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Abstract. In this paper, we have introduced a new notion of interpolative G-metric space. We establish a fixed point

theorem for a contractive mapping in interpolative G-metric space. Some examples are also provided to illustrate the

validity of the result. The presented theorem extends, generalizes and refines various existing results from the literature.

As an application we present a model to establish convergence in group decision making.

1. Introduction

Metric fixed point theory plays a crucial role and it has many applications in sciences, pure and

applied mathematics. In 1922, Banach [1] proved one of the very interesting fixed point results

known as the Banach Contraction principle. In 2005, the concept ofG-metric space was introduced

by Mustafa and Sims [2]. In addition to this they proved some of the interesting fixed point

results for the same (see [3]). A spade of research in the field of metric fixed point theory and its

applications using various types of metric and metric like spaces using various generalisations of

Banach contraction, see [5–11].

In 2024, Karapinar [12] introduced the notion of an interpolative metric space which is natural

extension of metric space as follows:

Definition 1.1 ( [12]). Let f be a nonempty set. A mapping d : f ×f → [0,+∞) is said to be (α, c)-
interpolative metric if

K1: d(x, y) = 0, if and only if, x = y, for all x, y ∈ f;
K2: d(x, y) = d(y, x), for all x, y ∈ f;
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K3: There exists an α ∈ (0, 1) and c ≥ 0 such that

d(x, y) ≤ d(x, z) + d(z, y) + c[(d(x, z))α(d(z, y))1−α]

for all x, y, z ∈ f.

The pair (f, d) is called (α, c)-interpolative metric space.

Example 1.1. Let f be a nonempty set and define a function d : f×f→ [0,∞] as follows:

d(x, y) := |x− y|2, for all x, y ∈ f.

The conditions (k1), (k2) are satisfied trivially. For the condition (k3), we have

d(x, y) = |x− y|2

= |x− z+ z− y|2

≤ |x− z|2 + |z− y|2 + 2|x− z| |z− y|

≤ d(x, z) + d(z, y) + 2[d(x, z)
1
2 d(z, y)

1
2 ] .

Therefore, the condition (K3) is satisfied. Here α = 1
2 ∈ (0, 1) and c ≥ 2.

Hence (f, d) is
(

1
2 , 2

)
-interpolative metric space.

Assume that r > 0 and x ∈ f. Denote

B(x, r) = {y ∈ f : d(x, y) < r},

an open ball in (α, c)-interpolative metric space (f, d).

In addition to this, some of the interesting fixed point results are also proved by Karapinar and

Aggarwal [12] in the interpolative metric spaces. Inspired, in this article we introduce the notion

of interpolative G-metric space and establish the fixed point theorem in the setting of this space.

The rest of the paper is organised as follows: In Section-2, we establish fixed point results in the

setting of interpolative G-metric space We also supplement the derived result through non trivial

examples. In Section-3, we present an application to decision making based on derived results

and in Section-4, we present an application to find analytical solution to Integral equations. We

conclude the manuscript with open problems.

Throughout the paper, N0 denotes the sets of whole numbers.

2. Main Result

In this section, we shall introduce a new concept of (α, c)-interpolativeG-metric space in which

rectangle inequality is replaced by a new inequality in the broader sense.

Definition 2.1. Let f be a nonempty set. A function G : f3
→ [0,+∞) is said to be (α, c)-interpolative

G-metric if

G1: G(x, y, z) = 0 if x = y = z;
G2: G(x, x, y) > 0; for all x, y ∈ f, with x , y;
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G3: G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ f, with z , y;
G4: G(x, y, z) = G(x, z, y) = G(y, z, x) = . . ., (symmetry in all three variables);
G5: G(x, y, z) ≤ G(x, a, a) +G(a, y, z) + c[(G(x, a, a))α(G(a, y, z))1−α],

for all x, y, z, a ∈ f.
The pair (f,G) is called an (α, c)-interpolative G-metric space.

Example 2.1. Let (f, δ) be a standard metric space. Define a functionG : f×f×f→ [0,∞) as follow:

G(x, y, z) := δ(x, y, z)(δ(x, y, z) + A), for all x, y, z ∈ f.

Since δ is a metric on f, the conditions (G1)-(G4) are satisfied. For (G5), it is adequate to assume c ≥ 2

for any α ∈ (0, 1). Thus, (f,G) is
(

1
2 , 2

)
-interpolative G-metric space.

We have

G(x, y, z) = δ(x, y, z)(δ(x, y, z) + A)

≤ (δ(x, a, a) + δ(a, y, z))(δ(x, a, a) + δ(a, y, z) + A)

≤ [δ(x, a, a)(δ(x, a, a) + A) + δ(x, a, a)δ(a, y, z)]

+ [δ(a, y, z)(δ(a, y, z) + A) + δ(a, y, z)δ(x, a, a)]

≤ [δ(x, a, a)(δ(x, a, a) + A)] + [δ(a, y, z)(δ(a, y, z) + A)] + 2δ(x, a, a)δ(a, y, z)

≤ G(x, a, a) +G(a, y, z) + 2(δ(x, a, a))
1
2 (δ(x, a, a))

1
2 (δ(a, y, z))

1
2 (δ(a, y, z))

1
2

≤ G(x, a, a) +G(a, y, z) + 2(δ(x, a, a))
1
2 [δ(x, a, a) + A]

1
2 (δ(a, y, z))

1
2 [δ(a, y, z) + A]

1
2

≤ G(x, a, a) +G(a, y, z) + 2(G(x, a, a)
1
2 (G(a, y, z))

1
2 .

Thus, the function G (x, y, z) does not form a G-metric.

Example 2.2. Let f be a nonempty set and define a function G : f×f×f→ [0,∞] as follows:

G(x, y, z) = |x− y|2 + |y− z|2 + |z− x|2, for all x, y, z ∈ f .

The conditions (G1)-(G4) are satisfied trivially. As for the condition (G5), we have

G(x, y, z) = |(x− a) − (y− a)|2 + |y− z|2 + |(z− a) − (x− a)|2

≤ |x− a|2 + |y− a|2 + 2|x− a| |y− a|+ |y− z|2 + |z− a|2 + |x− a|2

+ 2|z− a| |x− a|

≤ 2|x− a|2 + |y− a|2 + |y− z|2 + |z− a|2 + 2|x− a| |y− a|+ 2|z− a| |x− a|

≤ 2|x− a|2 + |y− a|2 + |y− z|2 + |z− a|2 + 2|x− a| (|y− a|+ |z− a|)

≤ G(x, a, a) +G(a, y, z) + 2[G(x, a, a)
1
2 G(a, y, z)

1
2 .

Therefore, the condition (G5) is satisfied.
Here α = 1

2 ∈ (0, 1) and c ≥ 2.
Hence (f, G) is

(
1
2 , 2

)
-interpolative G-metric space.
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Definition 2.2. Let (f,G) be a (α, c)-interpoloative G-metric space and let {xn} be a sequence in f. We
say that {xn} is G-converges to x in f, if G(x, xn, xm)→ 0 as n, m→∞.

Definition 2.3. Let (f,G) be a (α, c)-interpolativeG-metric space and let {xn} be a sequence inf. We say
that {xn} is G-Cauchy sequence in f, if and only if, G(xn, xm, xl)→ 0 as n, m, l→∞.

Definition 2.4. Let (f,G) be a (α, c)-interpolative G-metric space. We say that (f,G) is a complete
(α, c)-interpolative G-metric space if every G-Cauchy sequence converges in f.

Theorem 2.1. Let (X,G) be a complete (α, c)-interpolative G-metric space and let i be a self map on f.
Suppose that there exists k with k ∈ [0, 1) such that

G(ix,iy,iz) ≤ kG(x, y, z), (2.1)

for all x, y, z ∈ f.
Then, i has unique fixed point in f.

Proof. Let x0 ∈ f be a arbitrary point and consider a sequence {xn}. As follows xn+1 = ixn for all

n ∈ N0. If xn0 = xn0+1 for any n0 ∈ N0, then xn0 = xn0+1 = ixn0. In other words xn0 turns into fixed

point that completes the proof. We shall assume xn , xn+1 for all n ∈N0.

Thus, it is deduced that G(xn, xn+1, xn+1) > 0, for all n ∈N0.

G(xn, xn+1, xn+1) ≤ kG(xn−1, xn, xn). (2.2)

By successive iterations, we obtain

G(xn, xn+1, xn+1) ≤ knG(x0, x1, x1), for all n ∈N0. (2.3)

By applying the limit (2.3) to both sides, we get

lim
n→∞
G(xn, xn+1, xn+1) = 0. (2.4)

In the view of (2.4), the limit converges to zero, we conclude that

G(xn, xn+1, xn+1) ≤ 1, for all n ≥ q (2.5)

for some large enough q ∈N.

In what follows, we aim to establish the constructed sequence {xn} is G-Cauchy. To accomplish

this we may assume that m, n ∈ N with m > n > q. Before we prove that sequence isG-Cauchy, we

shall omit the simple case:

If xn = xm, we have im(x0) = in(x0).

Thus, we obtain

im−n(in(x0)) = i
n(x0).

Therefore, we conclude that in(x0) is the fixed point of im−n. Moreover, we have

i(im−n(in(x0))) = i
m−n(i(in(x0))) = i(i

n(x0)).
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Now, we prove that constructive successive sequence is Cauchy. For this purpose, we presume

that

lim
n→∞
G(xn, xn+r+1, xn+r+1) = 0. (2.6)

For r ∈N, put r = 1,

G(xn, xn+2, xn+2) ≤ G(xn, xn+1xn+1) +G(xn+1, xn+1, xn+2)

+ c[(G(xn, xn+1, xn+1))
α(G(xn+1, xn+2, xn+2))

1−α. (2.7)

Taking limit as n→∞ on both sides (2.7), we have

lim
n→∞
G(xn, xn+2, xn+2) = 0. (2.8)

Also, we have

G(xn, xn+3, xn+3) ≤ G(xn, xn+2, xn+2) +G(xn+2, xn+3, xn+3)

+ c[(G(xn, xn+2, xn+2))
α(G(xn+2, xn+3, xn+3))

1−α (2.9)

From (2.4) and (2.9) and by taking limit in the above inequality as n→∞we find that

lim
n→∞
G(xn, xn+3, xn+3) = 0. (2.10)

Let us consider that the statement holds in general case, we derive

lim
n→∞
G(xn, xn+r, xn+r) = 0, for some r ∈N. (2.11)

Using (2.7), we have

G(xn, xn+r+1, xn+r+1) ≤ G(xn, xn+r, xn+r) +G(xn+r, xn+r+1, xn+r+1)

+ c[(G(xn, xn+r, xn+r))
α(G(xn+r, xn+r+1, xn+r+1))

1−α . (2.12)

From (2.4) and (2.11), by taking the limit of the above inequality as n→∞, we find that

lim
n→∞
G(xn, xn+r+1, xn+r+1) = 0. (2.13)

Then, we get

G(xn+1, xm, xm) < 1, (2.14)

for m > n > q for some q ∈N. We shall consider

G(xn, xm, xm) ≤ G(xn, xn+1, xn+1) +G(xn+1, xm, xm) + c(G(xn, xn+1, xn+1))
α

(G(xn+1, xm, xm))1−α]

≤ kn−qG(xq, xq+1, xq+1) +G(xn+1, xm, xm) + c[(kn−q(G(xq, xq+1, xq+1))
α

(G(xn+1, xm, xm))1−α. (2.15)

Employing from the fact (2.14), we have

(G(xn+1, xm, xm))
1−α < 1 (2.16)
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Hence, the right-hand side of the inequality (2.15) becomes

≤ kn−q(G(xq, xq+1, xq+1)) +G(xn+1, xm, xm)

+ [c(kn−q)α(G(xq, xq+1, xq+1))
α(G(xn+1, xm, xm))1−α]

≤ kn−q(G(xq, xq+1, xq+1)) + [1 + c(kn−q)α(G(xq, xq+1, xq+1))
α(G(xn+1, xm, xm))−α]

G(xn+1, xm, xm). (2.17)

Thus, we have

G(xn, xm, xm) ≤ kn−q(G(xq, xq+1, xq+1)) + [1 + c(kn−q)α]G(xn+1, xm, xm). (2.18)

We notice that

G(xn+1, xm, xm) ≤ G(xn+1, xn+2, xn+2) +G(xn+2, xm, xm)

+ c[kn−q+1G(xq, xq+1, xq+1)
α(G(xn+2, xm, xm))1−α]

≤ kn−q+1(G(xq, xq+1, xq+1)) +G(xn+2, xm, xm)

+ c[kn−q+1G(xq, xq+1, xq+1)
α(G(xn+2, xm, xm)(G(xn+2, xm, xm))−α]

≤ kn−q+1(G(xq, xq+1, xq+1)) + [1 + ckn−q+1]G(xn+2, xm, xm). (2.19)

Combining the inequalities (2.18) and (2.19), we get that

G(xn, xm, xm) ≤ kn−q(G(xq, xq+1, xq+1)) + [1 + c(kn−q)α]kn−q+1(G(xq, xq+1, xq+1))

+ [1 + c(kn−q)α][(1 + ckn−q+1)α]G(xn+2, xm, xm) (2.20)

keeping all these observations in mind, we deduced that

G(xn, xm, xm) ≤ kn−q(G(xq, xq+1, xq+1))
m−n−1∑

i=0

ki
i−1∏
j=0

(1 + ckn−q+ j)α

≤ kn−q(G(xq, xq+1, xq+1))
m−n−1∑

i=0

ki
i−1∏
j=0

(1 + ck j)α. (2.21)

The right-hand side of the above inequality is dominated by the sequence
∞∑

i=0
si, which is convergent

by letting n, m→∞where,

Si =
i−1∏
j=0

(1 + ck j)α .

Thus {xn} is G-Cauchy sequence in f.

As (f, d) is a complete (a, c)-interpolative G-metric space,the sequence {xn} converges to u ∈ f.

We state that u is the fixed point of i. Assume, to the contrary that G(u,iu,iu) > 0.

Note that

G(xn+1,iu,iu) = G(ixn,iu,iu) ≤ kG(xn, u, u). (2.22)

Applying the lim on both sides of the inequalities (2.22), we have k < 1 which is contradiction.
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Therefore, iu = u is the fixed point of i in f. �

Example 2.3. Let f be a nonempty set and define a function G : f×f×f→ [0,∞] as follows:

G(x, y, z) = |x− y|2 + |y− z|2 + |z− x|2, for all x, y ∈ f.

Clearly (f, G) is
(

1
2 , 2

)
-interpolative G-metric space (see Example 2.2).

Define a mapping i : f→ f by ix = x
2 .

G(ix,iy,iz) =
∣∣∣∣ x2 − y2 ∣∣∣∣2 + ∣∣∣∣y2 − z2 ∣∣∣∣2 + ∣∣∣∣ z2 − x2 ∣∣∣∣2 ,

G(ix,iy,iz) ≤
1
4
[|x− y|2 + |y− z|2 + |z− x|2].

So, all the assumptions of Theorem 2.1 are satisfied with k = 1
4 .

Consequently i has a fixed point.
Clearly i has a unique fixed point 0.

Corollary 2.1. Let (X,G) be a complete (α, c)-interpolative G-metric space and let i be a self map on f.
Suppose that there exists ψ ∈ Ψ such that

G(ix,iy,iz) ≤ ψG(x, y, z). (2.23)

Then, i has unique fixed point in f.

Proof. By putting ψ(t) = kt, k ∈ [0, 1) in Theorem 2.1, we get the result. �

3. ConsensusModel in DecisionMaking

As an application, we present a model to show how group consensus in decision-making can be

formalized using fixed point theory in interpolativeG-metric space. The structure of interpolative

G-metric space enables the system to take into consideration both the existence of a fixed point

and three-way interactions between decision makers, ensures convergence to a stable consensus.

Suppose that three decision makers A, B, C evaluate a single alternative and assign initial ratings

x(0)A = 0.6, x(0)B = 0.8, x(0)C = 0.4 ∈ f = [0, 1].

Define a consensus operator i : f→ f by:

ix =
1
3
(x+ fBx+ fcx), (3.1)

where fB, fc : f→ f represent influence functions of agents B and C, respectively.

Let us suppose that

fBx =
1
2
x+

1
4

, (3.2)

fcx =
1
2
x+

1
5

(3.3)
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and

G(ix,iy,iz) = |ix−iy|2 + |iy−iz|2 + |iz−ix|2

=
1
9
|(x− y) + ( fBx− fBy) + ( fcx− fcy)|2

+
1
9
|(y− z) + ( fBy− fBz) + ( fcy− fcz)|2

+
1
9
|(z− x) + ( fBz− fBx) + ( fcz− fcx)|2

=
1
9

∣∣∣∣∣(x− y) + (1
2
x−

1
2
y

)
+

(1
2
x−

1
2
y

)∣∣∣∣∣2
+

1
9

∣∣∣∣∣(y− z) + (1
2
y−

1
2
z

)
+

(1
2
y−

1
2
z

)∣∣∣∣∣2
+

1
9

∣∣∣∣∣(z− x) + (1
2
z−

1
2
x

)
+

(1
2
z−

1
2
x

)∣∣∣∣∣2
=

4
9
[|x− y|2 + |y− z|2 + |z− x|2

<
5
9
[|x− y|2 + |y− z|2 + |z− x|2

< kG(x, y, z), where k =
5
9
< 1.

So, i satisfies inequality (2.7).

Hence using Theorem 2.1, we can say that i has a unique fixed point.

To find the fixed point

ix =
1
3
(x+ fBx+ fcx),

ix =
1
3

(
x+

1
2
x+

1
4
+

1
2
x+

1
5

)
,

ix =
1
3

(
2x+

9
20

)
.

Using, ix = xwe get
1
3

(
2x+

9
20

)
= x,

that is, x = 9
20 = 0.45, which is the stable consensus value by three decision makers.

4. Application to Solve an Integral Equation

In this section, we shall solve an integral equation of the type

x(t) =
∫ t

0
k(t, s, x(s))ds, t ∈ [0, 2], (4.1)

where k : [0, 2] × [0, 2] ×R→ R is continuous and satisfies a Lipschitz condition.

Let f = C([0, 2], R), the space of continuous real valued function on [0, 2].
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Define the G-metric space as:

G(x, y, z) = |x− y|2 + |y− z|2 + |z− x|2, for all x, y, z ∈ f . (4.2)

Define the operator

ix(t) =
∫ 2

0
k(t, s, x(s))ds (4.3)

Now, we show that i is contractive mapping in the interpolative G-metric space.

We suppose that k(t, s, x) satisfies:

|k(t, s, x1) − k(t, s, x2)| ≤ L|x1 − x2|, for all t, s ∈ [0, 2], x1, x2 ∈ R. (4.4)

Let x, y ∈ f. Then for all t ∈ [0, 2]:

|ix(t) −iy(t)|2 =

∣∣∣∣∣∣
∫ 2

0
[k(t, s, x(s)) − k(t, s, y(s))]ds

∣∣∣∣∣∣
2

≤

∫ 2

0
[|k(t, s, x(s)) − k(t, s, y(s))]ds|2

≤ L2
∫ 2

0
|x(s) − y(s)|2ds

≤ 4L2
‖x− y‖2∞ . (4.5)

Similarly,

|iy(t) −iz(t)|2 ≤ 4L2
‖y− z‖2∞, (4.6)

|iz(t) −ix(t)|2 ≤ 4L2
‖z− x‖2∞, (4.7)

G(ix,iy,iz) = |ix−iy|2 + |iy−iz|2 + |iz−ix|2

≤ 4L2
‖x− y‖2∞ + 4L2

‖y− z‖2∞ + 4L2
‖z− x‖2∞

≤ 4L2[‖x− y‖2∞ + ‖y− z‖2∞ + ‖z− x‖2∞]

≤ 4L2G(x, y, z). (4.8)

Let k = 2L then

L <
1
2

(4.9)

≤ k2G(x, y, z)

G(ix,iy,iz) ≤ kG(x, y, z). (4.10)

Therefore, by the Theorem 2.1 has a unique solution on [0, 2].

5. Conclusion

A new notion of interpolativeG-metric space is introduced in the present manuscript and a fixed

point theorem for a contractive mapping is proved for the same.Validity of the result is also shown
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by some suitable examples. A decision making model is also established to show the convergence

to a stable consensus. Further, an integral equation is also solved by making use of the main result.

It will be an open problem to extend and generalise our results in the setting of more generalised

spaces and generalised contractive conditions.
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