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Abstract. This paper introduces the new concept of multi-valued bipolar neutrosophic matrix (MVBNM), which is
an extension of the multi-valued neutrosophic matrix (MVNM) and simultaneously captures positive and negative
membership degrees of truth, indeterminacy, and falsity, incorporating multi-valued quantities. We proposed the
determinant, trace, and adjoint of the matrices and various operations, and proved basic algebraic properties through
a set of propositions. In the practical application of MVBNM, the new linguistic variable corresponding to multi-
valued bipolar neutrosophic numbers (MVBNNSs) is introduced, and the proposed linguistic variable’s application is
numerically demonstrated by using the neutrosophic simplified TOPSIS approach. Finally, an example is given to
illustrate the best apartment is given to show the applicability of the proposed decision-making method. A comparative

analysis with the multi-valued neutrosophic matrices (MVNMs) is also provided.

1. INTRODUCTION

To handle the uncertainty and inconsistency, the concept of classical fuzzy set theory was
introduced by Zadeh [1]. The membership values are taken from [0, 1]. The further extension of
intuitionistic sets and neutrosophic sets was introduced by Atanassov [2] and Smarandache [3],
respectively, where truth, indeterminacy, and falsity are considered as independent components
in the neutrosophic set. These developments opened new pathways for representing complex and
uncertain information, and the theories are applicable in real multi-criteria decision-making. The
single-valued neutrosophic sets (SVNSs) [4], interval-valued neutrosophic sets (IVNSs) [5], rough
neutrosophic sets (RNSs) [6], bipolar neutrosophic sets [3], neutrosophic soft sets (NSSs) [7] and
multi-valued neutrosophic sets [8] are another special case of neutrosophic sets. In 2023, there was

a paper published for combining the multi-valued neutrosophic sets and m-polar neutrosophic
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sets and formulating the multi-valued m-polar neutrosophic Bonferroni mean (MVmNBM) and
multi-valued m-polar neutrosophic weighted Bonferroni mean (MVmNWBM) operators [9], and
many hybrid neutrosophic sets [9-13]. This framework is widely used in multicriteria decision
making (MCDM), pattern recognition, image processing, and control systems [4, 14,15]. The
Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) is the most favorable
MCDM method in a neutrosophic environment due to its computational efficiency and ease of
interpretation [16] [17]. Corresponding progress in the hesitant fuzzy set (HFS) framework, as
presented by Torra [18], agrees with the membership of each element being a set of potential
values rather than a single degree, expressing hesitation in expert judgment. Rodriguez et al.
(2014) [19] provided a review of HFSs, their mathematical properties, and potential research
directions. They also introduced the concept of hesitant fuzzy linguistic term sets (HFLTSs) [20],
which extends HFS theory into linguistic decision-making. There are numerous extensions of
fuzzy sets that were expanded by combining them with hesitant fuzzy sets, such as hesitant fuzzy
soft sets (HFSS) [21], interval-valued fuzzy sets (IVHFS) [22], interval-valued dual hesitant fuzzy
sets (IVDHES) [23], interval-valued hesitant fuzzy soft sets (IVHFSS) [24], dual hesitant fuzzy
sets (DHFS) [25], dual hesitant fuzzy soft sets (DHFSS) [26]. All these extensions of HFSs have
been extensively studied for MCDM [27-29]. Extended the concepts of HFSs in the framework
of neutrosophic sets are single-valued neutrosophic hesitant fuzzy sets (SVNHFSs) [30], interval-
valued neutrosophic hesitant fuzzy sets (IVNHFSs) [31]. These frameworks are applied in multi-
attribute decision-making (MADM) and group decision-making (GDM). This concept was further
extended to bipolar hesitant fuzzy sets in the neutrosophic framework to combine the hesitation,
bipolarity, and neutrosophic in a single structure [32], thereby handling the vague, inconsistent,
and incomplete information.

Expand the groundwork of MVNSs [8] demonstrated to represent the three membership func-
tions in the collection of possible values instead of a single value. This structure, beneficial for
effective decision-making, relies on multiple experts and extensive data. Several aggregation op-
erators, such as the multi-valued neutrosophic weighted average (MVNWA), power weighted
geometric mean (MVNWG), and power partitioned Hamy mean (WMNPHAM), have been devel-
oped [8,33]. The bipolar neutrosophic set represents the bipolarity of the information introduced
by [34]. Some researchers have done studies on the applications of these representations [35-37].

The matrix-based fuzzy models, which were introduced by Thomason in 1977 [38], are the study
of the convergence of powers of fuzzy matrices. Kandasamy and Smarandache introduced the
fuzzy relational maps and neutrosophic relational maps in 2004 [39]. Square neutrosophic matrices
are introduced in this paper. The concept, some operations, and application of MCDM of a single-
valued neutrosophic matrix (SVNM) proposed by Karaalaan [40]. Martina and Deepa introduced
the multi-valued neutrosophic matrices (MVNMSs) and some operations of MVNMs and applied
them in a neutrosophic simplified decision method [41]. Similar works happened in multi-valued

neutrosophic sets in the improved PROMETHEE methods and their applications in multi-attribute
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decision-making [42] [43]. The connection between the neutrosophic hesitant matrix (NFM) and
MVNM is provided by [44]. The application of multi-valued rough neutrosophic sets (MVRNS)
and matrix (MVRNM) in multi criteria decision-making by 2023 [45]. The bipolar neutrosophic
matrix is an extension of the neutrosophic matrix, which was first introduced [34]. Based on this
paper, a Python tool for implementing bipolar neutrosophic matrices was developed [46].

In this paper, the multi-valued bipolar neutrosophic matrix (MVBNM) is defined by combining
the multi-valued neutrosophic matrix (MVNM) and the bipolar neutrosophic matrix (BNM). It is
an extension of the multi-valued neutrosophic matrix (MVNM). Then we define the determinant,
trace, adjoint, and other fundamental matrix operations under the MVBNM environment and
demonstrate several propositions that describe their basic properties. Moreover, it introduced the
linguistic variable for multi-valued bipolar neutrosophic numbers (MVBNNSs) to ease decision-
making. The proposed structure is mathematically established through a neutrosophic simplified-
TOPSIS method, and the apartment problem is used as a case study. The comparative study
between the proposed MVBNM and the existing approach based on the neutrosophic simplified
TOPSIS method highlights how much better the former is at representing the bipolarity of the
information and managing indeterminacy simultaneously.

The outline of the paper is as follows. Section 2 presents the necessary definitions and back-
ground of the study for developing the MVBNM. Section 3 introduces the MVBNMSs and defines
the determinant, traces, and adjoint of the matrix. In the subsection of this section, operations are
defined and also provide the propositions of those operations. In Sections 4 and 5, we proposed
the simplified TOPSIS method and the linguistic variable for MVBNNSs. The given method is used
to numerically demonstrate the MCDM problem in Section 6. Section 7 is the comparative analysis
and discussion of the proposed method in MVBNM and MVNM environments. Finally, Section 8

concludes the paper.

2. BACKGROUND

This section provides the basic definitions and concepts of the development of the MVBNMs.

Definition 2.1. Neutrosophic Set (NS) [3]

Let X be a space of points, with elements in X denoted by x. A neutrosophic set B in X is defined as

B = {{x; Tp(x), Ig(x), FB(x)) | x € X}.

Where Tg(x),Ig(x), Fp(x) : X — [0,1] are the truth, indeterminacy, and falsity membership functions,
respectively, that satisfy the condition that

0<Tr(x)+Ip(x)+Fp(x) <3, VxeX.

Definition 2.2. Multi-valued Neutrosophic Set (MVNS) [§].
Let X be a space of points, with elements in X denoted by x. A multi-valued neutrosophic set B in X is
defined as

B = {(x; Tp(x),Ip(x), Fp(x)) | x € X}
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Where Tp(x), I (x), Fp(x) : X — [0,1] the truth, indeterminacy, and falsity membership functions,
respectively, the supremum values of each component satisfy the constraint

0<Tp(x)+1Ip(x) + Fp(x) <3, VreX

The ordered triple (ﬂg,ﬂg,ﬂg) is called the multi-valued neutrosophic number (MVNN). The MVNSs are
an extension of NSs.

Definition 2.3. Bipolar neutrosophic set(BNS) [3].
Let X be a space of points, with a generic element X denoted by x. A bipolar neutrosophic set (BNS) B in
X is defined as

B = (x; Ty (%), I (x), Fyy (%), Ty (x), I (%), Fi5 (%) | x € X}
Where, T%g(x),lg(x),lfg(x) : X — [0,1] are the positive truth, indeterminacy, and falsity membership
functions, respectively. Thus, each x € X satisfies the condition that 0 < Tf (x) + Ity (x) + Fi (x) < 3.
Ty (x), I (x), Fry (x) : X — [=1,0] are negative truth, indeterminacy, and falsity membership functions,
respectively. Thus, each x € X satisfies the condition that -3 < Ty (x) + It (x) 4 Fiy (x) < 0. The sextuple
{T]%e, I{ée, F%e, Ty, Iy, Fi Y is called a bipolar neutrosophic number (BNN). If we consider only the T, I]%e, P]%e
values then we can reduce this into an NS.

Definition 2.4. Operations of Bipolar Neutrosophic Numbers (BNNs) [34].

_ (TPe [Pe ppe _ (TPC fPe ppe
Let A =Ty, Ly, Fp, Th, 1K, Fx) and B =Ty, I, F, Ty, I, Fig) be two MVNNs, A > O, then the
following arithmetic operations:

(i) Addition:

O+ 0 = 05 - 001, 60y - O, Wl - i), (=035 - O3,

(=(-0% — 6 ~ 0 - )~k — 95 - X v

A+B=

(ii) Multiplication:
<{9X6€Be}/{ X+¢%e_ €Ae ]%e}/{ X+¢%e_ F;Ae Pe},

(=035 - 0 - 61 03)), =65 o, -vi% - v

(iii) Scalar multiplication

A XB =

(1= (1= )M AP AWI)MA=((-0%)M),
((1-a- (== (- a=(=gh)h

AA =

(iv) Power:
L AERD - A=) -1 -y)t,
{=(1- (1= (=0)M) A= (=)A= (=)D
Definition 2.5. Bipolar Neutrosophic Matrix(BNM) [34].
An BNM M’ of order m X n is defined as M’ = (m’ij)an, where each element m’;j is a BNM expressed as

r_ .. pe  gpe pe e e e
M - [XZ]/ <TZ]M’IZ]M’PZ]M’ TZVJM/IZVJM/P;/]M ]m)(i’l'



Int. J. Anal. Appl. (2026), 24:96 5

Such that, TZ']EM,IZ;VI,FZ;A € [0,1], and TZ%\A’I;/]%\/I'FY]?M € [-1,0] and satisfy the condition for i =
1,2,3,....,n,and j =1,2,3, ..., m.

Multi-valued bipolar neutrosophic matrices are an extension of the bipolar neutrosophic matrices.

3. Prorosep FRAMEWORK

In this section, we proposed its various operations and properties.

Definition 3.1. Multi-Valued Bipolar Neutrosophic Set (MVBNS).
Let X be a space of points, with elements X denoted by x. A Multi-valued bipolar neutrosophic set
(MVBNS) B in X is defined as

B = {x; Ty (x), Ty (x), Fiy (x), T (%), Ty (x), Fig (%) | x € X}

Where, ?]%e(x),}%e(x),fg(x) : X — [0,1] are the positive multi-valued truth, indeterminacy, and
falsity membership functions, and Ty (x), Iy (x),Fg(x) : X — [=1,0] are the negative multi-
valued truth, indeterminacy, and falsity membership functions, respectively.  These value sets
are such that for each x € X, the supremum values of each component satisfy the constraint
0 < sup(?g(x)) + sup(’i%e(x)) + sup(ﬁ];e(x)) < 3, and the infimum of each component satisfies the
constraint =3 < inf(’f']ge(x)) + inf(/II%e(x)) + inf(fg(x)) <0.

If each of T T E%e,/f]"Be, Iz, F]‘]’; has only one value, then it reduces to a single-valued bipolar neu-

trosophic set ( SVBNS) and if they are represented as interval values, then it reduces to an interval-valued

bipolar neutrosophic set (IVBNS). If we consider only T ]EB,/Z;, 1—"p "~ then, it will reduce to MVNS.

Definition 3.2. Multi-Valued Bipolar Neutrosophic Number (MVBNN).

The multi-valued bipolar neutrosophic set B in X, the ordered sextuple (Tp ‘ ’Ipe E%e, vae, I, P"" ) is called

a multi-valued bipolar neutrosophic number.
Definition 3.3. Let A = (T, I, Fix, T, T, Fi¢), and B = (T, I FlY, Tve, To¢, Fv¢) be two MVBNN,
A > 0, then the following artthmetzc operations:

(1) Addition:
!

e _Tmpe [pe _mpe
GAETA’QJB eTJB
—pe “Tpe
{ A ]B}'

—pe . Tpe Tpe Tpe
{0 +0p 04 -0},

PInelly, el
W - op)
A YBY
0CeTY, O eTy N
(=(~¢a ~ o5 ~Pn P5)),
PRETR, el
Tve  Tve  Tjve  jve
U {=(-= AT FYB YA’ IB)}>

Ve cpve e -pve
YAEFx, YR EeFy

A+B=



Int. J. Anal. Appl. (2026), 24:96

(ii) Multiplication:

A XB =

(iii) Scalar multiplication

(iv) Power:

ApPe  Ape
{QA : GIB }/

L,

QAEE?X,’QEEE%\M
pe ~pe
U i+ 9 B
Plnelly, q&peel
—pe | Tpe Tpe Tpe

pe _ppe pe e
lpAePA, ]BGF]B

(~(~0 - O -5 - T,
@XGTX,’Q\%E’T\'}’B“

(—p% - ),

AVC /T’f.’ AVF A’e
PAElp PR Ely

U T”Bf}>

e cpve Trve - fve
YAeFy YpeFy

An = YRR

O (@)
RN
U (WM,
E’F':pf
—=((=6%)"),
GXEIT\“ .
{~(1- ==}
e
U {-(-a-=Fr))
lpVL’EF‘VL’

QAGTX
1-(1-o)",
(1-(1-¢)M,

YhaeF

J --0-ca0"),

GXETV“

U =00,

Fachs
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Definition 3.4. Multi-Valued Bipolar Neutrosophic Matrix (MVBNM).
An MVBNM M of order m X n is defined as M = (n?ij)mxn, where each element m; jisa MVBNN expressed
as
s
M [Xl]/ <T1]M’ Z]M’ Z]M’ T;/ﬁ]\/[/ I;/ﬁN[/F:/]e]N[ ]WZXH~
Such that, TZF;]EI\/I,/IZ;\/I,FZZM € [0,1], and TlVﬁM, I;’EM,FT]E]M [-1,0] and satisfy the condition for i =
1,2,3,...,n,and j =1,2,3,.....,m.

0 < sup(Ths (x)) + sup (I (x)) + sup (F}; (x
(

)) < 3,and
—3 <inf(T (x)) 4 inf (I3 (x)) + inf(F¥ (x)) <0

If each of TZ ;M’/B?M’FZ TM, T:”]‘iv[, IZVJGM, F;’]ﬁM has only one value, then it reduces to a single-valued bipolar

neutrosophic matrix (SVBNM), and if they are represented as interval values, then it reduces to interval-
Tpe ’Ipe ’Fme

i L Fija then, it will reduce to

valued bipolar neutrosophic matrix (IVBNM). If we consider only
MVNM.

Example 3.1. Let it M bea 2 X2 MVBNM.

M= [ ({0.5},{0.3,0.2},{0.6} {-0.1,—0.3}, {—0.6}, {-0.4}) ({0.3,0.6},{0.3,0.5},{0.1}, {-0.2}, {-0.3}, {—0.7}) }
2x2

({0.3},{0.6}, {0.8}, {-0.5}, {-0.2, 0.3}, {-0.3}) ({0.1,0.2},{0.7},{0.5}, {-0.5}, {-0.8},{-0.3})

Here, all elements M are MVBNSs. If each element IM has only positive values, it is reduced to MVNM.
Then it M, is said to be MVNM.

({0.5},{0.3,0.2},{0.6}) ({0.3,0.6},{0.3,0.5},{0.1}) }
({0.3}, {0.6}, {0.8}) ({0.1,0.2},{0.7},{0.5) |, '

Definition 3.5 (Trace). The trace of a square M = (;j)uxn MVBNM is the product of the diagonal

elements.
n
=[]
i=1

Definition 3.6 (Determinant of MVBNM). Let M = (H’i‘j)nxn be MVBNM, where each %j be the
MVBNN . The determinant is denoted by det(IM) or [IM].

det(M Z 1_[(11110

o€S, i=

"Pe —pe —ve Ve ’\ve
(e Miatiyg’ ity Miotiyer Mio(iyer ™
all permutations of the mdex set {1,2,3,....}.

where (M;y(;)) = <m } and S, represent the symmetric group of

Definition 3.7 (Adjoint of MVBNM). Let the adjoint of a square MVBNM M = (ifi;;) uxn is denoted by
adj(M) = (i1};)nxn , Where mj; represents the transpose of the matrix M. The adjoint is expressed as

lZd] Z H(mto
0€Sy,,S ten;

Where (it ) = (ﬁf;(t)e,ﬁfs(w, m” M ﬂ’i‘t’g(w,mt;(w) and Sy is the set of all possible per-
mutations of n; over n;.
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Example 3.2.
Let,

({0.7},{0.1},10.2}, {~0.2},{~0.1}, {-0.7, -0.8}) ({0.4},{0.2},{0.5}, {=0.1,-0.2}, {~0.7}, {~0.4})

M =
(10.2},10.2,0.3},0.5,0.61, {~0.5}, (0.8}, {=0.1,~0.3}) ({0.4,0.5},{0.5,0.6}, (0.3}, {~0.6}, {~0.4}, (-07}) |, ,

(i) Trace: Tr(M) = ({0.4,0.5},{0.5,0.6},{0.3}, {—0.2}, {—0.4}, {—0.7}).

(ii) Determinant: det(M) = ({0.4,0.5},{0.2,0.3},{0.3},{-0.2},{—0.4}, {—0.4}).

i PE PC v e sy
3.1. Operations on MVBNMs. Let M = Km]e' o l]lp,ml.]?e,mi]%,mi]?l/})]mxn and

. e pe —pe
N = | Mg M ZW,E”J%,@’JZ,’TW)]an be two MVBNMs. Then
(i) Complement:
TPt e v
M’ = Kml]t#’ Lt g 15, =1 = i, 10 e
(ii) Transpose
TP TP pe e v
= [(m Mjier Mjigr M iy Mo Mgy jie¢>]”xm'
(iii) Addition:

/\pe
max{mgs,nljg}
e Tpe Tpe
z]HETz/m z/SETun
e e
i min{m Mijgr 1195}
TR T
ijo ~"ijm’ ij ~ijn
e
min{m
t; 1]1/}’ w}
mp‘# e’ i’ eF”
_ ij =" ijm’ 1]1,/ ijn
]M+N - in{mve. mve
mm{mlje, lje}

’ﬁe ve Tve
1/9€Tx]m’ I/SGTz]n

ve ve

max{m Z](7),111]d)}
"te Ivc "\e EA'e
z](‘) ’]’”' ijo ~"ijn

’\'Vl? —ve
max l]LP’nlJl/f}
,\;;‘L/EF;/]Lm ijy GF:;;: mxn
(iv) Multiplication:
pe —pe
U mln{ 119’ 1]9}
—pe _Tpe Tpe
mz/HETL/m’ z/HETtpl
e —pe
) . e max{im Mijy 1147}
—pe gpe —p
;€L 135 €L
TP —pe
max{im Mijyr lﬂl’}
APL’ EF?L ’\pf EF e
_ I/L,) ijm’ z]u ijn
M x N = e
max{mije,nije}
e, €Tye e €Ty
s [ove Tve
mm{mi].(p,nijqb}
e el e el
ijp ~ijm” ij " ijn
in{mve e
min{rm Mijpr lJl/J}
’\u EFVC EFW

1]1// x]m’ ijp =" ijn mxn



Int. J. Anal. Appl. (2026), 24:96

(v) Direct sum.

1]9
1](*)
MoeN =
1/0

1](*)

x]w

(vi) Element-wise multiplication.

x]S

e
m; i

Mijy

M®IN =

"w
1/06

x](')

x]z,;

(vii) Average:

MoN =

m: el ,
ijm

Fte ’Wz

/177(

ijm’ ijg

m'; eFt;

’We “Tve
Glz]m’ ijo

F\c ’We

—pe

—pe | —pe
{iijo + Mo

Mijg + Mijg

C

g Tpe 7 pe

ijm’” 1/9 ijn
(i

—pe
Mijp Mg

..
ij¢

C

Tl

ijo ~"ijn

:

(T

e }
Mijy

111/)

—ve ve
{_mije : }

iig

"w ETV(’ ’ﬁe EA'L’

ijm” 1/0

U

(-

ijn

ve

"1/2
m..
ij¢

Mijg — ™M

ve ’We ve
eI”m, i eI

—ve
—n.

i ]1!1
FVL‘

ijm? Mijy €Fijn

sy -

—pPe }
1]6

Mg

U

g Tpe g Tp{

ijm’ 1]8 ijn
—pe /\pe
iio  Mijo

Ape

i

{m
e

ijn

—~pe

Ape —~pe
P{ o T~ 1,
¢ e’

(-

Toe e The
ijm’ ""ij0 =" ijn

U

z]m’ ijy
—ve

Miig = ny

1]9 -m

{"'I/E

Mijo

ne,)
Mijo
el,v;n
{ ve

Mijg

ve
ni]'ll’}
eFr

ljm’ ijp " ijn

z]G + 1]9

e e e e Mijo ijo

1]9 ijm’ 1/9 i]n

e

Mijg

A;m Tpe

el m
ijm’” ijp " ijn

ApL cF™* Ape cF"
1]1,/ ijm’ 1]1, ijn

U

mve Tve
z/GETum’ ij0

J

"ﬁe Epe
z/O ijm’

U

eFe e, eFYe
ijm’ ijp T djn

Ei:te 1/6 1/6
ijn
’\VE E
Mijo + Mijg
f’ﬁe Jr f"w

1/(’) 1]()

e el”

1](') ijn
"ve

114}

nve
Mijy

1/# ‘W

llV

e

ijp”

"‘VC

Mijy

n

e
ij6

Cope + Cope

f"te + f"le

f"vf + f"le

.’n‘P“}

ijo

"VE

ijo)}

. ave

”ij¢)}

B!
ij¢

—~pe
M)

—
'nije@)}

mxn

mxn

mxXn
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Where, pre , pre , {’Ape Y Cove g,’,ﬁve , {zve are denotes the number of elements in mf] 07 mf] ;, mzz},
Mij” “Mijo” Mije” " Mijp

qve  eve

Mg M7, 1 ¢, respectwely

3.2. Properties of MVBNMs.

Proposition 3.1. Let IL, M, IN be three m x n MVBNMs. In addition:

(i) M+ N = N + M (commutativity).
(i) (IL+M)+IN = L 4 (M + IN) (associativity).
(iii) M+ 1T = 1+ M = M (additive identity).

_ [/5P¢ "Pe —P€ e ’\ve e "Pe "P —ve ’ﬁ/e "ve

Pmof’ Let M = [(in 119’ 1]¢'mif¢’mij9’ ijep” 11¢>] = [( 119’ l](P' lJlP’nlJ@’ ijep” 111/J>] and
[(?3 ’?" ’be Jve lve >]
1#

119’ l]qb’ 1]1P’ ijo” "ijp” 1]
@i)

—~pe —pe
U max{i; o, 1o}

e pe e pe
z]GE ijm” 1]9 Ti/'n
. —pe e
min{mte 7’}
1je” ije
T ,Ape eI
z]¢ ijm’ "ijo " ijn
pe —pe
min{m
e iy W}

mpe EP AﬂL Tpe

IM"‘IN _ ijip x/m’ ijp " ijn
- s ve ve
mm{mijg,nije}
,\
r;HET:;m’ UHETz‘;n
—ve ’“'VE
max{mz]qﬁ’ 1]6}
n’;w EI“ ,’\le EFT
ijo ~"ijm’ ijp ~ijn
e ’W@
max\m
U iy Mijy )

mte EFW Tve eFve
iy = ijm’ 1]9/ ijn mxn

e —pe
max{n’.,, m.. }
ij0” "ijo
7 Tpe e pe
I]OETI]VI’ I]OETI]WI

min{n™’, m’ .}
ijo’ ij
x;oEIi]n’n i]éEIx]m
min{i s )
ijyr iy

Ape Eﬁ)c Ape Efm

N"—M — ljly lm’ zn,x ijm

ms

min{n’ ije}

1]6’
W T e T
!]H ijn’ N0 T ijm

e —-ve
U maxg, )

’Wf ve ’“w ve
1/0 EII]M’ ijo GIx/m

maxin

R fiy My
e eFV(’ ,"w cFve
1/1{ i’ ripg T djm mxn

Therefore, M +IN = IN + M.
(ii) Similarly, we can prove that the associativity property (L + M)+ N =1L + (M + IN).
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(iii) Let I be the additive identity; here I is a zero of MVBM, which is denoted by I 1,1,0,-1,-1)-
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—pe ’\Pe —pe —ve Ave

<m119’ Mijgr Mijyr Mijor Mijr 11¢>_

Therefore M +1=1+1M = M.

Proposition 3.2. Let IL,IM, N be three m X n MVBNMs. Define the following under multiplication.

(i) M xIN = N X M (commutativity).
(i) (LXxM)xIN = L x (M X IN) (associativity).
(iii) M X1 =1 xM = M (multiplicative identity).

—pe pe pe "ve Ave —ve _ e —pe "Pe —ve T;ve "ve
Proof. Let M = [(m Z}@, 1]¢' M M, 1]¢’mij1p>]’N_[nij9’ni‘¢)’ Mo Wi M l]lp]and
7Pe Pe IPe e e qui
L= Klu@’ ll]d)’ llﬂ!” llJG’ ll]@‘b’ ll]¢>]
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(i)

MxIN =

NxM =

Therefore, M x N = IN x M.

(ii) Similarly, We can prove that associativity property (L xIM) xIN = IL x (M xIN).
(iii) Let I be the multiplicative identity; here, I is the unit MVBNM denoted by 11 9 -1,0,0)-

MxI = ijp = ijm
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U min{1, mllg}
e Tt
ijo =" ijm
max{0, ml] d)}
it er”
ij " ijm
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ijp
i’ e
— lf‘r ym
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Therefore, M X1 =1xM = M..

O

Proposition 3.3. Let IL,IM, IN be the m x n MVBNMSs. Define the following with the operation direct sum.

(i) M@®IN = N & M (commutativity).
(ii) (LeM)®IN =1L & (M N) (associativity).
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Therefore, M@®IN = IN & M.
(ii) Similarly, we can prove that (L& M)®N =L& (M & IN).

O

Proposition 3.4. Let IL,IM,IN be the m x n MVBNMSs. Define the following with the operation element-
wise multiplication.

(1)) M®IN = N ® M (commutativity).
(i) (L®M)®N =L ® (M ® N)(associativity).
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Therefore, M@ IN = IN ® M.
(ii) Similarly, we can prove that ((L®M)®N =L® (M®IN).

O

Proposition 3.5. Let IL, M, IN be the m x n MVBNMs. Define the following with the distributive property.
(i) Lx(M+N) # (LxM) + (LxIN),and (L+M)xIN # (LxIN) + (M X IN) (multiplication
distributes over addition).
(i) Le MeN) # (LeM)@®(L®N),and (LeM)®N # (L&IN) ® (M ®N) (element-wise
multiplication distributes over direct sum).

Proof.
(10.5},10.3,0.2}, {0.6} {-0.1,-0.3}, {-0.6}, {-0.4}) ({0.3,0.6},{0.3,0.5},{0.1},{-0.2},{-0.3},{-0.7})
B [ ({0.3},{0.6},{0.8},{-0.5}, {-0.2,-0.3}, {-0.3}) ({0.1,0.2},{0.7}, {0.5}, {-0.5}, {-0.8}, {-0.3}) sz
M — i (10.7},0.1},{0.2}, {~0.2}, {=0.1}, {-0.7, 0.8} ({0.4},{0.2}, {05}, {~0.1,-0.2}, {-0.7}, {~0.4}) ]
(10.2},10.2,03},{0.5,0.6}, {~0.5}, {~0.8}, (~0.1,-03}) ({0.4,0.5},{0.5,0.6},{0.3}, (0.6}, (~0.4}, {(-0.7}) |, ,
N — [ ((0.5),10.1,0.3}, (0.2} {~0.2, 03}, (0.7}, (~0.4,~0.6}) ({0.6,0.7},{0.1,0.2},{0.2,0.3}, {~0.2,~0.3}, {~0.2}, {~0.7}) }
({04}, {03}, {0.1,0.2}, {~0.1,-0.2}, {~0.7}, (-0.3}) ({05,061, 0.3}, {0.2}, (~0.4), {~0.6}, (~0.5)) o
(i)
Lx(M+N) = { ((0.5},103,02}, {0.6} {~0.1, 0.3}, {~0.6}, {~0.4, 0.6}y ({0.3,0.6},{0.1,0.2},{0.2, 03}, {~0.2}, {~0.3}, (~0.7}) }
(10.31,10.6}, {0.8), {05}, (0.7}, {~0.3}) (10.1,0.2},0.7), {0.5), (0.5}, {~0.8}, {~0.5)) »

0.5},{0.3,0.2},{0.6} {-0.1,-0.2,-0.3},{-0.7},{-0.3 0.3,0.6},{0.3,0.5},{0.2,0.3},{-0.2}, {-0.3}, {-0.7]
(IL><IM)+(]L><]N):[<{ 1,10.3,0.2}, {0.6} 1407}, 1-03])  ({0.3,0.6},10.3,05}, 102,03}, {~0.2}, {~0.3},{ :>]
({0.3},{0.6},{0.8},{-0.5},{-0.7},{-0.3}) ({0.1,0.2},{0.7}, {0.5}, {~0.5}, {~0.8}, {~0.5}) o

Thatis, Lx (M +N) # (L xM) + (L xIN) and similarly, we can prove that (IL + M) x
N # (LxIN) + (M xIN). The operations are defined with min-max sets of unions that
are not linear, so this property does not always hold. Bipolar neutrosophic matrices are
algebraically more stable than MVBNMs.

(ii) Similarly, we can prove that L (M®N) # (L®&M)® (L®N), and (L&M)®N #
(LeN)s (M®NN).
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O

Proposition 3.6. Let M be an n X n ordered square MVBNM. Then satisfies the following properties:
(i) M+M=M
(i) Tr(M) = Tr(MT)
(iti) Tr(M) + Tr(IN) # Tr(M + IN)
(iv) det(M) + det(IN) # det(M + IN)
(v) det(M) x det(IN) # det(IM x IN)

[P pe P e e
Proof. Let M be a MVBNM, M = [(mije, M0 M ml.]?e, ml.]?(p, miﬁp)]"w'
@)

—pe  —pe
max{mijg,mije}
€T
ijo =" ijm
. (—=pe  —pe
U min{m;, 1}
i el
ijo ~"ijm
. —pe  —pe
min{m", ,m",
J { i’ w}
m'; eF’
M+ M = 179 S ijm
: —ve Ve
mm{mije,mije}

mve eT"
ijo =" ijm
ve  ve
max{m,.jq),mi].(p}
e eI
ijo ~ijm
ve e
max{m;; ,m:.
{ iy’ 1]1//}

mve ere
iy~ ijm mxn

= [ 1 g g T o = M
This property satisfies any order MVBNMs.
(i) Tr(M) = [T, mij = m11 + Mo + M3z + e + M.
MT = mji.
That is, Tr(]MT) - ]_[’]7:1 mjj = may + My + M33 + oo + My
Therefore, Tr(M) = Tr(MT).
(iii) Take the same MVBNMs M and IN from proposition 3.5.
Tr(M) = ({0.4,0.5},{0.5,0.6}, {0.3}, {—0.2}, {-0.4}, {—0.7}).
Tr(IN) = ({0.5},{0.3}, {0.2},{-0.2, 0.3}, {-0.7}, {—0.5, —0.6}).
Tr(M) + Tr(IN) = ({0.5},{0.3},{0.2},{-0.2, -0.3}, {-0.4}, {—0.5, —0.6}).
M 4 N = | 07 10:11,102)-02,-03}, (-0} (0.4 -06)  ((06,07},101,02}, 102,03}, (-02,-03), -02), |-04)
(10.4},{0.2,03},{0.1,0.2}, {~0.5}, {~0.7}, {~0.1,-0.3}) ({0.5,0.6}, {0.3},{0.2}, {~0.6}, {~0.4}, {~0.5})
Tr(M + IN) = ({0.5,0.6},{0.3}, {0.2},{-0.2, =0.3}, {-0.4}, {-0.4, —0.5}).
Therefore, Tr(M) + Tr(IN) # Tr(IM + IN).
(iv) det(IM) = ({0.4,0.5},{0.2,0.3},{0.3},{—0.2}, {—0.4}, {—0.4}).
det(IN) = ({0.5},{0.3},{0.2}, {-0.3,-0.2}, {—0.7}, {—0.5, -0.6}).
det(M) + det(IN) = ({0.4,0.5},{0.2,0.3},{0.3}, {-0.2, 0.3}, {-0.3}, {-0.3}).

2x2
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det(M + IN) = ({0.5,0.6},{0.2,0.3},{0.2,0.3},{-0.2, -0.3}, {-0.4}, {—0.2, —=0.3}).
Therefore, det(IM) + det(IN) # det(IM + IN).
(v) Similarly, we can prove that det(IM) x det(IN) # det(IM X IN).

4. SimprLIFIED-TOPSIS METHOD FOR MBVNNE .

In this section, we proposed an algorithm for the simplified neutrosophic TOPSIS in the case of
MVBNN:S.

Step 1: Determine alternatives and criteria.

Experts evaluate the alternatives according to each criterion using linguistic variables.

Step 2: Compute weights of decision makers.

Convert linguistic variables into MVBNNSs.

Definition 4.1. Weights of decision makers.

Assume the weights of decision makers based on their influence and importance in the decision-making

process. The rating of the i" decision maker is defined as E; = (?fg ()’ quf(x),ff;(x),/T\g’g(X),T}’&) qb,flvl;(x»

The weight of it decision maker expressed as,

Nl—
X
S=

1= (=T @) + @ @7 + FEy @) + TP + @02 + 0+ Fy )7 < 1)

NI—=

m

Tpe Tpe Tpe —_ AV ’\V AV
T T Fl [1 - (((1 = Tl ()2 (T )2 + (B ()2 + (Thg (1) + ()% + (1 + Pi;(x))z) x %) X
T, By i

S

|

(4.1)
so that w; > 0and Y} | w; = 1. Where n is the number of combinations and m is the number of decision
makers.

Step 3: Build MVBNS decision matrix and criteria weights

Compose the MVBNN decision matrix & = () = (Tr, 17 Flo i, T Fie ) forall 1 < i < n
and1<j<m.

Tpe Tpe
TijorTijer
alternative i with respect to criterion j in MVBNNSs, and the negative membership values

The positive membership values ffﬁp denote the truth, indeterminacy, and falsity of

/f';’]?e,/lz.vﬁp,f;/]? v denote the truth, indeterminacy, and falsity of alternative i with respect to criterion j
in MVBNNs.

Step 4: Construct MVBNN weighted decision matrix.
The calculation of the weighted MVBNN using the product rule of MVBNNSs, such that, AV =

— . o [pe? Tqpe? e e Tve®  Tve®
(6F) = wj @i = (Tijef Lior Fijpr Tijor Tijgr £ z‘jw)
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—pe Tpe
7T
6 Lijo
—pe e —pe pe
e {”7]‘ o~ Iij¢>}
o i
—pe | Tpe _—pe Tpe
s {7+ T =7 i)
o s | Tt
wj ®61] o U _(_’We _/fve _Tve ,/fve )
. Pio ~ tijo “Pjo " Lijo
Pior Tijo
_~ve qve
wUﬁ { Tio Iivf(r)}
o ijo
_=ve | Tve
"VeLjJ:\ve { r]lp Pl]l’b}
Tiyr Fijy

Here, w; is the criterion weight of multi-valued bipolar neutrosophic numbers, which is denoted
—pe —pe —pe  —, )

_ “ve v
aswp= (P ijor Gijgr Tijgr Pijor qi]'etb’ riﬁ/f
Step 5: Identify the positive and negative ideal solutions.

The maximum (positive) neutrosophic ideal solution for each criterion is defined as,

—

ww _ (HPeY Y TP e Tave® Twve®

6ij N (TiJ'Q ’IiﬁP ’FiﬁP 77 1jo ’IiﬁP ’FiJ'IP )

Tpe? pe Trpe? . e =pet . /Tpe
Tijo = (max(Tyo)l, I, = {min(l)), Fy, = {min(Fy, )},
T;f]‘.’g = {mm(T;’]%)}, I:;’(; = {max(l}’}%)}, F% = {max(Plf].elP)}.

The minimum (negative) neutrosophic ideal solution for each criterion defined as,

W - Apelﬂ /?e(,lj /'?eﬂj AVCQ) /‘T/ew Avew
6*1'1' = *1j6” I*i]'¢’P*if¢’ T*iJ'Q’I*iJ'¢’P*iJ'¢)

Tpe’ . /pe Tpe’ e e pe
Z*ijG = {mm(zij@)}, {*jﬁf’ = {max(ﬁj(b)}, E‘iﬁ!’ = {max(fi].w)},
e(A) o e e(l) . . e e(l) . . e
T:ije = {max(TiV].@)}, Ifl.jqb = {m1n(I:.’].¢)}, P‘:l.jw = {mm(FlV].w)}.

Where j = 1,2,...,n and 0, ¢, 1) are truth, indeterminacy, and false membership degrees with

multiple values.

Step 6: Compute separation measures.
Calculate the multi-valued bipolar neutrosophic separation measure from the maximum and

minimum ideal solutions.

Definition 4.2. Separation measure of MVBNNS.

The separation measure of two MVBNNs S, = (?n\fg, r’ﬁ?;, r’ﬁf;, n’i‘l’g, r’n\fp, n’i{fp) and

__ (77P€ —Pe —Pe mye e ve d .
Spp = (m29, Mgy Moy mze'm2¢'m2¢) defined as follows:

A(Sun, Swz) = | (1 =i+ 1, — e | i, = i | + [y — i+ I, — it | + iy, = 7ty )
0.0y
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The separation measure from the positive ideal u*:

EOSW SRV _ pe _ xpe mpe _ pe pe _ *pe Ve _ e —ve _ ve —ve _ e
A" (55, 03) = eyw(lmle—mze|+Imw)—mwl+|mw—mzlp|+|m19—m29|—Q—Imlqj—mz(f)l—i-lmw—mwl) (42)

n m
W=, ) (0 0) 43)

i=1 j=1
The separation measure from the negative ideal solution:

W oSW ) P =pe Pe _ pe pe _ —pe =ve _ —ve —ve _ —ve —ve _ —ve
A*(éij,é )= U (|m16 m*26|+|m1¢ m*2¢|+|m1¢ M| 4 111 = T 50] [ty = 1o | -l m*wl)

*ij
0.9y

(4.4)

n m
=YY" Ao5,0%), (4.5)

i=1 j=1

Step 7. Ranking coefficient
e
K= =3 . (4.6)
W+ e

The alternatives are ranked in descending order R.

5. Linguistic VARIABLE FOR MVBNNSs

This section introduces the linguistic variable framework for multi-valued bipolar neu-

trosophic numbers.  Each linguistic variable is represented by a 6-tuple of member-
ship values ({fpe}, {T’”}, {fpe}, {T"e}, {’I\V"’}, {fve}). The framework uses nine linguistic vari-

ables based on the performance level, ranging from "Extremely Low (EL)" representing
the lowest level at ({0.05,0.10},{0.85,0.90},{0.90,0.95}) for positive components and

({-0.95, -0.90}, {-0.90, —0.85}, {—0.10, —=0.05}) for negative components to "Extremely High (EH)"
representing the highest level at({0.88,0.95},{0.05,0.10}, {0.05, 0.10}) for positive components and
({-0.12,-0.05},{-0.10, -0.05}, {—0.95, —0.90}) for negative components. The multi-valued bipolar
neutrosophic number is taken as interval values. The membership values follow the structure that
TP increases from {0.05,0.10} to {0.88,0.95} and I7° and F*¢ decreases from {0.85,0.90} to {0.05,0.10}
and {0.90,0.95} to {0.05,0.10} respectively. Similarly, in negative membership components. The

multi-valued bipolar neutrosophic set extension of the multi-valued neutrosophic set.
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TasLE 1. Linguistic variables of MVBNNSs.

) .. . Positive Part Negative Part
Linguistic variables —_ o~ = ~ 7
(TP}, (1P}, {FPeY) (T ALY AF

Extremely Low (EL) ({0.05,0.10}, {0.85,0.90}, {0.90,0.95}) | ({—0.95,-0.90}, {—0.90, —0.85}, {—0.10, —0.05})
Very Low (VL) ({0.15,0.20}, {0.75, 0.80}, {0.80,0.85}) | ({—0.85,-0.80},{—0.80, —0.75}, {—0.20, —0.15})
Low (L) ({0.25,0.30}, {0.65, 0.70}, {0.70,0.75}) | ({-0.75,-0.70, }, {—0.70, —0.65}, {—0.30, —0.25})
Moderately Low (ML) | ({0.35,0.40}, {0.55,0.60}, {0.60,0.65}) | ({-0.65,—-0.60}, {—0.60,—0.55},{-0.40, —0.35})
Medium (M) ({0.45,0.50}, {0.45, 0.50}, {0.50,0.55}) | ({-0.55,-0.50}, {—0.50, —0.45}, {—0.50, —0.45})
Moderately High (MH) | ({0.55,0.60}, {0.35,0.40}, {0.40,0.45}) | ({-0.45,-0.40}, {—0.40,-0.35},{-0.60, —0.55})
High (H) ({0.65,0.70},{0.25,0.30}, {0.30,0.35}) | ({-0.35,-0.30},{—0.30, —0.25}, {—0.70, —0.65})
Very High (VH) ({0.75,0.80}, {0.15, 0.20}, {0.20,0.25}) | ({-0.25,-0.20}, {—0.20, —0.15}, {-0.80, —0.75})
Extremely High (MH) | ({0.88,0.95}, {0.05,0.10}, {0.05,0.10}) | ({-0.12,-0.05}, {-0.10,—-0.05},{-0.95, —0.90})

6. MATHEMATICAL DEMONSTRATION

There is a group of professors who want to buy an apartment in a particular area. The problem
is to select the most suitable apartment in a particular area from a set of options. There are three
experts (E1, E2, E3) to make the decision for the best choice in four alternatives Aq, Ay, A3, Ay
based on the criteria: the cost(Cy), the location(Cy), the safety(Cs), and the amenities (C4). The
experts are using linguistic term in their evaluation of alternatives, which are then converted to
MVBNNSs. These criteria will change depending on the problem. Each criterion is evaluated by
the experts for all alternatives.

Step 1: Each expert provides an assessment of the alternative, and the weight of each criterion
represented in terms of linguistic variables is shown in Table 2. Based on Table 1, these evaluations

are systematically converted into numerical values using MVBNNE.

TasLE 2. Decision matrix with linguistic variables.

Alternatives | Evaluators | Cost C; | Location C;, | Safety C3 | Amenities Cy
Aq Eq MH H MH H
E, L ML M VH
Es MH VH H H
Aj Eq H VH VH MH
E> ML H VL H
E; M EH EH H
Az Eq H M VH EH
E, VH ML H VH
Es H VH EH EH
Ay Eq EL ML ML L
E, L L L ML
E; ML H M MH
Weights Eq MH H EH H
E, H MH H M
Ej EH VH H EL
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Step 2: The weights for the three experts are based on the experience and knowledge of the
decision makers, represented as E; = VH, E; = H, and E3 = EH. Calculate the weights of each
decision maker using Equation (4.1).

\/(1—0475)2+(0.15)2+(0A20)2+(—0A25)2+(—020)%(1—(—(—0.80)))2 4 \/(1—0.80)2+(0A20)2+(0A25)2+(—0A20)2+(—0.15)%(1—(—(-075)))2

1_ 6 6

2
3—(0.211 + 0.084 + 0.310)

w1 =

=0.329

Similarly, we get the weights of each decision maker

w1 =0.329
w2 =0.288
w3 = 0.383

Step 3: To construct the decision matrix, convert the linguistic variable into MVBNNS5s as shown
in Table 3.

A1Cy = ({1-((1-0.55)"% x (1-0.25)"% x (1-0.55)"3%%),1 - ((1-0.60)"%* x (1-0.30)*% x (1-0.60)"%%)},
{(0.35)0.329 X (0.65)0'288 X (0.35)0.383, (0.40)0.329 X (0.70)0.288 X (0.40)0.383},
{(0.40)0.329 X (0.70)0.288 X (0-40)0.383, (045 0.329 X (0.75)0.288 X (0-45)0.383},
{_((0.45)0.329 X (0'75)0.288 X (0'45)0.383)’ _((0.40)0.329 X (0'70)0.288 X (0'40)0.383)}’
{~((1-0.40)%%% x (1 -0.70)%%88 x (1 -0.40)%38%), —((1-0.35)%%% x (1 -0.65)%2%8 x (1 —0.35)%383)},
{—((1-0.60)% x (1-0.30)"%8 x (1-0.60)>33), —((1 - 0.55)%3* x (1 - 0.25)%%8 x (1 - 0.55)%353) }}>
= ({0.479,0.530}, {0.418,0.470}, {0.470,0.521}, {-0.521,-0.470}, {—0.509, —0.456}, {—0.530, —0.479}).

Step 4: The weighted decision matrix Table 4 was calculated by the criterion weights of the

decision matrix from the values of Table 3. For example, the weight of A;C; is obtained as

A1C = ({{(0.737 % 0.675), (0.737 x 0.734)},

{(0.151 + 0.418 — 0.151 x 0.418), (0.217 + 0.470 — 0.217 x 0.470)},
{(0.166 + 0.470 — 0.166 x 0.470), (0.235 + 0.521 — 0.235 x 0.521)},
{—(0.252 4 0.521 — 0.252 % 0.521), —(0.166 + 0.470 — 0.166 X 0.470)},
{=(0.267 x 0.509), —(0.217 x 0.456)},

{—(0.834 x 0.530), —(0.765 x 0.479)}}>

= ({{0.358, 0.442}, {0.506,0.585}, {0.558,0.634}, {-0.642, -0.558}, {-0.136,—-0.099}, {—0.442, —0.366}}).

Step 5: This step is to detect the most favorable and least favorable ideal solutions from the
Table 4. These results are in Table 5.
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TasLe 3. MVBNN decision matrix 6;;.

Cq
A, ({0.479,0.530}, {0.418,0.470}, {0.470, 0.521}, {~0.521,—0.470}, {~0.509, —0.456}, {~0.530, —0.479})
Ay ({0.503,0.555},{0.393, 0.445},{0.445,0.497},{—0.497, —0.445},{-0.476, —0.425}, {—0.555, —0.503}
As  (10.682,0.733},{0.216,0.267}, {0.267,0.318}, {~0.318, —0.267}, {~0.273, —0.222}, {~0.733, —0.682})
Ay ({0.233,0.283},{0.666,0.717},{0.717,0.767},{-0.767,-0.717},{—0.767, —0.708},, {—0.283, —0.233})
w,C; ({0.748,0.834},(0.151,0.217}, {0.166, 0.235}, {~0.252, —0.166}, {~0.267, —0.217}, {—0.834, —0.765})
C2
Ay ({0.632,0.686},{0.258,0.314},{0.314,0.368}, {—0.368, —0.314}, {—0.373, —0.321}, {—0.686, —0.632})
As ({0.792,0.868},{0.114,0.172},{0.132,0.194}, {—0.208, —0.132}, {—0.195, —0.144}, {—0.868, —0.806} )
As  ({0.573,0.629},{0.313,0.371}, {0.371, 0.427), (~0.427, —0.371}, {~0.439, —0.387}, {~0.629, ~0.573})
Ay ({0.466,0.519},{0.427,0.481},{0.481,0.534}, {—0.534, —0.481}, {—0.544, —0.491}, {—0.519, —0.466})
wyCr {{0.669,0.721},{0.226,0.279}, {0.279,0.331}{—0.331, —0.279}{—0.295, —0.245}{—0.721, —0.669})
C3
A, ({0.567,0.618},{0.331,0.382}, {0.382, 0.433}, {—0.433, —0.382}, (—0.396, —0.346}, {—0.618, —0.567})
Ar ({0.732,0.825},{0.157,0.229}, {0.175, 0.250}, {—0.268, —0.175}, {—0.439, —0.376}, {—0.825, —0.750})
Az ({0.792,0.868},{0.114,0.172},{0.132,0.194}, {—0.208, —0.132}, {[—0.195, —0.144},{-0.868, —0.806})
A, ({0.365,0.415),{0.534, 0.585}, {0.585, 0.635}, {~0.635, —0.585}, {~0.599, —0.548}, {~0.415, —0.365})
w3Cs ({0.754,0.834}, {0.147,0.209}, {0.166, 0.232}, {~0.246, —0.166}, {—0.240, —0.189}, {—0.834, —0.768})
C4
A, (10.682,0.733},{0.216,0.267}, {0.267,0.318}, {—0.318, —0.267}, {~0.273, —0.222}, {~0.733, —0.682})
Ay ({0.620,0.670},{0.279,0.330}, {0.330, 0.380}, {—0.380, —0.330}, {—0.335, —0.284}, {—0.670, —0.620})
As  ({0.852,0.925},{0.069,0.122}, {0.075,0.130}, {~0.148, —0.075}, {~0.130, —0.080}, {~0.925, ~0.870})
Ay ({0.408,0.460}, {0.489, 0.540}, {0.540, 0.592}, {—0.592, —0.540}, {—0.575, —0.523}, {—0.460, —0.408})
wsCs  ({0.416,0.470}, {0.473,0.529}, {0.529, 0.584}, {~0.584, —0.529}, {~0.698, —0.630}, (—0.471, —0.416})

TasLE 4. Multi-valued bipolar neutrosophic weighted decision matrix (6;*]))

C

({0.358,0.442}, {0.506, 0.585}, {0.558, 0.634}, {~0.642, —0.558}, {—0.136, —0.099}, {—0.442, —0.366})
({0.376,0.462}, {0.484, 0.566}, {0.538, 0.616}, {~0.624, —0.538}, {—0.127, —0.092}, {—0.462, —0.384})

({0.5100.611}, {0.334, 0.426}, {0

389, 0.478}, {~0.490, —0.389), {

~0.073,-0.048}, {

—0.611,-0.521})

({0.174,0.236}, {0.716,0.778},{0.764, 0.822}, {—0.826, —0.764}, {—0.205, —0.154}, {—0.236, —0.178})

G

({0.423,0.495}, {0.426, 0.505}, {0.505, 0.577}, {
({0.530, 0.626}, {0.315, 0.403}, {0.374, 0.461}, {—
({0.384, 0.453}, {0.469, 0.547}, {0.547, 0.616}, {
({0.312,0.374}, {0.557, 0.626}, {0.626, 0.688}, {

—0.577,-0.505}, {
0.470, —0.374}, {—

~0.616,—0.547}, {

—0.688, -0.626}, {

-0.110, -0.079},

~0.130,—0.095},
~0.161,-0.120},

3
0.057,-0.035}, {
A
3

—0.495, —0.423})
—0.626,—0.539})
—0.453 — 0.384})
—0.374 - 0.312})

Cs

({0.427,0.515},{0.429, 0.511}, {0.485, 0.564}, {
({0.551, 0.687}, {0.281,0.390}, {0.313, 0.424}, {
({0.597,0.723},{0.245, 0.345}, {0.277,0.381}, {

1A 1A {

({0.275,0.346},{0.603, 0.672}, {0.654, 0.720},

—0.573,-0.485}, {
—0.449,-0.313}, {
~0.403,-0.277},{
—0.725,-0.654}, {

~0.095, —0.065}, {
~0.105,-0.071}, {
—0.047,-0.027}, {
~0.144,-0.104}, {

~0.515,-0.436})
—0.687,-0.576})
—0.723,-0.619})
—0.346, -0.280})

Cq

({0.284, 0.345}, {0.587, 0.655},
({0.258,0.315}, {0.620, 0.685},
({0.354, 0.436}, {0.509, 0.587
({0.170,0.216}, {0.731, 0.784

{0.655,0.716}, {
{0.685,0.742}, {
,10.564,0.638}, {
,10.784,0.830}, {

——

—-0.716, -0.655},
—-0.742, -0.685},
—0.646, —0.564},
—-0.830, -0.784},

—_——— —— —

~0.190, —0.140}, {
—0.234,-0.179}, {
~0.091,-0.050}, {
—0.402,-0.330}, {

—0.345,-0.284
-0.315,-0.258
—0.436, -0.362
-0.216,-0.170

_— e =~ ——
NN
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TasLE 5. Multi-valued bipolar maximum (A*) and minimum (A.) ideal solutions.

617].
C; ({0.510,0.611}, {0.334, 0.426}, {0.389, 0.478}, {—0.826, —0.764}, {~0.073, —0.048}, {~0.236, —0.178}})
C, ({0.530,0.626},{0.315,0.403}, {0.374,0.461}, {—0.688, —0.626}, {—0.0574, —0.035}, {—0.374, —0.312})
Cs {{0.597,0.723}, {0.245,0.345}, {0.277,0.381}, {—0.725, —0.654}, {—0.047, —0.027}, {~0.346, —0.280})
Cy <{0.354,0.436},{0.509,0.587}, {0.564,0.638}, {—0.830, —0.784}, {—0.091, —0.050}, {—0.216, —0.170})
i
C; ({0.174,0.236}, {0.716,0.778}, {0.764, 0.822}, {—0.490, —0.389}, {~0.205, —0.154}, {~0.611, —0.522})
C, <{0.312,0.374},{0.557,0.626},{0.626,0.688}, {—0.470, —0.374},{—0.161, —0.120}, {—0.626, —0.539})
Cs  ({({0.275,0.346}, {0.603, 0.672}, {0.654, 0.720}, {—0.403, —0.277}, {—0.144, —0.104}, {-0.723, —0.619}})
Cy <{{0.170,0.216},{0.731,0.784},{0.784,0.830}, {—0.646, —0.564}, {—0.402, —0.329}, {—0.436, —0.362})

Step 6: In this step, calculate the values using Equation (4.2), for instance, the calculation is

obtained as

A" (A1Cy, 62) =[0.358 — 0.510| + 10.442 — 0.611| 4 |0.506 — 0.334| - |0.585 — 0.426|+-

10.558 — 0.389] +10.634 — 0.478

| - 0.558 — (—0.764) + | — 0.136

| —0.442 — (~0.236)| + | — 0.366
—1.875

+ |- 0.642 — (~0.826)|+
— (—0.073)| + | - 0.099 — (~0.048)|+
— (-0.178)]

Similarly, find the separation value A; under each criterion.
A*(A1Cy, 6;) = 1.259.
A*(A1C3,0;;) = 1.853.

ij

A*(A1Cy, (5;) = 1.150.
The separation from the maximum ideal solution is calculated by Equation (4.3).
p (A1) = 1.875 4 1.259 4 1.853 + 1.150 = 6.136

The same procedure for other alternatives. The separation measure from the minimum ideal

solution is calculated by a similar process using equation (4.5). It was shown in Table 6.

TaBLE 6. Maximum and Minimum Separation Measure.

*

Alternative

[

A 6.137
Ay 5.663
As 5.039

Ay 8.101

6.575
7.049
7.673
4.611
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Step 7: Determine the rank of each alternative based on their ranking coefficient measure by

Equation (4.6) to get final rank, represented in Table 7, Rk (A1)

6.575

= 13746575 0.517.

TasLE 7. Ranking coefficient measure.

Alternative Rg  Order
A 0517 III
A, 0555 II
Az 0.604 I
Ay 0363 IV

According to the Table 7, we can rank the alternatives in descending order as A3 > A > A; > Ay.

Therefore, according to the ranking order, Az is the best option among these three, and Ay is the
worst option. The MCDM problem is solved by the simplified bipolar neutrosophic TOPSIS

method. The result is graphically represented in Figure 1.

07 Ranking Based on R Values
. T T

X3
Y 0.603588

X2
Y 0.554520

0.6

Y 0.517265

0.5

0.4

0.3

Ranking Coefficient (R)

02

0.1

Alternatives

X4
Y 0.362707

Ficure 1. The bar graph representation of Table 7

7. ANArysis AND DiscussioN

For comparison, consider the previous study by Jeni Seles Martina and Deepa (2022); they
proposed the neutrosophic simplified TOPSIS method for MVNNSs and applied this to the best
apartment problem. In this paper, we do the extension of this study and generalize the neutrosophic
simplified TOPSIS method for MVNNSs, which handles both the positive and negative membership
degrees of alternatives along with multi-valued uncertainty, where here the opinions are not only

uncertain but also have positive and negative tendencies.
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The best apartment problem analyzed in section 6 is that we get the ranking coefficients of the
corresponding alternatives shown in table 7, and based on that table, we rank the alternatives as
Az > Ay > A1 > A4. The same apartment problem was analyzed; based on the previous study, the
ranking of the corresponding alternatives is given in Table 8 A3 > A, > A > A4. The ranking order
of the alternatives is identical in both approaches, confirming the stability and consistency of the
decision outcomes across neutrosophic environments. However, compared to the MVNN model,
the ranking coefficient is measured differently from the MVBN-TOPSIS model. This difference
arises becauses the proposed study incorporates the range of uncertainty through multi-values,
and score values exhibit the analytical sensitivity of the bipolar model.

Moreover, In both cases, the simplified TOPSIS method work faster and maintains robustness.
The integration of the multi-valued bipolar framework enhances the clarity of results, allowing
decision-makers to capture both the degree of support and opposition towards each alternative in

a more realistic manner.

TasLE 8. Ranking coefficient measure.

Alternative Rg  Order

A 0533 I
Ay 0763 I
As 0867 I

Ay 0.000 IV

Ranking Based on R Values
T T

X3
09 Y 0.866800 i

X2
Y 0.763000

X1
Y 0.532800

o
o
T

Ranking Coefficient (R)
o o o
w = o

o
o

o

X4
Y 0.000000
1

o

1 2 3 4
Alternatives

FiGure 2. The bar graph representation of Table 8
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1 2 3 4

Ficure 3. The comparison of figures 1 and 2

8. CoNCLUSION

This study extends the concept of multi-valued neutrosophic matrices into a multi-valued
bipolar neutrosophic framework. It applies this to the simplified TOPSIS method to address
multi-criteria decision-making problems. In this paper, multi-valued bipolar neutrosophic matri-
ces and their basic definitions and fundamental concepts were introduced, and several properties
associated with these operations were established. A numerical example was also presented to
demonstrate the accuracy and reliability of the proposed method. The numerical calculation and
tables are obtained using MATLAB. Moreover, the application of linguistic variables within the
neutrosophic simplified TOPSIS framework successfully identified the best alternative among the
given options, and the obtained result was compared with the existing MVN-simplified TOPSIS
method, giving a consistent ranking, but the bipolar approach captures the variation in the evalua-
tion values, making it a more powerful tool for multi-criteria decision-making under complex and
uncertain environments. For future work, applying the concept of MVBNMSs can be developed
based on the decision-making to solve real applications, apply this in various fields, and further

expand the concept.
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