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BEST APPROXIMATION OF THE DUNKL MULTIPLIER
OPERATORS Ty 4.,

FETHI SOLTANI

ABSTRACT. We study some class of Dunkl multiplier operators T} ¢ ,,; and
we give for them an application of the theory of reproducing kernels to the
Tikhonov regularization, which gives the best approximation of the operators
Tk,0,m on a Hilbert spaces Hp,.

1. INTRODUCTION

In this paper, we consider R? with the Euclidean inner product (.,.) and norm
ly| := /(y,y). For a € R¥\{0}, let o, be the reflection in the hyperplane H, C R?
orthogonal to a:

2({a, x)
|af?

Oul (=2 —

A finite set ® C RY\{0} is called a root system, if R N R.a = {—a,a} and
o, =R for all & € R. We assume that it is normalized by |a|? = 2 for all o € R.
For a root system R, the reflections o,, o € R, generate a finite group G. The
Coxeter group G is a subgroup of the orthogonal group O(d). All reflections in
G, correspond to suitable pairs of roots. For a given 8 € R\ Uaen Ha, we fix
the positive subsystem R, := {a € ® : (a, ) > 0}. Then for each a € R either
a € Ry or —a € N,

Let k,¢ : R — C be two multiplicity functions on R (a functions which are
constants on the orbits under the action of G). As an abbreviation, we introduce
the index v, := 3, e, k(a) and e := 3" e, ().

Throughout this paper, we will assume that k(«),£(a) > 0 for all @ € R, and

7¢ > . Moreover, let wy, denote the weight function wy,(z) = [T,exp, [{e,2)[?¥*),

for all 2 € R, which is G-invariant and homogeneous of degree 27;.
Let ¢ be the Mehta-type constant given by

-1
Cp = (/ e|m|2/2wk(x)dx) .
Rd
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We denote by p the measure on R? given by dug(z) := cpwy(z)dz; and by LP(uy),
1 < p < oo, the space of measurable functions f on R%, such that

1/p
sy = ([ 1P da@) <o 15p<o
[ £l zoe (ug) == ess sup | f(x)| < oo.
z€R4
For f € L'(uy) the Dunkl transform is defined (see [2]) by

Felf)(y) = / Ey(—iz,y) f(@)dux(x), yeRY,

Rd
where Fy(—ix,y) denotes the Dunkl kernel (for more details, see the next section).
Let s > 0. We consider the Hilbert H}, consisting of functions f € L?(u) such
that e*I*/2F,(f) € L2(uux). The space H;, is endowed with the inner product

(f. 9z, = / I F(£)(2) Felg) D) (2).

Let m be a function in LQ(,uk). The Dunkl multiplier operators T} ¢, are
defined for f € Hj, by

Tiomf(x,a) = f;l(m(a.)fg(f))(a:), (z,a) € K :=R% x (0, 00).

These operators are studied in [14] where the author established some applications
(Calderén’s reproducing formulas, best approximation formulas, extremal function-
S....). In particular, when k = ¢ these operators are studied in [13].

For m € L?*(uy) satisfying the admissibility condition: [ |m(ax)|2% =1,
a.e. x € R? then the operators Ti.0,m satisfy, for f € Hp,:

IThem 720y = IFe(HIZ2 )

where Q is the measure on K given by dQ(z,a) := %duk (z).

Building on the ideas of Matsuura et al. [5], Saitoh [9, 11] and Yamada et al.
[18], and using the theory of reproducing kernels [8], we give best approximation
of the operator T}y ¢,, on the Hilbert spaces Hj,. More precisely, for all A > 0,
g € L*(Qy), the infimum

int (AT, + 9 = Tien T30,

is attained at one function f3 , called the extremal function, and given by

P = [ A8 | [T Rean e @y de)

i T+ AesI?

Next we show for F Xg the following properties.

. X 1
@ 1F5 gz, < 55 M9l @0

@) Toam B g = [ "D [T s ) | ao)

a 14 desll?
In the Dunkl setting, tﬂfle extremal functions are studied in several directions
[12, 13, 14, 15, 16].
This paper is organized as follows. In section 2 we define and study the Dunkl
multiplier operators T}, ¢, on the Hilbert space H},. The last section of this paper is
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devoted to give an application of the theory of reproducing kernels to the Tikhonov
regularization, which gives the best approximation of the operators T ¢, on the
Hilbert space Hj),.

2. DUNKL TYPE MULTIPLIER, OPERATORS

The Dunkl operators D;; j = 1,...,d, on R? associated with the finite reflection
group G and multiplicity function k are given, for a function f of class C* on R¢,
by

9 f(x) — floax)

(X€§R+

For y € R? the initial problem Dju(.,y)(x) = yu(z,y), j = 1,....d, with
u(0,7) = 1 admits a unique analytic solution on R? which will be denoted by
Ej(x,y) and called Dunkl kernel [1, 3]. This kernel has a unique analytic extension

to C? x C? (see [7]). In our case (see [1, 2]),
|Ey(iz,y)| <1, z,yeR" (2.1)
The Dunkl kernel gives rise to an integral transform, which is called Dunkl
transform on R?, and was introduced by Dunkl in [2], where already many basic

properties were established. Dunkl’s results were completed and extended later by
De Jeu [3]. The Dunkl transform of a function f in L'(uy), is defined by

F(N) = | Be(=iz,y)f(@)du(x), y € R,
We notice that Fy agrees with the Fourier transform F that is given by
F(Hy) = (27r)_d/2/ e @Y f(r)de, = eRY
R4

Some of the properties of Dunkl transform Fj, are collected bellow (see [2, 3]).
Theorem 2.1 (i) L' — L>°-boundedness. For all f € L*(ux), Fr(f) € L™ (ux) and

[Fx (Moo uny < F 22 (-
(ii) Inversion theorem. Let f € L' (uy), such that Fi(f) € L*(ux). Then
f(x) = Fu(Fu(f))(—2), ae. z € RY

(iii) Plancherel theorem. The Dunkl transform Fy, extends uniquely to an iso-
metric isomorphism of L?(uy) onto itself. In particular,

Pk (N 2y = N F1 22 (i) -

Let s > 0. We define the Hilbert space Hj,, as the set of all f € L?(p,) such
that 65‘2‘2/2}'@@”) € L?(pu). The space Hj, provided with the inner product

bz, = [P 2),

and the norm || f|ms, = \/(f, f)m;,- The space H}, satisfies the following proper-

ties.
(i) The H}, has the reproducing kernel

C — S|z o N
hio(z,y) = é /Rd el ‘ZEg(wc,z)Eg(—zy7z)wg,k(z)dug(z).
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If k = ¢, then hj, is the Dunkl-type heat kernel [6, 12] and this kernel is given by

1

s — = (=Pl /4s
hi (2, y) = (23)’Yk+d/2 Y E; (

75 7)

(ii) The space H}, is continuously contained in L?(yu,) and

Cy 2\ Y=k Yo — Y\ ek
11 < o (2) " (F57) " I,

e
(i) If f € Hy, then Fy(f) € L' (pe) and || Fo(f)|| L1 () < 2,» where
. 1/2
Crp = (;‘i /R e wgk(z)d,ug(z)) . (2.2)
(iv) If f € H},, then Fo(f) € L* N L?(us) and
f(z) = y Ey(iz, 2)Fo(f)(2)dpe(2), ae. x€RY

Let A > 0. We denote by (.,.)x u;, the inner product defined on the space Hj,
by '

(fr90nmg, == MFa)ms, + (Felf), Fel9)) L2 un) (2.3)

and the norm || f||x #z, :== \/(f, f)xm;, - On H}, the two norms ||| ;,

are equivalent. This (H},,(.,.)x mz,) is a Hilbert space with reproducing kernel
given by
CE Ef(zxvz)Ef(_Zva)

K
kf(x y) ke Jpa 1+>\63|Z|2

—k(2)dpe(2). (2.4)

Let m be a function in L?(uy). The Dunkl multiplier operators Ty ¢m, are
defined for f € Hj}, by

Tiomf(z,a) = f,;l(m(a.)fg(f))(z), (z,a) € K. (2.5)

We denote by Q the measure on K given by dQp(z,a) := %duk(x); and by
L?(Q), the space of measurable functions F on K, such that

1/2
I1Fll 200, = (/ / (z,a \ dQg(x, a)) < 00.

Let m be a function in L?(uy) satisfying the admissibility condition
o d
/ |m(ax)|2—a =1, ae z€RL (2.6)
0 a

Then from Theorem 2.1 (iii) , for f € Hj,, we have

1 T,e.m fllzzn) = IFe(llz2(u) < N1l (2.7)
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3. EXTREMAL FUNCTIONS FOR THE OPERATORS T} ¢,m

In this section, by using the theory of extremal function and reproducing kernel
of Hilbert space [8, 9, 10, 11] we study the extremal function associated to the
Dunkl multiplier operators T}, ¢,,,. In the particular case when k£ = ¢ this function
is studied in [16, 17]. The main result of this section can be stated as follows.
Theorem 3.1. Let m € L?(uy) satisfying (2.6). For any g € L*(Q) and for any
A > 0, there exists a unique function Fj\k)g, where the infimum

. 9 )
fg}ifie{AHf”Hie + g — Tk,e,meLz(Qk)} (3.1)

is attained. Moreover, the extremal function FY  is given by

D=, [ se0eemainea)

m(az)Ey(—ix, 2)E(iy, 2
Qs(xayaa) - ( ) k( S z)2 K( Y )dﬂf(z)
Rd 1+A€ l ‘

Proof. Let s,A\ > 0. Since m € L?(u) and satisfying (2.6), then by (2.7), the
inner product (.,.)x grg, defined by (2.3) is written by
(fradame, = M, 9 me, + (Teoom Sy Trom9) L2 () -
Then, the existence and unicity of the extremal function FY satisfying (3.1) is
obtained in [4, 5, 10]. Especially, F)y is given by the reproducing kernel of Hj,
with ||.|[x,m;, norm as
FX o) = {9, The.m (K3 (5 9))) L2 (020 (3.2)

where K7, is the kernel given by (2.4). Then, we obtain the result by Theorem 2.1
(ii) and the fact that

Fo(KG5(9))(2) =

where

Cl EZ( iy’ )

o 11 el Zwe _x(2), z€eRY (3.3)

O
Theorem 3.2. Let A > 0 and g € L?(Q). The extremal function Fy , satisfies

I Chre
() B3 ()] < 4

where Cy, ¢ is the constant given by (2.2).

Dkl el +a%)/2
(11) ||F)\ (JHLQ(Mg = ||L2 (pr) / / $ a I a2vktd+t1 ko(‘xaa)a
where

Ckf 2\ Ve=Vk £ yp — g\ Ve VR
D= R e
406\/7012’Yk+d S
Proof. (i) From (2.7) and (3.2), we have
g < llgllez@ollTrem (Ko 9) |22 @)
< lgllzz @ IFe(sTe (9D L2 i) -
Then, by (3.3) we deduce

/2
. co [ weg(2)due(z)\'
F < ) bkt AN s S B
IEX. o] < llgllz2 (o) ( /Rd [+ Acs P2
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Using the fact that [1 + Ae®1z*]2 > 4xes1#* | we obtain the result.
(ii) We write

* ~ —(\m|2+a2)/4e(lw‘2+a2)/4
P = [, [ vae 00 0)Qu 1, ) 5. 0).

a

Applying Holder’s inequality, we obtain

o IF o0 ellol*+a®)/2 ,
PP <[5 [ ] o i) Pz a)

Thus and from Fubini-Tonnelli’s theorem, we get

(lz|*+a®)/2
(&
Bl < 5 [, [ a0l Qe )l 49000

(3.4)
The function z — % belongs to L' N L?(u), then by Theorem 2.1 (ii),
o (B
Qs(xa:%a) - ]:Z ( 1 4 )\65‘2‘2 (y)

Thus, by Theorem 2.1 (iii) we deduce that

miaz 2 z
19u(e gy = [ | 1F@ulo ) Pi(z) < [ IREEEChe)
Then

Ck

1Q(, - a)l 20y < m/w e * m(az) Pwe—k (2)dur(2)

CL (2)’71*’% (’W — 'yk)’ve*w” H2
4cpa?retd \ e s L2 (uy)-

From this inequality we deduce the result. U
Theorem 3.3. Let s,\ > 0. For every g € L*(Q4), we have

db

- Ey(iy, z) o
0 Fa) = [ S8 | [ A 6| du)

(@) FiFL)E) = 1 | [ 0RO G|

. 1
@) [ g e, < 5o l9lle2@0-
Proof. (i) From (3.2) we have

Fra) = [ [ oo 0T RET ) b o)

Since

L 10T R D102 0,0) < gl | ) 220 <



BEST APPROXIMATION OF THE DUNKL MULTIPLIER OPERATORS T /,m 151
then, by Fubini’s theorem, Theorem 2.1 (iii) and (3.3) we obtain

Faw) = [ [ e TR )

= [T [ ARG FARE )
0 R

[ m(b2) Fi(g(., b)) (2) Ee(iy, 2) db
= d —.
/ Rd 1+ Aesl2 N@(Z) b

Since

bZ ]:k( ( ))( )Eg zy, db Ckg

dpse
/ /]Rd 1+ deslzl? ‘ Q\ngHL () < 00,
then, by Fubini’s theorem we deduce that
* _ Eé(iyv Z) > db
F)\7g(y) = Je 14 Nesl2l? /0 m(bz)}-k(g(-,b))(z); dpee(2)-

(ii) The function z — m [/ m(bz)fk(g(.,b))(z)dbb] belongs to L' N
0

L?(ug). Then by Theorem 2.1 (ii) and (iii), it follows that FY , belongs to L2 (1),
and

ARG = e || mO9AGG0T]

1+ esl=l?
(iii) From (ii), Holder’s inequality and (2.6) we have
X 1 o db
FAF )P < i || RGPS
Thus,
§ eslzl? o db
X9 ﬁfu < /Rd m [/0 |~Fk(9(~7b))(2)|2b] dpk(2)
1 i db 1
< m L[ 1FaCEES | dae = S,
which ends the proof. O

Theorem 3.4. Let s,\ > 0. For every g € L*>(Q4), we have

[ 2 | [T R T o)

Proof. From (2.5) and Theorem 3.3 (ii), we have

TenFia0) = 5 (ot | [ w7607 ) o)

Tk7é7mF;,g (y7 a) =

The function z — 1:;\(;2‘;2 [/ m(bz)fk(g(.,b))(z)(zb} belongs to L'(u). Then
0

by Theorem 2.1 (ii), we obtain the result. O
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