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Abstract. In this work, we investigate third-order differential subordination for multivalent functions using the Cho-

Kwon-Srivastava operator with the neutrosophic parameterMℵ. By incorporating uncertainty, our approach extends

classical models and provides a flexible framework to analyze the behavior of multivalent functions under both precise

and uncertain settings. These results generalize previous studies, offering deeper insights into the structure and

properties of such functions.

1. Introduction

Recently, a new approach has been developed to handle situations where data might be im-

precise, while still relying on classical probabilistic models. This method combines neutrosophic

set theory with standard probability distributions, such as uniform, exponential, and Poisson. A

notable example of this idea is the neutrosophic Poisson distribution [1].

Let T(D) denote the class of holomorphic functions in the unit disk D = {z ∈ C : |z| < 1}. For

j ∈N = {1, 2, 3, . . . } and η ∈ C, define
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T(η, j) =
{︃

f ∈ T(D) : f (z) = η+
∞∑︂
ς= j

ηςzς
}︃
,

and set T = T(1, 1).

If there exists a Schwarz function π(z) analytic in D with |π(z)| < 1 and π(0) = 0, then an

analytic function f1 is said to be subordinate to f2 if

f1(z) = f2(π(z)), z ∈ D,

and we write

f1(z) ≺ f2(z), z ∈ D.

The set of all µ-valent holomorphic functions inD is denoted byAµ and is given by

f (z) = zµ +
∞∑︂
ς=1

cµ+ςzµ+ς. (1.1)

For functions f and ξ of the form

ξ(z) = zµ +
∞∑︂
ς=1

dµ+ςzµ+ς, (1.2)

their convolution is defined by

( f ∗ ξ)(z) = zµ +
∞∑︂
ς=1

cµ+ςdµ+ςzµ+ς, z ∈ D.

Let h(z) be a univalent function inD, and define the mapping

Υ(t̃, ũ, ṽ, w̃; z) : C4
×D → C.

Suppose k(z) is analytic inD and satisfies

Υ
(︃
k(z), zk′(z), z2k′′(z), z3k′′′(z); z

)︃
≺ h(z), (1.3)

then the set of all solutions k(z) satisfying (1.3) is considered. If k(z) is subordinate to a univalent

functionφ(z), thenφ is called the dominant of (1.3). Moreover, if the univalent dominant ǩ satisfies

ǩ ≺ φ for all dominants, it is referred to as the best dominant [2].

Neutrosophic Approach and Cho-Kwon-Srivastava Operator. Neutrosophic science offers a modern

way to handle uncertainty and indeterminacy, common challenges in many research areas.

Introduced by Florentin Smarandache [3–6], it studies the concept of neutrality, its properties,

and its relation to various spectra. Researchers like Salama have applied neutrosophic principles

in information systems, neutrosophic crisp sets, and computer science [7–14]. At its core, a

neutrosophic set consists of three components: T (membership), I (indeterminacy), and F

(non-membership) [15].
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The neutrosophic transformation replaces a real parameter λ with a neutrosophic number

ℵ = d + I, where d is deterministic and I captures indeterminacy. This allows for modeling

uncertain or ambiguous parameters effectively.

Previously, Cho-Kwon-Srivastava introduced the operator Jλ
µ (s, r) [2]:

J
λ
µ (s, r) f (z) = Θ(s, r, z) ∗ f (z) = zµ +

∞∑︂
ς=1

(λ+ µ)ς(r)ς
ς!(s)ς

cµ+ςzµ+ς, (1.4)

where s, r ∈ R \Z−0 , λ > −µ, µ ∈ C, and (y)ς is the Pochhammer symbol:

(y)ς =
Γ(y + ς)

Γ(y)
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩1, ς = 0,

y(y + 1) · · · (y + ς− 1), ς ∈N.
(1.5)

The generating function Θ(s, r, z) is given by

Θ(s, r, z) =
∞∑︂
ς=0

(s)ς
(r)ς

zµ+ς, z ∈ D. (1.6)

Additionally, the conjugate operator satisfies

Θ†µ(s, r, z) ∗Θµ(s, r, z) =
zµ

(1− z)λ+µ
, z ∈ D. (1.7)

By replacing λ with the neutrosophic parameterMℵ, we define the neutrosophic version:

Ñ
(︃
Θ†µ(s, r, z) ∗Θµ(s, r, z)

)︃
=

zµ

(1− z)Mℵ+µ
, µ ∈N, (1.8)

and thus

J
Mℵ
µ (s, r) f (z) = zµ +

∞∑︂
ς=1

(Mℵ + µ)ς(r)ς
ς!(s)ς

cµ+ςzµ+ς. (1.9)

From (1.9), we also have

z
(︃
J
Mℵ
µ (s, r) f (z)

)︃′
= (µ+ s + ς)JMℵµ (s, r) f (z) − (s + ς)JMℵµ (s + 1, r) f (z).

Definition 1.1. [16] LetQ denote the set of univalent and analytic functionsφ defined onD\B(φ), where

B(φ) =
{︃
ℓ ∈ ∂D : lim

z→ℓ
φ(z) = ∞

}︃
,

and

min
⃓⃓⃓
φ′(ℓ)

⃓⃓⃓
= ∂ > 0, for ℓ ∈ ∂D\ B(φ).

The subclass Q(a) ≡ Q0 consists of functions φ ∈ Q with φ(0) = a, and Q(1) ≡ Q1.

Definition 1.2. [16] Let z ∈ C, φ ∈ Q, and j ≥ 2. Define ψ j[z,φ] as the class of admissible functions
Υ : C4

×D → C satisfying:

Υ(t̃, ũ, ṽ, w̃; z) < z,
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whenever

t̃ = φ(ℓ), ũ = nℓφ′(ℓ), Re
{︃ ṽ

ũ
+ 1
}︃
> nRe

{︃
1 +

ℓφ′′(ℓ)

φ′(ℓ)

}︃
,

and

Re
{︃ w̃

ũ

}︃
≥ n2Re

{︃ℓ2φ′′′(ℓ)

φ′(ℓ)

}︃
,

where ℓ ∈ ∂D\ B(φ) and n ≥ j.

Lemma 1.1. [16] Let k ∈ T (η, j) with j ≥ 2, and let φ ∈ Q(a). Assume

Re
{︃ℓφ′′(ℓ)
φ′(ℓ)

}︃
≥ 0,

⃓⃓⃓⃓⃓
⃓ℓk′(ℓ)φ′(ℓ)

⃓⃓⃓⃓⃓
⃓ ≤ n,

for ℓ ∈ ∂D\ B(φ) and n ≥ j. If Υ ∈ ψ j[z,φ] and

Υ
(︂
k(z), zk′(z), z2k′′(z), z3k′′′(z); z

)︂
∈ z,

then k(z) ≺ φ(z).

Extensive studies have advanced our understanding of operators linked to differential subordi-

nation and superordination (see [17–25]).

Definition 1.3. Let z ⊂ C and φ ∈ Q1 ∩ T j. Define ∂1[z,φ] as the class of admissible functions ψ :

C
4
×D → C that satisfy:

ψ(ã, b̃, c̃, d̃; z) < z,

whenever

ã = φ(ℓ), b̃ = φ(ℓ) −
nℓφ′(ℓ)

s + ς
,

Re
{︃ (c̃− ã)(s + ς+ 1) + (ã− b̃)(2s + 2ς+ 1)

ã− b̃

}︃
> nRe

{︃
1 +

ℓφ′′(ℓ)

φ′(ℓ)

}︃
,

and

Re

⎧⎪⎪⎨⎪⎪⎩− 2d̃ + (s + ς)
(︂
3b̃(−1 + s + ς) − 3c̃(1 + s + ς) + d̃(3 + s + ς)

)︂
ã− b̃

+
ã(−2 + 3ς+ 3(s + s2 + 2sς+ ς2))

ã− b̃

⎫⎪⎪⎬⎪⎪⎭ ≥ n2Re
{︃
1 +

ℓ2φ′′′(ℓ)

φ′(ℓ)

}︃
,

for ℓ ∈ ∂D\ B(φ) and n ≥ j ≥ 2.

Key references on differential subordination and superordination in p-valent functions include

the works of Tayyah and Atshan [26] and Tayyah, Atshan & Oros [27].



Int. J. Anal. Appl. (2026), 24:314 5

2. Materials andMethods

Theorem 2.1. Let z ⊂ C and ψ ∈ ∂1[z,φ]. Suppose f ∈ Aµ and φ ∈ Q1 satisfy

Re
{︃ℓφ′′(ℓ)
φ′(ℓ)

}︃
≥ 0, and

⃓⃓⃓⃓
z
(︂
z−µJMℵµ f (z)

)︂′ ⃓⃓⃓⃓
≤ n
⃓⃓⃓
φ′(ℓ)

⃓⃓⃓
, (2.1)

and {︃
ψ
(︃
z−µJMℵµ (s, r) f (z),z−µJMℵµ (s + 1, r) f (z),

z−µJMℵµ (s + 2, r) f (z), z−µJMℵµ (s + 3, r) f (z); z
)︃

: z ∈ D
}︃
⊂ z,

(2.2)

then

z−µJMℵµ (s, r) f (z) ≺ φ(ℓ), z ∈ D. (2.3)

Proof. Let us define the function

k(z) = z−µJMℵµ (s, r) f (z), (z ∈ D). (2.4)

Using the recurrence relation of (1.9) and differentiating, we obtain

z−µJMℵµ (s + 1, r) f (z) = k(z) −
1

s + ς
zk′(z), (2.5)

z−µJMℵµ (s + 2, r) f (z) = k(z) −
2

s + ς+ 1
zk′(z) +

1
(s + ς)(s + ς+ 1)

z2k′′(z), (2.6)

z−µJMℵµ (s + 3, r) f (z) = k(z) −
3

s + ς+ 2
zk′(z) +

3
(s + ς+ 1)(s + ς+ 2)

z2k′′(z)

−
1

(s + ς)(s + ς+ 1)(s + ς+ 2)
z3k′′′(z). (2.7)

Now, define

ã = t̃,

b̃ = t̃−
1

s + ς
ũ,

c̃ = t̃−
2

s + ς+ 1
ũ +

1
(s + ς)(s + ς+ 1)

ṽ,

d̃ = t̃−
3

s + ς+ 2
ũ +

3
(s + ς+ 1)(s + ς+ 2)

ṽ−
1

(s + ς)(s + ς+ 1)(s + ς+ 2)
w̃.

(2.8)

Consider the transformation

Υ(t̃, ũ, ṽ, w̃; z) = ψ(ã, b̃, c̃, d̃; z), (2.9)

which, via (2.4)–(2.7), gives

Υ(k(z), zk′(z), z2k′′(z), z3k′′′(z); z) = ψ
(︂
z−µJMℵµ (s, r) f , . . . , z−µJMℵµ (s + 3, r) f ; z

)︂
. (2.10)

From Definitions 1.2 and 1.3, the admissibility ofψ ∈ ∂1[z,φ] implies that Υ ∈ ψ j[z,φ], so Lemma

1.1 yields

k(z) = z−µJMℵµ (s, r) f (z) ≺ φ(z). (2.11)
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□

Corollary 2.1. Let z ⊂ C and φ ∈ Q1 be univalent in D. For ρ ∈ (0, 1), define φρ(z) = φ(ρz) and let
ψ ∈ ∂1[z,φρ]. If f ∈ Aµ satisfies

Re

⎧⎪⎪⎨⎪⎪⎩ℓφ′′ρ (ℓ)φ′ρ(ℓ)

⎫⎪⎪⎬⎪⎪⎭ ≥ 0,
⃓⃓⃓⃓
z
(︂
z−µJMℵµ (s, r) f

)︂′ ⃓⃓⃓⃓
≤ n
⃓⃓⃓
φ′ρ(ℓ)

⃓⃓⃓
, (2.12)

then{︂
ψ
(︂
z−µJMℵµ (s, r) f , z−µJMℵµ (s + 1, r) f , z−µJMℵµ (s + 2, r) f , z−µJMℵµ (s + 3, r) f ; z

)︂
: z ∈ D

}︂
⊂ z,

(2.13)

which implies

z−µJMℵµ (s, r) f (z) ≺ φ(z). (2.14)

Proof. By Theorem 2.1, we have

z−µJMℵµ (s, r) f (z) ≺ φρ(z). (2.15)

Since φρ(z) ≺ φ(z), it follows that

z−µJMℵµ (s, r) f (z) ≺ φ(z). (2.16)

Assume z , C is a simply connected domain. A conformal mapping h : D → C can be

constructed with h(D) = C.

Denote the class ∂1[h(D),φ] by ∂1[h,φ]. Then, from Theorem 2.1 and Corollary 2.1, we directly

obtain the following corollaries. □

Corollary 2.2. Let h be univalent inD and ψ ∈ ∂1[h,φ]. If φ ∈ Q1 satisfies condition (2.1), then{︃
ψ
(︃
z−µJMℵµ (s, r) f , z−µJMℵµ (s + 1, r) f , z−µJMℵµ (s + 2, r) f , z−µJMℵµ (s + 3, r) f ; z

)︃
: z ∈ D

}︃
≺ h(z),

(2.17)

which implies

z−µJMℵµ (s, r) f (z) ≺ φ(z). (2.18)

Corollary 2.3. Letφ ∈ Q1 be univalent inD andψ ∈ ∂1[h,φρ] for some ρ ∈ (0, 1), whereφρ(z) = φ(ρz).
If φρ satisfies condition (2.12), then the subordination{︂

ψ
(︂
z−µJMℵµ (s, r) f , . . . , z−µJMℵµ (s + 3, r) f ; z

)︂
: z ∈ D

}︂
≺ h(z) (2.19)

implies

z−µJMℵµ (s, r) f (z) ≺ φ(z). (2.20)

Corollary 2.4. Let h be as defined in (2.10) and assume Υ is univalent inD so that ψ ∈ ∂1[h,φ]. If there
exists a solution φ ∈ Q1 to the differential equation

Υ
(︂
k, zk′, z2k′′, z3k′′′; z

)︂
= h(z) (2.21)
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satisfying condition (2.1), then

z−µJMℵµ (s, r) f (z) ≺ φ(z), (2.22)

and φ is the best dominant for this subordination.

Proof. If

ψ
(︂
z−µJMℵµ (s, r) f , z−µJMℵµ (s + 1, r) f ,

z−µJMℵµ (s + 2, r) f , z−µJMℵµ (s + 3, r) f ; z
)︂

satisfies

Υ(k, zk′, z2k′′, z3k′′′; z) ≺ h(z), (2.23)

then k(z) is a solution and, by Corollary 2.2, we get k(z) ≺ φ(z). That is, φ is a dominant of this

subordination. Similarly,

Υ(k, zk′, z2k′′, z3k′′′; z) ≺ h(z) = Υ(φ, zφ′, z2φ′′, z3φ′′′; z),

so φ is the best dominant. □

When φ(z) = 1 + Veiθ with V > 0, Theorem 2.1 applies. The admissible class ∂1[z,φ] can be

written as ∂1[z, V]:

Definition 2.1. Let z ⊆ C and V > 0. The set ∂1[z, V] consists of all ψ : C4
×D → C satisfying

ψ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 + Veiθ, 1 + (s+ς−n)Veiθ

s+ς ,

1 + L+(s+ς)[(s+ς+1)−2n]Veiθ

(s+ς+1)(s+ς) ,

1 + 3L(s+ς)−N+(s+ς+1)(s+ς)[(s+ς+2)−3n]Veiθ

(s+ς+2)(s+ς+1)(s+ς)

; z

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ < z,

for all z ∈ D, whenever Re{Le−iθ
} ≥ n(n− 1)V and Re{Ne−iθ

} ≥ 0, with 0 ≤ θ ≤ π and 2 ≤ j ≤ n.

Corollary 2.5. Let z ⊆ C and ψ ∈ ∂1[z, V]. If⃓⃓⃓⃓
z
(︂
z−µJMℵµ (s, r) f (z)

)︂′ ⃓⃓⃓⃓
≤ nV,

then

ψ

⎛⎜⎜⎜⎜⎜⎜⎝z
−µ
J
Mℵ
µ (s, r) f , z−µJMℵµ (s + 1, r) f ,

z−µJMℵµ (s + 2, r) f , z−µJMℵµ (s + 3, r) f ; z

⎞⎟⎟⎟⎟⎟⎟⎠ ∈ z, (z ∈ D),

which implies

z−µJMℵµ (s, r) f (z) ≺ 1 + Veiθ.
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3. Applications of the Operator JMℵµ (s, r)

Let

z = {φ ∈ C : |φ− 1| < V},

and denote ∂1[z, V] by ∂1[V]. Using Corollary 2.5, we have the following results.

Corollary 3.1. Let ψ ∈ ∂1[V] and suppose⃓⃓⃓⃓
z
(︂
z−µJMℵµ (s, r) f (z)

)︂′ ⃓⃓⃓⃓
≤ nV.

Then ⃓⃓⃓⃓
ψ
(︂
z−µJMℵµ (s, r) f , . . . , z−µJMℵµ (s + 3, r) f ; z

)︂
− 1
⃓⃓⃓⃓
< V, z ∈ D,

which implies

z−µJMℵµ (s, r) f (z) ≺ 1 + Vz.

Corollary 3.2. If ⃓⃓⃓⃓
z
(︂
z−µJMℵµ (s, r) f (z)

)︂′ ⃓⃓⃓⃓
≤ nV,

then ⃓⃓⃓⃓
z−µJMℵµ (s, r) f (z) − 1

⃓⃓⃓⃓
< V, z ∈ D,

and therefore

z−µJMℵµ (s, r) f (z) ≺ 1 + Vz.

Proof. Take ψ(ã, b̃, c̃, d̃; z) = b̃. Then Corollary 3.1 gives the desired result.

If we setMℵ = 1, s = µ+ 1, and r = 1, then

J
1
µ(µ+ 1, 1) f (z) = f (z),

J
1
µ(µ+ 2, 1) f (z) =

s + ς+ µ

s + ς
f (z) −

1
s + ς

z f ′(z).

□

Example 3.1. Let f ∈ Aµ satisfy ⃓⃓⃓⃓
z
(︂
z−µJMℵµ (s, r) f (z)

)︂′ ⃓⃓⃓⃓
≤ nV,

and ⃓⃓⃓⃓⃓
s + ς+ µ

s + ς
z−µ f (z) −

1
s + ς

z−µ+1 f ′(z) − 1
⃓⃓⃓⃓⃓
< V.

Then ⃓⃓⃓
z−µ f (z) − 1

⃓⃓⃓
< V.
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Example 3.2. TakingMℵ = 1, s = µ+ 1, r = 1, and µ = j = 1, we get: If f ∈ Aµ satisfies⃓⃓⃓
f ′(z) − z−1 f (z)

⃓⃓⃓
≤ nV,

and ⃓⃓⃓⃓⃓
s + ς+ 1

s + ς
z−1 f (z) −

1
s + ς

f ′(z) − 1
⃓⃓⃓⃓⃓
< V,

then ⃓⃓⃓
z−1 f (z) − 1

⃓⃓⃓
< V.
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