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DHAGE ITERATION METHOD FOR GENERALIZED
QUADRATIC FUNCTIONAL INTEGRAL EQUATIONS

BAPURAO C. DHAGE

ABSTRACT. In this paper we prove the existence as well as approximations of
the solutions for a certain nonlinear generalized quadratic functional integral
equation. An algorithm for the solutions is developed and it is shown that the
sequence of successive approximations starting at a lower or upper solution
converges monotonically to the solutions of related quadratic functional inte-
gral equation under some suitable mixed hybrid conditions. We rely our main
result on Dhage iteration method embodied in a recent hybrid fixed point the-
orem of Dhage (2014) in partially ordered normed linear spaces. An example
is also provided to illustrate the abstract theory developed in the paper.

1. INTRODUCTION

The quadratic integral equations have been a topic of interest since long time
because of their occurrence in the problems of some natural and physical processes
of the universe. See Argyros [1], Deimling [3], Chandrasekher [2] and the references
therein. The study gained momentum after the formulation of the hybrid fixed
point principles in Banach algebras due to Dhage [4, 5, 6, 7, 8]. The existence
results for such quadratic operators equations are generally proved under the mixed
Lipschitz and compactness type conditions together with a certain growth condition
on the nonlinearities involved in the quadratic operator or functional equations.
The hybrid fixed point theorems in Banach algebras find numerous applications in
the theory of nonlinear quadratic differential and integral equations. See Dhage
[5, 6, 7] and the references therein. The Lipschitz and compactness hypotheses
are considered to be very strong conditions in the theory of nonlinear differential
and integral equations but which still do not yield any algorithm to determine the
numerical solutions. Therefore, it is of interest to relax or weaken these condition in
the existence and approximation theory of quadratic integral equations. This is the
main motivation of the present paper. In this paper we prove the existence as well as
approximations of the solutions of a certain generalized quadratic integral equation
via an algorithm based on successive approximations under partially Lipschitz and
compactness type conditions.
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Given a closed and bounded interval J = [0, T] of the real line R for some T > 0,
we consider the quadratic functional integral equation (in short QFIE)

t
(L) ()= Kta(0) + o) (a0 + [ ot g(e.atas). 1e

0
where ¢:J — R, v:JxJ—=Rand f,g,k:J xR — R are continuous functions.

By a solution of the QFIE (1.1) we mean a function x € C(J, R) that satisfies the
equation (1.1) on J, where C(J,R) is the space of continuous real-valued functions
defined on J.

The QFIE (1.1) is well-known in the literature and studied earlier in the work
of Dhage [4]. If f(t,x) =0 for all t € J and = € R the QFIE (1.1) reduces to the
nonlinear functional equation

(1.2) 2(t) = k(t,z(t)), t e J

and if k(t,2) = 0 and f(t,z) =1 for all t € J and x € R, it is reduced to nonlinear
usual Volterra integral equation

(1.3) Mﬂ:ﬂﬂ+év@@ﬂ&M@matel

Therefore, the QFIE (1.1) is general and the results of this paper include the
existence and approximations results for above nonlinear functional and Volterra
integral equations as special cases.

The paper is organized as follows: In the following section we give the prelimi-
naries and auxiliary results needed in the subsequent part of the paper. The main
result is included in Section 3. In Section 4 some concluding remarks are presented.

2. AUXILIARY RESULTS

Unless otherwise mentioned, throughout this paper that follows, let E denote
a partially ordered real normed linear space with an order relation < and the
norm | - |. It is known that E is regular if {x,},en is a nondecreasing (resp.
nonincreasing) sequence in E such that x,, — z* as n — oo, then z,, < x* (resp.
xn = x*) for all n € N. Clearly, the partially ordered Banach space C(J,R)
is regular and the conditions guaranteeing the regularity of any partially ordered
normed linear space E may be found in Heikkild and Lakshmikantham [13] and the
references therein.

We need the following definitions in the sequel.

Definition 2.1. A mapping T : E — E is called isotone or nondecreasing if it
preserves the order relation =<, that is, if x =y implies Tx <X Ty for all z,y € E.

Definition 2.2 (Dhage [9]). A mapping T : E — E is called partially continuous
at a point a € E if for € > 0 there exists a 6 > 0 such that | Tz —Ta| < € whenever
x is comparable to a and ||z — a|| < 6. T called partially continuous on E if it is
partially continuous at every point of it. It is clear that if T is partially continuous
on E, then it is continuous on every chain C contained in E.

Definition 2.3. A mapping T : E — E is called partially bounded if T(C) is
bounded for every chain C in E. T is called uniformly partially bounded if all
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chains T(C) in E are bounded by a unique constant. T is called bounded if T (E)
is a bounded subset of E.

Definition 2.4. A mapping T : E — E is called partially compact if T(C) is
a relatively compact subset of E for all totally ordered sets or chains C in E. T is
called uniformly partially compact if 7(C) is a uniformly partially bounded and
partially compact on E. T is called partially totally bounded if for any totally
ordered and bounded subset C of E, T(C) is a relatively compact subset of E. If
T is partially continuous and partially totally bounded, then it is called partially
completely continuous on E.

Definition 2.5 (Dhage [9]). The order relation < and the metric d on a non-empty
set E are said to be compatible if {x, }nen is a monotone, that is, monotone non-
decreasing or monotone nonincreasing sequence in E and if a subsequence {xp, }nen
of {Tn}nen converges to x* implies that the whole sequence {x,}nen converges to

x*. Similarly, given a partially ordered normed linear space (E,=,|| - ||), the order
relation =< and the norm || || are said to be compatible if < and the metric d defined
through the norm || - || are compatible.

Clearly, the set R of real numbers with usual order relation < and the norm
defined by the absolute value function | - | has this property. Similarly, the finite
dimensional Euclidean space R™ with usual componentwise order relation and the
standard norm possesses the compatibility property.

Definition 2.6 (Dhage [6]). A upper semi-continuous and nondecreasing function
¥ 1 Ry — Ry is called a D-function provided ¥(0) = 0. Let (E,=,| 1) be a
partially ordered normed linear space. A mapping T : E — E is called partially
nonlinear D-Lipschitz if there exists a D-function ¢ : Ry — Ry such that
(2.1) 1Tz =Tyl < ¢l —yl)
for all comparable elements x,y € E. If ¢(r) = kr, k > 0, then Tis called a
partially Lipschitz with a Lipschitz constant k.

Let (E,=,] - |) be a partially ordered normed linear algebra. Denote

Et = {x € E |z = 0, where 6§ is the zero element of E}

and
(2.2) K={E" CE|uveE" forall uveE"}.

The elements of K are called the positive vectors of the normed linear algebra
E. The following lemma follows immediately from the definition of the set X and
which is often times used in the applications of hybrid fixed point theory in Banach
algebras.

Lemma 2.7 (Dhage [7]). If uj,us,vy1,v9 € K are such that uy < v1 and us =< vs,
then uius = v1vs.

Definition 2.8. An operator T : E — E is said to be positive if the range R(T)
of T is such that R(T) C K.

The Dhage iteration principle or method (in short DIP or DIM) developed in
Dhage [9, 10, 11] may be formulated as “monotonic convergence of the sequence of
successive approximations to the solutions of a nonlinear equation beginning with
a lower or an upper solution of the equation as its initial or first approximation”
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and which is a powerful tool in the existence theory of nonlinear analysis. It is
clear that Dhage iteration method is different from the usual Picard’s successive
iteration method and embodied in the following applicable hybrid fixed point theo-
rems proved in Dhage [10] which forms a useful key tool for our work contained in
this paper. A few other hybrid fixed point theorems involving the Dhage iteration
method may be found in Dhage [9, 10, 11, 12].

Theorem 2.9 (Dhage [10]). Let (E, =, ||-||) be a regular partially ordered complete
normed linear algebra such that the order relation < and the norm || - || in E are
compatible in every compact chain of E. Let A, B: E — K and B: E — E be three
nondecreasing operators such that

(a) A and C are partially bounded and partially nonlinear D-Lipschitz with D-
functions ¥4 and e respectively,

(b) B is partially continuous and uniformly partially compact, and

(¢) Mpa(r)+ie(r) <r,r >0, where M = sup{||B(C)|| : C is a chain in E},
and

(d) there exists an element xy € X such that vog < AxoBxo + Cxo or zp =
Axo Bxg + Cxg.

Then the operator equation

(2.3) Az Bzr+Cx ==z

has a solution x* in E and the sequence {x,} of successive iterations defined by
Tn+1 = Azy Bz, + Cxp, n=0,1,..., converges monotonically to x*.

Remark 2.10. The compatibility of the order relation < and the norm || - || in

every compact chain of F holds if every partially compact subset of E possesses
the compatibility property with respect to < and || - ||

3. MAIN RESULT

The QFIE (1.1) is considered in the function space C(J,R) of continuous real-

valued functions defined on J. We define a norm || - || and the order relation < in
C(J,R) by
(3.1) [[ ]| = sup [ (#)]
teJ
and
(3.2) r<y = z(t) <yt

for all ¢ € J respectively. Clearly, C'(J,R) is a Banach algebra with respect to
above supremum norm and is also partially ordered w.r.t. the above partially order
relation <. It is known that the partially ordered Banach algebra C(J,R) has some
nice properties w.r.t. the above order relation in it. The following lemma follows
by an application of Arzelld-Ascolli theorem.

Lemma 3.1. Let (C(J,R),<,| - ||) be a partially ordered Banach space with the
norm || - || and the order relation < defined by (3.1) and (3.2) respectively. Then
I - || and < are compatible in every partially compact subset of C(J,R).

Proof. The lemma mentioned in Dhage [10], but the proof appears in Dhage [11].
Since the proof is not well-known, we give the details of the proof. Let S be a
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partially compact subset of C'(J,R) and let {z,},en be a monotone nondecreasing
sequence of points in S. Then we have

(3-3) 21(t) < 2a(t) < - < wp(t) < oo
for each t € R;.

Suppose that a subsequence {z,, }nen of {Zy}nen is convergent and converges
to a point = in S. Then the subsequence {x,, (t)}nen of the monotone real se-
quence {z,(t)}nen is convergent. By monotone characterization, the whole se-
quence {2, (t) }rnen is convergent and converges to a point 2(¢) in R for each t € R.
This shows that the sequence {x,(¢)},en converges point-wise in S. To show the
convergence is uniform, it is enough to show that the sequence {x,,(t)}nen is e-
quicontinuous. Since S is partially compact, every chain or totally ordered set
and consequently {z,},en i an equicontinuous sequence by Arzeld-Ascoli theo-
rem. Hence {x, }nen is convergent and converges uniformly to z. As a result || - ||
and < are compatible in S. This completes the proof. O

We need the following definition in what follows.

Definition 3.2. A function u € C(J,R) is said to be a lower solution of the QFIE
(1.1) if it satisfies

u(t) < k(t,u(t) + [f(t,u(t))] ((J(t) +/0 v(tvs)g(sau(S))dS> (%)

for all t € J. Similarly, a function v € C(J,R) is said to be an upper solution of
the QFIE (1.1) if it satisfies the above inequalities with reverse sign.

We consider the following set of assumptions in what follows:

(A1) f defines a function f: J xR — R,.

(Ag) There exists a constant My > 0 such that f(¢t,x) < My for all ¢ € J and
r R

(Ag) There exists a D-function ¢ such that

0< f(t,z) = ft,y) < vz —y),
forallt € Jand z,y € R, x > y.

(Bo) ¢ defines a continuous function ¢ : J — R.

(B1) v defines a continuous and nonnegative function on J x J.

(B2) g defines a function g : J x R — R,..

(B3) There exists a constant M, > 0 such that g(t,z) < M, for all t € J and

z cR.

(B4) g(t,z) is nondecreasing in z for all ¢t € J.

(C1) There exists a constant My > 0 such that |k(¢,z)| < My, for all ¢t € J and
rz €R.

(C3) There exists a D-function )y, such that

0< k(ta ‘T) - k(ta y) < 1/%@" - y)a
forallt e J and z,y € R, x > y.
(Cs) The QFIE (1.1) has a lower solution u € C(J,R).

Theorem 3.3. Assume that hypotheses (A1)-(As), (Bo)-(Bas) and (Cy1)-(Cs) hold.
Furthermore, assume that

(3.4) (lall + My T) s (r) + u(r) <r, v >0,
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then the QFIE (1.1) has a solution x* defined on J and the sequence {Zn }nenufo}
of successive approzimations defined by

t
(3:5)  @aya(t) = k(t,za(t)) + [F(t,2n(1))] (q(t)+/ v(t78)9(s,wn(8))d8>7
to
for all t € J, where xog = u, converges monotonically to x*.
Proof. Set E = C(J,R). Then, from Lemma 3.1 it follows that every compact

chain in E possesses the compatibility property with respect to the norm || - || and
the order relation < in F.

Define two operators A, B and C on E by

(3.6) Ax(t) = f(t,z(t)), t € J,

(3.7) Bx(t) = q(t) +/t v(t, s)g(s,x(s)) ds, t € J,
and

(3.8) Cx(t) = k(t,z(t)), te

From the continuity of the integral and the hypotheses (A;) and (Bg)-(Bz2), it
follows that A, B and C define the maps A,8: E — K and C : E — E. Now
by definitions of the operators A, B and C, the QFIE (1.1) is equivalent to the
quadratic operator equation

(3.9) Ax(t)Bz(t) + Cx(t) = x(t), t e J.

We shall show that the operators A and B satisfy all the conditions of Theorem
2.9. This is achieved in the series of following steps.

Step I: A, B and B are nondecreasing on E.

Let z,y € E be such that « > y. Then by hypothesis (A3) and (Cs), we obtain
Ax(t) = f(t,x(t)) = f(t,y(t) = Ay(t),

and

Ca(t) = k(t,x(t)) = k(t, y(t)) = Cy(t),
for all ¢ € J. This shows that A and C are nondecreasing operators on F into E.
Similarly, using hypothesis (By),

Ba(t) = o)+ [ olt.a(s.a(s)ds

< a0+ / olt, $)g(s, y(s)) ds

= By(t)
for all ¢ € J. Hence, it is follows that the operator B is also nondecreasing on F
into itself. Thus, A, B and C are nondecreasing operators on F into itself.

Step II: A and C are partially bounded and partially D-Lipschitz on E.

Let 2 € E be arbitrary. Then by (As),
[Az(t)] < | £t ()] < My,
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for all ¢ € J. Taking supremum over ¢, we obtain ||Az|| < M} and so, A is bounded.
This further implies that A is partially bounded on E. Similarly, using hypothesis
(C1), it is shown that ||Cz|| < M} and consequently C is partially bounded on E.

Next, let 2,y € F be such that « > y. Then, by hypothesis (A3),
[Az(t) — Ay(t)] = | F(t,2(t)) = f(t,y())] < ¥r(a(t) —y(@O)]) < p(llz = yl),
for all t € J. Taking supremum over ¢, we obtain
Az — Ayl| < ¥(llz —yl)
for all 2,y € F with z > y. Similarly, by hypothesis (Cs),

ICa — Cyll < ([l — yll)

for all x,y € F with z > y. Hence A and C are partially nonlinear D-Lipschitz
operators on E which further implies that they are also a partially continuous on
E into itself.

Step III: B is a partially continuous on E.

Let {2, }nen be a sequence in a chain C of E such that z, — « for all n € N.
Then, by dominated convergence theorem, we have

t

nll)ngOBa:n(t) = nli)ngo q(t)—&-nll_ggo ; v(t, 8)g(s,zn(s))ds
t
= a0+ [ olt9) [ lim gls.0(5)] s
0 n—r oo

t
= a0+ [ ot o)yl o) ds
0
= Ba(t),
for all ¢t € J. This shows that Bz, converges monotonically to Bx pointwise on J.

Next, we will show that {Bz,, },en is an equicontinuous sequence of functions in
E. Let t1,ts € J be arbitrary with ¢; < ¢t5. Then

|Bxy, (ta) — By (t1)]

< Jg(ts) — qlt=)] + ] /0 Cu(tr, 8)g(s, 2 (s)) ds — /0 ot $)g(s, 2a(s)) ds

< Jg(ts) — qlt=)] + ] /0 " u(ta, 8)g(s, 2 (s)) ds — /0 (b, 8)g(s, Tals)) ds

+ /Ozv(tl,s)g(s,xn(s))ds—/o1v(t1,s)g(s,xn(s))ds

< la(tr) — alta)| + ] [ etta05) = .9 s,

+ /2 [v(t1, )| lg(s, zn(s))| ds

t1




66 DHAGE

T
< Jg(ts) — qlt=)] + / [0(t2, 8) — vty )| M, ds

(3.10) + VM,|ty —ty].

Since the function ¢ is continuous on compact interval J and v is continuous on
compact set J x J, they are uniformly continuous there. Therefore, from above
inequality (3.10) it follows that

|Bxy(ta) — Bxn(t1)] =0 as n— oo
uniformly for all n € N. This shows that the convergence Bx,, — Bx is uniform
and hence B is partially continuous on E.

Step IV: B is a uniformly partially compact operator on E.

Let C be an arbitrary chain in E. We show that B(C) is a uniformly bounded
and equicontinuous set in E. First we show that B(C) is uniformly bounded. Let
y € B(C) be any element. Then there is an element x € C be such that y = Bz.
Now, by hypothesis (Bs),

ly(®)] < lq(®)] +/0 vt s)lg(s,x(s))|ds < llql +V My T <,

for all ¢ € J. Taking supremum over ¢, we obtain ||y|| = ||Bz|| < r for all y € B(C).
Hence, B(C) is a uniformly bounded subset of E. Moreover, |B(C)| < r for all
chains C' in E. Hence, B is a uniformly partially bounded operator on E.

Next, we will show that B(C) is an equicontinuous set in E. Let ¢1,t3 € J be
arbitrary with ¢; < to. Then, for any y € B(C), one has

ly(t2) —y(t1)| = [Ba(tz) — Ba(ty)]

< ’q(tl) - q(tg)‘ + ‘/0 : v(ty,s)g(s,z(s))ds — /0 1 v(t1, 8)g(s,x(s)) ds

< q(ty) - q(t2)‘ n ‘/0 2 v(ta, s)g(s,z(s))ds — /O 2 v(t1,8)g(s,z(s)) ds

+/0 v(tl,s)g(s,x(s))ds—/o v(t1, $)g(s,x(s)) ds

< Jg(ts) — qlta)] + / ot ) — oty )] 1g(s. 2(s))] ds

+ /2 [v(t1, s)||g(s,z(s))| ds

t1

T
< Jg(ts) — qlt=)] + / [0(t2, 8) — v(tr, )| M, ds

+ V Mylts — ]

—0 as n— oo,

uniformly for all y € B(C). Hence B(C) is an equicontinuous subset of E. Now,
B(C) is a uniformly bounded and equicontinuous set of functions in E, so it is
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compact. Consequently, B is a uniformly partially compact operator on FE into
itself.

Step V: wu satisfies the operator inequality u < Au Bu + Cu.

By hypothesis (C3), the QFIE (1.1) has a lower solution u defined on J. Then,
we have

(3.11) u(t) < k(tu(t) + [f(t,u(t))] <Q(t) +/0 v(t78)9(87U(8))d8>

for all ¢ € J. From definitions of the operators A, B and C it follows that u(t) <
Au(t) Bu(t) + Cu(t) for all ¢ € J. Hence u < AuBu + Cu.

Step VI: The D-functions ¥4 and ¥¢ satisfy the growth condition
Mpa(r) +1e(r) <r, r>0.

Finally, the D-function ¢ of the operator A satisfies the inequality given in
hypothesis (d) of Theorem 2.9, viz.,
Mipa(r) +ve(r) < (gl +V My T) ¢y (r) + thi(r) <r
for all » > 0.

Thus A, B and C satisfy all the conditions of Theorem 2.9 and we conclude that
the operator equation Az Bz + Cx = x has a solution. Consequently the integral
equation and the QFIE (1.1) has a solution z* defined on J. Furthermore, the
sequence {x, }nen of successive approximations defined by (3.5) converges mono-
tonically to z*. This completes the proof. ([

The conclusion of Theorems 3.3 also remains true if we replace the hypothesis
(C3) with the following one:

(C%) The QFIE (1.1) has an upper solution v € C(J,R).
The proof of Theorem 3.3 under this new hypothesis is similar and can be obtained
by closely observing the same arguments with appropriate modifications.

Example 3.4. Given a closed and bounded interval J = [0, 1], consider the QFIE,

1 2+ tan— ()] ( t %th 1 .[1%tanha(s)]ds>

z(t) = 5[

t+1 241 4
1
(3.12) +§ tan™! z(t)
forte J.
Here, ¢(t) and v(t, s) L hich are continuous and |q|| 1ad
T = n = ich are continuous an = = an
, q — v(t, s o uous q1 5
V = 1. Similarly, the functions k, f and g are defined by k(t,z) = itan’lx,
1 1+ tanh
flt,x) = 5[2 +tan~' z(t)] and g(t,z) = %.
1

The function f satisfies the hypothesis (Az) with ¢;(r) = = for each

r
2 1+¢2
0 < & < r. To see this, we have

0< ft,z) — ft,y) <

(r—y)

N |

14 &2
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for all z,y € R, x > y and « > & > y. Moreover, the function f is nonnegative and
bounded on J x R with bound M; = 2 and so the hypothesis (Aj) is satisfied.

1
Again, since g is nonnegative and bounded on J xR by M, = 3 the hypothesis

(Bs) holds. Furthermore, g(t,z) is nondecreasing in z for all ¢ € J, and thus
hypothesis (By) is satisfied.

Similarly, the function k satisfies the hypothesis (Cq) with ¢y (r) =

1482

N |

for every 0 < & < r. To see this, we have
1 1
<k(tz)-kty <= —— - (z—
0<k(t,z) = k(t,y) < 5 e (z—y)
forall z,y € R, x > y and © > £ > y. Moreover, the function k is bounded on
J x R with bound M}, = % and so the hypothesis (C;) is satisfied.

Also we have

r

(lall+ My VT (r) + (1) < 1 <

for every r > 0. Thus, condition (3.4) of Theorem 3.3 is held. Finally, the QFIE
(3.12) has a lower solution u(¢t) = 0 on J. Thus all the hypotheses of Theorem 3.3
are satisfied. Hence we apply Theorem 3.3 and conclude that the QFIE (3.12) has
a solution z* defined on J and the sequence {z,, }nen defined by

1 - t b 1+ tanh 2, (s
Tna(t) = 52+ tan ™" (1) <t+1+/o 241 [ 4 (=) d3>

1
(3.13) + 5 tan™! z,, (1),

for all t € J, where x¢ = 0, converges monotonically to z*.

4. CONCLUSION

Finally, while concluding this paper we mention that the generalized quadratic
integral equation considered here is of very simple nature for which we have il-
lustrated the Dhage iteration method to obtain the algorithms for the solutions
under weaker partially Lipschitz and compactness conditions. However, an analo-
gous study could also be made for other complex quadratic integral equations as
well as other different types of quadratic integral equations using similar method
with appropriate modifications. Some of the results along this line will be reported
elsewhere.
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