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Abstract. The aim of this paper is to demonstrate generalized estimations for the (p, q)-Hermite-Hadamard inequalities
for convex functions with two parameters. By using the same parameters, our findings are consistent with the previously
established (p, q)-Hermite-Hadamard inequalities. We introduce a new lemma to derive generalized post-quantum
inequalities for convex functions and show that our results extend some previously established ones. Additionally, we

provide mathematical examples for specific (p, q)-functions to validate the newly obtained results.

1. INTRODUCTION

Convexity is generally known as one of the most fundamental principles of analysis that is
frequently used in many fields of pure and applied sciences. In particular, where convexity
makes it possible to construct necessary and sufficient global optimality conditions; where there
is a direct connection between consumer theory in economics, information theory, and the field
of inequalities. In recent decades, several extensions of the classical concept of convexity have
been proposed and explored [1,2], such as generalized convexity, preinvexity, harmonic convexity,
exponential convexity, (@,m)-convexity, m-convexity, log-convexity, h-convexity, and convexity
with respect to function pairs, among others. These generalized forms of convexity have proved to
be highly useful in diverse areas, including optimization theory, approximation theory, fractional
mathematical modeling, and functional analysis [3-8].

In recent decades, the concept of convexity has played a central role in the generalization and

extension of various inequalities. Numerous inequalities—including those of Hermite-Hadamard,
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Newton, Simpson, Opial, Ostrowski, Pachpatte, and Bullen types, among others—have been
developed by researchers through the use of convex functions, with an emphasis on establishing
new bounds for their left- and right-hand sides; see [9-24] and references cited therein for more
details.

In mathematics, quantum calculus refers to a branch of calculus that is developed without
relying on the notion of limits. In the beginning of 18th century, the first person to investigate
quantum calculus was Euler [25] (1707-1783) who used the parameter ‘q" in Newton's study of
infinite series. Jackson initiated the study of quantum calculus in the early twentieth century and
developed the g-integral and g-derivative [26,27]. When limit q tends to 1, the q calculus can be
simplified to ordinary calculus and also the quantum calculus is subset of time scale calculus. A
unified framework for studying dynamical equations in both discrete and continuous domains is
provided by the time scale of calculus.

The idea of g-calculus has been used to study numerous well-known integral inequalities, in-
cluding Ostrowski, Hermite-Hadamard, Hélder, trapezoidal, and Cauchy-Bunyakovsky-Schwarz
inequalities. In 2015, Noor et al. [28] developed a quantum version of the classical integral iden-
tity and estimated Hermite-Hadamard inequalities for g-differentiable convex and quasi-convex
functions. In addition, Alp et al. [29] derived extended quantum versions of the q-H-H inequality
for convex functions using two distinct forms of quantum integrals.

The post-quantum calculus, commonly referred to as, (p, q)-calculus, represents a generalization
of g-calculus by introducing two independent parameters, p and q. This framework plays a
significant role in various areas of physics and mathematics. The study of (p, q)-calculus was
initiated by Chakrabarti and Jagannathan [30] in 1991, where they introduced the notions of the
(p, 9)-integral and derivative on the interval (0, o). Later, in 2016, Tung and Gov [31] extended these
concepts by defining the (p, q),-integral and derivative over the finite intervals. More recently,
Vivas-Cortez [32] (p, q)i -integral and derivative, also formulated on finite intervals.

In recent years, (p, q)-calculus has attracted considerable attention from researchers, particularly
in the study of various integral inequalities, with numerous results available in [33-38], and the
cited references. Lungboon et al. [39] presented a new (p, q)‘i—integrable identity involving the first
order (p, q)°-derivative and, utilizing this identity, established several (p, q)°-integrale inequalities
of Hermite-Hadamard type for (p, q)°-differentiable convex functions. In addition, You et al.
[40] derived Hermite-Hadamard and Ostrowski type inequalities for s-convex functions through
(p, q)-calculus, along with some applications. Furthermore, Mishra and Singh [41] introduced
a Hermite-Hadamard type inequality for s-preinvex functions within the framework of post-
quantum calculus and formulated a new (p, q)-integral identity, which was applied to obtain
Ostrowski type inequalities for (p, q)-differentiable functions.

This research is divided into five sections, including the introduction. Section 2 presents a
concise overview of fundamental definitions and properties regarding quantum and post-quantum

calculus. In section 3, we introduce parametrized post-quantum integral inequalities for convex
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function by using lemma and acheive some new type inequality into a single inequality. In section
4, Two examples are provided to examine the applicability of our main results. In section 5, we

have given ideas for upcoming studies.

2. PRELIMINARIES

In this section, we revisit some basic ideas and conclusion about convex function, g-calculus

and (p, q)-calculus, respectively.
Definition 2.1. [42] A function ¢ is said to be convex on an interval I if

p(£0+ (1-1)¢) <t@(0) + (1 =Hp(<), (2.1)

holds forall p,¢ € Iand 0 <t < 1.

_e

2.1. g-Calculus and Some Inequalities. For the sake of brevity, let ¢ € (0,1) and we see the

following notations (see, [43]).

Definition 2.2. [44] The left quantum derivative or qy-derivative of ¢ : [p,¢] — Rat A € [p,¢] is
characterized by the expression:
o (A —@aA+(1-0a)p)
(1=a)(A=0)

For A = &, we state *Dy(&) = lim Dy (A), if it exists and finite.

A—e

Definition 2.3. [45] The right quantum derivative or o°-derivative of ¢ : [p,¢] — Rat A € [p,¢] is

expressed as:

s QLA+ (1-9)2) = p(A)
Dy(A) = =Gk A £ (2.3)

For A = &, we state *Dy(&) = lim D@ (A), if it exists and finite.
A—¢

Definition 2.4. [45] The left quantum integral or qy-integral of ¢ : [p,¢] — Rat A € [p, ] is defined as:

[ee]

A 1
[ o0t = a-a SORKIISE Mo = @-0) [ pa-nor). e
4

Definition 2.5. [46] The right quantum integral or q-integral of ¢ : [0, ] is defined as:

1
[owras=-0e-2 Y wasa-0)=c-o [ ot 0-paa @9
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Lemma 2.1. We have the equality for q,-integrals

G s
f (A= 0)5deA = il )il , (2.6)
0
for a € R\{-1}.

Many studies in quantum analysis have recently been done.One of these is the following in 2018

Alp et al. [46] proved the g-Hermite-Hadamard inequality:-

Theorem 2.1. Let ¢ : [9,¢] — R be a convex differential function on [p,¢] and 0 < g < 1. Then, we have

(ao+¢ T s a9 +¢©)

where, 2], =1+ q.

By using the q°-integral, Bermudo et al. [45] proved the following new g-Hermite-Hadamard
type inequality.

Theorem 2.2. If ¢ : [9,¢] — R is a convex differential function on [,¢]. Then, we have the following
q-Hermite-Hadamard inequalities.

4

For some studies in this regard, the reader is refer to [47,48].

In [29], Necmettin Alp et al. established the following generalized version of g-Hermite-
Hadamard inequality.

Theorem 2.3. Let ¢ : [, &] — R be a convex function on [p, &] with ¢ < &, then the following inequalities
hold:

\ @+¢)< L ( f“*“‘”fk A f e ) P(2) + ()
<— A)odgA + Afd A< 222 (29)
o\ 5 sl [ o@ade [ o !

2.2. (p,q)-Calculus and Some Inequalities. Inthiswork, [,¢] € Risanintervaland0 < g<p<1
are constants.

The (p, q)-number of “Y’ is expressed as:
_ qY

Y — Pl pY 2g 4 g 2 YL, YeEN (2.10)

By setting, q=1 in (2.10), the expression simplifies to:

Which is also known as the g-number of “Y’; for further information, see [49].
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Definition 2.6. [31] The (v, q),-derivative of function ¢ : [,¢] — R is given as follows:
s @A+ (1-9)0) —PaA+ (1-a)d)
JDoad(A) = A+ (1-9)0) fp(Q\ +(A-00) . 5 2.11)
(r-a)(A-0)
with 0 < q < p < 1. For A = p, we state ,Dy o@(9) = lim ,Dy o (A), if it exists and finite.
A—p

Definition 2.7. [45] The (p, q)“-derivative of function ¢ : [p,¢] — R is given as follows:

PaA+(1-a)2) —p(rA+ (1-p)¢)
(r-a)(A-2)
with 0 < q < p < 1. For A = ¢, we state Dy, (@(&) = lim Dy op(A), if it exists and finite.
A—¢

“Dyp(A) = LA %S (2.12)

Remark 2.1. It follows that if we take q = 1in (2.6) and (2.7), then these equations simplify to (2.2) and
(2.3), respectively.

Definition 2.8. [31] The defnition (v, q),-integral of function ¢ : [0,¢] — R on [p,¢] is stated as follows:

Y

A X o oa [, qY
j@‘ gb(t)@dp/qt = (p - q) (A - @) YZ W(P( py+1 A+ (1 - DY+1 )@)/ (213)
=0

with0<qg<p<l1.

Definition 2.9. [32] The defnition (p, q)-integral of function ¢ : [, ] — R on [, ¢] is stated as follows:

ffp )odpat = (P—0a)(¢ A)Zpﬁiﬁp(pil ( )) (2.14)

with0<qg<p<l.
Remark 2.2. Taking p = 1 in equations (2.13) and (2.14) simplifies them to (2.4) and (2.5) , respectively.

Remark 2.3. In (2.13), if we take ¢ = 0 and A=¢=1in(2.13), we get

1 b Y Y
N a .| a
L (P(_t)OdD,DI = (p - Cl) ;) pY-i-l (P( DY-H).

Similarly, by taking A = p = 0 is (2.14), it follows that

1 sl Y
q
fo(p( D'yt = (n=0) ) Y+1(P( pYH)

Y=0

Lemma 2.2. [32] The following equalities apply:

¢ (C Q)aJrl
C - Ulsd 7
f@‘ ( ) Pq [0(+1] o

b 1

N N b a+

[t = 8
0 [a+1]p,q

where o € R\{-1}.
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Kuntet. al [50] demonstrated the Hermite-Hadamard type inequality for convex functions using

the (v, q), integral.

Theorem 2.4. For a convex mapping ¢ : [0, &) — R which is differential on [p, &], the following inequalities
hold for [p, q]-integral:

N N D§+(1—D)@ NN NN
(G s sy [ 9dah < O, 2.15)
p.a ¢ = 0 p.a

where0 <g<p<1.

Vivas-Cortez et. al [32] demonstrated the Hermite-Hadamard type inequality for convex func-

tions using the (p, q)¢ integral.-

Theorem 2.5. Consider a convex mapping ¢ : [0,¢] — R which is differentiable on [, | the following
inequalities hold for (v, q)*-integral:

. v@+q¢) 1 fﬁ e s P(0) +ap(2)
<— (A)od, A < T2 2 TH 2 (2.16)
g”( 20 )= PE=0) Jopeqaome LA 2lhs

where, 0 < q<p < 1.

Theorem 2.6. [32] Consider a convex mapping ¢ : [0,¢] — R, the following inequality holds:

\ @+<:)< 1 [ f”““"’)@ N f ey Al 20 9
< — A)pdp oA + (A)dp Al < ———=. (2.17)
(P( > 20(c—2) ) o( o%p,q p@+(1—p)é(p p.q 5

where0 < g<p<1.

3. MaIN Resurr

In this section, we present certain generalizations of the (p, q)-Hermite-Hadamard type inequal-

ities. This section begins with a lemma that establishes the inequalities.

Lemma 3.1. Consider a function ¢ : [9,¢] — R which is (v, q)-differentiable. Provided that ;D and

Dy, q are continuous and (p, q)-integrable over [p, ], then we arrive at the following equality:

C=2) (M ieh o \ \ s
E58 [t Du 2+ (1-10) = 9D (1= 00+ 1)t

1 1 (ret-ve 1 (% o 5(0) 4+ (e
= [ fg <P(_f>@dp,q_f+5 fp @(!)Cdp,q!]—[w]. (3.1)

2(¢-0)|a o+ (1-p)e
Proof. Assume that

N N 1
¢ — > N N N
Gl ([} qt*Dp,q@((1 = t)¢ + to)dp ot — j;

2
-
2

1

pt,Dpe@((1-t)0+ ’EC)dv,q’E) 3.2)

(h —I).
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By definition 2.7, we have

1
L = f Aty Dy, (0 + (1 - 1)) dp,ot
0

B fl P(atd + (1 - at)e) — (pto+ (1 - pt)e)
= at
0 (p—0q)(c—-0)t

g Ll (-3 S el - )

~ (r-a) &~

“ gl Ll (- k) Sl - K
“walls T el (-5 H)- o)
_ o)

P& -0)
=;f POt~ ——p ().

P(C = 0)? Jpot(1-p)e -0

(P-a)(c-2) v qY\(qY\ ( qY)\) 1
=—v 2., 3Pl Fot|1-=x)¢|- N
3 YZ_;) P\ v? o7 (b—@)")((’)

Similarly, by definition 2.6, we get

1
Izzf P’E@Dv,ng((l_t)@+'£¢)dv,qt

f (P 1-t)o+1t)+(1-p)0) —p(a((1-t)o+ ) + (1-q)D)
(P-a)(1-t)o+tc—0)

L (o(1-pt) +vtc) ®(0(1—at) +at2)
=P : dp,qt
(P—a)(c-0)
b Y Y & Y Y-+1 Y+1
q . q q” . q N q q N
(v Q)( [Yo v 1(p(g(1_n_Y)+p_Yg) ZopY“(P(Q(l_ vY“)+ p“lg)]
p [1v g qY) q¥ ) 1w 't (( qY“) qrtt )]
= Y Lolo1- 5]+ )= Y Saele - S )+ s
(c-o)l PYZ:)W(P(Q( pY) o pY q;)pY“(P AT ) T v

P f(1_L)yya qY) qY\) 1@]
—= - a 1__ q 1
(¢-0) _(v q)YZ_‘ pY(P(@( o) e +p(P(Q)

0
[ s Y Y Y
p pP—q a . q a ) 1.
= - - 1-—<|+—=<2|+ -9
(-0 (Dq ZpY(P(g( pY) ng) P(P( )]

Y=0
1 1 e+ (1-p)o
= ——@()— — t)odyp ot
C_Q(P() Q(C—Q)zf@ (P()Q P.q
Then it follows that
c—d
(c-0) (I — )

2

(3.3)
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e [ a0t T - o)+ [
=— PO ot~ ——P(0) - —P(&) + —— D(U)pilyat
P21 eV T e T e e =ar J, P

1 1 fvé+(1—n)@ 1 fc‘ . ] [(P(@) +<P(C)]
=5 =_l= p(t)oddp,at + — p(t) dpot| — | ————|
Z(g—g)[q ) Pt P p@+(1—p)¢(P() pa 5
Which completes the proof.

O

Remark 3.1. We have presented the lemma that generalizes the corresponding results given in [29] for

g-Hermite-Hadamard inequality for convex functions.

Theorem 3.1. We work under the conditions stated in Lemma 3.1. If the |,Dy | and |* Dy 1| are convex
on [, ¢, then the following inequality holds:

1 (1 (e 1 (¢ o ¢(0) + ()
‘ ( f (p(t)@dp,q_t‘f‘; f @(t)‘;dp,q_t)—[—z ]
4

2(c-0) a po+(1-p)2
€0 SR .
= 2[205aBlws [([3] pa = [2ln0)[al"Dpa@(&)] + ploDp,a(2)]] (3.4)

- 2pnaF D (2)] + m@Dp,qu(an].

Proof. With help of Lemma 3.1, we get
_ L (L L[ ) [2@ )
— (= D(t)d t+—f p(t)°d t)—[ ]
‘Z(C_Q)(q»f@ P Oatpat p p@+(]_p)g‘(P(_) Pz 2

R N 1 N N 1
¢ — > . N N ¢ — . R N
< ( > 0 f(; atl°Dyp,e@((1 = 1)C + t0)dp ot + —( > 2 f(; ptlpDyp,q@((1 =)0 + t&)dp gt (3.5)

By using the convexity of |,Dp @l and Dy q@|, we have

1 (1 [ret-ee 1 (° e P(0) + ¢()
’ ( f (Oodnat + 5 f (p@)@dp,qt)—[f]
o p

2(c-0)\a o+ (1-p)e

(C=0) (Y o e e
=2 at| (1= DI Dya@(S)] + t Do (2)] [dnat
0
S N l
C__ Y Y
+ 20) fo pi((l—t)l@Dp,qQO(@)l+t|@Dp,qtl)dp,q;
(c-0)

1
= E22LD0p1+ Do ] [ - o

1
+[QFDM(P(@N+p|@Dp,q(P(¢)|]f Pl ot
0

_ ¢ ; 0) [qICDp,qu(C‘N + pl@Dp,q(P(@)l]( [Zim - [3]1M)
+ [qFDp,ﬂP(@) + p|@DPfq(P(C)]ﬁ
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-0 D (e s
= 2[2]5,003] 0 [([3]n,q - [2] p,q)[Q| D, .9 (S) + plgDm(p(Q)]

+[2] p,q[QFDp,qﬁb(@M + P|@Dp,q¢(5)|]]-
Thus, the proof is completed. m]
Remark 3.2. By taking p = 1 in Theorem 3.1, we arrive at the following inequality:

‘2 @1_@)(3 f@ (et £ f@ C@(_t)gdq_t)_ [qb@) ;(p(c)]

< ﬁ[([eﬂq 1) Dap (@)1 + 12D (@)l + [2afal Dap(2)] + |@Dq¢<c>u].

Theorem 3.2. We work under the conditions stated in Lemma 3.1. If the functions |,Dy, (@I and |*Dy @I,
s > 1 are convex, then the following inequality holds:

pe+(1-p)0 . \ o "
‘2( L )(1f@ (P(_t)@dp,q_t+%f (P(—t)gdp,qf)—|w]

q po+(1-p)¢

( 1 )%{q((M)FDWP(C)ISJFngDplq(p(@)ls)%

E=0
-0
2 \[r+1]p, 2]p,q 2]p,0

2 t_l s NN s%
+P(([ ][;']]pq )|@Dn,q¢(@)| +ﬁm|@Dp,q(P(C)|) }, (3.6)

where s™ 4+ 171 =1.

Proof. Applying Holder’s inequality to (3.5), it follows that:
1 (1 (rerieee 1 (* e P(2) +9(°)
e sk [ g - [HE5 )
0 P

2(¢-0)\a o+ (1=p)e

< (GZ;Q){( fo 1(qj£)rdp,q’£)%( fo 1 FDp,qu«l—t)éﬂ@)lsdp,qt)s

" ( fol(pt)rd*’fqi)%( fol 6D, (1 =)0+ té)lsdp,q;)%].

Since, the functions |;D,, @’ and |°D,, ;®|° are convex, we have
opa pa

(1 e L ][00
L oty [ g | 2O
0 P

2(¢-0)\a o+ (1-p)e

<L > s [( fol(qt)fdp,qt)%( fol[(l ~OFDaa (O)F + 8D (0) ls]dp"ﬁ)%]

G - 2) [( fol (ptydplqt)%( fo (1= DD (O)F + ﬂ@Dp,q@(c)F]dp,qtﬂ
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_Mi@%v;}mfﬂmﬁ_ﬂ”%W(W pifDW“@ﬂ%
N p(c‘z 0 (
NG - 2) ( - +11]M) [q(( [21[2] - )FDp DR + mlm Dy (@)Pf

+ p(( [2][;]:; 1)I@Dp,q@(@)ls + [2]—;|@Dplq<p(¢)|s)j‘

1

2
) [( )|prqqo< g ]1p,q|@Dp,q(P(C)ls];

+1]p,

Hence, the proof is completed. m]

Remark 3.3. By taking p = 1 in Theorem 3.2, we arrive at the following inequality:

(f(P dt+f¢ gdt) [(@)+fp()]
y g(m)'[q((m[;_];)ls (e + o)

+(([2][;—];1)'@ P (Q)F + quaqub(cﬂﬂ.

Theorem 3.3. We work under the conditions stated in Lemma 3.1. If the functions |,Dy,(@I* and |*Dy @I,

s > 1 are convex, then the following inequality holds:

1 1 (ret-pe 1 (° : P(0) +@(<)
_ (P‘ N _ (P\ [« RS S

q po+(1-p)¢
s@—@qvphq[]qﬂDmﬂ)l+[hﬁDm@@Wf
2[2],0 3o
(18150 = [2]5,0)1:D5a@ ()F + [2]4laDpep (&)1 \*
+p( e )}

Proof. Applying the power mean inequality to (3.5), it follows that:

1 1 fpé+(1—p)@ 1 fé X ) [(P(Q) +(P(C)]
NN N p(t)pdp,at + = D(t)°dy ot | -
k@—m(q@ N R CL !
N N 1 1 1
- o At
< -9 > 2 l(f Q’Edp,qi) (f qt Dy @ ((1 = 1) + t0)] dmt)
0 0

1-3 5
+(f ptdnqt) (f ptloDyp,q@((1 ’E)@+’£C)|5dv,q’£) ]

1
1-5
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By using convexity of the functions |,D, (@[° and |*Dy, (@[, we have

1 1 [rti-ne 1 (¢ . 2(0) +0(2)
( f P(L)oduat 3 f (p(t)gdp,qt)—[f]
0

2(c-0)\a po+(1-p)2

< %)[( fo 1 qtdp,qt)l_
([ ptdp,qt)l_%( [ ot Dssptor + zl@vaqﬁb@)'s]d”"‘t)%]
et et moers oo

-5 ( ) [(2 - )|@qu<p(@>| ﬁme@(C)P}
_(C_@)[((H ~ 2lpa) Do (@)F Hp,qlgDp,qq‘)(@MS)%

1 1
5 5

(fol t[(1 = I Daa(S)F + D@ (0)F 1dp,qz)

@ =

- 2[2Jpe Blra

(([3]” ~ [2)0) Do (2)F + [2 p,qigDp,q(p(é)'s)%]_

+Pp
[B]oa

Thus, the proof is completed. m]

Remark 3.4. By taking p = 1 in Theorem 3.3, we arrive at the following inequality:

‘2@1_ @)(é f@ et + f@ éqb(.t)édqz)— [—‘P(@) Z(P(‘:)]

L -0 {q(<[3] 0 — [2]0)FDe@(Q)F + [2 ]qICD(](p(@)|S)%

— 22 Blq

+(<[3]q—[21q>|@r>q¢<@>| 2la,Dap(2 >|S)1].

3]
4. EXAMPLES

In order to explore our theorem, we provide two examples.

Example 4.1. For a convex function ¢(t) = > and 9 = 0, ¢ = 1, q=1/2 and p=3/4. The left side of (3.4)

becomes
1 (1 (Per-we 1 (° \ P(0) + ()
L i L[ pand) [0
‘Z(C_@)(qj@‘ P (t) oy, o p@+(1_p)¢(P() p.q 5

3 1 N N
|1 to 4 (" pe ) [900)+9(1)
= 2a-0) (21(; I@dv,qf+3£2 dp,q_t) [ 5

1 4
x 5(2 % 0.36 + 3 % 0.2736) — 0.5

~ 0.0532
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and the right side of (3.4) becomes

ﬁ[(m va = [2]p0) [0 Dy, ()] + ploDy,a@(0)1] + [2]p,alal" Dy, (2)] + ploDp,a@ ()]
1-0

1 3 1 3
= ——|([8]pq— 12 =12l + -0 2]p,41210.75] + —[1.25]] | = 0.5207
]| (Bloa~ 2 321+ 300 + 2ol 0751+ 225
It is clear that

0.0532 < 0.5207
which confirms the validity of inequality (3.4).

Example 4.2. For a convex function ¢(t) = 2 and 0=0,¢=1,0q=12, p=3/4, s=2 and r=2. The left side
of (3.6) becomes

1 (1 reramee 1 (° e P(0) +¢(2)
e vk [ g [HE )
4 p

2(¢—0)\a o+(1-p)e

3 1 N N
1 e 4 (e, ) [20)+e(1)
2(1-0) (210‘ £ oot + 3‘[% t dv,ql-‘) [ 2

1 4
5 (2036 + = x0.2736) ~ 0.5

~
=~

~ 0.0532

and the right side of (3.6) becomes

<) {q(( 2D, + Do)

s

S

2]p0 2ls
+ D(([z][;'#:l)l@ljp,q@(éﬂs + ﬁml@Dp,«:@(C)ls)j
3t Bl o o) 4B or o)
—

0.0532 < 0.657

which confirms the validity of inequality (3.6).

5. ConcLusioN AND FuTure DIRECTIONS

In this study, we demonstrate generalized post-quantum estimations for the (v, q)-Hermite-
Hadamard inequality for convex functions involving two kinds of post-quantum integrals. The
outcomes of this study are generalizable to (p, q)-fractional inequalities, similar inequalities, or
outcomes for various types of convexity. We expect that the approaches and results of this work

may encourage continued research on inequalities.
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