 0 1 0 1 0o 1 O 1 0 ... 1 O

It clearly shows that adjacent vertices have different color sum and x.(T(n,t)) < 2. Hence
Xme(T(n,t)) =2. m

Let Ty = T(m,s) and To = T(n,t) be the complete mrary and rary trees of length s and ¢
respectively and root vertices 1y and vg. Then the tree 7 is constructed by a line joining between
the root vertices 1y and vy of T; and Ty, respectively. Hence V(7)) = V(T;) U V(T2) and E(7") =
E(T1) UE(T>) U {ugvo}. Hence we have the following result.

Theorem 2.3. xc(7T) = 2.

Proof. Clearly, by 1.1, we have xc(7) = x(7) = 2. Hence xuc(7") = 2.
Let m and n be even, and let y, u > 0 be the levels of 7. Then, for s,t > 0, the tables shows the
colorings and color sums of 7.

Level yo y1 Y2 73 Va V5 V6 --- Vs-1 Vs Level po w1 po p3 pa ps He --- Hi-1 Mt
Color 1 0 1 0 1 0 1 ... 0 1 Color 0 1 0 1 0 1 0 ... 1 0
ColorSum 0 1 0 1 0 1 0 ... 1 0 ColorSum 1 0 1 0 1 0 1 ... 0 1

Let mbe even(odd) and n be odd (even), for s > 0, t = 2(mod4) and the tables shows the
colorings and color sums of 7.

Level Y0 y1 72 Y3 Y4 75 V6 --- Vs-1 Vs Level po w1 p2 ps {4 ps le - i1 [
Color 0 1 0 1 0 1 0 ... 0 1 Color 1T 0 0 0 1 0 0 ... 1 o0
ColorSum 1 0 1 0 1 0 1 ... 1 0 ColorSum 0 1 0 1 0 1 O ... 0 1

For s > 0 and t # 2(mod 4), the tables shows the colorings and color sums of 7.

Level Y0 y1 72 Y3 Va4 75 V6 --- Vs-1 Vs Level po p1 p2 ps Ha pUs le - Hi1 [
Color 1 0 1 0 1 0 1 ... 0 1 Color O 1 0 1 0 1 0 ... 1 0
ColorSum 0 1 0 1 O 1 O ... 1 0 ColorSum 1 0 1 0 1 O 1 ... 0 1

Let m and n be odd, for s # 0(mod 4),t # 3 (mod 4) and the tables shows the colorings and color
sums of 7.

Level yo y1 Y2 V3 Y4 V5 V6 --- Vs-1 Vs Level o pn p2 ps Ha fis He --- He-1 it

Color 1 0 0 0 1 0 O ... 0 1 Color 0 0 0 1 0 0 O ... 0 1
ColorSum 0 1 0 1 0 1 O ... 1 0 ColorSum 1 0 1 0 1 O 1 ... 1 0
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For s = 0(mod 4), t = 3(mod 4) and the tables shows the colorings and color sums of 7.

Level Y0 y1 72 V3 Va4 75 V6 --- Vs-1 Vs Level po p1 p2 ps {4 ps le - Hi1 [
Color 0 1 0 0 0 1 0 ... 0 1 Color 0 0 1 0 0 0 1 ... 1 o0
ColorSum 1 0 1 0 1 0 1 ... 1 0 ColorSum 0 1 0 1 0 1 O ... 0 1

It clearly shows that adjacent vertices have different color sum and x,c(7") < 2. Hence xuc(7) =
2. |

2.2. Type-2. Consider a tree T* as shown in Fig. 2. We prove that xuc(T*) = 3. Assume xpc(T*) < 2.

FIGURE 2. Yy (T*) = 3.

Thus, a modular 2coloring g exists for T*. By symmetry, the color sum of the vertices of T* are as
depicted in Fig. 2. ¢(y9) = g(y7) = 1 and hence ¢ (ys) = 0 in Zy, this yields a contradiction to
the condition ¢ (ys) = 1. Hence xc(T") = 3.

From the above observation, we have: Let T be any nontrivial tree that contains an induced subtree

T* (as shown in Figure. 2). Then, x,c(T) = 3.

3. CartEsIaAN Probpuct GrRAPHS

In this section, we compute the modular coloring of cartesian product graphs that are:
P,,0S,,5,0S, and K,OG, where V(K,) = {uj,up,...,u,}. A complete bipartite graph of form
Ky is a star [1]. Le., Sy, = Ky, with V(Sy,) = {vo,v1,02,...,0mland E(Sy,) = {vovy : 1 < t < m}.
Observation 3.1. Let 5;; and S, denote star graphs with m and n vertices, respectively. Consider
the Cartesian product S, 0 S, and it contains only vertices of even degree. Assign the color 1 to a
single vertex (the vertex at positionvgg) and 0 elsewhere. With this assignment, the color sum of
the vertices of vy (t € {0,1,2,3,...,n}) and vs0(s € {0,1,2,3,...,m}) is 1, except the vertex vgp, while

all other vertices have the color sum zero. Therefore, (S, O0S;) = 2.
Theorem 3.1. For n,m > 2, xc(P,0S,) = 2.

Proof. Let V(P,0S,) = {vs : 1 < s <m0 <t < n}. Clearlyby 1.1, we have xuc(P,0Sy)
X(PnOS,) = 2. Hence xmc(PnOS,) = 2. Next to prove that xuc(P,O0S,) < 2.Define ¢ : V(P,,0S,) —
Z, as follows:

Let m = 2. Then, g(vy) = 1if s = 1, = 0 and 0 otherwise.

Let m > 3. The evidence is then based on the cases listed below.

Case 1. nis odd.

For m =0 (mod 3), g(vs) = 1if s =2(mod 6),t =0and s = 5(mod6),t # 0;

\%
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FiGURE 3. Xy (P50S5) = 2.

for m # 0(mod3), g(vs) = 1if s = 1(mod 6),t = 0 and s = 4(mod 6),t # 0, and the remaining
vertices are assigned color 0.

Case 2. n is even.

For m = 1,2 (mod 8), g(vs) = 1if s = 1(mod4),t = 0and s = 4,6 (mod 8),t # 0; for m =
0,5 (mod 8), g(vst) = 1if s = 3(mod4),t =0and s = 2,4 (mod 8),t # 0; form = 3,4,6,7 (mod
8), g(vs) = 1if s = 2(mod4),t = 0and s = 1,3 (mod 8),t # 0 and the remaining vertices are
assigned color 0. It clearly shows that adjacent vertices have different color sum (For example, see
Fig. 3). It follows that X (Pn0S,) < 2. Hence Xy (Pr0Sy) = 2. O

Theorem 3.2. If G is 2kreqular graph with x(G) = 3. Then,
(i) Form > 4 withm # 0 (mod 3), xmc(K»OG) = m.
(ii) For m = 0 (mod 3), xmc(KynOG) < m + 1.

Proof of (i). Since G is 2kregular graph and 3-chromatic, then 3 a proper vertex coloring f on
G and the color classes, say Vo, V1, V> corresponding to the colors 0,1,2 respectively. Therefore
V(Ku0G) = {(uy,v) : 0 <r<m-1,0v € V,c = 0,1,2}. Clearly, by 1.1, we have xu(K,0OG) >
X(KnOG) = max{x(Ky), x(G)} = max{m,3} = m. Hence xc(K,OG) > m. Define g : V(K,,0G) —
Z,, as follows: g((u,v)) = (t+c)(modm) for0<r<m-1,veV,c=0,1,2.
Then, the color sum corresponding to each vertex (u;, v) € Vy are:
m(m—1

Og ((ur,v)) = (% +k(t+1)+k(t+2) - t) (mod m).

Then the sequence of the color sums are:
o7 ((m,0)) = {(% L H2k-1) + 3k) (mod m) if m = 0(mod z)},
U {(t(2k—1) + 3k) (mod m) if m = 1(mod 2)}.

The color sum of the vertices (u,v) € V7 are:

Pg ((ur,0)) = (@ +kt+k(t4+2)-(t+ 1)) (mod m).
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Then the sequence of the color sums are:
o ((u,0)) = {(% 4t 1)(2k - 1)) (mod m) if m = 0 (mod 2)}
U{(t+1)(2k—1) (mod m) if m = 1(mod 2)}.

The color sum of the vertices (u,v) € V; are:
Pg ((u,0)) = (@ +k(t+1) +kt—(t+ 2)) (mod m).
Then the sequence of the color sums are:
Pg ((u,0)) = {(% +t(2k—-1) +k—2) (modm) if m = O(modZ)}
U{(t(2k—1) + k—2)(mod m) if m = 1(mod 2)}.

0(1) 1(3) 2(0) 0(1) 1(3) 20
1(4) 2(1) 3(3) 1(4) 2(1) 3(3)
Il
=
2(2) 3(4) 4(1) 2(2) 3(4) 4(1)
3(0) 4(2) 0(4) 3(0) 42) 0(4)
T4(3) 0(0) 1(2) 4(3) 0(0) 2

FIGURE 4. xyc(K50C6(1,2)) = 5.

It clearly shows that adjacent vertices have different color sum (For example, see Fig. 4). It follows
that x(K,OG) < m. Hence xc(K,,OG) = m.
Proof of (ii). Define g : V(K,,0G) — Z,+1 as follows: g((u,v)) = (t+¢)(mod(m + 1)) for
0<t<m-1,veV,c=0,1,2.
Then, the color sum corresponding to each vertex (u;, v) € Vj are:
m(m—1

Pg ((u,0)) = (% +k(t+1) +k(t+2) - t) (mod(m+1)).

Then the sequence of the color sums are:

(bg((ut, v)) ={(#(2k—1) + 3k +1)(mod(m + 1)) for m =0 (mod 2)}

{(m_+3 +t(2k-1) —|—3k) (mod (m+1)) form=1 (mod2)}.
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The color sum of the vertices (u,v) € V7 are:

oy ((ur,0)) = (@ +kt+k(t+2)—(t+ 1)) (mod(m +1)).

Then the sequence of the color sums are:
¢g ((ur,0)) = {((t+1)(2k = 1)) (mod(m + 1)) if m = 0(mod 2)}
U {(’”T“ + (44 1)(2k=1) (mod(m +1)) if m = 1(mod 2)}.
The color sum corresponding to each vertex (u;, v) € V; are:
oy ((11,0)) = (m + w +k(t+1) +kt—(t+ 2)) (mod(m +1)).
Then the sequence of the color sums are:

Pg ((ur,0)) = {(t(2k = 1) +k=2) (mod(m + 1)) if m = 0(mod 2)}

U {(3’”2+ o H2k=1) 4 k- z) (mod(m + 1)) if m = 1(modz)} .
It clearly shows that adjacent vertices have different color sum. Hence xy,c(K,OG) < m + 1. m]

Corollary 3.1. Let G = Cy(ay,4a, . .. f”L%J) be a 2kreqular with x(G) = 3. Then,
(i)For m # 0 (mod 3), m > n, Xmc(KynDG) = m.
(ii)For m = 0 (mod 3), m > n, xuc(Ky0G) <m+ 1.

Corollary 3.2. If G is 2kregular bipartite graph, x(GOC,) = 3, then,
(i) Form # 0 (mod 3),n > 3 is odd, xc(K,,0GOC,) = m.
(ii) For m =0 (mod 3),n > 3 is 0dd, xmc(K,OGOC,) <m+ 1.

Theorem 3.3. Let G = Cy(a,b) be a 4regular circulant graph with order n # 0 (mod 3) and x(G) = 4.
(i) Form > 4 with m £ 0 (mod 3), xmc(KyOG) = m.
(iii) For m = 0 (mod 3) and m # 3, xmc(KuOG) < m + 1.

Proof of (i). Since G is 4regular graph and 4chromatic, then there is a coloring f on G with
the color classes, say Vy, V1, V2, V3 corresponding to the color 0,1,2,3 respectively. Therefore
V(KnOG) = {(u,v) : 0 <r<m-1,0€ V.,c =0,1,2,3}. Clearly, by 1.1, we have x(K,0G) >
X(Kn0OG) = max{m,4} = m. Hence xm(K,OG) > m. Define g : V(K,,0G) — Z,, as follows: for
0<t<m-1,¢((u,v)) = (t+c¢) (modm)ifveV,c=0,1,2,3.

Then, the color sum corresponding to each vertex (u;, v) € Vy are:

Pg ((u,0)) = (@ +2(t+1) 4+ (t+2) + (t+3) —t) (mod m).

Then the sequence of the color sums are:

oy ((u,0)) = {(% + 3t + 7) (mod m) if m = O(modZ)}

U{(3t+7)(modm) if m = 1(mod 2)}.
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The color sum of the vertices (u,v) € V7 are:
N m(m—1)
Pg ((ur,0)) = — +2t+ (t4+2) 4+ (t+3) - (t+1)| (mod m).
Then the sequence of the color sums are:

Pg ((ur,0)) = {(% + 3t +4) (modm) if m = O(modZ)}

U{(3t+4)(modm) if m = 1(mod 2)}.

The color sum of the vertices (u;, v) € V; are:

dg ((ur,0)) = (M +t4+(t+1)+2(t+3) - (t—|—2)) (mod m).

Then the sequence of the color sums are:
dg ((ur,0)) = {(% +3t+ 5) (mod m) if m = 0(mod 2)}
U{(3t+5)(modm) if m = 1(mod 2)}.

The color sum of the vertices (u,v) € V3 are:

¢F ((ur,0)) = (@ FE(EH1)+2(E+2) - (t+ 3)) (mod m).

Then the sequence of the color sums are:

QD;((LH,U)) = {(% +3t+2) (modm) ifm = O(modZ)}

U{(3t+2)(modm) if m = 1(mod 2)}.

It clearly shows that adjacent vertices have different color sum. It follows that x..(K,0G) < m.
Hence xy(KnOG) = m.
Proof of (ii). Define g : V(K,0OG) — Z,1 as follows: g((uy,v)) = (t+ c¢)(mod(m + 1))if

veV,c=1,273,4. Then, the color sum corresponding to each vertex (u;, v) € Vj are:

o7 ((1r,0)) = (M F(E3) 4 (F+4) +2(t+2) - (t+ 1)) (mod (m +1)).

Then the sequence of the color sums are:
¢y ((ur,0)) = {(3t +10) (mod (m + 1)) if m = 0(mod 2)}
U {(’”T“ 13t 10) (mod (m + 1)) if m = 1(modz)}.

The color sum of the vertices (u,v) € V7 are:

Pg ((ur,0)) = (@ +m+2(t+1)+ (t+4)+ (t+3) - (t+2)) (mod(m +1)).
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Then the sequence of the color sums are:

qbg{((ut,v)) ={(3t+7) (mod(m+ 1)) if m = 0(mod 2)}

U {(3m2+ ! + 3t + 7) (mod(m+1))ifm = 1(mod2)}.

The color sum corresponding to each vertex (u;, v) € V; are:

og ((u,0)) = (@ +2m+2(t+4)+ (t+1) + (t+2) - (t+3)) (mod (m +1)).

Then the sequence of the color sums are:

qf);,“((ut,v)) = {(3t + 8) (mod(m + 1)) if m = 0(mod 2)}

U {(5m2+ L + 3t + 8) (mod(m+1))ifm = 1(mod2)}.

The color sum corresponding to each vertex (u;, v) € V3 are:

Pg ((u,0)) = (@ +3m+2(t+1) +2(t+2) - (t+3)) (mod (m+1)).

Then the sequence of the color sums are:

(pg{((ut,v)) = {(3t+5) (mod (m+1)) if m = 0(mod 2)}

U {(7m2+ ! +3t+5)) (mod (m+1))ifm = 1(mod2)}.

Therefore it clearly shows that adjacent vertices have different color sum. Hence xuc(K,,0OG) <
m+ 1. O

4. RooteEp ProDpUCT GRAPHS

In this section, we provide xmuc(H o G), where H o G are: cycle with path, cycle with cycle, cycle
with complete and complete with complete graphs.
Observation 4.1. Let ¢ be a simple connected graph of order m and it contains an induced odd
cycle. Then, xm:(¥4) > 3.
Observation 4.2. Let T be any tree with x,c(T) = 2. Form a unicylic graph ¢ by merging one

vertex of T with a vertex of the cycle C,. Then,

2 if miseven,
ch(g) =
3 otherwise.
Observation 4.3. Let T, be a triangular tree (as defined in the previous section) with x;,c(T,) = 2.
Then 3 a modular 2-coloring g of T, such that g(x) = g(y) = 0, for a pair of non adjacent vertices
x,y € Ty, and either ¢pg (x) = 1 or ¢pg (y) = 1. Let 4 be an unicyclic graph formed by joining an

edge between two vertices x and y in the tree T,,. Then, xu.(¥) = 2.
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m m
LetP,UP,U---UP, (ie., J P,)bethe union of m mutually disjoin copies of P, with V(J P,) =
s=1 s=1

m times
{x; : 1 <s<m,1<t<n} Then, constructa C;, o P, by joining the vertices as follows x%x%xf ... x’lnx%.

Lemma 4.1. For m > 2,n > 3 with (m,n) # (2(mod 4),1(mod4)), Xmc(Cp © Py) is 2 or 3.

Proof. Case 1. m is even.

Clearlyby 1.1, we have xyuc(CpoPy) = x(CpoP,) = 2. Hence Xpc(Cy o Py) = 2. Define g :
V(Cyy 0 Py) — Z; as follows:

Letn=2,3 (mod4),

1 if (s,t) = (1 (mod 2),1(mod 4));
g(x}) = and (s,t) = (0 (mod 2),2 (mod 4));

0 otherwise.

FIGURE 5. xyc(Cg 0 P3) = 2.

Letn = 0(mod 4),
1 ifs=1(mod2),t=3(mod4);
g(xp) = and s =0 (mod 2),t = 2(mod 4);

0 otherwise.
Let m = 0(mod4) and n = 1(mod4),
1 ifs=1(mod2),t=1(mod4);

8(x) = and s = 0(mod2), f = 0(mod 4);

0 otherwise.
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The color sum of the vertices of the above cases are: ¢4 (xj) = 1~ (t (mod 2)) if s is odd;
qb(;f (x7) =t (mod 2) if s is even. It clearly shows that adjacent vertices have different color sum
(For example, see Fig. 5) and xc(Cp © Py) < 2. Hence Xue(Cp 0o Py) = 2.

Case 2. m =1 (mod 2).

Clearlyby 1.1, we have xyuc(CpoPy) = x(CpoP,) = 3. Hence xpc(Cm o Py) = 3. Define g :
V(Cp 0 Py) — Z3 as follows:

Let n = 0 (mod4), g(x}") = 2 for t = 2(mod4). The color sum of the vertices are: qb; (x") =
2(t (mod 2)). The color and corresponding color sums of the remaining vertices follows from Case
1 (n=0(mod4)).

Let n = 1(mod4),

2 ifsiseven,
0 ifs=m.

The color sum of the vertices are:

¢+( s 2 ifsiseven,
X _ =
§ 1 ifs=m.

The color and color sum of the remaining vertices are follows from n = 0(mod 4) by this case.

Let n = 2(mod4), g(x;,) = 2if s € {1,3,5,...,m}. Then, ¢pg (x,_,) = 2if s is odd and and the color
and color sum of the remaining vertices are follows from n = 0(mod 4) by this case.

Let n = 3(mod4), g(x_;) = 2 if s is odd. The color sum of the corresponding vertices are:
qbg(xi ) = 2if sis odd and t € {n —2,n}, the color and color sum of the remaining vertices are
follows from n = 0(mod 4) by this case.

It clearly, shows that adjacent vertices have different color sum and xuc(Cy 0 P,) < 3. Hence

ch(Cmopn) =3. O
Lemma 4.2. For (m,n) = (2(mod4),1(mod4)), Xmc(CpmoPy) < 3.

Proof. Define g : V(Cy 0 P,) — Z3 as follows: Assign the same colors as in Theorem 4.1 for
m = 0(mod 4) and n = 1(mod 4). The color sum of the vertices are: If s and ¢ both are even(odd),
then qb:gf (xf) = 0O; if either s is even(odd) or t is even(odd), then qbg+ (xj) = 2, and 1 otherwise. It

clearly shows that adjacent vertices have different color sum and x;c(Cp, © Py) < 3. ]

From the above Lemma 4.1 and 4.2 we have the below Theorem:

Theorem 4.1. (i). For m is even and (m,n) # (2(mod 4),1(mod4)), xme(Cp o Py) = 2.
(ii). For (m,n) = (2(mod4),1(mod 4)), Xmc(Cm o Py) < 3.
(iii). For m is odd, Xyc(Cp o Py) = 3.

The following proposition only shows that: xyc(C3 0 C3) = x(C3 0 C3) + 1.

Proposition 4.1. x;,c(C30C3) = 4.
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Proof. Let vertex set of C;; 0Cy, be V(CpoCy) = {x; : 1 < m,1 <t < n}. To prove that

H Cw IA

3
Xme(C30C3) > 4. Let U C3 be disjoint union of C3 with V( C3) = {x5 : 1 <t < 3}. Assume that

Xome( U C3) < 3. Then 3 a modular coloring g : V( U Cs) = Zsas follows g(x]) =0, g(x5) = 1and
s=1

g(x;) = 2fors € {1,2,3}. Using the above colored 3- dls]omt cycles C3, we can construct C3 o C3 by
identifying the vertices in 27 possible ways. Among that we consider some cases: suppose we join

the colored vertices as follows:

° XXX ?xl, the color sum ¢7 (x7) = ¢g (x7) = ¢g (x7) =0

® x}x7x3x], the color sum ¢ (x]) = ¢g (x3) = 1.

o x}x7x3x], the color sum ¢ (x]) = ¢7 (x;) = 2.

® XXX % , the color sum ¢7 (x]) = ¢ (x3) = 1and ¢y (x7) = ¢ (x3) =0

* x;x505%;, the color sum ¢7 (x7) = ¢g (x3) = 1and ¢7 (¥7) = ¢g (x3) = ¢g (x]) =
g (x3) =

. ;xg g i, the color sum qbg (x%) = qb;(xg) =1and qbg (x ) q,‘)g ( )

e xx3x7x], the color sum qbg (x]) = (p;(xé) = (j) (x3) = qbg (x3) =

e x;x3x3x], the color sum cj)g (x3) = (1);(955) 2and (pg (x3) = qb;( 3) =1

° XXX %, the color sum qbg (x]) = (p;(xé) =2and qbg (x3) = Pg (x ) = gb;(xi’) =
g (x3) =

Thus, in each case, some adjacent vertices receives the same color sum. Hence we get a contradic-
tion to our assumption. Similarly, we can show the contradiction to the remaining 18 cases. Hence
ch(c3 o Cg) > 4.

Next, to prove that x,c(C3 0 C3) < 4. Define g: V(C30C3) = Zy by g(x7) =0, g(x]) = g(x3) =1,
g(x3) = g(x;) = g(x3) = g(x3) = 2, and g(x3) = g(x3) = 3. Then the color sum as fol-
lows: ¢f (1) = ¢ () = 0, 67 (2) = 9§ () = 1, ¢ (1)) = ¢f (2) = ¢f(x}) = 2, and
¢; (x3) = qb; (x3) = 3. It clearly shows that adjacent vertices have different color sum and
Xme(C30C3) < 4. Hence xpc(C30C3) = 4. O

Lemma 4.3. For m > 4 and n > 4 are even, Xyc(Cy 0 Cy) is 2 or 3.

m
Proof. Let C,UC,U---UC, (i.e., U Cy) be the union of m mutually disjoin copies of C, and let
s=1

m times

m
(U Cn) =1{x]:1<s<m,1<t<n} Defineg:V(J C,) — Z as follows:
s=1
Letn = O(mod4),

S 1 ift=3(mod4),
8(xy) =
0 elsewhere.
Construct Cy, 0 Cy, from the above colored n+disjoint union of C, by line joining the vertices as:

x1x2x3x4 = 1

1X5X] X L X 1 Therefore the colors and color sum of vertices of C;, o C; are unchanged.
Thus Xmc(Cm 0 Cp) <2 and, by Theorem 1.2, xyuc(Ci 0 Cy) = 2. Hence xme(Ci 0 Cy) = 2.

Let n = 2(mod 4).
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m
Define ¢ : V(UJ C,) — Z3 as follows:
=1

s=
1 ift=1(mod4)

0 elsewhere.

FIGURE 6. Xyc(Cs0Cg) = 3.

Then,
2 ift=mn,
¢g (7)) =10 ifoddt,
1 elsewhere.
Construct Cy, o C,, from the above colored n+disjoint union of C,, by line joining the vertices as:

1,2,3,4 m—1 1

XS X5X5X xy'~xnx,. Therefore the colors and color sum of vertices of C,, o C, are unchanged.

2t3torz oAy Az Ay
Therefore xuc(Cp o Cy) < 3 and, by Theorem 1.2, xyc(Cp © Cy) > 3. It clearly shows that adjacent
vertices have different color sum (For example, see Fig. 6). Hence Xme(Cp o Cy) = 3. O

Lemma 4.4. If m,n > 3 and both are not even, then xyc(Cpm o Cy) = 3.

Proof. Clearly,by 1.1, we have xuc(Cim 0 Cy) = x(Cim o Cy) = 3. Hence, Xmc(Cp o Cy) > 3. Define
m

g : V(U Cy) — Zs as follows:
s=1

Letm =1 (mod 2) and n # 2(mod 4), g(x;,) = 2 and

1 ift=0(mod4),
0 otherwise.

Then,
1 ifn=1(mod4),

g (1) =
§ 0 ifn=0,3(mod4).
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and
t(mod2) ift#l,n-1,

2 ift=1n-1,

Construct Cy; o C,; from the above colored m+disjoint union of C,, by line joining the vertices as

g () =

follows:

Toagxg . x i

For m is even and nis odd, the sequence of vertices joined is x;x5x3x] ... X7 'x2'x1. Therefore the
colors and color sum of vertices of Cy, o C, are unchanged. Clearly, xyc(Cy o Cy) < 3 and, by
Theorem 1.2, xyc(Cp 0 Cy) > 3.

Letm =1 (mod 2) and n = 2(mod 4).

Assign the same color identically to the case described in Lemma 4.3, where in m is even and

For m is odd and n # 2(mod 4), the sequence of vertices joined is x

n = 2(mod4). Construct C,, o C, from the above colored m+disjoint union of C, by line joining

1,2 .,3 .4 1
277377230 2°

unchanged. Clearly, xuc(Cy 0 Cy) < 3 and, by Theorem 1.2, xyuc(Cp 0 Cy) > 3. In all the cases, it

the vertices as x,, x5, x3,x5,..., X}, x,. Therefore the colors and color sum of vertices of C,, o C,, are

clearly shows that adjacent vertices have different color sum. Hence xyc(Cy 0 C,) = 3. O
From the above discussion, we form the following theorem.
Theorem 4.2. Form,n > 3,

2 ifm=0(mod2),n=0(mod4),
ch(cm Ocn) =14 ifm =n=23,

3 otherwise.

Proof. The proof directly obtained from Lemmas 4.3 and 4.4 together with Proposition 4.1. m]
Theorem 4.3. For m > 3,n > 4 with (m,n) # (3,3), Xmc(CnoKy) =n+ 1.

m
Proof. LetK, UK, U---UK, (i.e., U K,)be the union of m mutually disjoin copies of K, with

s=1

m times
m

m
VIUKy) = {x§ : 1 < r < n}. Assume that xu.(UJ K,) < n. Then 3 a modular coloring
s=1 s=1

m
g : V(UKy) — Z, with g(v3) = r—1if r € {1,2,...,n}. Using the colored disjoint K,, con-
s=1
struct C,;, o K;; by identifying the vertices in n™ possible ways. Among that we consider some
cases:

e x},x3,x3,...,x",x1, the color sum q5g+ (x]) = qb;(x%) =...=

n(n—1
¢ (x7) = "5 (mod n);
® x},X3,%3,...,x",x1, the color sum gb; (x}) = qb;(x?) =...= qb; (a1 =
@(mod n);
° x%, x%, x%, e ,xT, x%, the color sum

o (x)) = 9f () =+ = of () = §f () = 5 (mod n);
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1,2 .3

® Xy, Xy, XY, . ’1”, x%, the color sum

qb;(x%) = CP;(X%) == ¢;(x§”) = @(modn).

Thus, in each above cases, adjacent vertices have same color sum, we get a contradiction to

L, X

our assumption. Similarly, the remaining possibilities also lead to a contradiction. Hence
Xmc(CnoKy) = n+1.

Next, we prove that xy(Cy 0 Ky,) < n+ 1. Define a coloring g : V(Cy, 0 K;;) = Z, 11 as follows:
Letm is even, g(x]) = 0 and

r—1 ifs=1(mod2),r#1,

8(xy) = .
T ifs=0(mod2),r# 1.
Then,
e (- 1)) (mod(n+1)) ifs=1(mod2),
g () = (”(”ZH) —(r+ 1)) (mod(n+1)) ifs=0(mod2),
(n(n2+1) - 1) (mod(n+1)) ifs=0(mod2),r =1.
Let m is odd,
Xy
3(5)
X3
2(6)
x5
5(1
4
xﬁ(z)
FIGURE 7. Xc(Cs0Kg) =7.
tifr+1,2,
g(x) =40 ifr=1,
1 ifr=2.
Then,

(@—(r—l—Z))(mod(ﬂ—i—l)) ifr#1,2
) = (15 - 2) (mod(n + 1)) ifr=1,
(#2522~ 3) (mod (1 -+ 1)) ifr=2.
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The remaining vertices of color and color sum are similar to the above Case m is even. Con-

struct C,, o K, from the above colored mtdisjoint union of K, by line joining the vertices as

x%x%xi’x‘i xﬁ”‘lx;”x%. Therefore the colors and color sum of vertices of Cy, o K, are unchanged.

It clearly shows that adjacent vertices have different color sum (For example, see Fig. 7) and
Xmc(CmoKy) <n+1.Hence xme(CpoKy) =n+1. O

Theorem 4.4. For m,n > 3, with (m,n) # (3,3), xme(Kpn o Cy) =

m
Proof. Let C,UC,U---UC, (i.e., U Cy)be the union of m mutually disjoin copies of C, and let

s=1

m times
(U Cn) = {x]: 1 <s<m,1 <t <nj. Clearlyby 1.1, we have xyc(Kiy 0 Cy) = (Ko Cy) = m
Hence Xme (K 0 Cy) = m. Define a coloring ¢ : V(K 0 C,) — Z,, as follows:
Case 1. n =0,1(mod 4).

2 ifs=1,2,3,
s—1 ifs#1,2,3.
Assign the color for the remaining vertices are: g(x7) = 1if t = 1(mod 4) and 0 otherwise.
The color sum of the corresponding vertices of K, o C,, are:
Let n = 0(mod 4),
1-(t(mod2)) ift#ln-1,
Py () =4{s-1 ifs#1,2,3,t#1,n-1,
2 ifs=1,2,3,t=1,n-1.
Let n = 1(mod4), ¢4 (x;) = 1 and the remaining color sums are similar to the above case

n = 0(mod 4). Construct K, o C,, from the above colored n+disjoint union of C,, by all possible line

joining between these vertices x1 3, 3 v xfl_l, el xﬁ_l. Which means that these vertices induces
a clique of size m. Therefore the colors and color sum of vertices of K;; o C,; are unchanged.

Let n = 2(mod 4),
0 ].fS — 1/2/31
s—2 ifs#1,2,3.

g(xj) = 1ifs # 1,2,3 and t = 2(mod 4) and assign the color for the remaining vertices are similar
to the above case n = 0,1(mod 4).
Then, the color sum of the corresponding vertices of K;;, o C,, are:

2 ifs=1,2,3and t = n,
1-(t(mod2)) ifs=1,2,3andt#mn,

Pg () =4{s-1 ifs#1,2,3andt =1,
s—2 ifs#1,2,3andt=n-1,
t (mod 2) ifs#1,2,3andt#1,n-1.
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FIGURE 8. xyc(Kg 0 Cg) = 4.

and the color sum of the remaining vertices are similar to the above case as mentioned in n =
0,1(mod 4).

Construct Ky, o C, from the above colored n+disjoint union of C,, by all possible line joining between

1 42 23 4 25 .6 -1
0r X3, X, X1, X7, X, 00 ’1”

size m. Therefore the colors and color sum of vertices of K,, o C, are unchanged.
Case 3. n = 3(mod 4).

these vertices x;, x X0 X Which means that these vertices induces a clique of

2 ifs=1,23,
8 4) =
s—1 ifs#1,2,3.

g(x;) = 1if t = 2(mod 4) and 0 otherwise.

The color sum of the corresponding vertices of K, o C,, are:

t(mod2) ift#nn-2,
Pg (7)) =4s-1 ifs+1,2,3and t £ n,n-2,
2 ifs=1,2,3and t =n,n—2.

Construct K, o C,, from the above colored ntdisjoint union of C,, by all possible line joining

122 3 4 .5 .6 -1
3 X Xy Xy Xy Xy oo, X

clique of size m. Therefore the colors and color sum of vertices of K, o C,, are unchanged.
Case4. n = 3.

between these vertices x , X7, Which means that these vertices induces a

g(x]) =s—1.
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Let m is even,

1 ifn=0(mod4),t =2,
; 2 ifn=2(mod4),t =2,
g(x}) = )
n—1 ifn=0(mod4),t=23,
n—2 ifn=2(mod4),t=23
Let m is odd,
1 n+43
1 ifs# M, 23 1 =2,
2 ifs =2 183 =,
8(xj) = L
n—1 ifse 2 3 =3

n—2 ifsg=1nfl ntd 4 _ 3

Then, QZ’; (x}) = (( ?:1 g(xf)) - g(xf)) (mod m).
It clearly shows that adjacent vertices have different color sum (For example, see Fig. 8) and
Xme(Km 0 Cy) < m. Hence xe(Ky 0 Cy) =m 5

Theorem 4.5. Forn > 4,m > 3 withm < n, Xme(Ky o Ky) =n+1.

m m
Proof. LetK, UK, U---UK, (ie., U K;) be disjoint union of m copies of K, with V(| K,,) = {x] :
s=1 s=1
m times
m
1 <t < n}. To prove that xuc(Ky 0 Ky,) = n+ 1. Assume that xc(J K,) < n. Then 3 a modular
s=1

m
coloring g : V(U Ky,) = Z, with g(v}) = t-1ift € {1,2,...,n}. From the colored disjoint copies of
s=1

K,, we can construct K, o K;, by joining the vertices in n™ possible ways. Among that, we consider
Y] g p y g

some cases:
o x1,22,3,...,x",x, the color sum ¢ (1) = ¢ (+2) = ¢ (x1) = "% (mod n);
® x3,%3,%5,...,X5, the color sum
+1

07 (1) = 07 (3) = 63 () =+ = 6 (1) = (52 + (m = 1)) (mod )

o x:}), xg,xg, ..., X}, the color sum
_ +1

07 () = 67 () =+ = oF () = 9 () = (“5 + 20m~1) (mod n);

© x;,X3,%,,...,x), the color sum ¢g(x;) = ¢;(x3) = - = oj(f) =

(@ +3(m - 1)) (modn).
Thus, in each case, adjacent vertices have different color sum and we get a contradiction to
our assumption. Similarly, we can show the contradiction to the remaining cases also. Hence
Xme(KpoKy) > n+1.
Next, to prove that xc(Ky o Ky) < n+ 1. Define a coloring g : V(Ky, 0 K;,) = Z,,+1 as follows:
((t+s-3)(modn))+1 ift#1,
ift =1.

g(xt) =
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xk Xk x2 x2
. R4(4) 368 £4(2)
3(5) ) ,
Xe X
il $53) 234 2
2(6) 5(1)
] x2 /o
1<0)x% 0(1 0(6) xé
xt X3
228 o) 7 3 ©_2 @)

. e 8
13 4(1)
ot x
4(0f 1(4)

4 3
xi(z) 5(6) x56(6) 5(0f

FIGURE 9. xyc(KsoKg) =7.

Then,

(@ —(s=1) _g(xg)) (mod(n+1)) ifs#1,

(xS =
g (x7) (@ _ (t_1))(mod(n+ 1)) ifs=1.

Construct Ky, o K, from the above colored n+disjoint union of K, by all possible line joining between

g, o3, xg, x5, 48, L, 11, X" Which means that these vertices induces a clique

of size m. Therefore, the colors and the color sum of the vertices in K, o K;; remain unchanged.

these vertices x

It clearly shows that adjacent vertices have different color sum (For example, see Fig. 9) and
Xme(Kim o Ky) <n+ 1. Hence xme(Ky o Ky) =n+1. O

5. K1 vmG
This section demonstrates the modular chromatic number of K; V mG where G is some classes
of graphs. Construct the graph, forn > 3 and m > 2, G = K; V. mC,, as follows: consider n+disjoint
copies of C, with V( U Cy) = {xrs | 1 <s <m,1 <r < n}. Then join the each vertices of m+disjoint

copies of C, to Kj. Cons1der V(K3 vmCy) = {v,x,5 | 1 <s <m,1 <r < n}. Clearlyby 1.1, we have
Xme(K1 VmCy) > x(Ky vmCy) =1+ x(Cy).

Theorem 5.1. Forn >3 and m > 2, x(G) = xmc(K1 vV mCy,)) = x(Cy) + 1.

Proof. Let n is even, the proof follows from Proposition 1.1.
Let n is odd, xmc(G) = 1+ x(Cy) = 143 = 4. Hence xuc(G) > 4. Define g : V(G) — Z4 as
follows: assign the color for the vertices x;s is same as mentioned in the Proposition 1.1 and we

assign the color vertex v that are:

k
g(v) = (mZg(xrs) + 1) (mod 4).

r=1
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X41 x
x 22 32
1) 2 %)
X3 X11 lel2 _gXa2
22 ~1(1 2
0
X4 13 \X23
1(1) X14 (1) (2)
v g0) X3 )
X34 24 2(2) X33

Ficure 10. x,c(Ky +4Cy) = 3.

Then, ¢ (v) = g(v) —1(mod 4) and fors € {1,2,...,m},

g(v)+2 ifre{l,n-1},
CP; (x15) = ¢(v) if r = 0(mod 2),
g(v)+1 ifr=1(mod2).
Implies that x,u.(G) = 1+ x(C,) = 1+ 3 = 4. Therefore xu.(G) = 4. It clearly shows that

adjacent vertices have different color sum (For example, see Fig.10) and xu:(G) < x(C,) + 1.
Hence xmc(G) = x(Cy) + 1. mi

Forn > 3 and m > 2, G = K; V mK,. Clearly, by 1.1, we have xu.(Ky VmK,) > x(K; VmK,) =
1+ n. Hence (K1 VmK,) >n+1.

Theorem 5.2. Forn >3 and m > 2, Xmc(G) = xme(K1 VmKy,) =n+1.

Proof. Let V(G) = {v,x5 |1 <7 <n,1<s < m}. Define g : V(G) = Z,+1 as follows:

2l ifm = 1(mod 2),
HOEESS

0 elsewhere.

For n is even, g(x,5) = r.
For n is odd,
r o ifr# %,

0 ifr=12H

g(xrs) =

Then, ¢4 (v) = 0; for nis even, ¢y (xy5) = (M - r) (mod (n+1)) and
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2(3 12
T A
4(1) (2) (1) 2)

41 X3 42 32
oG
X147 13123
148 (3 { 3)
2 4(1 2
4(T)rgy 34( ) ( 43 X33 )

Ficure 11. x,c(Ky +4Ky) = 5.

for n is odd,
B ('1(”2—+1)—r) (mod (n+1)) ifr# 2,

by (x1s) =
§ il if r =2
Then the sequence of the color sums are: {(n+1—r) (mod (n+ 1))} for nis even; {(% - r) (mod

(n+1))} for n is odd and r # “H; and {(”TH) (mod (n+1))} nisoddand r = “5L. 1t clearly
shows that adjacent vertices have different color sum (For example, see Fig. 11) and xc(G) < n+ 1.
Hence xmc(G) =n+ 1. m]

6. CONCLUSION

Through the detailed analysis, this study determines the modular chromatic number for several

distinct graph classes, including trees, cartesian product, rooted product and join graphs.
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