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Abstract. In this paper, the Hyers-Ulam stability of a cubic functional equation in finite-dimensional settings is examined

in this study with particular attention to 2-Banach spaces and Intuitionistic Fuzzy Normed (IFN) spaces. We provide

strong stability conditions for the cubic functional equation using both fixed-point approaches and direct methods. Our

findings show that combinations of norm powers including sums and products may be used to efficiently manage the

stability behavior. Moreover, given certain conditions, the related cubic mappings are guaranteed to be unique. We

give specific instances that demonstrate the efficacy of our method in order to demonstrate the theoretical conclusions’

strength and application.

1. Introduction

Over the past eight decades, there has been a significant rise in interest in the study of stability for

functional equations. Ulam [28] initially proposed the idea in 1940 at the University of Wisconsin’s

Mathematical Colloquium, where he put out a number of difficult and mainly unresolved issues.

Among these, the stability of functional equations established a novel and significant line of
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inquiry. Shortly after, in 1941, Hyers [11] established the stability of additive functions via a direct

technique, delivering the first affirmative result. One of the most powerful and successful methods

for examining the stability of different kinds of functional equations is still this one.

A significant number of research on generalizations of Ulam’s problem and Hyers’ finding

has surfaced after the publication of Hyers’ theorem (see, [6]). In 1950, Aoki [2] used powers of

norms to reduce the requirements on the Cauchy difference, extending Hyers’ theorem to roughly

linear transformations in Banach spaces. Maligranda [12] and Rassias [18] separately established

the renowned Hyers-Ulam-Aoki-Rassias theorem, which substituted sum-related inequalities for

the additive condition. Rassias [19] later developed the theory by substituting products of norm

powers for the sum condition. The theory’s scope was further expanded by the Ulam-Găvrută-

Rassias stability idea, which was examined in works like [9]. Găvrută [8] developed what is now

known as the generalized Hyers-Ulam-Rassias stability in 1994 by introducing the use of control

functions, which generalized all earlier findings.

Many researchers have extensively examined the Hyers-Ulam-Rassias stability of a variety of

functional equations during the last three and a half decades (see, for example, [1,7,10,14,25–27]).

These advancements remain essential to present functional analysis and its uses. By their embed-

ding in the fuzzy logic framework, IFN-spaces, that integrate the notion of intuitionistic fuzziness

with normed linear structures, have greatly expanded the application of classical analysis and

algebra. Saadati and Park [24] expanded analytical and topological ideas into intuitionistic fuzzy

environments, offering crucial resources for researching compactness, continuity, and convergence

in these contexts. The idea of metric spaces has been quite important in analysis in recent years,

mostly because of the triangle inequality strength, which offers many methods for examining

continuity and convergence (see [3, 16, 17]). This demonstrated the usefulness and relevance of

fuzzy approaches in abstract analysis. An improvement of intuitionistic fuzzy normed spaces

(IFN-spaces) has greatly facilitated the extension of traditional algebraic theories and analytical

into the realm of fuzzy logic by integrating intuitionistic fuzziness with normed linear structures.

The concept of 2-Banach spaces, an extension of traditional Banach spaces, has developed as

an effective framework for studying functional equations. In contrast to regular normed spaces, a

2-Banach space has a 2-norm that captures the geometric relationship between each pair of vectors

in the space by giving each pair a non-negative real integer. A more flexible and sophisticated

examination of stability and functional equation solutions is made possible by this extra structure.

2-Banach spaces, in particular, are ideal for analyzing higher-order functional equations, such as

cubic and quartic equations, in which interactions among numerous variables are important. The

2-norm makes it easier to develop direct techniques and generalized fixed-point theorems, which

in turn offer useful instruments for proving existence, uniqueness, and other concepts of stability,

such as Hyers-Ulam stability. Consequently, 2-Banach spaces remain a stable and developing

framework for the analysis of functional equations, both linear and nonlinear.
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In this work, we examine the Hyers-Ulam stability of the cubic functional equation

f

 ∑
1≤i≤m

iai

 = ∑
1≤i<j<k≤m

f(iai + jaj + kak) + (3−m)
∑

1≤i<j≤m

f(iai + jaj)

+

(
(m2
− 5m + 6)

2

) m−1∑
i=0

(i + 1)3f(ai+1), (1.1)

where m ≥ 3 is an integer, within the frameworks of 2-Banach spaces and IFN spaces. By

employing both the fixed-point method and the direct approach, we establish generalized Hyers-

Ulam stability results in these settings, thereby extending the scope of stability theory to more

generalized and nonlinear functional-analytic structures.

2. Main Results

In this context, let G be a linear space, (Z, N
′

[1,[2
, Λ) represent an intuitionistic fuzzy normed

space (IFN-space), and (T, N[1,[2 , Λ) denote a complete IFN-space.

Definition 2.1. [5] Let [1 and [2 denote respectively the membership and non-membership functions of
an intuitionistic fuzzy set, defined from W × (0,+∞) into [0, 1], such that for every a ∈ W and t > 0, the
condition

([1)a(t) + ([2)a(t) ≤ 1

holds. The structure (W, N[1,[2 , Υ) is called an IFN-space if the upcoming requirements are fulfilled:

i. W is a vector space,
ii. Υ is a continuous t-norm,

iii. N[1,[2 : W × (0,+∞)→ L∗,

and for all a1, a2 ∈W and t, s > 0, the axioms of an intuitionistic fuzzy norm are fulfilled.

(IFN1) N[1,[2(a1, 0) = 0L∗ ;
(IFN2) N[1,[2(a1, t) = 1L∗ if and only if a1 = 0;
(IFN3) N[1,[2

([a1, t) = N[1,[2

(
a1, t

|[|

)
, for every [ , 0;

(IFN4) N[1,[2(a1 + a2, t + s) ≥L∗ Υ(N[1,[2(a1, t), N[1,[2(a2, s)).

In this case, N[1,[2 is called an IFN, where, N[1,[2(a1, t) = (([1)a1(t), ([2)a1(t)).

Theorem 2.1. [23]
Let (G, d) be a generalized complete metric space, and let Ω : G → G be a contraction function with

L < 1 (Lipschitz constant). Then, for any initial point a1 ∈ G, one of the following statements is true:

d
(
Ωra1, Ωr+1a1

)
= ∞ for every r ≥ r0,

or there is r0 > 0 such that:

(1) d
(
Ωra1, Ωr+1a1

)
< ∞ for any r ≥ r0;

(2) the sequence {Ωra1}r∈N → a∗1 to a fixed point of Ω;
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(3) a∗1 is the precisely one fixed point of Ω in

G∗ =
{
a2 ∈ G

∣∣∣ d(Ωr0a1, a2) < ∞
}
;

(4) for every a2 ∈ G∗, the inequality holds

d(a2, a∗1) ≤
1

1− L
d(Ωa2, a2).

2.1. Analysis of Hyers-Ulam Stability in IFN-spaces.

2.1.1. Direct Technique.

Theorem 2.2. Let G be a linear space, and let (Z, N
′

[1,[2
, Λ) denote an IFN-space. Assume that a mapping

g : Gm
→ Z is given such that 0 < ψ

23 < 1.

N
′

[1,[2
(g(2a, 2a, 0, . . . , 0), ε) ≥L∗ N

′

[1,[2
(ψg(a, a, 0, . . . , 0), ε) , (2.1)

with

lim
l→∞

N
′

[1,[2

(
g(2la1, 2la2, . . . , 2lam), 23lε

)
= 1L∗ , (2.2)

for every a, a1, a2, . . . , am ∈ G, ε > 0. If a mapping f : G→ T satisfies

N[1,[2
(Df(a1, a2, . . . , am), ε) ≥L∗ N

′

[1,[2
(g(a1, a2, . . . , am), ε) , (2.3)

then the limit

N[1,[2

(
Q3(a) −

f(2la)
23l

, ε
)
−→ 1L∗ as l→∞ (2.4)

exists. Moreover, there exists a unique cubic solution Q3 : G→ T satisfying equation (1.1), and

N[1,[2
(g(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
g(a, a, 0, · · · , 0), (m2

− 5m + 6)ε(23
−ψ)

)
, (2.5)

for any a ∈ G and each ε > 0.

Proof. Fix a ∈ G and let ε > 0. Substituting (a1, a2, a3, . . . , am) = (a, a, 0, . . . , 0) into (2.3), we obtain

N[1,[2

(
(m2
− 5m + 6)f(2a) − 23(m2

− 5m + 6)f(a), ε
)
≥L∗ N

′

[1,[2
(g(a, a, 0, . . . , 0), ε) . (2.6)

Next, replacing a with 2la in (2.6) and applying (IFN3), we deduce

N[1,[2

(
f(2l+1a)

23 − f(2la),
ε

23(m2 − 5m + 6)

)
≥L∗ N

′

[1,[2

(
g(2la, 2la, 0, 0, · · · , 0), ε

)
. (2.7)

Now, by combining condition (2.1) with (IFN3) in (2.7), it follows that

N[1,[2

(
f(2l+1a)

23 − f(2la),
ε

23(m2 − 5m + 6)

)
≥L∗ N

′

[1,[2

(
g(a, a, 0, . . . , 0),

ε

ψl

)
. (2.8)

Finally, from (2.8), we clearly deduce that

N[1,[2

(
f(2l+1a)
23(l+1)

−
f(2la)

23l
,

ε

23(l+1)(m2 − 5m + 6)

)
≥L∗ N

′

[1,[2

(
g(a, a, 0, . . . , 0),

ε

ψl

)
. (2.9)
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Replacing ε with ψlε in (2.9), we obtain

N[1,[2

(
f(2l+1a)
23(l+1)

−
f(2la)

23l
,
(

ψlε

23(l+1)(m2 − 5m + 6)

))
≥L∗ N

′

[1,[2
(g(a, a, 0, · · · , 0), ε) . (2.10)

Clearly,

f(2la)
23l

− f(a) =
l−1∑
i=0

(
f(2i+1a)
23(i+1)

−
f(2ia)

23i

)
. (2.11)

Using (2.10) together with (2.11), we deduce that

N[1,[2

 f(2la)
23l

− f(a),
l−1∑
i=0

ψiε

23(i+1)(m2 − 5m + 6)


≥L Λl−1

i=0

{
N
′

[1,[2

(
f(2i+1a)
23(i+1)

−
f(2ia)

23i ,
ψiε

23(i+1)(m2 − 5m + 6)

) }
≥L∗ N

′

[1,[2
(g(a, a, 0, · · · , 0), ε) . (2.12)

Next, substituting a by 2 jv in (2.12) and applying (2.1), we arrive at

N[1,[2

 f(2l+ ja)

23(l+ j)
−

f(2 ja)
23 j ,

l−1∑
i=0

ψiε

23(i+ j)(m2 − 5m + 6)

 ≥L∗ N
′

[1,[2

(
g(a, a, 0, · · · , 0), εψ− j

)
, (2.13)

valid for all j and l are greater than or equal to 0. Finally, setting ε = ψ jε in (2.13), we obtain

N[1,[2

 f(2l+ ja)

23(l+ j)
−

f(2 ja)
23 j ,

l+ j−1∑
i= j

ψiε

23(i+1)(m2 − 5m + 6)

 ≥L∗ N
′

[1,[2
(g(a, a, 0, · · · , 0), ε) . (2.14)

Utilizing condition (IFN3) in (2.14), we obtain

N[1,[2

(
f(2l+ ja)

23(l+ j)
−

f(2 ja)
23 j , ε

)
≥L∗ N

′

[1,[2

g(a, a, 0, · · · , 0),
ε∑l+ j−1

i= j
ψi

23(i+1)(m2−5m+6)

 , (2.15)

for every j, l ≥ 0. Since 0 < ψ < 23, it follows that the series

l∑
i=0

(
ψ

23

)i

is convergent. Therefore, the sequence  f(2la)
23l


l∈N

is Cauchy in the complete IFN-space (T, N[1,[2 , Λ). Hence, this sequence converges to some limit

Q3(a) ∈ T. Consequently, we may define Q3 : G→ T by

N[1,[2

(
Q3(a) −

f(2la)
23l

)
−→ 1L∗ as l→∞.
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By substituting j = 0 into inequality (2.15), we derive

N[1,[2

(
f(2la)

23l
− f(a), ε

)
≥L∗ N

′

[1,[2

g(a, a, 0, · · · , 0),
ε∑l−1

i=0
ψi

23(i+1)(m2−5m+6)

 . (2.16)

In (2.16), we obtain the limit as l→∞ and we apply

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
g(a, a, 0, · · · , 0), ε(m2

− 5m + 6)(23
−ψ)

)
.

Next, Our objective is to illustrate that (1.1) is fulfilled by Q3. Switching (a1, a2, a3, · · · , am) with

(2la1, 2la2, 2la3, · · · , 2lam) in (2.3), we obtain

N[1,[2

( 1
23l

Df
(
2la1, 2la2, 2la3, · · · , 2lam

)
, ε

)
≥L∗ N

′

[1,[2

(
g
(
2la1, 2la2, 2la3, · · · , 2lam

)
, 23lε

)
, (2.17)

for every a1, a2, · · · , am ∈ G and every ε > 0. Since

lim
l→∞

N
′

[1,[2

(
g(2la1, 2la2, 2la3, · · · , 2lam), 23l(m2

− 5m + 6)ε
)
= 1L∗ .

From the functional equation (1.1), one can deduce that the function Q3 fulfills the stipulated

criterion, signifying that it represents a cubic function.

Next, to establish the uniqueness of Q3. Consider one more cubic solution Q
′

3 : G → T is also

fulfills (1.1) and (2.5). Then, for any a ∈ G and ε > 0, we obtain

N[1,[2

(
Q3(a) −Q

′

3(a), ε
)

= N[1,[2

Q3(2la)
23l

−
Q
′

3(2
la)

23l
, ε


≥L∗ Λ

{
N[1,[2

(
Q3(2la)

23l
−

f(2la)
23l

,
ε
2

)
, N[1,[2

 f(2la)
23l

−
Q
′

3(2
la)

23l
,
ε
2

 }
≥L∗ N

′

[1,[2

(
g
(
2la, 2la, 0, · · · , 0

)
, 23lε(23

−ψ)(m2
−5m+6)

2

)
≥L∗ N

′

[1,[2

(
g (a, a, 0, · · · , 0) , 23lε(23

−ψ)(m2
−5m+6)

2ψl

)
.

Since

lim
l→∞

23lε(23
−ψ)(m2

− 5m + 6)
2ψl

= ∞,

it follows that

lim
l→∞

N
′

[1,[2

(
g (a, a, 0, · · · , 0) , 23lε(23

−ψ)(m2
−5m+6)

2ψl

)
= 1L∗ .

Thus, we conclude that

N[1,[2

(
Q3(a) −Q

′

3(a), ε
)
= 1L∗ .

Therefore, Q3(a) = Q
′

3(a) for all a ∈ G, establishing the uniqueness of the cubic function Q3(a). �
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Theorem 2.3. Let G be a linear space and let (Z, N
′

[1,[2
, Λ) be an IFN-space. Suppose g : Gm

→ Z is a

function such that 0 < 23

ψ < 1 and

N
′

[1,[2

(
g
(
2−1a, 2−1a, 0, · · · , 0

)
, ε

)
≥L∗ N

′

[1,[2

(
1
ψ

g(a, a, 0, · · · , 0), ε
)

, (2.18)

and

lim
l→∞

N
′

[1,[2

(
g
(
2−la1, 2−la2, · · · , 2−lam

)
, 2−3lε

)
= 1L∗ ,

for every a, a1, a2, · · · , am ∈ G. If a mapping f : G→ T satisfies (2.3), subsequently, the constraint

N[1,[2

(
Q3(a) − 23lf

(
a
2l

)
, ε

)
−→ 1L∗ as l→∞

exists, and there is a unique cubic function Q3 : G→ T satisfying the functional equation (1.1). Moreover,

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
g(a, a, 0, · · · , 0), ε(ψ− 23)(m2

− 5m + 6)
)

,

for any a ∈ G and each ε > 0.

Proof. Fix a ∈ G and let ε > 0 be arbitrary. By setting (a1, a2, a3, · · · , am) = (a, a, 0, · · · , 0) in (2.3),

we obtain

N[1,[2

(
(m2
− 5m + 6)f(2a) − 23(m2

− 5m + 6)f(a), ε
)
≥L∗ N

′

[1,[2

(
g(a, a, 0, · · · , 0), ε

)
. (2.19)

Replacing a by a
2 in (2.19), we get

N[1,[2

(
(m2
− 5m + 6)f(a) − 23(m2

− 5m + 6)f
(

a
2

)
, ε

)
≥L∗ N

′

[1,[2

(
g
(

a
2 , a

2 , 0, · · · , 0
)

, ε
)

. (2.20)

Next, substituting a by a
2l in (2.20) and applying (IFN3), we obtain

N[1,[2

(
(m2
− 5m + 6)f

(
a
2l

)
− 23(m2

− 5m + 6)f
(

a
2l+1

)
, ε

)
≥L∗ N

′

[1,[2

(
g
(

a
2l+1 , a

2l+1 , 0, · · · , 0
))

. (2.21)

Finally, by employing inequality (2.18) together with condition (IFN3) in (2.21), we arrive at

N[1,[2

(
(m2
− 5m + 6)f

(
a
2l

)
− 23(m2

− 5m + 6)f
(

a
2l+1

)
, ε

)
≥L∗ N

′

[1,[2

(
g(a, a, 0, 0, · · · , 0), ψ l+1ε

)
.

By following the same reasoning as in Theorem 2.2, the remainder of the proof is then established.

�

Corollary 2.1. Suppose that f : G→ T fulfills

N[1,[2
(Df(a1, a2, · · · , am), ε) ≥L∗ N

′

[1,[2
(θ, ε) ,

for all a1, a2, · · · , am ∈ G and every ε > 0. Then there is only one cubic solution Q3 : G→ T satisfying

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
θ, |23

− 1| ε
)

,

where θ in R+.
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Corollary 2.2. If f : G→ T be a mapping which satisfies

N[1,[2
(Df(a1, a2, . . . , am), ε) ≥L∗ N

′

[1,[2

θ m∑
i=1

‖ai‖
ξ, ε


for all a1, a2, · · · , am ∈ G, ε > 0, then there exist a unique cubic mapping Q3 : G→ T satisfying

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
2θ‖a‖ξ,

∣∣∣23
− 2ξ

∣∣∣ (m2
− 5m + 6)ε

)
,

where ξ and θ are in R+ with ξ ∈ (0, 3)∪ (3,+∞).

Proof. If we take ψ = 2ξ and define g(a1, a2, a3, . . . , am) = θ
∑

1≤i≤m ‖ai‖
ξ, then the result follows as

a consequence of Theorems 2.2 and 2.3. �

Corollary 2.3. If f : G→ T be a mapping which fulfills

N[1,[2
(Df(a1, a2, a3, · · · , am), ε) ≥L∗ N

′

[1,[2

θ m∑
i=1

‖ai‖
mξ + γ

m∏
i=1

‖ai‖
τ, ε


for any a1, a2, · · · , am ∈ G and each ε > 0, then there exists a unique cubic mapping Q3 : G→ T fulfills

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
2θ‖a‖mξ, |23

− 2mξ
|(m2

− 5m + 6)ε
)

for each a ∈ G and any ε > 0, where γ, τ,θ, ξ ∈ R+ with mτ, mξ ∈ (0, 3)∪ (3,+∞).

Corollary 2.4. If f : G→ T be a mapping which satisfies

N[1,[2
(Df(a1, a2, · · · , am), ε) ≥L∗ N

′

[1,[2

γ m∏
i=1

‖ai‖
τ, ε


for any a1, a2, · · · , am ∈ G, ε > 0, then the solution f is cubic, where γ and τ in R+ with 0 < τm , 3.

2.1.2. Fixed Point Technique. Before proceeding, let us consider a constant ρi defined by

ρi =


2, if i = 0,

1
2

, if i = 1.

Furthermore, let Φ denote the set

Φ = { t1 | t1 : G→ T, t1(0) = 0 }.

Theorem 2.4. Let f : G→ T be a mapping for which there exists a function g : Gm
→ Z such that

lim
l→∞

N
′

[1,[2

(
g(2la1, 2la2, . . . , 2lam), 23lε

)
= 1L∗ , (2.22)

and which also satisfies inequality (2.3). Suppose that there is L = L(i) satisfying

µ(a) =
1

(m2 − 5m + 6)
g
(

a
2 , a

2 , 0, . . . , 0
)

has the property

N
′

[1,[2

L
1
ρ3

i

µ(ρia), ε

 = N
′

[1,[2
(µ(a), ε) . (2.23)



Int. J. Anal. Appl. (2026), 24:83 9

Then there exists a unique cubic solution Q3 : G→ T satisfying (1.1), and moreover,

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
L 1−i

1− L
µ(a), ε

)
(2.24)

for any a ∈ G and each ε > 0.

Proof. Let ψ denote a generalized metric defined on the set Φ:

ψ(r1, r2) = inf
{

j ∈ (0,∞)|N[1,[2
(r1(a) − r2(a), ε) ≥L∗ N

′

[1,[2
( jµ(a), ε) , a ∈ G, ε > 0

}
.

Therefore, (Φ,ψ) is complete.

Define a function Υ : Φ→ Φ by Υt1(a) = 1
ρ3

i
t1(ρia), for every a ∈ G. For t1, t2 ∈ Φ, we have

ψ(t1, t2) ≤ j

⇒ N[1,[2(t1(a) − t2(a), ε) ≥L∗ N
′

[1,[2
( jµ(a), ε)

⇒ N[1,[2

 t1(ρia)

ρ3
i

−
t2(ρia)

ρ3
i

, ε

 ≥L∗ N
′

[1,[2

 jµ(ρia)

ρ3
i

, ε


⇒ N[1,[2

(Υt1(a) − Υt2(a), ε) ≥L∗ N[1,[2
( j Lµ(a), ε)

⇒ ψ (Υt1(a), Υt2(a)) ≤ j L

⇒ ψ (Υt1, Υt2) ≤ Lψ (t1, t2) .

Consequently, Φ is a strictly contractive domain for the function Υ with L being the Lipschitz

constant. Replacing (a1, a2, a3, · · · , am) by (a, a, 0, · · · , 0) in (2.3), we have

N[1,[2

(
f(2a) − 23f(a), ε

)
≥L∗ N

′

[1,[2
(g(a, a, 0, · · · , 0), ε) . (2.25)

Using (IFN3) in (2.25), we have

N[1,[2

(
f(2a)

23 − f(a), ε
)
≥L∗ N

′

[1,[2

(( 1
23

)
(m2
− 5m + 6)g(a, a, 0, · · · , 0), ε

)
.

Using (2.23) for the case i = 0, that

N[1,[2

(
f(2a)

23 − f(a), ε
)
≥L∗ N

′

[1,[2
(Lµ(a), ε)

⇒ ψ (Υf, f) ≤ L = L1 = L1−i. (2.26)

Setting a = a
2 in (2.25), we obtain

N[1,[2

(
f(a) − 23f

(
a
2

)
, 23ε

)
≥L∗ N

′

[1,[2

(
g
(

a
2 , a

2 , 0, · · · , 0
)

, 23(m2
− 5m + 6)ε

)
(2.27)

for all a ∈ G, ε > 0. Now, applying (2.23) for i = 1, we have

N[1,[2

(
f(a) − 23f

(
a
2

)
, ε

)
≥L∗ N

′

[1,[2
(µ(a), ε)

⇒ ψ(f, Υf) ≤ 1 = L0 = L1−i. (2.28)
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From (2.26) and (2.28), it follows that

ψ(f, Υf) ≤ L1−i < ∞.

Consequently, based on the fixed-point approach, there is a fixed point Q3 of Υ in Φ satisfying

lim
l→∞

N[1,[2

 f(ρl
ia)

ρ3l
i

−Q3(a), ε

→ 1L∗ , ∀ a ∈ G, ε > 0.

By replacing (a1, a2, · · · , am) with (ρia1,ρia2, · · · ,ρiam) in (2.3), we obtain

N[1,[2

(
1
ρ3

i
Df(ρia1,ρia2, · · · ,ρiam) , ε

)
≥L∗ N

′

[1,[2

(
ψ(ρia1,ρia2, · · · ,ρiam),ρ3

i ε
)

for every a1, a2, · · · , am ∈ G and every ε > 0.

Using the argument from Theorem 2.2, it follows that the function Q3 fulfills the functional

equation (1.1). Furthermore, as Q3 is the only one fixed point of Υ according to Theorem 2.1, we

obtain

∆ = {f ∈ Φ | ψ(f, Q3) < ∞}.

Hence, the function Q3 serves as the unique solution satisfying

N[1,[2
(Q3(a) − f(a), ε) ≥L∗ N

′

[1,[2
( j µ(a), ε) ,

for t > 0. Finally, by applying Theorem 2.1, we obtain

ψ(f, Q3) ≤
1

1− L
ψ(f, Υf)

≤
L1−i

1− L
,

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
L1−i(1− L)−1µ(a), ε

)
.

�

Corollary 2.5. Assume that a mapping f : G→ T satisfies

N[1,[2
(Df (a1, a2, · · · , am) , ε) ≥L∗



N
′

[1,[2
(θ, ε) ,

N
′

[1,[2

θ m∑
j=1

‖a j‖
ξ, ε

 ,

N
′

[1,[2

θ
 m∏

j=1

‖a j‖
ξ +

m∑
j=1

‖a j‖
mξ

, ε

 ,

for all a1, a2, · · · , am ∈ G and ε > 0. Then there is only one cubic solution Q3 : G→ T fulfilling

N[1,[2
(f(a) −Q3(a), ε) ≥L∗


N
′

[1,[2

(
θ, |23

− 1| ε
)

,

N
′

[1,[2

(
2θ‖a‖m, (m2

− 5m + 6) |23
− 2ξ| ε

)
, ξ < 3 or ξ > 3,

N
′

[1,[2

(
2θ‖a‖m, (m2

− 5m + 6) |23
− 2mξ

| ε
)

, ξ < 3
m or ξ > 3

m ,

for any a ∈ G, ε > 0, where ξ,θ ∈ R+ and θ > 0.
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Proof. Letting

g(a1, a2, · · · , am) =


θ,

θ
∑m

j=1 ‖a j‖
ξ,

θ
(∏m

j=1 ‖a j‖
ξ +

∑m
j=1 ‖a j‖

mξ
)

.

Then,

N
′

[1,[2

(
g
(
ρl

ia1,ρl
ia2, · · · ,ρl

iam
)

,ρ3l
i ε

)
=


N
′

[1,[2

(
θ, (ρi)

3l ε
)

,

N
′

[1,[2

(
θ
∑m

j=1 ‖a j‖
ξ,

(
ρ1−ξ

i

)3l
ε
)

,

N
′

[1,[2

(
θ
(∏m

j=1 ‖a j‖
ξ +

∑m
j=1 ‖a j‖

mξ
)

,
(
ρ1−mξ

i

)3l
ε
)

,

=


→ 1L∗ as l→∞,

→ 1L∗ as l→∞,

→ 1L∗ as l→∞.

Therefore, (2.22) holds. Moreover, the function

µ(a) = g
(a

2
,
a
2

, 0, . . . , 0
)

satisfies the property

N
′

[1,[2

L
1
ρ3

i

µ(ρia), ε

 ≥L∗ N
′

[1,[2
(µ(a), ε) , a ∈ G, ε > 0.

Hence,

N
′

[1,[2
(µ(a), ε) = N

′

[1,[2

(
g
(a

2
,
a
2

, 0, · · · , 0
)

, ε
)

=


N
′

[1,[2
(θ, ε) ,

N
′

[1,[2

(
2θ
2ξ ‖a‖

ξ, ε
)

,

N
′

[1,[2

(
2θ
2mξ ‖a‖mξ, ε

)
.

Now,

N
′

[1,[2

 1
ρ3

i

µ(ρia), ε

 =


N
′

[1,[2

(
θ
ρ3

i
, ε

)
,

N
′

[1,[2

(
2θ

2ξρ3
i (m

2−5m+6)
‖ρia‖ξ, ε

)
,

N
′

[1,[2

(
2θ

2mξρ3
i (m

2−5m+6)
‖ρia‖mξ, ε

)
,

=


N
′

[1,[2

(
ρ−3

i µ(a), ε
)

,

N
′

[1,[2

(
ρξ−3

i µ(a), ε
)

,

N
′

[1,[2

(
ρmξ−3

i µ(a), ε
)

.
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We are able to verify the following situations for conditions of ρi on the basis of inequality (2.23)

for our verification.

Case:1 Let L = 2−3 if i = 0.

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
2−3

1− 2−3µ(a), ε
)
= N

′

[1,[2
(θ, 7 ε) .

Case:2 Let L = 23 if i = 1.

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

( 1
1− 23µ(a), ε

)
= N

′

[1,[2
(θ,−7 ε) .

Case:3 Let L = 2ξ−3 for ξ < 3 if i = 0.

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
2ξ−3

1− 2ξ−3
µ(a), ε

)
= N

′

[1,[2

(
2θ‖a‖ξ, (m2

− 5m + 6)(23
− 2ξ)ε

)
.

Case:4 Let L = 23−ξ for ξ > 3 if i = 1.

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

( 1
1− 33−ξ

µ(a), ε
)
= N

′

[1,[2

(
2θ‖a‖ξ, (m2

− 5m + 6)(2ξ − 23)ε
)

.

Case:5 Let L = 2mξ−3 for ξ < 3
m if i = 0.

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

(
2mξ−3

1− 2mξ−3
µ(a), ε

)
= N

′

[1,[2

(
2θ‖a‖mξ, (m2

− 5m + 6)(23
− 2mξ)ε

)
.

Case:6 Let L = 23−mξ for ξ > 3
m if i = 1.

N[1,[2
(f(a) −Q3(a), ε) ≥L∗ N

′

[1,[2

( 1
1− 23−mξµ(a), ε

)
= N

′

[1,[2

(
2θ‖a‖mξ, (m2

− 5m + 6)(2mξ
− 23)ε

)
.

�

2.2. Analysis of Hyers-Ulam Stability in 2-Banach Spaces.

Definition 2.2. [15] Let G be a real linear space of dimension greater than 1, and let |·, ·| : G2
→ R be a

mapping satisfying the following conditions

(a) ‖p1, p2‖ = 0 iff p1 and p2 are linearly dependent.
(b) ‖p1, p2‖ = ‖p2, p1‖,

(c) ‖ωp1, p2‖ = |ω| ‖p1, p2‖,

(d) ‖p1, p2 + p3‖ ≤ ‖p1, p2‖+ ‖p1, p3‖,

for every p1, p2, p3 ∈ G and ω ∈ R.
Hence, ‖·, ·‖ is called a 2-norm on G, and the pair (G, ‖·, ·‖) is known as a linear 2-normed space. An

example of a 2-normed space is R2 equipped with the 2-norm defined by the area of the triangle determined
by the points 0, p1, and p2.

Lemma 2.1. [15] Let (G, ‖·, ·‖) be a linear 2-normed space. If p1 ∈ G and ‖p1, p2‖ = 0 for every p2 ∈ G,
then p1 = 0.
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Lemma 2.2. [15] Consider a sequence {(p1) j} in the linear 2-normed space G that converges.

lim
j→∞
‖(p1) j, p2‖ = ‖ lim

j→∞
(p1) j, p2‖

for every p2 ∈ G.

Our focus here is on G in its normed linear space and T in its 2-Banach space.

Theorem 2.5. Let g : G→ [0,+∞) be a mapping such that

lim
i→∞

1
23i g

(
2ia1, 2ia2, · · · , 2iam, s

)
= 0 (2.29)

for all a1, a2, · · · , am, s ∈ G. Suppose that Any mapping f : G→ T with f(0) = 0 is a mapping, and fulfills∥∥∥∥Df(a1, a2, · · · , am), s
∥∥∥∥ ≤ g(a1, a2, · · · , am, s), (2.30)

with the condition

ĝ(a, s) :=
∞∑

j=0

1
23 j g

(
2 ja, 2 ja, 0, · · · , 0, s

)
< ∞, (2.31)

for every a, s ∈ G. Then there exists a unique cubic mapping Q3 : G→ T such that∥∥∥∥f(a) −Q3(a), s
∥∥∥∥ ≤ 1

23(m2 − 5m + 6)
ĝ(a, s), (2.32)

for all a, s ∈ G.

Proof. Setting (a1, a2, a3, · · · , am) by (a, a, 0, · · · , 0) in (2.30), we arrive∥∥∥∥(m2
− 5m + 6)f(2a) − 23(m2

− 5m + 6)f(a), s
∥∥∥∥ ≤ g(a, a, 0, · · · , 0, s) (2.33)

for every a, s ∈ G. Switching a by 2na in (2.33) and dividing both sides by 2n−3, we attain∥∥∥∥ 1
23(n+1)

f(2n+1a) −
1

23n f(2na), s
∥∥∥∥ ≤ 1

2n+1(m2 − 5m + 6)
g(2ia, 2ia, 0, · · · , 0, s)

for each a, s ∈ G and any positive integer i. Hence,∥∥∥∥ 1
23(i+1)

f(2i+1a) −
1

23m f(2ma), s
∥∥∥∥ ≤

i∑
j=m

∥∥∥∥ 1
23( j+1)

f(2 j−1a) −
1

23 j f(2
ja), s

∥∥∥∥
≤

1
(m2 − 5m + 6)

i∑
j=m

1
23 j g(2

ja, 2 ja, 0, · · · , 0, s)

(2.34)

For all a, s ∈ G and for any positive integers i and m with m ≤ i, it follows from (2.3) and (2.7) that

the sequence { 1
23i f(2

ia)
}
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This expression forms a Cauchy sequence in the space T for every element a in the set G. Since T
is complete, this sequence converges in T for every a ∈ G. Therefore, we can define Q3 : G→ T as

follows:

Q3(a) := lim
i→∞

1
23i f(2

ia) (2.35)

for every a ∈ G. Then,

lim
i→∞

∥∥∥∥ 1
23i f(2

ia) −Q3(a), s
∥∥∥∥ = 0

when a and s are elements of G. We get equation (2.32) by placing m = 0 and taking a limit in

(2.34) as i→∞. Following that, our goal is to prove that Q3 is a cubic functioning. We may deduce

from Lemma 2.2 and the inequality sets (2.29), (2.30), and (2.35) that∥∥∥∥Df(a1, a2, · · · , am), s
∥∥∥∥ = lim

i→∞

∥∥∥∥Df(2ia1, 2ia2, · · · , 2iam), s
∥∥∥∥

≤ lim
i→∞

1
23i g(2

ia1, 2ia2, · · · , 2iam, s) = 0

for every a1, a2, · · · , am, s ∈ G. By Lemma 2.1,

DQ3(a1, a2, a3, · · · , am) = 0

for every a1, a2, a3, · · · , am ∈ G. The cubic function is represented by the mapping Q3 : G→ T.

An additional cubic solution Q
′

3 : G → T satisfying (2.32) is assumed to exist in order to prove

that the function Q3 is unique. Following that∥∥∥∥Q3(a) −Q
′

3(a), s
∥∥∥∥ = lim

i→∞

1
23i

∥∥∥∥Q3(2ia) − f(2ia) + f(2ia) −Q
′

3(2
ia), s

∥∥∥∥
≤

1
(m2 − 5m + 6)

lim
i→∞

1
23i ĝ(2ia, s) = 0

for all a, s ∈ G. By Lemma 2.1, Q3(a) −Q
′

3(a) = 0 for every a ∈ G. Hence, Q3 = Q
′

3. �

Remark 2.1. A theorem analogous to 2.5 can be formulated, where the sequence is given by

Q3(a) := lim
i→∞

23i f
(

a
2i

)
,

under appropriate conditions imposed on g.

Corollary 2.6. Consider a function ω that satisfies the equation ω(0) = 0 and maps ω : [0,∞)→ [0,∞)

as well as

(i) ω(p) < p for each p > 3.
(ii) ω(pq) ≤ ω(p)ω(q).

If a mapping f : G→ T satisfies∥∥∥∥Df(a1, a2, · · · , am), s
∥∥∥∥ ≤ m∑

i=1

ω(‖ai‖) +ω(‖s‖)

for any a1, a2, · · · , am, s ∈ G, then there exists a unique cubic mapping Q3 : G→ T satisfy∥∥∥∥f(a) −Q3(a), s
∥∥∥∥ ≤ [

ω(‖a‖)
23 −ω(2)

+ω(‖s‖)
]

(2.36)
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for every a, s ∈ G.

Proof. Setting

g(a1, a2, a3, · · · , am, s) =
∑

1≤i≤m

ω(‖ai‖) +ω(‖s‖)

for each a1, a2, a3, · · · , am, s ∈ G. If we look at (i) we can see that

ω(23i) ≤ (ω(2))3i

and

g(2ia1, 2ia2, · · · , 2iam, s) ≤ (ω(2))3i

 ∑
1≤i≤m

ω(‖ai‖)

+ω(‖s‖).

By applying Theorem 2.5, we obtain (2.36). �

Corollary 2.7. Let q < 3 and let H : [0,∞) × [0,∞)→ [0,∞) be a homogeneous function. Suppose that a
function f : G→ T fulfills∥∥∥∥Df(a1, a2, a3, . . . , am), s

∥∥∥∥ ≤ H
(
‖a1‖, ‖a2‖, ‖a3‖, . . . , ‖am‖

)
+ ‖s‖

for every a1, a2, a3, . . . , am, s ∈ G. Then, there exists a unique cubic function Q3 : G→ T satisfying∥∥∥∥f(a) −Q3(a), s
∥∥∥∥ ≤ H(‖a‖, ‖a‖, 0, . . . , 0) + ‖s‖

2− q
(2.37)

for each a, s ∈ G and for all q ∈ R+.

Proof. Setting

g(a1, a2, a3, · · · , am, s) = H (‖a1‖, ‖a2‖, ‖a3‖, · · · , ‖am‖) + ‖s‖

for any a1, a2, a3, · · · , am, s ∈ G. By satisfying Theorem 2.5, we reach (2.37). �

Corollary 2.8. Let q < 3 and consider H : [0,∞)× [0,∞)→ [0,∞) a function of degree q is homogeneous.
Suppose that a function f : G→ T fulfills∥∥∥∥Df(a1, a2, . . . , am), s

∥∥∥∥ ≤ H
(
‖a1‖, ‖a2‖, ‖a3‖, . . . , ‖am‖

)
‖s‖,

for every a1, a2, a3, . . . , am, s ∈ G. Then there exists a unique cubic mapping Q3 : G→ T fulfilling∥∥∥∥f(a) −Q3(a), s
∥∥∥∥ ≤ H(‖a‖, ‖a‖, 0, . . . , 0) ‖s‖

3− 3q ,

for any a, s ∈ G and q ∈ R+.

Proof. Arrangement

g(a1, a2, a3, · · · , am, s) = H (‖a1‖, ‖a2‖, ‖a3‖, · · · , ‖am‖) ‖s‖ (2.38)

for every a1, a2, a3, · · · , am, s ∈ G. By fulfilling Theorem 2.5, we achieve (2.38). �
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Corollary 2.9. Let p < 3 and let f : G→ T be a function fulfilling∥∥∥∥Df(a1, a2, . . . , am), s
∥∥∥∥ ≤ m∑

i=1

‖ai‖
p + ‖s‖,

for all a1, a2, . . . , am, s ∈ G. Then there is only one cubic function Q3 : G→ T satisfying∥∥∥∥f(a) −Q3(a), s
∥∥∥∥ ≤ 2‖a‖p + ‖s‖

2− p
,

for each a, s ∈ G and p ∈ R+.

3. Conclusion

In this study, we proved the Hyers-Ulam stability of a cubic functional equation in the contexts

of 2-Banach spaces and Intuitionistic Fuzzy Normed spaces. We obtained adequate conditions

guaranteeing the existence and uniqueness of cubic mappings approximating the specified func-

tional equation by using both fixed-point and direct analytical approaches. Our findings show

that both additive and multiplicative structures may be used to quantify the stability through

combinations of norm powers.

The dual methodology of this study is significant because it uses direct methods to get construc-

tive estimations and fixed-point methods to give a systematic framework for stability analysis. This

duality expands the results’ application and strengthens their robustness. Additionally, the given

examples demonstrate the usefulness and practical significance of the theoretical conclusions.
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