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Abstract. Let A;, B;, X; and Y; be n X n complex matrices such that X; and Y; are positive, i = 1,2, ...,n, p,q > 1 where

%—}—%:1,016[0,1} and r > 0. Then

r

n
5 ] | < o 2 o -
i=1
where
Mm)‘[ VaaX}? o NaAXy? e VaAX)?
VI—aBY]? V1-aByy)* -+ ~1-aB,Y,/?

Several new results follow as special cases of this general inequality.

1. INTRODUCTION

Let M, be the space of all n X n complex matrices. Unitarily invariant norms on IM,, are denoted
by |I.]ll, recall that these norms satisfying [[[UAV]|| = [||A]l| for all A, U,V € M, such that U and
V are unitary. For the general theory of unitarily invariant norms, we refer the reader to [8], [10]
and [14]. The singular values of A € IM,, are denoted by s1(A) > s3(A) > ... 2 5,(A) > 0. Bhatia and

Kittaneh [9] proved the arithmetic-geometric mean inequality for singular values: If A,B € M,,

then
Zsj(AB*) < s]-(A*A + B*B)
for j =1,2,...,n. The norm version of this inequality asserts that
2[|AB*||l < [IIA*A + B*BJ||.
Horn and Mathisa [12] proved thatif A,B € M,, and r > 0, then
2 . .
" <[llcaay i iz By
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which is the Cauchy-Schwarz inequality for unitarily invariant norms. Horn and Zhan [13] proved
the Holder inequality for unitarily invariant norms, this inequality asserts thatif A,B € M,,, r > 0,
p,q > 1 with ;—7 + % =1, then

e (1.4)

ey ew?

=l

Inequality (1.4) is a generalization of inequality (1.3). Audenaert [7] proved a unification of
inequalities (1.2) and (1.4),

1/q
, (1.5)

"lza-an?
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where
Z(a) =aA"A+ (1-a)B*B.
Audeh [4] proved that if A;, B;, X;, Y; € M,, such that X; and Y; are positive, i = 1,2, ..., n. Then

25]'

n
Y ax/?yy ZB;) <5 (W) (1.6)
i=1
AX) AXYP LAWY

fori=1,2,..,n, where W =
J [ BY'2 B2 . BYV?

]. Inequality (1.6) has the following
norm version

2([[} | AX}/2Y!/?B;
i=1

It has been shown by the same author that if A, B, X € IM,, are positive. Then

< IWIIR. (17)

n

2s;(M+N) <s; (H+IK'l)® (L +IK]) (1.8)

for j = 1,2,..,n, where M = AY2X1/2Y12412 N = B/2x1/2y1/2Bl/2 g = X1/2AX'/2 4

YV/2AYV2 K = X1/2AV/2B1/2X1/2 4 y1/2A1/2B1/2Y1/2 and L = X1/2BXY/2 + Y'/2BY'/2, In partic-
ular, letting Y = X, we have

sj(AY/2XAY2 4+ BY2XBY?) <5 (P +1Q7)) ® (R +1Ql)

for j = 1,2,...,n, where P = X'/2AX'/2, Q = X'/2A1/2B1/2X1/2 and R = X'/2BX'/2. Moreover,

this author substantiated that if A, B, X1, X2, Y1, Y2 € M,, such that X, X, Y1, Y» are positive. Then

25;(E~F) <s;((I+1S")® (T +1Sl)) (1.9)

for j = 1,2,..,n, where E = AX]/?Y]?A*, F = BX)/?Y)/?B", I = X[?A"AX,/* + Y| ?A"AY]/?,
S = XJ/2A'BX)/* - Y{/?A'BY}/? and T = X}/*B'BX}/* + Y}/*B'BY}/?. Inequalities (1.8) and (1.9)

have the following norm versions, respectively,
201M -+ NI < [[|((H + 1K) @ (L + KD (1.10)

and
20IE = Flll < |[|(T+15") @ (T + IS1)]]| - (1.11)



Int. J. Anal. Appl. (2026), 24:99 3

To follow up recent studies related to generalizations of singular values, unitarily invariant
norms and numerical radius for matrices, we refer the reader to [1-2?] and [??-??] .
In the second section, we give generalizations of inequalities (1.7), (1.10) and (1.11). Several new

results are extracted from these generalizations.
2. MAIN RESULTS
The following lemmas are essential for supporting our main conclusions.
Lemma 2.1. Let A € M, be self-adjoint. Then
+A < |A]. (2.1)

Lemma 2.2. Let A,B,X,Y € My, p,q > 1 where % + % =1,a€0,1)andr > 0. Then

. i l/p rql/q
llaxy 7| < @) 2| ||| r1 - a))? 2.2)
where
Fla) = aX"A"AX+ (1-a)Y"B'BY
Proof. Letting A = AX and B = BY in inequality (1.5), leads to inequality (2.2). m]

Lemma 2.3. Let A,B,X,Y € M, such that X and Y are positive, p,q > 1 where % + % =1,a€l0,1] and
r>0. Then

P 1/}’7 2 1/q
llaxt2y172g|]|| < |||(H(a))£’ |||(H(1_a))g / .
where
H(O() = aXl/ZA*Axl/Z + (1 _ a)yl/ZB*Byl/z.
Proof. Substituting X by X'/2 and Y by Y?/2 in inequality (2.2), leads to inequality (2.3). O

Lemma 2.4. Let A,B,X € M,, such that X and Y are positive, p,q > 1 where % + % =1,a€l0,1] and
r>0. Then

7 1/ rgnl/
laxer| <[ &) ||| ra-an ]| (2.4)
where
R(a) = aX'?A"AX"/? + (1 - a)X"/?B'BX"/?
Proof. Letting Y = X in inequality (2.3), leads to inequality (2.4). m|
Lemma 2.5. Let A, B, X,Y € M, be positive, p,q > 1 where ;—1 + % =1,a€[0,1] and r > 0. Then
avzxi2yvzsay| < [l can || [l -an | 25)

where
G(a) = aX'2AX"? 4 (1 - a)Y'/?BY!/?

Proof. The result is deduced from inequality (2.3) by letting A = A'/2 and B = B!/2. m
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At this stage of our discussion, we present the main result of this paper, which is a generalization
of inequality (1.7).

Theorem 2.1. Let A;, B;, X;,Y; € M,, such that X; and Y; are positive, i = 1,2,...,n, p,q > 1 where
1+1 =1,a€[0,1] and r > 0. Then

r
1/p rql/q
1 aixmvss | < o] o -] e
1
where R
M= | YPAX” o NBAX” e NBAX
V1-aB; Y1/2 Vi-aByY)? -+ V1-aB,Y,/?

Proof. On @?le, Define

Al AZ An Bl BZ Bn
0 0 0 0 O 0
A= ,B=| ,

0 0 0 0 0 0

X;: 0 0 Y1 O 0

0 Xp 0 0 Y

X = o land Y =
0 0 X;fl 0 O Yl’l

1/2 g 1/2 1/2 % 1/2
Let Vij = aX{"2A;A;X% + (1~ a)Y;/?B;B;Y;’%. Then

- .
Y AXY?B 0 .0
i=1
AX/2y1/2gr — 0 0 - 0 (2.7)
0 0 0
and
H(a) = aXY2A"AXY? 4 (1-a)Y'/2B'BY!/? (2.8)
[ Vi - Vi
V21 V2
= (2.9)
| an Vnn

[ Vaxl?A; Vi-aY(”’B;
Vaxy?Ay V1- aYl/ZB*

| Vaxl?An N1- aYl/zB*
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VaA X2 NaAXY*E - NaAXY?
| Vi-aBY)? Vi-aByY})? -+ VI-aB,Y)?
2
B VaAi X2 NaAXYE o NaAXY?
|l VI=aBY)? VI-aByY)? .- N1-aB,Y)?
= M(Ol),
similarly,
2
Vi-aAiX)? V1-aAX)? - V1-aA,X)/?
H(l-a)= o A L (2.10)
VaBiY] VaB,Y} VaB, Y}
Substituting (2.7), (2.8) and (2.10) in inequality (2.3), we get inequality (2.6). m|

Remark 2.1. Lettingr = 1,p = g = 2, a = 3 in inequality (2.6), we get inequality (1.7).
We will give a considerable special case of inequality (2.6).

Corollary 2.1. Let A;, B;, X;, Y; € M,, such that X; and Y; are positive, i = 1,2, p,q > 1 where % + % =1,
a €[0,1] and r > 0. Then

wl/p rql/q
el < || ceenz ||| ||cea-an?|| (2.11)
where
D = A1X}/?Y|?B} + A, X}/*Y}?B;
and )
E(a) VaA;X}/? VaA X}/
a) =
Vi-aBY{’> V1-aB,Y}/'?
Proof. Inequality (2.11) follows from inequality (2.6) by letting n = 2. O

Corollary 2.2. Let A;,Bie M, i = 1,2, p,q > 1 where % + % =1,a€0,1] and r > 0. Then

L/ 1/
hll < [ kean® || oxe-an®|[ 212)
where
| = AlB; + AzBE
and )
B VaA; VaA;

Kla) = [ Vi-aB; V1-aB; ] '
Proof. Letting X; = Y; = I,i = 1,2 in inequality (2.11), we get inequality (2.12). m]
Corollary 2.3. Let A,B€ M,, a € [0,1]. Then

A < [lZ@I|"* lza -l 213)

where
Z(a) =aA"A+ (1-a)B*B.
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Proof. Letting A = B, = 0,r =1, p = q = 2 in inequality (2.12), we give

20111/2 S1L/2
WABI < HH ] [\/1—02,4 Ol
= |leara + (1 - a)B'B|||?||(1 - )2 2

Remark 2.2. Letting a = % in inequality (2.13), we get the arithmetic-geometric mean inequality (1.2).
Another special case of inequality (2.6) is the following result.
Corollary 2.4. Let A,B,X,Y € M,, such that X and Y are positive, p,q > 1 where i 1=1a€c(01]

and r > 0. Then y
lierl < [ q

v [l , (2.14)

_a))T
where
G= Axl/ZYl/ZB* 4 Bxl/ZYl/ZA*

and

2
Hia) — VaAX!/? VaBX'/2
W= vizapy2 vicaay

Proof. Substitutingn =2, A1 = B, = A, Ay = B; = B, X; = X; = Xand Y; = Y, = Yininequality
(2.6), we get inequality (2.14). ]

Corollary 2.5. Let A, B, X € M, such that X is positive, p,q > 1 where ;—1 + % =1,a€(0,1]andr > 0.
Then

|[lAXB* + BXA*V I (2.15)
< floe®|[" floa-an®|”
where
B \/anl/Z \/anl/Z
T =\ i=apxi2 i—aaxi
Proof. Letting Y = X in inequality (2.14), we get inequality (2.15). O
Corollary 2.6. Let A,B,X € M,,, a € [0, 1]. Then
AB* + BA'll < [[| (eI [laac1 - a2, (2.16)

where
aA'A+ (1-a)B'B aA'B+ (1-a)B*A

M(a) =
(a) aB'A+ (1-a)A'B (1-a)A*A+ aB'B

Proof. Letting X = I, r = 1, p = g = 2 in inequality (2.15), we get inequality (2.16). m|
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Using Lemma 2.1 and inequality (2.6), lead to the following general inequality, which is a

Remark 2.3. Letting a = 3 in inequality (2.16), we give

2|llAB* + BA'||Il <

A"A+B'B A'B+B'A
A'B+B'A A'A+B'B

generalization of inequality (1.10).

Corollary 2.7. Let A,B, X, Y € M, be positive, p,q > 1 where rl) + % =1,a€[0,1] and r > 0. Then
|[Iv -+ NP(|| < Izt 7 izanite, (2.17)

where M = A1/2X1/2Y1/2A1/2, N = Bl/le/Zyl/ZBl/Z,

P

2y = ((H(e) + |k (@)]) @ (L() + [K()])) 7,

ﬁ

Zy=(HO-a)+[K(1-a))e(L1-a) +|K1-a))*.

H(a) = aX'2AX'Y2 + (1 - a)Y2AYV2, K(a) = aXV/2AV/2BY/2X1/2 4 (1 - a)YV/2AY/2B1/2Y1/2
and L(a) = aX'/2BXY2 + (1 — a)YY2BYY/2. In particular, letting Y = X, we have

1/q

e [ e

4
<[

(2.18)

or j = 1,2,..., where W = ((P+|Q"® (R+1Q|)), P = X/2AX"Y2, Q = XV/2AV2BV/2X1/2 gpqd
for j
R = XV2BXY/2, In addition, letting X = 1, we have

1/q

1/I7 T
|||V7” 2.19)

llca+ Byl <{|v®

forj=1,2,.., where V = ((A - |Bl/2A1/2|)€B(B + |A1/2B1/2|)). Moreover, lettingr =1, p = g = 2,
leads to the well-known result

A+ Bl < [|(a + [B'2412)) @ (B + |48 )|

Proof. Letting n = 2, Ay = By = AY?, Ay = B, = BY/2, X1 = Xo = X, Y1 = Y2 = Y in inequality
(2.6), leads to

||||A1/2X1/2Y1/2A1/2 + B1/2X1/2yl/2B1/2|7|”
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w1/p
3 VaAl/2x1/2 VaBl/2x1/2 2\2
= VIZaAl/2Y1/2 T=aBl/2y1/2 *
rq1/q

i o A1/2v1/2 — pl/2yl/2
1-aA'“X 1-aB'/“X
1/2v1/2 1/21/2
Va Al 2Y \aBl/?y

2]

wint/p
H(a) K(a) |}
= X
K*(a) L(a) H
mnt/a
H(l-a) K(1-a) |\’
K(1-a) L(1-a D
Using Lemma 2.1, we give
[ H() K@) D )
K*(a) L(a)
H(a) 0 N 0 K(a) :
0 L(a) | K'(a) 0
- H(a) 0 N 0 K(a) :
B 0 L(a) K(@) 0
T H@ o ] [|k@] o N
— 0 L) 1 K| ) H (2.20)
B H(a) + K*(a)| 0 D%
a 0 L(a) + |K(a)|
Similarly,
H(l-a) K(1-a) ? < 2.21)
K(1-a) L(1-a B '
([ H(l-a)+|K(1-a)| 0 Dg
0 L1-a)+|K(1-a)
Thus, inequality (2.17) follows from inequalities (2.20) and (2.21). m|

Remark 2.4. Letting a = %, r=1,p = q = 2in inequality (2.17), we give inequality (1.10). In that
sense, inequality (2.17) is a generalization of inequality (1.10).
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Using Lemma 2.1 and inequality (2.6), lead to the following general inequality, which is a

generalization of inequality (1.11).

Corollary 2.8. Let A, B, X1, X2, Y1, Y2 € M, such that Xy, X», Y1, Y> are positive, p,q > 1 where % + % =

1, a €[0,1] and r > 0. Then
2llie- ] <

-

(HO-a)+

K (a)]) @ (L(a) + |K(a)]))?

1/p
X

»

K'(1-a)))(L(1-a)+|K(1- a)D)%

1/q

4

(2.22)

where E = AX,/?Y{/?A*, F = BX)/?Y}/?B", H(a) = aX]?A*AX]* + (1 - a)Y{/?A"AY]?, K(a) =

aX}2A'BX)/* - (1-a)Y?A'BY}/? and L(a) = aX}/*B'BX}/* + (1-a)Y)/*B*BY}/~.
Proof. Lettingn =2, A1 = B = A, and Ay = —B, = B in inequality (2.6), leads to

1/2/1/2 p* 1/2~/1/2 %

[laxi’2v12a: - Bxy/2vy/2B

pinl/p
2\72
< VaAx}/? VaBX}/? y
| VI-aAY]? -V1-aBY)?
a1/
- 2\2
1/2 1/2
Vl—aAl}% \/1—0(351(32 l
VaAY] — \aBY,
wl/p
_ H(a) K(a) [\’ y
N k() L(w)
i ra1/4q
H(l-a) K(1-a) |\’
| K'(1-a) L(1-a)

Applying the same steps used in the proof of Corollary 2.7, we give the desired result.

7

O

Remark 2.5. Letting o = %, r=1,p = q = 2 in inequality (2.22), we give inequality (1.11). In that

sense, inequality (2.22) is a generalization of inequality (1.11).

Corollary 2.9. Let A,B € M, be positive, a € [0,1]. Then

1A = BIl < ||(Fr (@) + [K5 (@)]) @ (L1 (@) + [Ka )|

4

(2.23)

where Hi(a) = aA + (1 -a)A, Ki(a) = aAY?BY?2 — (1 -a)AY?2BY2 and Li(a) = aB+ (1 -a)B. In

1

particular, letting a = 5, we have

Proof. Lettingr =1,p = g =2, X = Y = [ in inequality (2.22), we get inequality (2.23).

A = Bl < [[lA e Bl
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