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Abstract. The study of the geometric properties of analytic functions and their numerous applications in a variety of
mathematical fields, including fractional calculus, probability distributions, and special functions, has drawn significant
and impressive attention to Geometric Function Theory (GFT), one of the most prominent branches of complex analysis,
in recent years. The focus of this article is to introduce a new subclass of analytic functions involving Bell Distribution

series and obtain coefficient inequalities, neighborhood results and partial sums for this class.

1. INTRODUCTION

Let A denote the class of analytic functions F defined on the unit disk U = {w : |w| < 1} with
normalization F(0) = 0 and F’(0) = 1. Such a function has the Taylor series expansion about the

origin in the form
Flo) =+ ) i, (1.1)
n=2
denoted by S, the subclass of A consisting of functions that are univalent in U.

Received: Oct. 30, 2025.
2020 Mathematics Subject Classification. 30C45, 30C50.
Key words and phrases. analytic; starlike; convex; neighborhood; partial sums.

https://doi.org/10.28924/2291-8639-24-2026-93 © 2026 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-24-2026-93

2 Int. ]. Anal. Appl. (2026), 24:93

For F € A given by (1.1) and g(w) given by

(@) =w+ ) b (1.2)
n=2
their convolution (or Hadamard product), denoted by (F * g), is defined as
(F+8)(@) = w+ ) by = (g+F)(w), (w € U). (1.3)
n=2

Note that F + g € A.
A function F € A is said to be in k — US(¢), the class of k—uniformly starlike functions of order
¢,0 < ¢ < 1, if satisfies the condition
oF (w)

oF’ (w) .
pat k
(Fr 1
and a function F € A is said to be in k — UC(¢), the class of k—uniformly convex functions of order
¢,0 < ¢ < 1, if satisfies the condition

i )

_1|+¢ (k>0 (14)

WP e (k> 0). (1.5)

F(w)

Uniformly starlike and uniformly convex functions were first introduced by Goodman [16] and
then studied by various authors.
In [24], Sakaguchi defined the class S; of starlike functions with respect to symmetric points as
follows:
Let F € A. Then F is said to be starlike with respect to symmetric points in U if and only if
% { 20F (w)
F(w) - F(-w)
Recently, Owa et al. [20] defined the class S;(f, t) as follows:
R { (1-t)wF (w)
F(w) - F(tw)
where 0 < i < 1,|t| < 1,t # 1. Note that S;(0,-1) = Ss and Ss(, —1) = Ss(h) is called Sakaguchi
function of order 7.

}>0, (w e U).

}>h, (w e l),

The Bell distribution, sometimes referred to as the normal mixture distribution, is a probability
distribution that is used in signal processing, statistical inference, and other scientific domains. A
continuous probability distribution known as the Bell distribution is a

blend of the normal distributions. In a Bell distribution, roughly 0.68 percent of the data

0.95 lies between two standard deviations and one standard deviation from the mean, and

The value of 0.997 is three standard deviations away.

The probability density function of the Bell distribution is symmetric and bell-shaped; it re-
sembles a normal distribution but has heavier tails. The distribution’s degree of asymmetry is

determined by the mixing parameter p, where p = 0.5 denotes a perfectly symmetric distribution.
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Numerous disciplines, including finance, physics, engineering, and biology, use the Bell distri-
bution. Among its applications are the modelling of biological system behaviour, noisy signal
characteristics, and stock return distribution. In statistics, the Bell curve has numerous significant
uses, including regression analysis confidence intervals, and hypothesis testing. It is also utilised
in disciplines like psychology, economics, and finance to model the behaviour of intricate systems
and generate predictions based on actual data.

A fundamental part of statistics and probability, random variable distributions serve to describe
and model a wide range of real-world events [6]. They represent the distribution of probabilities
over the values of the random variable. Some of the fundamental distributions, such as the Poisson,
Pascal, logarithmic, binomial, and Borel distributions, have been used in geometric function theory
(see [2-4]).

The Bell distribution [10] was introduced by Castellares et al. in 2018 and is appropriate for
count data that exhibit over-dispersion. Compared to the Bell numbers, the Bell distribution is

superior [7,8].

(-982)+41
Imes B
m!

PX=m)= ; m=1,2,3---, (1.6)

where B,,, = % Z lem' are the Bell numbers, m > 2, and 9 > 0.

Example of the Bell numbers are 8, = 2, 83 =5, B4 = 15 and B5 = 52. Now, we introduce a

new power series whose coefficients represent the probabilities of the Bell distribution

o1 g,
B(9,w) _w+Z T @, (we ). (1.7)

Next, we consider the linear operator IL¥ : A — A defined by the convolution (or Hadamard

product)
L°F(w) = B(S, w) *F(w) = w + i O (9)dna" (1.8)
where 7
B (9) = %

Using the Hurwitz-Lerch zeta operator ILYF, we now describe a new subclass of functions that

belong to the class A.
Definition 1.1. A function F € A € k—US(3,¢,t) if forall w € U

(1-Ha (L°F(w)) . (1-Ha (L°F (o))
L3 (w) - L (tw) |~ |L%(w) - L3 (tw)

|f

fork>0,]t{<1,t#1,0<€<1.
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Furthermore, we say that a function F € k — US,(9, ¢, ) is in the subclass k — LFES(S, () if Fw)
is of the following form

Flw) ==Y ", (4,20, neN, weU). (1.9)
n=2

The aim of the present paper is to study the coefficient bounds, partial sums and certain neigh-
borhood results of the class k — US (9,4, t).

Firstly, we shall need the following lemmas [5].
Lemma 1.1. Let w be a complex number. Then
Rw)>2h © lw-(14+h)|<|w+ (1-h).
Lemma 1.2. Let w be a complex number and h, € be real numbers. Then
R (w) >hw-1]+€ o Riw(l+he'?) -he'%} > ¢, -n<0<m.
2. COEFFICIENT BOUNDS OF THE FUNCTION CLASS k — IISS(S, ¢, t)

Theorem 2.1. The function F defined by (1.9) is in the class k — US(9, €, t) if and only if

[o¢]

Gn(Nn(k+1) —uy(k+ 0)la, <1-¢, (2.1)
n=2
wherek >0,/ <1,t#1,0<f<landu, =1+t+ -+ "L
The result is sharp for the function F(w) given by
1-¢ "

Flw)=w- . . w".
On(I)n(k+1) —uy(k+€)|

Proof. By Definition 1.1, we get
(1-He(LF(0)) ]
R { ( ) >k

(1- Do (LF(w))
L°F(w) — L% (tw)

LY (w) — L¥F (tw)

_1|H.

Then by Lemma 1.2, we have

x (1= (LF(w))
LSF (w) — LoF (tw)

(1 + ke'®) —keie} >{, —-n<0<m

or equivalently

x { (1- ) (LF(w)) (1 +ke) ke [L°F (@) - LSF(tw)]} .

L% (w) — LY (tw) ILF (0) — LOF (tw) (2.2)

Let F(w) = (1- ) (L°F(w)) (1 + ke®) — ke [L3F (w) - L3 (tw)]
and E(w) = L% (w) — L% (tw).
By Lemma 1.1, (2.2) is equivalent to

IF(w) + (1 - 0)E(w)| > [F(0) — (14 €)E(w)], for0 < £ < 1.
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But
|F(a))—|—(1—€)E(a))|:'( Z‘% (n+un(1=£))dna"
_kelﬁ Z (Pﬂ n un apw }|
S —t|{(2—f>|a)| =Y 6u(S)in + a1 - Ol
n=2
kY Gu()hn = alialel}
n=2
Also
IF(w) = (1+ OE(@)] = |(1 - ) - tw - Z@ (1 = 1ty (1 + £))iy"
keZGqun (n—uy)apw }
<I1 - #{flwl + Y n(ln (1 + Otk
n=2
HEY Gu(®)n = waliafel )
n=2
So
IF(w) + (1 - €)E(w)| - |F(w) = (1 + O)E(w)|
> |1—t|{ 1- )| - Zq;n )i+ 10 (1= )1 + b = 10,(1 + 0)]
+ 2K = 1 ]an|w”|}
2 2(1 = O)lwl = Y 2u(9) |k +1) =ty (k + €) |l 2 0
n=2

Y bu(®)|nlk+1) = (k+ O)]dn < 1.
n=2
Conversely, suppose that (2.1) holds. Then we must show

(1= 1w (L°F(@)) (14 ke'®) — ke'® [LOF () - L (tw)

R L% (w) — L3F (tw)

> (.

Upon choosing the values of w on the positive real axis where 0 < |w| = 7 < 1, the above inequality

reduces to
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(1-0)= Y, ¢u(9)[n(1 +ke'®) — 1y (€ + ke'?))dpw™!
R = _ > 0.
n=2
Since R (—€?) > —|e!| = -1, the above inequality reduces to

(1=0)= ¥ () (1 + k) = (€ + Kl
R = o > 0.
1-X an(S)undnr”—l
n=2

Letting r — 17, we have desired conclusion. O

Corollary 2.1. IfF(w) € k- LFIVSS(S, {,t) then
1-¢
Pu(O)ln(k+ 1) = uy(k+ )|

wherek >0,/ <1,t#1,0<l<landu, =1+ +t+---+ L

ay <

3. NEIGHBORHOOD OF THE FUNCTION CLASS k — USs(9, ¢, )

We define the neighbourhood of a function F € T. by following the earlier examinations
(based upon the well-known concept of neighbourhoods of analytic functions) by Goodman [15],
Ruscheweyh [23], and Santosh et al. [25].

Definition 3.1. Let k > 0,[{{ < 1,t # ,L0< €< 1,h >0and u, = 1 +t+---+ 1. We define the

h—neighborhood of a function F € T and denote by Ny, (F) consisting of all functions g(w) = w— Y, by €
n=2

S(by, > 0,n € N) satisfying

lan — byl <1-h.

= O () + 1) — (k4 0)|
2, 7

Theorem 3.1. Let F(w) € k- ljés(s, ¢,t) and R (€) # 1. For any complex number a with |a| < h(h > 0),
if F satisfies the following condition:

F(w)+aw

o Sk-US(8,0h)

then Ny (F) C k — USy(9,4,t).
Proof. It is obvious that F € k — US,(9,¢,t) if and only if

(1= (LF(@)) (1 +ke®) = (ke + 1+ €) (LF(w) - LOF(tw))
(1-tw (ILF(w))" (1 +kei®) + (1 —kei® — €) (ILF (w) — LOF (tw))

<1,

-n<0<m.
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For any complex number s with [s| = 1, we have
(1- D (LF (@) (1+ke'?) = (ke + 1+ ) (L9F(w) - LF(tw)
— — F s.
(1-t)w (L3F (w))" (1 +kei®) + (1 —kei® — £) (ILF (w) — L3F (tw))
In other words, we must have
(1-5)(1 = (LF () (1 +ke®) = (ke'® + 1+ £+ (-1 + ke + £))
x (IL%F (@) - LF (tw)) # 0
which is equivalent to
< by (9) ((n — 1) (1 + ke'® — ske®) — s(n + u,) — u, (1 - s)) "o
a)—Z {(s—1)—2s W D
n=2
However, F € k — IIGS(S, ¢,t) if and only @ #0, w € U—-{0}, where h(w) = w — }, cy" and
n=2
Dn(9) ((n — 1) (1 + ke'® — ske'®) —s(n + uy) — u, (1 - s))
= ((s—1)—2s '
We note that ‘ _
On(9) |n(1+k) — un(k+ £)|
x| <
1-¢
since F(Ci’)j;“w = ﬁés(s, ¢, t), therefore w™! (F(Cﬁ# * h(a))) # 0, which is equivalent to
Fxh
Fhlw) | _a 3.1)

1+a)w 1+a

Now suppose that |(F*th| < h. Then by (3.1), we must have

(Fxh)(@) « ol 1 |(Fxh)(w)
1+a)w 1+al 1+al [1+a w
la] — 7
20,
1+ af
this is a contradiction by |a| <  and however, we have |W’ > h.

If g(w) =w - Oi byaw" € Ny (F) then
n=2

h_l(g*h)(w)‘S‘((F—g)*h)(w)

w ()

(o)
< Yl = bullcallo”|
n=2

Pu(9)In(1 + k) — un(k + £)|
1-¢

ldn — byl

gk

2

A
=
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4. PARTIAL SUMS OF THE FUNCTION CLASS k — US¢(9, ¢, t)

In this section, applying methods used by Silverman [26] and Silvia [27], we investigate the ratio
m

of a function of the form (1.9) to its sequence of partial sums F, () = 0 + Y, d,0"

n=2
Theorem 4.1. IfF € k- 1335(8, ¢, t) then
F N -1+¢
%{ (CU) } > (Xm+1¢m+1( ) + ) 1)
Fin(w) Xm-+1Pm+1(9)
where
: 1-¢, ifn=2,3,---,m
Xn = Xn(k, €, u d) > : 4.2
n n( n>¢n< ) { Xm+1¢m+l(8)/ lfTZ:Tl/l‘Fl,m"‘Z,"' ( )
and
xXn = Xn(k, €,uy) = n(14+k) — u,(k+ £).
The result in (4.1) is sharp with the following given by
Flw) =w+ 1—_60)’”“. (4.3)
Xm1Pms1(9)
Proof. Define the function w, we may write
1+w(w) :Xm+1<]5m+1(\9) { Flw) Xm+1Pm+1(9) =1+ f}
1-w(w) 1-¢ Fu(w) Xm+1Pm+1(9)
ool (Keafea®) N L
1+ Y dq,0™ '+ 7 Y dnw
_ n=2 _ n=m+1 ‘ (4‘4)
14+ Y duon!
n=2

It suffices to show that [w(w)| < 1. Now, from (4.4), we can obtain

m m ‘9 b . —
(X +1<1i7_[+1( )) Z una)n 1

ZU(CL)) _ _ n=m+1 _ ‘
242 Y dyewr] +("—"’“?"’;“9)) Y gl
n=2 - n=m+1
Hence we obtain
m m S < 2
(fmapma®) 5 g,
lw(w)| < — : n_m? — .
2-2 L linl - (L2222 0) ¥ g,
n=2 n=m+1

Now |w(w)| < 1if

2 Xm+1¢m+1(‘9) — S 1<9_9 x .
—1-7 nZ lay| <2 - Z|an|/

or, equivalently
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From the condition (2.1), it is sufficient to show that

Zlan|+(—xm+11¢’_ﬂ?(8)) IZEDY X”lqbf(j)lanl
n=2

n=2 n=m+1

which is equivalent to

i(xn¢n(9)—1+€)lanl+ i (Xn%(‘g)_xm%ﬂw)

T T )lanl > 0. (4.5)

n=2 n=m+1

To see that the function gives by (4.3) given the sharp result, we observe that for v = re's

F(w) 1 1-¢ o 1-¢
Fn(w) Xm-+1Pm+1(9) Xm1Pm+1(9)
A -1+¢
:Xmﬂqjmﬂ( ) + , whenr —» 17.
Xm+1Pm+1(9)
O
Theorem 4.2. IfF € k- I:ES(S, ¢, t) then
Fm(a))} Xm+1Pm+1(9)
R > , (el 4.6
{ F(w) Xm1Pmi1(8) +1-¢€ ( ) (4.6)
where Xm+1Pm+1(d) =1 - Cand
1-¢, ifn=2,3,---,m;
XnPn(9) = f (4.7)
)(m+1¢m+1(9); ifn=m+1m+2,---.

The result (4.6) is sharp with the function given by (4.3).

Proof. We write

1+ w(w) :Xm+1¢m+l(8) +1-¢ {Fm(a)) B Xmt1Pm+1 (‘9) }
1-w(w) 1-¢ Flw)  xm+10m+1(9) +1-¢

[o¢]

Z . n-2 Xm+1Pm+1 (‘9) . n-1
1 + Z ay N\ 1= Z Ay
n=2 n=m+1

1+ Y dyoon1
n=2

(st £
n=m+1

lw(w)| < — i S <1.
2-2 1 Jiy] - (L0010} ¥
n=2 n=m-+1

This last inequality is equivalent to
m (o]
. Xnt1Pm1(9) ) .
Ylad+ Y (—1_5 ia] < 1.
n=2 n=m+1

Making use of (2.1) to get (4.5). Lastly, for the extremal function F(w) provided by (4.3), equality

is maintained in (4.6). O



10 Int. ]. Anal. Appl. (2026), 24:93

(w) Xmt1Pm+1(9) — (1= ) (m +1)
x{ ;n<w>} ot ) et o)
Fiu(@) Xm+1Pm+1(9)
S ) P e ) AR 49
where Xmr1Pm+1(d) = (m+1)(1—-¢) and
n(1-120), ifn=123,-,m
anbﬂ(s) 2{ n()(anrlnﬂfjer{l(s))’ ifn:m+1,n1~|—2,"'~

With respect to the function provided by (4.3), the results are sharp.

Proof. We write

1+w(w) ( Xm41Pm11(9) ){F’(w) B (Xm+1¢m+1(9) —(1-O(m+ 1))}

1-w(w) \(m+1)(1-6))|F(w) Xm1Pm+1(9)
where
Xm+ ¢)m+ (\9) S . n—
(—win(f—@ )n§+1”“”“) '

ZU(C()) = m X (P (\9) 0 .

. -1 m+1Pm+1 . -1
242 ]EZ na,w"1 4+ (—(m+1)(1—£) )n_%H Ny o"
Now |w(w)| < 1 if and only if

m o)
. Xm+1¢’m+1(‘9) ) .
nldy,| + (— nlda,| < 1.
,;5 (m+1)1-£) n—;ﬂ

Given (2.1), it suffices to demonstrate that

SR RUESCIEICR R S X”“bf(s)w
(m+1)(1-10) 1-¢

n=2 n=m-+1 n=2

which is equivalent to

la,| > 0.

C XnPn(8) = (1=0O)n - (m + 1) xnPn(9) = nxmi1Pm+1(9)

nZ; 1-¢ man;M (m+1)(1-20)

To prove the result (4.9), define the function w(w)
T+w(w) ( (m+1)(1-0)+ Xm+1¢m+1(9))
1-w(w) (m+1)(1-10)

% {F;n(w) _( Xm1Pm41(9) )}
Frw) \Xme1¢Pmir(8) + (m+1)(1-¢)
m+l¢)m+]( ) b . n—
(1 T A(m+1)(1 —-0) ) :%H”ﬂnw !

m 00 '
n—1 _ Xm+1¢m+1( ) ) - n—1
242 ’Ez na,w"1 + (1 DD 1-0) n:%+1 na,w

where

w(w) =
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Now |w(w)| < 1 if and only if

= . Xm+1¢m+l(‘9) - .
nZlemnl + (m)n;’_lnmnl <1 (410)

It is adequate for evidence to show that the condition above bounded the left hand side of (4.10).

— 5 ldn]

X (9)
My

n=2
which is equivalent to

(XD () : S (xudn(®)  Xmi1Pmir (9))
;(ﬁ_n)lanl-kn_zm‘i]( 17 e+ (1 =0) nla,| = 0.

O
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