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Abstract. In this research work, the new subclass Yg’a"ﬁ’m’@ (9) of bi-univalent functions related to Fibonacci numbers
is presented. Our primary contributions to this for functions in this particular subclass, the study entails placing
restrictions on the absolute values of the second coefficient |a;| and the third coefficient |a3|. Furthermore, Fekete-Szego
functional problems are solved by us. In addition, our analysis shows interesting results from the particular parameter

values applied in our primary conclusions.

1. INTRODUCTION AND PRELIMINARIES

The series of integers formed by the Fibonacci numbers is recursive. The sequence is defined
recursively as follows: F, = F,_1 + F,— for n > 2, and Fy = 0, F; = 1. By combining the two
preceding terms [1], this sequence is produced. First, it includes the following components: The
provided sequence is in accordance with the Fibonacci sequence pattern, in which every number

is equal to the sum of its two preceding numbers.
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Due to their special properties, the Fibonacci numbers are used in many different fields. Tree
branching and leaf arrangement are examples of fractal patterns that are visible in the growth of
biological things. Numerous branches of mathematics and science, such as number theory, physics,
and geometry, use these ideas. Matrix multiplication, generating functions, and combinatorial
procedures are some of the ways that the Fibonacci sequence can be produced. This series has
interesting characteristics and relationships to mathematical concepts such as Lucas numbers,
Pell numbers, and the golden ratio. Additionally, Fibonacci numbers are employed in technical
analysis and other financial markets. To help them make well-informed trading decisions, traders
and analysts use Fibonacci retracement levels to pinpoint possible support and resistance levels
on financial charts. The importance of Fibonacci numbers is evident in a variety of disciplines,
including biology, computer science, mathematics, and finance. This is a result of its distinct
mathematical properties and organic look. Knowing and applying Fibonacci numbers can improve
our awareness of the innate patterns seen in nature and gain practical analytical and problem-
solving skills. [2].

When it comes to the study or implementation of bi-univalent functions, one method that could
be taken is to make use of mathematical analysis or computing approaches that capitalise on the
characteristics of the Fibonacci numbers. In many cases, Fibonacci numbers

In the context of sequences, series, and mathematical structures, demonstrate some fascinat-
ing mathematical features through demonstration. In the analysis of functions, particularly Bi-
Univalent Functions, these qualities could be utilised. This is especially true in situations when
comprehending the behaviour or properties of these functions requires the utilisation of complex
mathematical patterns or sequences. As an additional benefit, the study of Fibonacci numbers has
the potential to inspire the development of new mathematical methods or approaches that could
be of assistance in the analysis or manipulation of bi-univalent functions. It is not uncommon
for mathematical ideas and methods that are established in one area of mathematics to have un-
expected applications in domains that appear to be unrelated to mathematics. In conclusion, the
investigation of mathematical connections and the utilization of the qualities of Fibonacci num-
bers have the potential to result in the development of insights, methodologies, or approaches that
enhance the comprehension of bi-univalent functions in the context of mathematical computing
and analysis. Let A denote the class of analytic functions in the open unit disk V = {£ : [£| < 1}
with f(0) =0, f/(0) = 1 and having the form:

fE=&+) m&  (EeV) (1.1)
n=2
Let Q denote the class of functions of the form:
q(&) =14+ qé+ @& +qs&+ -+ (E€V). (1.2)
g(&) is an analytic function, called a Carathéodory function, characterized by

Re{g(&)} >0 (&€ V),see[4].
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If there exists a Schwarz function w such that
(&) =1+w(&), w(é)l<1,

then g belongs to the set Q. Let Q(a), with 0 < a, denote the class of analytic functions g in V that
satisfy 4(0) = 1 and Re{g(&)} > a.
Recently, Sokét [10] and Dziok et al. [5] investigated the classes

e L 8 -
se@ {12 <qof, xse@-{ra+ L <o)
Here, the function g(¢) is defined by
_ 14 R%&2 3-15
q(&) = e €] < =5 ~ 0382,

where 8§ = # ~ —0.618.
Note that g(&) has a unique value for |£] < %g’ but not for all £ € V. Since 3 satisfies
82 =1+8,

higher powers B" can be expressed as a linear combination of $ and 1. This recursive relation

generates the Fibonacci numbers, denoted by o, (see [6,9]).

B"=0,8 +0,-1.

As an additional point of interest, Raina and Sok [9] demonstrated that the equation 5§ = t is

correct.
— 1+8%€ . nen
q(&) = TRi_gl2 nzl (Tn-1 4+ Tug1) BEY, (1.3)
where
1-68)"-18 _
THZL/ le \/51 7’[:1,2,
\5 2
This proves that:
70=0 71=1 1tT42=1Tp+7T411, n=0,1,2,---. (1.4)
Hence,

&) =14 ) que"
n=1

=1+ (1o +12)BE+ (11 4+ 13)B2E% + Z (Tn-3 + Ty + Tn-1 + Tn) B"E"
n=3

=14+BE+3R2E2+4R35 + 7R4EF +11R% + .-+ . (1.5)

We observe that 7 is contained within Q(«&), where « is equal to 1—‘/05, with a being around 0.2236,

see [9]
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Given two analytic functions f and g in the field of mathematics V, if there is an analytic function

w that guarantees the following;:
w(0) =0, [w(&)] <1 and f(&) =gw(e) (£€V)
When f is subordinate to g, it is represented by f < g or f(&) < g(&)..

Also, when g is univalentin V,

f(0) =g(0)and f(V) cg(V) & f<g  (£€V).

Furthermore, for all functions f that are univalent in V, we shall assign the symbol S to such

functions. Therefore, every function f that belongs to the set S has an inverse f~!, which is defined

FUfE)=¢  (£eV)
and

)

I

fE ) =w  (lwl <ro(f); ro(f) 2

where
fH(w) = w—aw? + (245 — a3)w’ — (5a3 — 5aza3 + ag)w* + -+ . (1.6)
If both f(&) and f~!(&) are univalent within V, then the function f € A is considered a member

of X, which encompasses all bi-univalent functions within X. Additional information on the
features of the class % can be found in ( [11]- [39]) and ( [44]- [48]).

The following will be presented as a result of the research conducted by Ali et al. [3] and Orhan
etal. [7].

Definition 1.1. The class Yg,a,z;,m,(p () contains the function f € A, wherem >0, ~-n <@ <m, O, L>
0, 3 > 1, if fulfilled:

mei _ .@ - ’ 1-L£ 7 _ mei ~ _ 1 +ﬁ2£2
(1+ @){<1 5)( : ) T (f(6) +oef <é>} T TThgE an
(EeV)
and g is the inverse of f given by (1.6),
i _ M - ’ 1-L ’ _ i ~ _ 1 +ﬂ2w2
(1 +me“”){(1 5‘)( ” ) +3 (¢ (w)) " +0&g (a))} me' <q(&) = T "R (1)
(weV)

where f§ = # ~ —0.618.

If we specify the values of 3, © and L where = #, the class Yg’D’LW (9) is a mathematical

function, which can then be broken down into many subclasses. Take, for instance:
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i. If 3 = 1; then a function f(&) = &+ ax&% +a3&% + --- belongs to the Yg’a’L’m’(P(lﬂ =
Y;’D’L’m’(’) (q), where O, L > 0, if satisfied:
) . ) . 1+ R 252
1+me?){(F (N7 +DEf” —me'? < = eV
( () EF(8)) 1) =g pta <Y
and for g given by (1.6)
. _ o 14 82%u?
1+ me'? ! L D& () - me? < (&) = —— — wevV).
(14 me) {(&' (@) g (@)} ) == (e
ii. If § = 1and © = 0; then a function f(&) = & +a&? +a3& + - - - belongs to the YS’D’L’m’QD (q) =
Y;’O’L’m’q) (q), where L > 0, if satisfied:
(14 me) (7€) 5]~ me? <) = —=EE_ (cev)
1-B&-BR2&2
and for g given by (1.6)
‘ _ o 1+ 82w?
1+ me'® ()L e < = ————— — w e V).
(14 me?) (g (@)} - me? <7(&) = —2 L (we)

iii. fJ = 1and © = £ = 0; than a function f(&) = &+ a&% +a3& + -+ belongs to
theY>2Lme @) = Y2V (7), if satisfied:

T b2
) ) _ 148 252
1+ me?){f —me'? < = ev
( ) (@) 1) =1pepm <Y
and for g given by (1.6)
4 o~ 1+ 8%
14+ me?) | (w)—me? <g(§) = ——m8 —— weV).
( g (w)) W) =7 (weV)
iv. If O = 0; than a function f(&) = & + a2&% + a3&3 + -+ belongs to the Yg’a’L’m’W(ﬁ) =

YS'O'L’”’(P (9), where 3 > 1 and £ > 0, if satisfied:

L
(1+me*) {(1 -0 (5 v <f'<s>>1‘~’3} - me

3
<qlo = —EE_ (eev)
and for g given by (1.6),
(1+ me*) {(1 )89 g <g'<w>>“} - me
<o) = O (wev)

- 1-Bw—-R2a?
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Yg,o,l,m,qo (q), where 3 > 1, if satisfied:

(e mer){a-9) (L)« o} omer <) - LEEE (e

3 1-BE-R2E2
and for g given by (1.6),
i 8(@) 0~ 14 8 %w?
(1+m€§”){(1—3)(7)+5}—mew<q(5):m (ZUEV),

vi. If© = 0and £ = 0; thana function f(&) = & + a2 +a3& 4 - - - belongs to the Yg’a’ﬁ'm@ (9) =
YS,O,O,WP (q), where 3 > 1, if satisfied:

i ’ i ~ 1+B2£2
(14 me) (1) + S (FEN) = me¥ <) = s (€€ V)
and for g given by (1.6),
; , o~ 1+ 82u?
(1+me¢){(1—5)+5(8(w))}—me(p<q(5)Zm (weV),

vii. If £ = 0; than a function f(&) = &+ a&? + a3&% + -+ belongs to the YglaLWp (@) =
Yg,D,O,WP (9), where © > 0,3 > 1, if satisfied:

i ’ ’7” i = 1+82£2
(14 me) (1) + 9 (£/(€)) + D () = me? <T(&) = T (€€V)
and for g given by (1.6),
4 L R 22
(1 me?) (1= 9) + 9 (@) + DE" (@)} =me? <) = —Le (we),

To prove our results we need the following lemma.

Lemma 1.1. [8]If ¢ € C, then |c;| < 2 for each i, where C is the family of all functions c analytic in V for
which

Re{c(8)} >0, c(&) =1+ &+ &+ (£€V).

2. FEKETE-SZEGO INEQUALITY AND COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS THE FORMULA
3,0,Lm,p
Yy (9)

The Taylor-Maclaurin coefficients and the Fekete-Szego inequality are estimated in this section

. . 3,0,Lme
for functions in the class Yy, (9)-

Theorem 2.1. Let f(&) given by (1.1) be in the function class Yg’a’L’m’(’) (q), wherem > 0,-n < ¢ < 7,0,
L>0,3>1. Then

jaz| < \/glﬂ

8] (F + 8 (1+me) [2£ (1-43) + 63 +120])
S T ) [L(1-43) 135 1 60)F

2.1)
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and for e € R
18] 81
| —ea | (1+me'?) (L(1- 4S)+3S+6a) |€ (8>| = 4(1+me?) [ L(1-43)+3F+6D)] (2.2)
2 , .
4 |€ |€ | 2 I0men) [ Z(1-49)735 160

where F = (14 me'® )8 [ £2 (33 +1) + £ (1-119) + 63 + 129
+2(1-38) (1 + me'®) £(1-39) +2(3 + E))]2
(e) = S5

and € (&

Proof. Due to the fact that f is a member of the Y <3 E)Lm(P(ﬁ), it follows that there are two
functions, T and 7, which are analytic in V.using the equation 7(0) = B(0) = 0, |7(£)| < 1, and
|B(w)| < 1 for all &, w to be within the range of V. The following is what we get from (1.7) and (1.8):

L
(14 me) {(1 -0 (52} st Déf”(é)} e =) 9

and for f~! =g,

@

L
(1 -+ me") {(1 - (S s s (gt + asg%w)} me? =FRE). @4

Given that g <gand g(&) = 1+ 1& + q2&2 + q3&> + - - -, define

1+17(&)
1-1(&)

Note that t(&) € Q. As a consequence,

-1 2\ «2 3Y «3
T(é)zt(é) :t—15+[ ﬁ]5—-1-(’C3—T1T2+ﬁ]%-i----

tHE) = =1+ HE+hE+

tHE)+1 2]2 4
and
2 2 3 3
~ _ ~ |7 CRES al&
q(t(&)) =1+m 25+ =53 +[T3 T1T2 + 113 +
2 2 3 3 2
+q2 25—1—[2 2]2+[T3 nnt 5+
TZ 52 T3 53 3
= _1l1s _ T ..
+ g3 é—i—[’[z > |2 +l13—11720 + 1172 + +
2
1 (5
—1+—q & —(Tz—— qm+ lh &
3 2 3
1 T (e (0 T __
+[5 T3 — T1T2 + 1)f11+ T2-§]£/2+§143)53+"' (2.5)
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Likewise, there is a function g € A such that g(w) = g(B(w)) and |B(w)| < 1 in . Consequently,

the function
1+ B(w)

1-p(w)

d(w) = =1+dw+dyw® +---€Q.

It follows that

d(w) - 2 3
ﬁ(w):d((z))+1:%w+(ﬁz ﬁz] (ﬁs ﬁ1ﬁ2+ﬁ) +e

and
q(B(w ))—1+fh(ﬁ—w+(ﬁz—ﬁ—2 ”’7 (ﬁg ,6’1,6’2+ﬁ3J 4. ]
a2 ﬁ?”(ﬁ -5 |5 ( ﬁlﬁz+ %+ --]2
+13 ﬁ—w+(ﬁ ——]— ( —Bifr + L )w?+...)3+...
H@ + ﬁz_/s_qu+ fh)

3 2 3
+ [% (ﬁ3 B1p2 + Py ]lh + = A (,32 - —]172 + il %J
By (2.3), (2.4), (2.5) and (2.6), we have

(1 +mei‘P) [L(1-33)+2(F+0D)]ax = %,

(1 +mel¢)[£(£_1) (35 + 1)] )

2 “
i 1 T 3% 2
+ (14 me?) [£(1-49) +35 +6D]a = 5|12~ 5 |B+ 18,

— (14 me®)[£L(1-33) +2(F +D)]a, = %

and

2 —_—
(1 +meiq))[‘£ (33 +1) +1:(32 193) + 128 + 240 2

ﬁZ

— (14 me'*) [£(1-4T) + 33 +6D]a3 = ;[[32—— B+—182.

From (2.7) and (2.9), we get
71 = —p1
and

"L'2 2)R2
2[(1 +mei(p)_£(1 -39) +2(I + D)]Za% — %

2.7)

(2.9)

(2.10)

(2.11)

(2.12)
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Adding (2.8) to (2.10), we have

(1+me?)[ L2 (3T +1) + L(1-11T) + 63 +120] a3
1 1 3
= 5(r2+p2)B— (7 + D)8+ L (7] + B8

By substituting (2.12) in (2.13), we get

(T2+ p2) B°

2 __
a, =

+ 2(1-38)[(1 4+ me?) £(1-39) +2(3 +0)[")

Now, using Lemma 1.1, we get

V28|

2((1+me'?) B(L2(3T +1) + L(1-119) + 69 +120)

|az| <

+ 2(1-38)[ (14 me?) L(1-33) +2(3 + )|
Next, by subtracting (2.10) from (2.8), we get

as = (TZ_,82>B + a3
T 21+ mew) 2L (1-43) + 63 +120] 2

Hence, by Lemma 1.1, we have

(12l + |B2]) 18]
2(14+me'?) [2L(1-43) + 63 + 120]
y 28|
T (1+me?) 2L(1-43) + 63 +120]

2
las| < + laz|

2
+ |aol”.

By (2.15), we obtain

IBI(F + (1+ me'®)B [2.L (1 - 43) + 63 + 120])
(1+me'®) [L(1-4T3) +33 + 6D]F

4

laz| <

where F = (1+me')R[L2 (33 +1) + £ (1-113) + 63 + 120

+2(1-38)[(1+ me*) £ (1-39) +2(3 + )] .
From (2.16), we get

a3 —ea = (v2 ~ fo)8
T T 0(1 4 mei) 2L (1-43) + 63 + 120)]

(14 me') @(L2(35 + 1)+ L(1-119) + 63 + 12;))'

+ (1-¢)al.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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By substituting (2.14) in (2.18), we get

4 —6112 B (uz—vz)ﬁ i (1—5)(’[2—[32)@2
T T (1 4 mei) 2L(1 - 49) + 63 + 120] 2F
=le(e) + B T 2.19
2(1 1 me®) 2£(1-49) 1 69 1 120] | (2.19)
+lete) - - b
2(1+me®) 2L(1-48) + 63 +120] |~
where e (¢) = (1_2;)82.

Taking the modulus of (2.19), we have

218 |€ (€)| < , 8]
|a3 ca | < 1+me"ﬂ)[2L(1 43)+65+12E)]’ = 2(14+me'?)[2L(1-43)+63+120]
2 ]
4|€ |€ (¢) | = 2(1+me)[2L(1-43)+63+120] "

3,0,Lm
3 A FEW FUNCTIONS IN THE SUBCLASS Y (P A_) THAT ARE COROLLARIES

In this section, we will present particular instances of subclasses that are contained within the
3,0,Lm,p
Y5 (7).

Corollary 3.1. Let f(&) € YS’L’m’q) (q), wherem > 0,—1t < @ < 1,0, L > 0.Then

8] (F1 + 68 (1+ mei?) 20 - £ +1])

laz| <

az| < ’
2] 3(1+ mei?) 20 — L+ 1]F;
and for e € R
8] : 181
|a3—ea | { (1+mei®)[20-L+1]7 |€ I— 12(1+me'?) [20—L+1] )
4 |€ |€ | = D(1tme)[20-L+1]°

where Fy = 2 (14 me'®) [2L2 5L + 62 + 3] +8(1-36) [(1+me*) (D - L+ 1)]2
and € (¢) = %
Corollary 3.2. Let f(&) € YL (q), wherem > 0,-t <@ <1, L >0,. Then

8] (F2 + 68 (1 +me'#) [1 - £))

< < : ,
el < ol e L= 2)F
and for e € R
8] 18]
o[ T ol b
2 ,
| |€ (8)| 2 e 1-Z)"

where Fy = 28 (14 me'®) [2£2 5L + 3] +8(1-38) [(1+me')(1- 1:)]2

and € (¢) = %
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Corollary 3.3. Let f(&) € Yg’L’m’(p (q), wherem >20,-n <@ <1, L.>0,3 > 1. Then

8] (Fa + £ (1+me®) [2.L(1-43) +63])

< < - 7
22| < sl < A ey (£ (1-43) £ 39] F
and for e € R
28] : 8]
a3 — e [(L1me?)2£(1-45)169) e (e)] < [Tt me?)2L(1-49)169]
3 éﬂ2| < ’
4'6 | 2 (T 4me)2L(1-39)763]"
where F3 =g (1+me?) [ L2 (33 +1) + £ (1-119) + 63|

+2(1-38) [L(1 +me'?) (1-39) +28] and e (¢) = 4 _2F3
Corollary 3.4. Let f(&) € Yg’m’(’) (q), wherem > 0,-t < <1, I > 1. Then

8] (Fa -+ (1 + mei#)28 [1 - 9])

< < : ,
el < I < (14 mei?) [1— I F4
and for e € R
8] : 81
|u3 — ga%’ < ] (+me?)(1-3) |€ (e)] < 4(1+me®)[1-3] ,
4|€(é) |€(€ > W

where Fy =f (1 + me'®) [LZ BI+1)+L(1-119) + 65]
+2(1-36) [(1+mei?) £ (1-39) +28]2 and e (¢) = %

4. CONCLUSIONS

Within the scope of this investigation, we presented a novel subclass of standardised analytic
functions and bi-univalent functions that are connected to the Fibonacci numbers. This partic-
ular subclass is represented by the notation YS AL #(q) at the moment. Bounds for the Taylor
coefficients |a2| and |a3| were calculated, and solutions to Fekete-Szegt functional problems were
presented for functions falling under this category. This discovery has the potential to pave the
way for further investigation into the development of new categories of analytic and bi-univalent
functions that are related with the Fibonacci numbers.

In the course of future research, the study has the potential to be extended to encompass a variety
of conic regions. These regions include three leaf domains, Ozaki-Type Bi-Close-to-Convex, and Bi-
Concave Functions. These functions use a Modified Caputo’s Fractional Operator that is coupled
with a Three-Leaf Function [49].

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.
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