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Abstract. The aim of this paper is to demonstrate generalized estimations for the (p, q)-Hermite-Hadamard inequalities

for convex functions with two parameters. By using the same parameters, our findings are consistent with the previously

established (p, q)-Hermite-Hadamard inequalities. We introduce a new lemma to derive generalized post-quantum

inequalities for convex functions and show that our results extend some previously established ones. Additionally, we

provide mathematical examples for specific (p, q)-functions to validate the newly obtained results.

1. Introduction

Convexity is generally known as one of the most fundamental principles of analysis that is

frequently used in many fields of pure and applied sciences. In particular, where convexity

makes it possible to construct necessary and sufficient global optimality conditions; where there

is a direct connection between consumer theory in economics, information theory, and the field

of inequalities. In recent decades, several extensions of the classical concept of convexity have

been proposed and explored [1,2], such as generalized convexity, preinvexity, harmonic convexity,

exponential convexity, (α,m)-convexity, m-convexity, log-convexity, h-convexity, and convexity

with respect to function pairs, among others. These generalized forms of convexity have proved to

be highly useful in diverse areas, including optimization theory, approximation theory, fractional

mathematical modeling, and functional analysis [3–8].

In recent decades, the concept of convexity has played a central role in the generalization and

extension of various inequalities. Numerous inequalities—including those of Hermite–Hadamard,
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Newton, Simpson, Opial, Ostrowski, Pachpatte, and Bullen types, among others—have been

developed by researchers through the use of convex functions, with an emphasis on establishing

new bounds for their left- and right-hand sides; see [9–24] and references cited therein for more

details.

In mathematics, quantum calculus refers to a branch of calculus that is developed without

relying on the notion of limits. In the beginning of 18th century, the first person to investigate

quantum calculus was Euler [25] (1707-1783) who used the parameter ‘q’ in Newton’s study of

infinite series. Jackson initiated the study of quantum calculus in the early twentieth century and

developed the q-integral and q-derivative [26, 27]. When limit q tends to 1, the q calculus can be

simplified to ordinary calculus and also the quantum calculus is subset of time scale calculus. A

unified framework for studying dynamical equations in both discrete and continuous domains is

provided by the time scale of calculus.

The idea of q-calculus has been used to study numerous well-known integral inequalities, in-

cluding Ostrowski, Hermite-Hadamard, Hölder, trapezoidal, and Cauchy-Bunyakovsky-Schwarz

inequalities. In 2015, Noor et al. [28] developed a quantum version of the classical integral iden-

tity and estimated Hermite-Hadamard inequalities for q-differentiable convex and quasi-convex

functions. In addition, Alp et al. [29] derived extended quantum versions of the q-H–H inequality

for convex functions using two distinct forms of quantum integrals.

The post-quantum calculus, commonly referred to as, (p, q)-calculus, represents a generalization

of q-calculus by introducing two independent parameters, p and q. This framework plays a

significant role in various areas of physics and mathematics. The study of (p, q)-calculus was

initiated by Chakrabarti and Jagannathan [30] in 1991, where they introduced the notions of the

(p, q)-integral and derivative on the interval (0,∞). Later, in 2016, Tunç and Göv [31] extended these

concepts by defining the (p, q)%̀-integral and derivative over the finite intervals. More recently,

Vivas-Cortez [32] (p, q)ς̀-integral and derivative, also formulated on finite intervals.

In recent years, (p, q)-calculus has attracted considerable attention from researchers, particularly

in the study of various integral inequalities, with numerous results available in [33–38], and the

cited references. Lungboon et al. [39] presented a new (p, q)ς̀-integrable identity involving the first

order (p, q)ς̀-derivative and, utilizing this identity, established several (p, q)ς̀-integrale inequalities

of Hermite–Hadamard type for (p, q)ς̀-differentiable convex functions. In addition, You et al.
[40] derived Hermite–Hadamard and Ostrowski type inequalities for s-convex functions through

(p, q)-calculus, along with some applications. Furthermore, Mishra and Singh [41] introduced

a Hermite–Hadamard type inequality for s-preinvex functions within the framework of post-

quantum calculus and formulated a new (p, q)-integral identity, which was applied to obtain

Ostrowski type inequalities for (p, q)-differentiable functions.

This research is divided into five sections, including the introduction. Section 2 presents a

concise overview of fundamental definitions and properties regarding quantum and post-quantum

calculus. In section 3, we introduce parametrized post-quantum integral inequalities for convex
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function by using lemma and acheive some new type inequality into a single inequality. In section

4, Two examples are provided to examine the applicability of our main results. In section 5, we

have given ideas for upcoming studies.

2. Preliminaries

In this section, we revisit some basic ideas and conclusion about convex function, q-calculus

and (p, q)-calculus, respectively.

Definition 2.1. [42] A function ϕ̀ is said to be convex on an interval I if

ϕ̀(t
¯
%̀+ (1− t

¯
)ς̀) ≤ t

¯
ϕ̀(%̀) + (1− t

¯
)ϕ̀(ς̀), (2.1)

holds for all %̀, ς̀ ∈ I and 0 ≤ t
¯
≤ 1.

2.1. q-Calculus and Some Inequalities. For the sake of brevity, let q ∈ (0, 1) and we see the

following notations (see, [43]).

[Υ]q =
1− (q)Υ

1− q
= 1 + q+ (q)2 + ...... + (q)Υ−1.

Definition 2.2. [44] The left quantum derivative or q%̀-derivative of ϕ̀ : [%̀, ς̀] → R at Λ̀ ∈ [%̀, ς̀] is
characterized by the expression:

%̀Dqϕ̀(Λ̀) =
ϕ̀(Λ̀) − ϕ̀(qΛ̀ + (1− q)%̀)

(1− q)(Λ̀ − %̀)
, Λ̀ , %̀. (2.2)

For Λ̀ = ς̀, we state ς̀Dqϕ̀(ς̀) = lim
Λ̀→ς̀

ς̀Dqϕ̀(Λ̀), if it exists and finite.

Definition 2.3. [45] The right quantum derivative or qς̀-derivative of ϕ̀ : [%̀, ς̀] → R at Λ̀ ∈ [%̀, ς̀] is
expressed as:

ς̀Dq(Λ̀) =
ϕ̀(qΛ̀ + (1− q)ς̀) − ϕ̀(Λ̀)

(1− q)(ς̀− Λ̀)
, Λ̀ , ς̀. (2.3)

For Λ̀ = ς̀, we state ς̀Dqϕ̀(ς̀) = lim
Λ̀→ς̀

ς̀Dqϕ̀(Λ̀), if it exists and finite.

Definition 2.4. [45] The left quantum integral or q%̀-integral of ϕ̀ : [%̀, ς̀]→ R at Λ̀ ∈ [%̀, ς̀] is defined as:∫ Λ̀

%̀
ϕ̀(t

¯
)%̀dqt¯

= (1− q)(Λ̀ − %̀)
∞∑

Υ=0

qΥϕ̀(qΥΛ̀ + (1− qΥ)%̀) = (ς̀− %̀)

∫ 1

0
ϕ̀((1− t

¯
)%̀+ t

¯
ς̀). (2.4)

Definition 2.5. [46] The right quantum integral or qς̀-integral of ϕ̀ : [%̀, ς̀] is defined as:∫ ς̀

Λ̀
ϕ̀(t

¯
)ς̀dqt¯

= (1− q)(ς̀− Λ̀)
∞∑

Υ=0

(qΥΛ̀ + (1− qΥ)) = (ς̀− %̀)

∫ 1

0
ϕ̀(t

¯
a + (1− t

¯
)ς̀)dqt¯

. (2.5)
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Lemma 2.1. We have the equality for q%̀-integrals∫ ς̀

%̀
(Λ̀ − %̀)α%̀dqΛ̀ =

(ς̀− %̀)α+1

[α+ 1]q
, (2.6)

for α ∈ R\{−1}.

Many studies in quantum analysis have recently been done.One of these is the following in 2018

Alp et al. [46] proved the q-Hermite-Hadamard inequality:-

Theorem 2.1. Let ϕ̀ : [%̀, ς̀]→ R be a convex differential function on [%̀, ς̀] and 0 < q < 1. Then, we have

ϕ̀

(
q%̀+ ς̀

[2]q

)
≤

1
ς̀− %̀

∫ ς̀

%̀
ϕ̀(Λ̀)%̀dqΛ̀ ≤

qϕ̀(%̀) + ϕ̀(ς̀)

[2]q
, (2.7)

where, [2]q = 1 + q.

By using the qς̀-integral, Bermudo et al. [45] proved the following new q-Hermite-Hadamard

type inequality.

Theorem 2.2. If ϕ̀ : [%̀, ς̀] → R is a convex differential function on [%̀, ς̀]. Then, we have the following
q-Hermite-Hadamard inequalities.

ϕ̀

(
%̀+ qς̀

[2]q

)
≤

1
ς̀− %̀

∫ ς̀

%̀
ϕ̀(Λ̀)ς̀dqΛ̀ ≤

ϕ̀(%̀) + qϕ̀(ς̀)

[2]q
. (2.8)

For some studies in this regard, the reader is refer to [47, 48].

In [29], Necmettin Alp et al. established the following generalized version of q-Hermite-

Hadamard inequality.

Theorem 2.3. Let ϕ̀ : [%̀, ς̀]→ R be a convex function on [%̀, ς̀] with %̀ < ς̀, then the following inequalities
hold:

ϕ̀

(
%̀+ ς̀

2

)
≤

1
2λ(ς̀− %̀)

( ∫ λς̀+(1−λ)%̀

%̀
ϕ̀(Λ̀)%̀dqΛ̀ +

∫ ς̀

λ%̀+(1−λ)ς̀
ϕ̀(Λ̀)ς̀dqΛ̀

)
≤
ϕ̀(%̀) + ϕ̀(ς̀)

2
. (2.9)

2.2. (p, q)-Calculus and Some Inequalities. In this work, [%̀, ς̀] ⊂ R is an interval and 0 < q < p ≤ 1

are constants.

The (p, q)-number of ‘Υ′ is expressed as:

[Υ]p,q =
pΥ
− qΥ

p− q
= pΥ−1 + pΥ−2q+ ...... + pqΥ−2 + qΥ−1, Υ ∈ N (2.10)

By setting, q=1 in (2.10), the expression simplifies to:

[Υ]q =
1− qΥ

1− q
= 1 + q+ q2 + ...... + qΥ−1, Υ ∈ N;

Which is also known as the q-number of ‘Υ’; for further information, see [49].
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Definition 2.6. [31] The (p, q)%̀-derivative of function ϕ̀ : [%̀, ς̀]→ R is given as follows:

%̀Dp,qϕ̀(Λ̀) =
ϕ̀(pΛ̀ + (1− p)%̀) − ϕ̀(qΛ̀ + (1− q)%̀)

(p− q)(Λ̀ − %̀)
, Λ̀ , %̀; (2.11)

with 0 < q < p ≤ 1. For Λ̀ = %̀, we state %̀Dp,qϕ̀(%̀) = lim
Λ̀→%̀

%̀Dp,qϕ̀(Λ̀), if it exists and finite.

Definition 2.7. [45] The (p, q)ς̀-derivative of function ϕ̀ : [%̀, ς̀]→ R is given as follows:

ς̀Dp,qϕ̀(Λ̀) =
ϕ̀(qΛ̀ + (1− q)ς̀) − ϕ̀(pΛ̀ + (1− p)ς̀)

(p− q)(Λ̀ − ς̀)
, Λ̀ , ς̀; (2.12)

with 0 < q < p ≤ 1. For Λ̀ = ς̀, we state ς̀Dp,qϕ̀(ς̀) = lim
Λ̀→ς̀

ς̀Dp,qϕ̀(Λ̀), if it exists and finite.

Remark 2.1. It follows that if we take q = 1 in (2.6) and (2.7), then these equations simplify to (2.2) and
(2.3), respectively.

Definition 2.8. [31] The defnition (p, q)%̀-integral of function ϕ̀ : [%̀, ς̀]→ R on [%̀, ς̀] is stated as follows:∫ Λ̀

%̀
ϕ̀(t)%̀dp,qt = (p− q)(Λ̀ − %̀)

∞∑
Υ=0

qΥ

pΥ+1
ϕ̀

(
qΥ

pΥ+1
Λ̀ +

(
1−

qΥ

pΥ+1

)
%̀

)
, (2.13)

with 0 < q < p ≤ 1.

Definition 2.9. [32] The defnition (p, q)ς̀-integral of function ϕ̀ : [%̀, ς̀]→ R on [%̀, ς̀] is stated as follows:∫ ς̀

Λ̀
ϕ̀(t)ς̀dp,qt = (p− q)(ς̀− Λ̀)

∞∑
Υ=0

qΥ

pΥ+1
ϕ̀

(
qΥ

pΥ+1
Λ̀ +

(
1−

qΥ

pΥ+1

)
ς̀

)
, (2.14)

with 0 < q < p ≤ 1.

Remark 2.2. Taking p = 1 in equations (2.13) and (2.14) simplifies them to (2.4) and (2.5) , respectively.

Remark 2.3. In (2.13), if we take %̀ = 0 and Λ̀ = ς̀ = 1 in (2.13), we get∫ 1

0
ϕ̀(t

¯
)0dp,pt¯

= (p− q)
∞∑

Υ=0

qΥ

pΥ+1
ϕ̀

(
qΥ

pΥ+1

)
.

Similarly, by taking Λ̀ = %̀ = 0 is (2.14), it follows that∫ 1

0
ϕ̀(t

¯
)1dp,qt¯

= (p− q)
∞∑

Υ=0

qΥ

pΥ+1
ϕ̀

(
1−

qΥ

pΥ+1

)
.

Lemma 2.2. [32] The following equalities apply:∫ ς̀

%̀
(ς̀− Λ̀)ας̀dp,qΛ̀ =

(ς̀− %̀)α+1

[α+ 1]p,q
,

∫ b

%̀
(Λ̀ − %̀)α%̀dp,qΛ̀ =

(b− %̀)α+1

[α+ 1]p,q
,

where α ∈ R\{−1}.
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Kunt et. al [50] demonstrated the Hermite-Hadamard type inequality for convex functions using

the (p, q)%̀ integral.

Theorem 2.4. For a convex mapping ϕ̀ : [%̀, ς̀]→ R which is differential on [%̀, ς̀], the following inequalities
hold for [p, q]%̀-integral:

ϕ̀

(
q%̀+ pς̀

[2]p,q

)
≤

1
p(ς̀− %̀)

∫ pς̀+(1−p)%̀

%̀
ϕ̀(Λ̀)%̀dp,qΛ̀ ≤

qϕ̀(%̀) + pϕ̀(ς̀)

[2]p,q
, (2.15)

where 0 < q < p ≤ 1.

Vivas-Cortez et. al [32] demonstrated the Hermite-Hadamard type inequality for convex func-

tions using the (p, q)ς̀ integral.-

Theorem 2.5. Consider a convex mapping ϕ̀ : [%̀, ς̀] → R which is differentiable on [%̀, ς̀] the following
inequalities hold for (p, q)ς̀-integral:

ϕ̀

(
p%̀+ qς̀

[2]p,q

)
≤

1
p(ς̀− %̀)

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(Λ̀)ς̀dp,qΛ̀ ≤

pϕ̀(%̀) + qϕ̀(ς̀)

[2]p,q
. (2.16)

where, 0 < q < p ≤ 1.

Theorem 2.6. [32] Consider a convex mapping ϕ̀ : [%̀, ς̀]→ R, the following inequality holds:

ϕ̀

(
%̀+ ς̀

2

)
≤

1
2q(ς̀− %̀)

[ ∫ pς̀+(1−p)%̀

%̀
ϕ̀(Λ̀)%̀dp,qΛ̀ +

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(Λ̀)ς̀dp,qΛ̀

]
≤
ϕ̀(%̀) + ϕ̀(ς̀)

2
. (2.17)

where 0 < q < p ≤ 1.

3. Main Result

In this section, we present certain generalizations of the (p, q)-Hermite–Hadamard type inequal-

ities. This section begins with a lemma that establishes the inequalities.

Lemma 3.1. Consider a function ϕ̀ : [%̀, ς̀] → R which is (p, q)-differentiable. Provided that %̀Dp,q and
ς̀Dp,q are continuous and (p, q)-integrable over [%̀, ς̀], then we arrive at the following equality:

(ς̀− %̀)

2

∫ 1

0
t
¯
[qς̀Dp,qϕ̀(t¯

%̀+ (1− t
¯
)ς̀) − p%̀Dp,qϕ̀((1− t

¯
)%̀+ t

¯
ς̀)]dp,qt¯

=
1

2(ς̀− %̀)

[
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

]
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]
. (3.1)

Proof. Assume that

(ς̀− %̀)

2

( ∫ 1

0
qt
¯
ς̀Dp,qϕ̀((1− t

¯
)ς̀+ t

¯
%̀)dp,qt¯

−

∫ 1

0
pt

¯%̀
Dp,qϕ̀((1− t

¯
)%̀+ t

¯
ς̀)dp,qt¯

)
(3.2)

=
(ς̀− %̀)

2
(I1 − I2).
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By definition 2.7, we have

I1 =

∫ 1

0
qt
¯%̀

Dp,qϕ̀(t¯
%̀+ (1− t

¯
)ς̀)dp,qt¯

(3.3)

=

∫ 1

0
qt
¯
ϕ̀(qt

¯
%̀+ (1− qt

¯
)ς̀) − ϕ̀(pt

¯
%̀+ (1− pt

¯
)ς̀)

(p− q)(ς̀− %̀)t
¯

=
q(p− q)

(p− q)(ς̀− %̀)

[ ∞∑
Υ=0

qΥ

pΥ+1
ϕ̀

(
qΥ+1

pΥ+1
%̀+

(
1−
qΥ+1

pΥ+1

)
ς̀

)
−

∞∑
Υ=0

qΥ

pΥ+1
ϕ̀

(
qΥ

pΥ
%̀+

(
1−
qΥ

pΥ

)
ς̀

)]

=
q

(ς̀− %̀)

[
1
q

∞∑
Υ=0

qΥ+1

pΥ+1
ϕ̀

(
qΥ+1

pΥ+1
%̀+

(
1−
qΥ+1

pΥ+1

)
ς̀

)
−

1
p

∞∑
Υ=0

qΥ

pΥ
ϕ̀

(
qΥ

pΥ
%̀+

(
1−
qΥ

pΥ

)
ς̀

)]

=
q

(ς̀− %̀)

[(
1
q
−

1
p

) ∞∑
Υ=0

qΥ

pΥ
ϕ̀

(
qΥ

pΥ
%̀+

(
1−
qΥ

pΥ

)
ς̀

)
−

1
q
ϕ̀(%̀)

]

=
(p− q)(ς̀− %̀)

p(ς̀− %̀)2

∞∑
Υ=0

qΥ

pΥ
ϕ̀

(
qΥ

pΥ
%̀+

(
1−
qΥ

pΥ

)
ς̀

)
−

1
(b− %̀)

ϕ̀(%̀)

=
1

p(ς̀− %̀)2

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

−
1

ς̀− %̀
ϕ̀(%̀).

Similarly, by definition 2.6, we get

I2 =

∫ 1

0
pt

¯%̀
Dp,qϕ̀((1− t

¯
)%̀+ t

¯
ς̀)dp,qt¯

=

∫ 1

0
pt

¯
ϕ̀(p((1− t

¯
)%̀+ t

¯
ς̀) + (1− p)%̀) − ϕ̀(q((1− t

¯
)%̀+ t

¯
ς̀) + (1− q)%̀)

(p− q)((1− t
¯
)%̀+ t

¯
ς̀− %̀)

= p

∫ 1

0

ϕ̀(%̀(1− pt
¯
) + pt

¯
ς̀) − ϕ̀(%̀(1− qt

¯
) + qt

¯
ς̀)

(p− q)(ς̀− %̀)
dp,qt¯

=
p(p− q)

(p− q)(ς̀− %̀)

[ ∞∑
Υ=0

qΥ

pΥ+1
ϕ̀

(
%̀

(
1−
qΥ

pΥ

)
+
qΥ

pΥ
ς̀

)
−

∞∑
Υ=0

qΥ

pΥ+1
ϕ̀

(
%̀

(
1−
qΥ+1

pΥ+1

)
+
qΥ+1

pΥ+1
ς̀

)]

=
p

(ς̀− %̀)

[
1
p

∞∑
Υ=0

qΥ

pΥ
ϕ̀

(
%̀

(
1−
qΥ

pΥ

)
+
qΥ

pΥ
ς̀

)
−

1
q

∞∑
Υ=0

qΥ+1

pΥ+1
ϕ̀

(
%̀

(
1−
qΥ+1

pΥ+1

)
+
qΥ+1

pΥ+1
ς̀

)]

=
p

(ς̀− %̀)

[(
1
p
−

1
q

) ∞∑
Υ=0

qΥ

pΥ
ϕ̀

(
%̀

(
1−
qΥ

pΥ

)
+
qΥ

pΥ
ς̀

)
+

1
p
ϕ̀(%̀)

]

=
p

(ς̀− %̀)

[
−

(
p− q

pq

) ∞∑
Υ=0

qΥ

pΥ
ϕ̀

(
%̀

(
1−
qΥ

pΥ

)
+
qΥ

pΥ
ς̀

)
+

1
p
ϕ̀(b)

]

=
1

ς̀− %̀
ϕ̀(ς̀) −

1
q(ς̀− %̀)2

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t)%̀dp,qt.

Then it follows that

(ς̀− %̀)

2
(I1 − I2)
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=
1

p(ς̀− %̀)2

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

−
1

ς̀− %̀
ϕ̀(%̀) −

1
ς̀− %̀

ϕ̀(ς̀) +
1

q(ς̀− %̀)2

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

=
1

2(ς̀− %̀)

[
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

]
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]
.

Which completes the proof.

�

Remark 3.1. We have presented the lemma that generalizes the corresponding results given in [29] for
q-Hermite-Hadamard inequality for convex functions.

Theorem 3.1. We work under the conditions stated in Lemma 3.1. If the |%̀Dp,qϕ̀| and |ς̀Dp,qϕ̀| are convex
on [%̀, ς̀], then the following inequality holds:∣∣∣∣∣∣ 1

2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

ς̀− %̀

2[2]p,q[3]p,q

[
([3]p,q − [2]p,q)[q|ς̀Dp,qϕ̀(ς̀)|+ p|%̀Dp,qϕ̀(%̀)|] (3.4)

+ [2]p,q[q|ς̀Dp,qϕ̀(%̀)|+ p|%̀Dp,qϕ̀(ς̀)|]
]
.

Proof. With help of Lemma 3.1, we get∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

(ς̀− %̀)

2

∫ 1

0
qt
¯
|
ς̀Dp,qϕ̀((1− t

¯
)ς̀+ t

¯
%̀)dp,qt¯

|+
(ς̀− %̀)

2

∫ 1

0
pt

¯
|%̀Dp,qϕ̀((1− t

¯
)%̀+ t

¯
ς̀)dp,qt¯

|. (3.5)

By using the convexity of |%̀Dp,qϕ̀| and |ς̀Dp,qϕ̀|, we have∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

(ς̀− %̀)

2

∫ 1

0
qt
¯

(
(1− t

¯
)|ς̀Dp,qϕ̀(ς̀)|+ t

¯
|
ς̀Dp,qϕ̀(%̀)|

)
dp,qt¯

+
(ς̀− %̀)

2

∫ 1

0
pt

¯

(
(1− t

¯
)|%̀Dp,qϕ̀(%̀)|+ t

¯
|%̀Dp,qt¯

|

)
dp,qt¯

=
(ς̀− %̀)

2

[
q|ς̀Dp,qϕ̀(ς̀)|+ p|%̀Dp,qϕ̀(%̀)|

] ∫ 1

0
(t
¯
− t

¯
2)dp,qt¯

+

[
q|ς̀Dp,qϕ̀(%̀)|+ p|%̀Dp,qϕ̀(ς̀)|

] ∫ 1

0
t
¯
2dp,qt¯

=
(ς̀− %̀)

2

[
q|ς̀Dp,qϕ̀(ς̀)|+ p|%̀Dp,qϕ̀(%̀)|

](
1

[2]p,q
−

1
[3]p,q

)
+

[
q|ς̀Dp,qϕ̀(%̀) + p|%̀Dp,qϕ̀(ς̀)

]
1

[3]p,q
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=
(ς̀− %̀)

2[2]p,q[3]p,q

[(
[3]p,q − [2]p,q

)[
q|ς̀Dp,qϕ̀(ς̀) + p|%̀Dp,qϕ̀(%̀)

]
+ [2]p,q

[
q|ς̀Dp,qϕ̀(%̀)|+ p|%̀Dp,qϕ̀(ς̀)|

]]
.

Thus, the proof is completed. �

Remark 3.2. By taking p = 1 in Theorem 3.1, we arrive at the following inequality:∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ ς̀

%̀
ϕ̀(t

¯
)%̀dqt¯

+

∫ ς̀

%̀
ϕ̀(t

¯
)ς̀dqt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

ς̀− %̀

2[2]q[3]q

[
([3]q − [2]q)[q|ς̀Dqϕ̀(ς̀)|+ |%̀Dqϕ̀(%̀)|] + [2]q[q|ς̀Dqϕ̀(%̀)|+ |%̀Dqϕ̀(ς̀)|]

]
.

Theorem 3.2. We work under the conditions stated in Lemma 3.1. If the functions |%̀Dp,qϕ̀|s and |ς̀Dp,qϕ̀|s,
s > 1 are convex, then the following inequality holds:∣∣∣∣∣∣ 1

2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤
ς̀− %̀

2

(
1

[r + 1]p,q

) 1
r
q(( [2]p,q − 1

[2]p,q

)
|
ς̀Dp,qϕ̀(ς̀)|

s
+

1
[2]p,q

|
ς̀Dp,qϕ̀(%̀)|s

) 1
s

+ p

((
[2]p,q − 1
[2]p,q

)
|%̀Dp,qϕ̀(%̀)|

s +
1

[2]p,q
|%̀Dp,qϕ̀(ς̀)|

s
) 1

s
, (3.6)

where s−1 + r−1 = 1.

Proof. Applying Hölder’s inequality to (3.5), it follows that:∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

(ς̀− %̀)

2

( ∫ 1

0
(qt

¯
)rdp,qt¯

) 1
r
( ∫ 1

0
|
ς̀Dp,qϕ̀((1− t

¯
)ς̀+ t

¯
%̀)|

sdp,qt¯

) 1
s

+

( ∫ 1

0
(pt

¯
)rdp,qt¯

) 1
r
( ∫ 1

0
|%̀Dp,qϕ̀((1− t

¯
)%̀+ t

¯
ς̀)|sdp,qt¯

) 1
s
.

Since, the functions |%̀Dp,qϕ̀|s and |ς̀Dp,qϕ̀|s are convex, we have∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−ς̀)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

(ς̀− %̀)

2

( ∫ 1

0
(qt

¯
)rdp,qt¯

) 1
r
( ∫ 1

0
[(1− t

¯
)|ς̀Dp,qϕ̀(ς̀)|s + t

¯
|
ς̀Dp,qϕ̀(%̀)|s]dp,qt¯

) 1
s


+
(ς̀− %̀)

2

( ∫ 1

0
(pt

¯
)rdp,qt¯

) 1
r
( ∫ 1

0
[(1− t

¯
)|%̀Dp,qϕ̀(%̀)|s + t

¯
|%̀Dp,qϕ̀(ς̀)|s]dp,qt¯

) 1
s




10 Int. J. Anal. Appl. (2026), 24:149

=
q(ς̀− %̀)

2

(
1

[r + 1]p,q

) 1
r
[(
[2]p,q − 1
[2]p,q

)
|
ς̀Dp,qϕ̀(ς̀)|s +

1
[2]p,q

|
ς̀Dp,qϕ̀(%̀)|s

] 1
s

+
p(ς̀− %̀)

2

(
1

[r + 1]p,q

) 1
r
[(
[2]p,q − 1
[2]p,q

)
|%̀Dp,qϕ̀(%̀)|s +

1
[2]p,q

|%̀Dp,qϕ̀(ς̀)|s
] 1

s

=
(ς̀− %̀)

2

(
1

[r + 1]p,q

) 1
r
q(( [2]p,q − 1

[2]p,q

)
|
ς̀Dp,qϕ̀(ς̀)|s +

1
[2]p,q

|
ς̀Dp,qϕ̀(%̀)|s

) 1
s

+ p

((
[2]p,q − 1
[2]p,q

)
|%̀Dp,qϕ̀(%̀)|s +

1
[2]p,q

|%̀Dp,qϕ̀(ς̀)|s
) 1

s
.

Hence, the proof is completed. �

Remark 3.3. By taking p = 1 in Theorem 3.2, we arrive at the following inequality:∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ ς̀

a
ϕ̀(t

¯
)%̀dqt¯

+

∫ ς̀

%̀
ϕ̀(t

¯
)ς̀dqt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤
ς̀− %̀

2

(
1

[r + 1]q

) 1
r
q(( [2]q − 1

[2]q

)
|
ς̀Dqϕ̀(ς̀)|s +

1
[2]q
|
ς̀Dqϕ̀(%̀)|s

) 1
s

+

((
[2]q − 1
[2]q

)
|%̀Dqϕ̀(%̀)|s +

1
[2]q
|aDqϕ̀(ς̀)|s

) 1
s
.

Theorem 3.3. We work under the conditions stated in Lemma 3.1. If the functions |%̀Dp,qϕ̀|s and |ς̀Dp,qϕ̀|s,
s ≥ 1 are convex, then the following inequality holds:∣∣∣∣∣∣ 1

2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

(ς̀− %̀)

2[2]p,q

q( ([3]p,q − [2]p,q)|ς̀Dp,qϕ̀(ς̀)|s + [2]p,q|ς̀Dp,qϕ̀(%̀)|s

[3]p,q

) 1
s

+ p

(
([3]p,q − [2]p,q)|%̀Dp,qϕ̀(%̀)|s + [2]p,q|%̀Dp,qϕ̀(ς̀)|s

[3]p,q

) 1
s
.

Proof. Applying the power mean inequality to (3.5), it follows that:∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

(ς̀− %̀)

2

( ∫ 1

0
qt
¯
dp,qt¯

)1− 1
s
( ∫ 1

0
qt
¯
|
ς̀Dp,qϕ̀((1− t

¯
)ς̀+ t

¯
%̀)|sdp,qt¯

) 1
s

+

( ∫ 1

0
pt

¯
dp,qt¯

)1− 1
s
( ∫ 1

0
pt
¯
|%̀Dp,qϕ̀((1− t

¯
)%̀+ t

¯
ς̀)|sdp,qt¯

) 1
s
.
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By using convexity of the functions |%̀Dp,qϕ̀|s and |ς̀Dp,qϕ̀|s, we have∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤
ς̀− %̀

2

( ∫ 1

0
qt
¯
dp,qt¯

)1− 1
s
( ∫ 1

0
qt
¯
[(1− t

¯
)|ς̀Dp,qϕ̀(ς̀)|s + t

¯
|
ς̀Dp,qϕ̀(%̀)|s]dp,qt¯

) 1
s

+

( ∫ 1

0
pt

¯
dp,qt¯

)1− 1
s
( ∫ 1

0
pt

¯
[(1− t

¯
)|%̀Dp,qϕ̀(%̀)|s + t

¯
|%̀Dp,qϕ̀(ς̀)|s]dp,qt¯

) 1
s


=
ς̀− %̀

2

(
q

[2]p,q

)1− 1
s
[(
q

[2]p,q
−
q

[3]p,q

)
|
ς̀Dp,qϕ̀(ς̀)|s +

q

[3]p,q
|
ς̀Dp,qϕ̀(%̀)|s

] 1
s

+
ς̀− %̀

2

(
p

[2]p,q

)1− 1
s
[(
p

[2]p,q
−
p

[3]p,q

)
|%̀Dp,qϕ̀(%̀)|s +

p

[3]p,q
|%̀Dp,qϕ̀(ς̀)|s

] 1
s

=
(ς̀− %̀)

2[2]p,q

q( ([3]p,q − [2]p,q)|ς̀Dp,qϕ̀(ς̀)|s + [2]p,q|ς̀Dp,qϕ̀(%̀)|s

[3]p,q

) 1
s

+ p

(
([3]p,q − [2]p,q)|%̀Dp,qϕ̀(%̀)|s + [2]p,q|%̀Dp,qϕ̀(ς̀)|s

[3]p,q

) 1
s
.

Thus, the proof is completed. �

Remark 3.4. By taking p = 1 in Theorem 3.3, we arrive at the following inequality:

∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ ς̀

%̀
ϕ̀(t

¯
)%̀dqt¯

+

∫ ς̀

%̀
ϕ̀(t

¯
)ς̀dqt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
≤

(ς̀− %̀)

2[2]q

q( ([3]q − [2]q)|ς̀Dqϕ̀(ς̀)|s + [2]q|ς̀Dqϕ̀(%̀)|s

[3]q

) 1
s

+

(
([3]q − [2]q)|%̀Dqϕ̀(%̀)|s + [2]q|%̀Dqϕ̀(ς̀)|s

[3]q

) 1
s
.

4. Examples

In order to explore our theorem, we provide two examples.

Example 4.1. For a convex function ϕ̀(t
¯
) = t

¯
2 and %̀ = 0, ς̀ = 1, q=1/2 and p=3/4. The left side of (3.4)

becomes ∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
=

∣∣∣∣∣∣ 1
2(1− 0)

(
2
∫ 3

4

0
t
¯

2
%̀dp,qt¯

+
4
3

∫ 1

1
4

t
¯

2ς̀dp,qt¯

)
−

[
ϕ̀(0) + ϕ̀(1)

2

]∣∣∣∣∣∣
≈

∣∣∣∣∣∣12 (2× 0.36 +
4
3
× 0.2736) − 0.5

∣∣∣∣∣∣ ≈ 0.0532
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and the right side of (3.4) becomes

ς̀− %̀

2[2]p,q[3]p,q

[
([3]p,q − [2]p,q)[q|ς̀Dp,qϕ̀(ς̀)|+ p|%̀Dp,qϕ̀(%̀)|] + [2]p,q[q|ς̀Dp,qϕ̀(%̀)|+ p|%̀Dp,qϕ̀(ς̀)|]

]
=

1− 0
2[2]p,q[3]p,q

[
([3]p,q − [2]p,q)[

1
2
|2|+

3
4
|0|] + [2]p,q[

1
2
|0.75|+

3
4
|1.25|]

]
≈ 0.5207

It is clear that

0.0532 ≤ 0.5207

which confirms the validity of inequality (3.4).

Example 4.2. For a convex function ϕ̀(t
¯
) = t

¯
2 and %̀ = 0, ς̀ = 1, q=1/2, p=3/4, s=2 and r=2. The left side

of (3.6) becomes∣∣∣∣∣∣ 1
2(ς̀− %̀)

(
1
q

∫ pς̀+(1−p)%̀

%̀
ϕ̀(t

¯
)%̀dp,qt¯

+
1
p

∫ ς̀

p%̀+(1−p)ς̀
ϕ̀(t

¯
)ς̀dp,qt¯

)
−

[
ϕ̀(%̀) + ϕ̀(ς̀)

2

]∣∣∣∣∣∣
=

∣∣∣∣∣∣ 1
2(1− 0)

(
2
∫ 3

4

0
t
¯

2
%̀dp,qt¯

+
4
3

∫ 1

1
4

t
¯

2ς̀dp,qt¯

)
−

[
ϕ̀(0) + ϕ̀(1)

2

]∣∣∣∣∣∣
≈

∣∣∣∣∣∣12 (2× 0.36 +
4
3
× 0.2736) − 0.5

∣∣∣∣∣∣ ≈ 0.0532

and the right side of (3.6) becomes

≤
ς̀− %̀

2

(
1

[r + 1]p,q

) 1
r
q(( [2]p,q − 1

[2]p,q

)
|
ς̀Dp,qϕ̀(ς̀)|

s
+

1
[2]p,q

|
ς̀Dp,qϕ̀(%̀)|s

) 1
s

+ p

((
[2]p,q − 1
[2]p,q

)
|%̀Dp,qϕ̀(%̀)|

s +
1

[2]p,q
|%̀Dp,qϕ̀(ς̀)|

s
) 1

s


=
1
2

(
1

[3]p,q

) 1
2
[
1
2

((
[2]p,q − 1
[2]p,q

)
(2)2 +

1
[2]p,q

(0.75)2
) 1

2

+
3
4

((
[2]p,q − 1
[2]p,q

)
(0)2 +

1
[2]p,q

(1.25)2
) 1

2
]

≈ 0.657

It is clear that

0.0532 ≤ 0.657

which confirms the validity of inequality (3.6).

5. Conclusion and Future Directions

In this study, we demonstrate generalized post-quantum estimations for the (p, q)-Hermite-

Hadamard inequality for convex functions involving two kinds of post-quantum integrals. The

outcomes of this study are generalizable to (p, q)-fractional inequalities, similar inequalities, or

outcomes for various types of convexity. We expect that the approaches and results of this work

may encourage continued research on inequalities.
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