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Abstract. In this paper, by employing Liouville-Caputo-type fractional derivatives and subordination to the generating
function of the Gregory coefficients, we introduce two comprehensive subfamilies, denoted by Ef(¥y,p, 7, 1) and
Cr(¥u, ¢), within the family of bi-univalent functions, and demonstrate that these subfamilies are non-empty. We
establish estimates for the initial Maclaurin coefficients |ap| and |a3|, as well as for the Fekete-Szego functional associated
with functions belonging to these classes. The originality of the proofs and the resulting characterizations are expected

to inspire further investigation into these analytic bi-univalent function subfamilies.

1. INTRODUCTION AND PRELIMINARIES

Let H be the family of analytic functions A on the unit disk A = {z € C : |z| < 1} normalized by
A(0) = A’(0) — 1 = 0. Consequently, every function A € H has the form:

[o¢]

A(z) =z+ Zauzu, (zeh). (1.1)
u=2

Furthermore, let O be the subfamily of H comprising all univalent functions (for details on the
family D, see [1-3]).

The analytic function A is said to be subordinate to B, denoted by A < B, if there exists a Schwarz
function w, analytic in A, with |[w(z)| < 1 and w(0) = 0, such that
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A(z) = B(w(z)), forallz e A.

Moreover, if B is univalent in A, then the subordination of A to B holds if and only if A(0) = B(0)
and A(A) c B(A) (see [4,5]).

Let A(z) be an analytic and univalent function. The inverse function Q(z) = A~!(z) is defined
by (see [6]):

AN A(z) =z (zeA)
and

A(A‘1 (w)) =w (le <ro(A);ro(A) >

)

AT (w) = w—apw® + (245 — a3)w’ — (as — Sapaz + 5a5)w* + -+ . (1.2)

N

The inverse function is actually

If A € H and both A and A™! are univalent in A, then the function A given by the equation (1.1)
belongs to the family F, where F denotes the family of bi-univalent functions in A. For more details
on the family F, see [7-10].

By examining the family F, Lewin [11] established that 4, < 1.51. Subsequently, Brannan and
Clunie [12] conjectured that a, < V2, while Tan [13] obtained the estimate |ap| < 1.485. Later,
Netanyahu [14] provided a sharp result, proving that maxa, = 3. Despite these significant
contributions, determining accurate bounds for the higher-order coefficients a, (for u > 3,u € IN)
remains an open and challenging problem in the theory of bi-univalent functions.

It is well known that the Fekete-Szeg6 problems relate to the function coefficients in O. Fekete

and Szego [15] were the first to do so; if A € F, who said that

a3 — Ea3) < 1+ 2e72/07m) £ e R,

- 1 -1 1 -19 3 -863 .
Gregory coefficients I, are the numbers 35, 33, 51, =50/ 125, Zoas0, "~ - 1hey can be found in the

reciprocal logarithm Maclaurin series expansion (see [16])

log(z+1) =~ 27 12 247 720 160~ 60.480

These numbers were first introduced by James Gregory in 1670, and many mathematicians have
since revived them in the writings of modern authors.

The generating function of the Gregory coefficients I1, given by (see [17])

Lo, 1,5 19, 3 5 8623

B M,z =1 - — AP . A.
&) = g+ D) z+1 Z w2t =1+ Z 2° "21° "720° T1e0° eoas0. | Z€
(1.3)
Clearly, for some values of u € N
1 -1 1 -19 3 —863
HO_]-/ Hl_il HZ_E/ H3_ﬁ/ H4_ﬁ0/ H5_ﬁ/ H6_60480
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The following operator R : D — D was dfined by Srivastava and Owa [18] as

RED(Z) — '[(2 —G)ZEIEA(Z) =z+ Z -i(:(:_l’_);l(_z;)e)
u=2

(o]
azt =z + Z A(u,€)a,z",
u=2

wheree e R; € #2,3,4,---.

Definition 1.1. Let A € H in a simply connected region contains the origin of the z-plane, and the fractional
integral (FI) of A of order 1 is as follows:

w1 [ Al
146 = 55 f G 170

and the fractional derivatives (FD) of A of order 1) is given as

1 d (* Al
1 AUZA
IZA(Z)_T(l—r])dzfo (z—)()’?d)(' 0<n<1

where (z— x)"7 Y and (z — x)™" is removed to be log(z — x) real, when z > x.

Definition 1.2. The FD of A of order n + 1 is
n
I."A(~z) = EIZA(Z), 0<n<1,n€N,.
The article analyzes the fractional-order derivative according to Liouville-Caputo’s definition
[19] with the presumption that:

1 [ AWy
AR =30 / T

a

where u —1 <Re(n) <u, u € N, and n € C, 1) is the initial value of A.
The generalization operator of Libera integral operator [20] and Salagean derivative operator
[21], was given by Owa [22]

JPA(z) =T(2-¢)z°11A(z) =z + Zau ', ceR.
u=2
Lately, Salah et al. in [23], gave

KiA(z) = 7(2+G—n)zq_gfoz< AW

Tc-n) z—x)riee
where ¢ € Rand (¢ —1 <1 < ¢ <2). Simple direct calculations for A € H yield

K,%A(z) = z—l—Z‘i’u a,z", z€ A
u=2

where )
124+ c—)U2-¢)(N(u+1))
R Ty T (14)
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Further, note that K)A(z) = A(z) and K]A(z) = zA’(z), see [24].
KfIA(z) =24+ Yomz? + Y33z’ +--- z€A (1.5)
K%Q(w) = w—Yomow* + ‘I’3(2a§ —m) w4+ weA. (1.6)

The purpose of this work is to improve the coefficients |a,|, |a3] and |a3 - 5a§| for certain subfam-
ilies of family F which are defined by Liouville-Caputo-type fractional derivatives subordinate to

the generating function of the Gregory coefficients.

2. COEFFICIENT BOUNDS FOR THE SUBFAMILY Ef (¥, p, 7,1

In this section, we examine a subfamily Ef(¥,, p, 7, ]) using the Liouville—-Caputo-type frac-
tional derivatives and the generating functions of the Gregory coefficients, and obtain the initial

coefficients |a;], |a3| and Fekete-Szego inequality |a3 - Ea§| .

Lemma 2.1. ( [25]) If € € V, then |a,| < 2, u > 1 for each u, where ¢ analytic in A and has the form
e(z) =14mz +az+ -, and sharp for all u € IN.

Lemma 2.2. ([26]) Let X,Y € Rand z1,zp € C. If |z1], |z2| < p, then

2|X|u for |X| = Y1,

X+Y X-Y <
|( +Y)z1 + ( )Zz| {ZIYnyor X[ < Y1,

Definition 2.1. Let p > 0,1 > 1, 7€ C and Re(7) > 0. A function A € F given by (1.1) belongs to the
subfamily Ef (Y., p, 7, 1) if satisfied

< E&(z) (2.1)

K:A(z))
=)

(1-p) (KA(2)) +p ((K%A(z)),)l(

and

(1-p) (K5Q(@)) + p((K5Q(@)) )
where B(z) is given by (1.3) and Q(w) = A~ (w).

— < B(w), 2.2)

K@Q(w))”

Remark 2.1. 1) Using specific values for the parameters p, 1, 7, ¢ and n in Definition 2.1, we get a lot of
subfamilies in H examined by a number of authors.
2) If we take into K%A(z)* = =, |s| < 1, then we can verify that K,%A(z)* € EF(Yu, p, 7, 3), so the

1-sz”
family EF(Yy, p, 7, 1) not empty ( Remark 1 in [26] ).
Theorem 2.1. Let p >0,1>1,T€Cand Re(7) 2 0,if A€ EF(Yy,p, 7, 1). Then

1
2% |p (214+7-3) +2|°

laz] < min {

1
‘Fz\/|p((7—|—2) (T=3) +43(T-1) +23(23+1)) + ¥ (p (21 +7-3) +2)* + 6| '
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3] < min - o+ : ,
4 |p(234+T-3)+2f  2¥3|p(33+T-4) +3

1
s lp ((T+2) (7-3) +43(T-1) +23(23+1)) + 2 (p (23+T-3) +2)* + ¢

N 1
2‘Y3|p(33+-|—4)+3|}

and
: 1
2‘Y3(p(33—1&-'i—4)+_3) if [M(&)] < 8% (p(30+7-4)13)”
a5 - a3 <
am@)| i IME)| 2 s
where
¥3
L
M(£) B

T AR [p((T4+2) (T-3) +43 (- 1) + 232+ 1) + % (p (23 +7-3) 12/ + 6]

Proof. Let A € EfF(Y¥y, p, 7, 1). From (2.1) and (2.2), there are analytic functions C and r such that
C(0) =r(0) =0,|C(z)| < 1and |r(w)| < 1, while

’ 2N K%A(Z) -1
-p) (K; : == .
(1-p)(K5A(2)) +p((K5A(2))) ( - ] (C(z)), zeA (2.3)
and
’ N KgQ(w) Tl
U—pNﬁQwD+w«ﬁQw»)(”w ] —E(r(w)), wea. 24)
So
1+C
t(z) = 1—1——(?((;) =1+s1z+852%+---€V,
hence
sp_ 1 )., 1 ) a
C(z) = §z+§ 2= |2 +§ 53—5152+Z z2+ -
and
- _ s1 1 N2, 1 3 3
E(C(2) =1+ Jz+ ¢ (125, - 752) 2 + 9 (175 — 565152 + 4853)2° + -+, z € A.
Also, the function
1
u(w) = +r(w) =14+ bw+bw* +---€V,
1—r(w)
b1 b 1 ;
r(w) = Elw—i—i bz—El w2+§ b3—b1b2+zl w? -

and

b 1 1
(r(w)) =1+ le + 25 (126, - 76%) w? + 9 (1763 — 56b1by + 48b3) w® + -+, w € A.

[1]
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Consequently, we get

(1-p) (KAGR)) +p((K5A()))

Z

1 (KRA(2) ]“

1 3 3
_1+— +48 (125, - 78%) 22 +19—2(17sl—565152+4853)z +., zEA. (2.5)

and

’ N KC -l
(1-p) (K50()) +p((K50(w))) [ ”Q(w)]

w

— 14+ w+48(12b2—7b)w +192

Comparing the coefficients in the equations (2.5) and (2.6), we get

(1763 — 56b1by + 48b3)w® + -+, w € A. (2.6)

(p(214+7-3) +2) Yoar = %1, (2.7)

[p(("—l)("—Z)

5 +23 (7—1)+23(J—1))]‘Y2a2 +[p(31+T—4) +3] ¥aa3

= 41—8 (1252 — 75%) , (2.8)

b
—(p(22+7-3) +2)Yorp = Zl, (2.9)
and

[p(w +2(T-1) 4230 +2) - )—|—6]‘I’2a2 [p (314 T—4) + 3] a5

2
418 (126, - 78%). (2.10)
From (2.7) and (2.9) it follows that
51 = —by (2.11)
and
2412 =32 (p (234 7-3) +2)* ¥2a. (2.12)

If we add the equations (2.8) and (2.10), we get
p((O+2)(7-3)+41(7-1)+2)(21+1)) + 6] ‘I’Zuz

1 7

=g (2 k)~ g5s

Substituting the value of s7 + b from (2.12) in (2.13), we get

21 p2). (2.13)

{[p((‘r+2) (1—3)+4J('|—1)+2J(2J+1))+6]+%(p(21+'|—3)+2) }‘P2a2

= 2 (2t b). (2.14)
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Using the triangle inequality and Lemma 2.1 for the equations (2.7) and (2.14), we get, respec-

tively
1
laz| <
2%, |p (23+7-3) +2|
and
1
laz| <

Fa o (T+2) (1-3) +43(T-1) + 232+ 1)) + % (p (23 +7-3) +2) 26l

Moreover, if we subtract (2.10) from (2.8), we get

1 7 »
2(p (334 T—4) + 3] (Yaas - ¥3a3) = 7 (2-b) - o (s3-2). (2.15)
Then, in view of (2.11), last equation becomes
s2— by
Y 2 . 2.16
a5 = ¥, + 80 (31 + 71— 4) 1 24 (2.16)
In view of (2.7), the above equation becomes
s? _b
Yaa3 = L 277 (2.17)

16(p (21+7-3) +2)° " 8p (31+7T-4)+24
By applying Lemma 2.1 and the triangle inequality for (2.17), we get
1 n 1
43 )p (2 +7-3)+2f  2¥3lp(33+T-4) +3[
And using the assertion (2.14) with (2.16), it follows that

las| <

1
las| <
F3)p (T+2) (T-3) +43(T-1) + 2323+ 1)) + L (p (21 +T-3) +2)> +¢|
1
+ .
¥3[2p (314 7-4) + 6|
Also, from (2.16) we get
2
e 52— by ‘i_
B S G- 1) ¥ €)43
52_b2 +

T 8Y¥;(p(31+1-4) +3)

(% -8 (s2+ D)
)

492 [p (T+2) (T=3) +43(T-1) + 232+ 1)) + ¥ (p (2 +T-3) +2)* + 6]
1 1
= (M('S) TATICEREYY +3))52+(M(5) ETANICERET +3))b2'
where
11;2
#-&
M(&) = =

192 [p(1+2) (1-3) +43(T-1) + 222+ 1)) + % (p (23 +7-3) +2)* +6|



8 Int. J. Anal. Appl. (2026), 24:87

Then, using Lemma 2.1 for s; and by, and Lemma 2.2, we get

1 : 1
25 (p(37+-4)13) if |M(5)| S (BT A1)

|113 - (SIZ%| <
. 1
ame| i M) 2 pEr
Which completes the proof. m|
Fixingp =c¢c=n=0o0r¢c =1n=0,p=1="T=1in Theorem 2.1, we get the following
Corollary, which is due to [28].

Corollary 2.1. If A € EF(Y,, p, 7, 3). Then

02l < A, lasl < =
74 111
and
p ifMO)|< 4

|a3 - £a§| <

4lmM(&)| if M(&)] = 5
3. COEFFICIENT BOUNDS OF THE SUBFAMILY Cr (¥ y, ¢)

In this section, we examine a subfamily Cr(¥,, ¢) of Liouville-Caputo-type fractional deriva-
tives and the generating functions of the Gregory coefficients, and obtain initial coefficients |a2],
|a3| and Fekete-Szego inequality |a3 - Qﬂ%| .

We need the following lemma to demonstrate the proof of results regarding the subfamily
Cr(Yy, ¢))

Lemma3.1. ([27])If e(z) =1+ a1z+ 72+ €V, z € A, then there exist some , d with |a|, 0] < 1,
such that

25y =57 +a(d-s) andds; = s +2s1a(4—s7) — (4—s2)s1a” +2(4—s7)(1— |a?)6.

Definition 3.1. A function A € F given by (1.1) is be in the subfamily Cr(¥,, ¢) where ¢ € (-7, n], if

satisfied ‘
(KsA(z)) +(€¢ 2* 1)Z(K;A(z))” < E(z) (3.1)
and
(el "
(K;Q(w)) +( 2+ 1)w(KgQ(w)) < Z(w), (3.2)

where B(z) is given by (1.3) and Q(w) = A~ (w).

Remark 3.1. 1) We obtain several subfamilies of H by utilizing particular values for ¢ € (-, n] in
Definition 3.1.

2) If we take Kf]A(z)* = 1=, |s| < 1, then we can verify that K%A(z)* € Cr(¥u, ), so the subfamily
Cr(Yy, ) not empty ( Remark 5 in [26]).
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Theorem 3.1. Let ¢ € (—m, 7], if A € CF(¥u, §). Then

1 1
V22 le 3] g, V66 +2| + Z]ei¢ + 3f ,

laz] < min

1 1 1
el < 295 |ei¢ 4 3f° ot | +2|" W3 |33 + 20ei + Zei20| ot le® + 2|
and
sy fi-d< B
|a3 — Qﬂ%| < %2 (3.3)
B s
292|043 3 3¥3]e?+2]

Proof. Let A € Cr(¥y, ¢). From (3.1) and (3.2), there are C and r analytic functions, so that C(0) =
r(0) = 0,|C(z)| and |r(w)| < 1, such that

(KsA(2)) + (eid) 2+ 1)Z(K3A(z))” — E(C(2)), z€A (3.4)
and ”
(K5Q(w)) +(€ 2* 1)w(1<,3Q(w))” = E(r(w)), weA.

Thus we have

’ l¢ 144
(K5A(2)) +(e ;1)Z(K;’,A(z))

s 1 2y 2, 1 3 3
=1+ ZZ + 8 (1252 - 751)2 + 102 (1751 — 565157 + 4853)2 +---, z€A. (3.5)
and
’ el +1 7
(k50) +(“5 2w (500w)
P (1262 - 703) w? + L (1767 — 56b1b + 48b3)w® + -, w € A (3.6)
4 48 ! 192 1 ’
Comparing the coefficients in equations (3.5) and (3.6), we get
(¢ +3) ¥z, = 2, (3.7)
4
j 1
3 (¢ +2) ¥aas = 5 (125, -757), (3.8)
_ (ei¢ + 3) Yoa, = b4_1, (3.9)
and
' 1
i 22 _ —_ 712
3(e +2) (29303~ Yams) = § 5 (126, - 762). (3.10)
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From (2.7) and (2.9) it follows that
S1 = —b1
and
i 2922 2 12
16 (e +3) W33 = 57 + b2,
If we add (3.8) to (3.10), we get

j 1 7
6(€l¢ + Z)Tgag =1 (s2+by) — 18 (s% + bf)
Substituting the value of s% + b% from (3.12) in (3.13), we get

{6 (¢ +2) + ; (e + 3)2}1P§a§ = 31 (52 + o)

Using the triangle inequality and Lemma 2.1 for (3.12) and (3.14), we get, respectively

1

1
laz| £ —————— and |a <
V2, [ei® + 3|

Also, if we subtract (3.10) from (3.8), we get

6 (eiq’ + 2) (‘Y3a3 - ‘Y%a%) = 1 (s2—by) — 7 (s% - b%) )

4
Then, in view of (3.11), the equation (3.15) becomes

48

—by
Y3a3 = ¥2a2 + Sz—
343 22 24 (81(]‘[) + 2)

The equation (3.16) with equation (3.12) becomes
s;+b] s2— by

asz = - - .
165 (¢i0 +3)>  24¥3 (e +2)

Using the triangle inequality and Lemma 2.1 for the last relation, we get

1

< + . .
|as| ¥, |ei¢ n 3|2 6¥; |el¢ + 2|

Similarly, using of (3.14) in (3.16) follows that

1 1
¥3 33 + 200 + Zei29| ot e + 2|

|az| <

2
Also, using (3.11) and (3.12), we get ag = _—1 __ Thus, from (3.16), we have

843 (¢43)"
» S — by 3 2
az—oa; = ————— + (== —p)a
T S e 1 2) T F, O

2 2
) T3 51

(50—
24¥; (e +2) (‘1’3 ¢ 8Y3 (¢ +3)°

¥ Jole +2) + 5o 3

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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From Lemma 3.1, we have 2s; = S% +a(4- sf) and 2b, = b% +06(4 - b%), lal, 10| < 1, and using
(3.11), we get

4—5‘;~
Sz—bzz > ((X—(S),
and thus
\I;Z
,  (4-sP)(a-0) (¢ —0)st

as — od, = - .
YT T e (0 1 2) 82 (¢ +3)°

Using the triangle inequality, taking |a| = y, [0 = y, 4, y € [0,1], and assuming that s; € R,
s1 =d € [0,2]; thus, we have

Y2 o P2
(4—d*)(u+ i
|a3 — Qa2| UCha) - 5 (3.17)
48Y5[e* +2|  gw2|eiv 1 3|
oo
3 . 442 . .
Assume that: O(d) = o >0and B(d) = T > 0, the relation (3.17) can be written
as
las — 0a3| < O(d) + B(d) (u + ) =: L(w,y), wy € [0,1].
Therefore
max{L(y,y): wyel0,1]} = L(1,1) = O(d) +2B(d) =: P(d), d € |0,2]
where
, 2
" gw2|e0 1 3 3 [ + 2| 63 [ + 2|
Since
1 ¥2 ¥2 e 4+ 3|
P'(d) = ——— e -
sl (%
2| i
it is clear that P’(d) < 0 iff Y—Z - ' < ;F‘Ylsele(i‘;:r'Zl’ hence, the function P is a decreasing on [0,2];
therefore
1
max{P(d): d€[0,2|} = P(0) = ————.
IP@): 40,2} =0) = o

¥2 ‘P2|ef¢+3|
R TR PN

Also, P’(d) > 0 iff ; So, P is an increasing function over [0, 2], therefore

Y3

2
¥2 '

max{P(d): d€|0,2]} =P(2) = ————=
IPe): e 020 = @) = e

and the estimation (3.3) has been validated. O
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Remark 3.2. For specific values for p, 7, 1, ¢, and n in Theorem 2.1, and for ¢, ¢ and 1 in Theorem 3.1, we
have a lot of subfamilies of F. Also, There are a lot of functions E(z) that may produce a lot of subfamily of
function family F. For example, if

(z) :% =14+2(1-x)z+2(1-x)z2+--- (0<x <1)

[1]

or
1+z
1-z

[1]

K
(Z):( ) =142z + 2622+ (0<x<1).

Which provides specific instances for our previous results.
Remark 3.3. Fixing ¢ = 7 in Theorem 3.1, we get the Corollary 2.1, which is due to [28].

Remark 3.4. Fixing ¢ = n = 0 (which is equivalent to Y, = 1) in Theorem 2.1 and Theorem 3.1, we get
the result due to [29] in Theorem 2.5 and Theorem 3.4, respectively.

4. CONCLUSIONS

In this work, utilizing the Liouville-Caputo-type fractional derivatives and subordinate to the
generating function of the Gregory coefficients, we presented two comprehensive subfamilies,
EFr(¥u,p, 7, 1) and Cr(¥y, ¢) for the family of bi-univalent functions. We estimate the initial
coefficients |ay| and |a3| and the Fekete-Szegd issues for the functions in these subfamilies, and
provide justification that these subfamilies are non-empty. Additionally, additional corollaries
can be made regarding the parameter selection for Liouville-Caputo-type fractional derivatives,
which include a large number of fractional derivatives and integral operators. The novelty of
the characterizations and the proofs in this study might stimulate further study of such similarly

specified subfamilies of analytic bi-univalent functions.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.
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