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Some Singular Value Inequalities for Convex Functions of Matrices

Fadi Alrimawi∗

Department of Allied Sciences, Al-Ahliyya Amman University, Amman, Jordan

∗Corresponding author: f.rimawi@ammanu.edu.jo

Abstract. In this paper, we obtain some upper bounds for singular value inequalities for convex functions of matrices.

Some applications involving the spectral norm and numerical radii of matrices were given. Among other inequalities,

we prove that for A, B ∈Mn(C) and for any nonnegative increasing convex function f on [0,∞) with f (0) = 0, we have

s j( f (
∣∣aA∗B + bB∗A

∣∣)) ≤ 1
2

 s j
(

f
(
a |A|2 + b |B|2

)
⊕ f

(
b |A|2 + a |B|2

))
+s j−i+1 ( f (|bA∗B + aB∗A|) ⊕ f (|aA∗B + bB∗A|))

 ,

where a, b ≥ 0 and j = 1, ..., n. Also, an upper bound for ‖ReA‖were given.

1. Introduction

Let Mn(C) be the C∗−algebra of all n × n complex matrices. A positive semidefinite (positive)

matrix A ∈ Mn(C) is the matrix that satisfies x∗Ax ≥ 0(x∗Ax > 0) for all x ∈ Cn. This singular

values of A ∈ Mn(C) are the eigenvalues of |A| = (A∗A)
1
2 denoted by s j(A), j = 1, .., n, with

s1(A) ≥ ... ≥ sn(A). If the matrix norm on Mn(C), denoted by |||·|||, satisfies that |||UAV||| = |||A||| for

every A, U, V ∈Mn(C) where U and V are unitary, then it is called unitarily invariant norm. The

spectral norm is one of the most common examples of unitarily invariant norms, which is defined

for every A ∈Mn(C) and x ∈ Cn by

‖A‖ = max
‖x‖=1

‖Ax‖ .

It is known that ‖A‖ = s1(A) for every A ∈Mn(C).

The numerical radius w(A) of a matrix A ∈Mn(C) is defined by

w(A) = max
‖x‖=1
{|〈Ax, x〉| : x ∈ Cn

}. (1.1)
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In [24], the author gave a distinguished definition for w(A) by

w(A) = sup
θ∈R

∥∥∥ReeiθA
∥∥∥ ,

where ReA = A+A∗
2 is the real part of A ∈Mn(C).

It is known that w(·) defines a norm on Mn(C) which is equivalent to the spectral norm ‖·‖ .

Moreover, for every A ∈Mn(C), we have

1
2
‖A‖ ≤ w(A) ≤ ‖A‖ . (1.2)

It is known that for A, B ∈ Mn(C), the direct sum of A and B, denoted by A ⊕ B, is defined on

M2n(C) by

A⊕ B =

 A 0

0 B

 .

It is known that for every A, B ∈Mn(C), we have

s j(A) = s j(A∗) = s j(|A|), j = 1, ..., n,

s j

 0 A
B 0

 = s j

 A 0

0 B

 , j = 1, ..., n,

and ∥∥∥∥∥∥∥
 A 0

0 B


∥∥∥∥∥∥∥ =

∥∥∥∥∥∥∥
 0 A

B 0


∥∥∥∥∥∥∥ = max{‖A‖ , ‖B‖}. (1.3)

The previous basic relations on singular values, spectral norms, and numerical radii of matrices

will be used in our paper. For more about matrices, the reader may refer to [4], [20], and [25].

In 2007, Hirzallah and Kittaneh [19] proved that if A, B ∈Mn(C), then

s j(AB∗ + BA∗) ≤ s j

((
|A|2 + |B|2

)
⊕

(
|A|2 + |B|2

))
, (1.4)

for j = 1, ..., n. Also, a related result of the inequality (1.4) was given by the authors in [16], that is

for A, B ∈Mn(C), we have

s j(A∗B + B∗A) ≤ s j

((
|A|2 + |B|2

)
⊕

(
|A|2 + |B|2

))
, (1.5)

for j = 1, ..., n. In [1], Al-Natoor proved that if A, B ∈Mn(C) with a, b ≥ 0 and if f is a nonnegative

increasing concave function on [0,∞), f (0) = 0, then

s j( f (|aA∗B + bB∗A|)) ≤

 s j

(
f
(

a|A|2+b|B|2

2

)
⊕ f

(
b|A|2+a|B|2

2

))
+s j−i+1

(
f
(
|bA∗B+aB∗A|

2

)
⊕ f

(
|aA∗B+bB∗A|

2

))  , (1.6)

for 1 ≤ i ≤ j ≤ n. By taking f (t) = t, t ≥ 0, it can be noticed that the inequality (1.6) is related to the

inequality (1.5) and they are equivalent if j = 1 and a = b = 1.

For more generalizations, counterparts, and recent related results about singular values, numer-

ical radius, and matrix norms, the reader may refer to [2], [3], [5], [6], [7], [8], [9], [10], [11], [12],

[13], [14], [15], [17], and [22].
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The United Nations Sustainable Development Goals (SDGs) highlight the importance of math-

ematical tools for analyzing stability, efficiency, and robustness in complex systems. Such systems

are often modeled by matrices or linear operators, where singular values, the spectral norm, and

the numerical radius quantify amplification, sensitivity, and stability properties. These spectral

quantities arise in applications related to resilient infrastructure and network dynamics (SDGs 9

and 11), as well as in modeling and optimization problems in water distribution and resource man-

agement systems (SDG 6), thereby motivating the investigation of relationships between matrix

norms and spectral characteristics.

In this paper, we give some singular value inequalities for functions of matrices that related to

some inequalities given in [1] and we give some upper bounds for s j(A∗B + B∗A). In addition, we

obtain an upper bound of ‖ReA‖ involving the numerical radii of matrices.

2. Main results

We begin this section with the following lemma (see [4, p. 291]) which is essential in our work:

Lemma 2.1. Let A ∈Mn(C) and let f be a nonnegative increasing function on [0,∞). Then

s j( f (|A|)) = f
(
s j (A)

)
,

for j = 1, ..., n.

To achieve our goal, we need the following two lemmas. The first lemma can be found in [23]

and the reader may refer to [25, p. 275] for the second lemma.

Lemma 2.2. Let R ∈ Mm(C) and T ∈ Mn(C) be such that

 R S
S∗ T

 is positive semidefinite and let

r = min(m, n). Then,

2s j(S) ≤ s j

 R S
S∗ T

 ,

for j = 1, ..., r.

Lemma 2.3. Let A, B ∈Mn(C). Then

s j(A + B) ≤ s j(A) + s j−i+1(B),

for 1 ≤ i ≤ j ≤ n. In particular, if i = j, then

s j(A + B) ≤ s j(A) + ‖B‖ .

Theorem 2.1. Let A, B ∈ Mn(C) and let f be a nonnegative increasing convex function on [0,∞) such
that f (0) = 0. Then for a, b ≥ 0, we have

s j( f (|aA∗B + bB∗A|)) ≤
1
2

 s j

(
f
(
a |A|2 + b |B|2

)
⊕ f

(
b |A|2 + a |B|2

))
+s j−i+1 ( f (|bA∗B + aB∗A|) ⊕ f (|aA∗B + bB∗A|))

 , (2.1)

for 1 ≤ i ≤ j ≤ n.
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Proof. Let X =

 A B
0 0

 and Y =

 B A
0 0

 . Then

aX∗X + bY∗Y = a

 A∗ 0

B∗ 0

  A B
0 0

+ b

 B∗ 0

A∗ 0

  B A
0 0


=

 a |A|2 + b |B|2 aA∗B + bB∗A
bA∗B + aB∗A b |A|2 + a |B|2

 .

Now, using Lemma 2.1, Lemma 2.2, and Lemma 2.3, we have

s j( f (|aA∗B + bB∗A|)) = f
(
s j(aA∗B + bB∗A)

)
≤ f

1
2

s j

 a |A|2 + b |B|2 aA∗B + bB∗A
bA∗B + aB∗A b |A|2 + a |B|2

 (2.2)

= f


1
2

s j



 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2


+

 0 aA∗B + bB∗A
bA∗B + aB∗A 0






≤ f


1
2 s j

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2


+ 1

2 s j−i+1

 0 aA∗B + bB∗A
bA∗B + aB∗A 0



 , (2.3)

by the convexity of f and using Lemma 2.1 on the inequality (2.3), we get

s j( f (|aA∗B + bB∗A|)) ≤
1
2


f

s j

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2


+ f

s j−i+1

 0 aA∗B + bB∗A
bA∗B + aB∗A 0



 (2.4)

=
1
2


f

s j

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2


+ f

s j−i+1

 bA∗B + aB∗A 0

0 aA∗B + bB∗A





=
1
2


s j


 f

(
a |A|2 + b |B|2

)
0

0 f
(
b |A|2 + a |B|2

) 


+s j−i+1

 f


∣∣∣∣∣∣∣
 bA∗B + aB∗A 0

0 aA∗B + bB∗A


∣∣∣∣∣∣∣




=

1
2


s j


 f

(
a |A|2 + b |B|2

)
0

0 f
(
b |A|2 + a |B|2

) 


+s j−i+1

 f (|bA∗B + aB∗A|) 0

0 f (|aA∗B + bB∗A|)







Int. J. Anal. Appl. (2026), 24:55 5

=
1
2

 s j

(
f
(
a |A|2 + b |B|2

)
⊕ f

(
b |A|2 + a |B|2

))
+s j−i+1 ( f (|bA∗B + aB∗A|) ⊕ f (|aA∗B + bB∗A|))

 .

This proves the inequality (2.1). �

An application on Theorem 2.1 is the following corollary.

Corollary 2.1. Let A, B ∈Mn(C). Then for a, b ≥ 0, we have

s j(aA∗B + bB∗A) ≤
1
2

 s j

((
a |A|2 + b |B|2

)
⊕

(
b |A|2 + a |B|2

))
+s j−i+1 ((bA∗B + aB∗A) ⊕ (aA∗B + bB∗A))

 , (2.5)

for 1 ≤ i ≤ j ≤ n. And

s j(aA∗B + bB∗A) ≤
1
2

 s j

((
a |A|2 + b |B|2

)
⊕

(
b |A|2 + a |B|2

))
+ ‖aA∗B + bB∗A‖

 , (2.6)

for j = 1, ..., n.

Proof. The inequality (2.5) follows from the inequality (2.1) by taking f (t) = t, t ≥ 0. Also, the

inequality (2.6) follows by letting i = j in the inequality (2.5) and using the relation (1.3). �

Theorem 2.2. Let A, B ∈ Mn(C) and let f be a nonnegative increasing convex function on [0,∞) such
that f (0) = 0. Then for a, b ≥ 0, we have

s j( f (|aA∗B + bB∗A|)) ≤
1
4

 s j

(
f
(
2a |A|2

)
⊕ f

(
2a |B|2

))
+ max

{∥∥∥∥ f
(
2b |B|2

)∥∥∥∥ ,
∥∥∥∥ f

(
2b |A|2

)∥∥∥∥}
+2s j−i+1 ( f (|bA∗B + aB∗A|) ⊕ f (|aA∗B + bB∗A|))

 , (2.7)

for 1 ≤ i ≤ j ≤ n.

Proof. Starting from the inequality (2.4), we have

s j( f (|aA∗B + bB∗A|)) ≤
1
2


f

s j

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2


+ f

s j−i+1

 0 aA∗B + bB∗A
bA∗B + aB∗A 0



 .

Applying Lemma 2.3, the convexity of the function f , and Lemma 2.1 on the previous inequality,

we get

s j( f (|aA∗B + bB∗A|)) ≤
1
2


f

s j

 a |A|2 0

0 a |B|2

+
∥∥∥∥∥∥∥
 b |B|2 0

0 b |A|2


∥∥∥∥∥∥∥


+ f

s j−i+1

 0 aA∗B + bB∗A
bA∗B + aB∗A 0





≤
1
4


s j

 f

 2a |A|2 0

0 2a |B|2

+ f


∥∥∥∥∥∥∥
 2b |B|2 0

0 2b |A|2


∥∥∥∥∥∥∥


+2 f

s j−i+1

 bA∗B + aB∗A 0

0 aA∗B + bB∗A




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=
1
4


s j


 f

(
2a |A|2

)
0

0 f
(
2a |B|2

) 
+

∥∥∥∥∥∥∥
 f

(
2b |B|2

)
0

0 f
(
2b |A|2

) 
∥∥∥∥∥∥∥

+2s j−i+1

 f (|bA∗B + aB∗A|) 0

0 f (|aA∗B + bB∗A|)




=

1
4

 s j

(
f
(
2a |A|2

)
⊕ f

(
2a |B|2

))
+ max

{∥∥∥∥ f
(
2b |B|2

)∥∥∥∥ ,
∥∥∥∥ f

(
2b |A|2

)∥∥∥∥}
+2s j−i+1 ( f (|bA∗B + aB∗A|) ⊕ f (|aA∗B + bB∗A|))

 .

This proves the inequality (2.7). �

An application on Theorem 2.2 is the following corollary.

Corollary 2.2. Let A, B ∈Mn(C). Then for a, b ≥ 0, we have

s j(aA∗B + bB∗A) ≤

 s j

(
a|A|2⊕a|B|2

2

)
+ b

2 max
{
‖A‖2 , ‖B‖2

}
+s j−i+1

(
(bA∗B+aB∗A)⊕(aA∗B+bB∗A)

2

)  , (2.8)

for 1 ≤ i ≤ j ≤ n. And

s j(aA∗B + bB∗A) ≤

 s j

(
a|A|2⊕a|B|2

2

)
+ b

2 max
{
‖A‖2 , ‖B‖2

}
+ 1

2 ‖aA∗B + bB∗A‖

 , (2.9)

for j = 1, ..., n.

Proof. The inequality (2.8) follows from the inequality (2.7) by taking f (t) = t, t ≥ 0. Also, the

inequality (2.9) follows by letting i = j in the inequality (2.8) and using the relation (1.3). �

Theorem 2.3. Let A, B ∈ Mn(C) and let f be a nonnegative increasing convex function on [0,∞) such
that f (0) = 0. Then for a, b ≥ 0, we have

s j( f (|aA∗B + bB∗A|)) ≤
1
2

 s j ( f (|bA∗B + aB∗A|) ⊕ f (|aA∗B + bB∗A|))
+s j−i+1

(
f
(
a |A|2 + b |B|2

)
⊕ f

(
b |A|2 + a |B|2

))  , (2.10)

for 1 ≤ i ≤ j ≤ n.

Proof. Starting from the inequality (2.2), we have

s j( f (|aA∗B + bB∗A|)) ≤ f

1
2

s j

 a |A|2 + b |B|2 aA∗B + bB∗A
bA∗B + aB∗A b |A|2 + a |B|2


= f


1
2

s j



 0 aA∗B + bB∗A
bA∗B + aB∗A 0


+

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2





 . (2.11)

Now, applying Lemma 2.3, the convexity of the function f , and Lemma 2.1 on the inequality (2.11),

we get
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s j( f (|aA∗B + bB∗A|)) ≤ f


1
2 s j

 0 aA∗B + bB∗A
bA∗B + aB∗A 0


+ 1

2 s j−i+1

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2




= f


1
2 s j

 bA∗B + aB∗A 0

0 aA∗B + bB∗A


+ 1

2 s j−i+1

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2




≤

1
2


f

s j

 bA∗B + aB∗A 0

0 aA∗B + bB∗A


+ f

s j−i+1

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2




=

1
2


s j

 f

 |bA∗B + aB∗A| 0

0 |aA∗B + bB∗A|


+s j−i+1

 f

 a |A|2 + b |B|2 0

0 b |A|2 + a |B|2




=

1
2


s j

 f (|bA∗B + aB∗A|) 0

0 f (|aA∗B + bB∗A|)


+s j−i+1


 f

(
a |A|2 + b |B|2

)
0

0 f
(
b |A|2 + a |B|2

) 



=

1
2

 s j ( f (|bA∗B + aB∗A|) ⊕ f (|aA∗B + bB∗A|))
+s j−i+1

(
f
(
a |A|2 + b |B|2

)
⊕ f

(
b |A|2 + a |B|2

))  .

This proves the inequality (2.10). �

An application on Theorem 2.3 is the following corollary.

Corollary 2.3. Let A, B ∈Mn(C). Then for a, b ≥ 0, we have

s j(aA∗B + bB∗A) ≤
1
2

 s j ((bA∗B + aB∗A) ⊕ (aA∗B + bB∗A))

+s j−i+1

((
a |A|2 + b |B|2

)
⊕

(
b |A|2 + a |B|2

))  , (2.12)

for 1 ≤ i ≤ j ≤ n. And

s j(aA∗B + bB∗A) ≤
1
2

 s j ((bA∗B + aB∗A) ⊕ (aA∗B + bB∗A))

+max{
∥∥∥a |A|2 + b |B|2

∥∥∥ ,
∥∥∥b |A|2 + a |B|2

∥∥∥}
 , (2.13)

for j = 1, ..., n.

Proof. The inequality (2.12) follows from the inequality (2.10) by taking f (t) = t, t ≥ 0. Also, the

inequality (2.13) follows by letting i = j in the inequality (2.12) and using the relation (1.3). �
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Corollary 2.4. Let A, B ∈Mn(C). Then

s j(A∗B + B∗A) ≤
1
2

s j ((A∗B + B∗A) ⊕ (A∗B + B∗A)) + ‖A‖ ‖B‖ ,

for j = 1, ..., n.

Proof. Taking a = b = 1 in the inequality (2.13), we get

s j(A∗B + B∗A) ≤
1
2

[
s j ((A∗B + B∗A) ⊕ (A∗B + B∗A)) +

∥∥∥|A|2 + |B|2∥∥∥] (2.14)

≤
1
2

[
s j ((A∗B + B∗A) ⊕ (A∗B + B∗A)) + ‖A‖2 + ‖B‖2

]
. (2.15)

Consider t > 0, replacing A and B in the inequality (2.15) by
√

tA and 1
√

t
B, respectively, then taking

the minimum over t, we get

s j(A∗B + B∗A) ≤
1
2

s j ((A∗B + B∗A) ⊕ (A∗B + B∗A)) + ‖A‖ ‖B‖ ,

this completes the proof. �

The following corollary gives an application of our work.

Corollary 2.5. Let A ∈Mn(C). Then

s j(2ReA) ≤
1
2

[
s j (2ReA⊕ 2ReA) +

∥∥∥|A|2 + I
∥∥∥] , (2.16)

for j = 1, ..., n.

Proof. Taking B = I in the inequality (2.14), we get the inequality (2.16). �

It is easy to show that for A ∈Mn(C), we have

‖ReA‖ ≤ ‖A‖ . (2.17)

Using Corollary 2.5, a refinement of the inequality (2.17) will be given. This can be shown by

taking j = 1 in the inequality (2.16) then using the fact that s1(A) = ‖A‖ and the relation (1.3),

which gives

2 ‖ReA‖ ≤
1
2

[
‖2ReA⊕ 2ReA‖+

∥∥∥|A|2 + I
∥∥∥]

= ‖ReA‖+
1
2

∥∥∥|A|2 + I
∥∥∥

≤ sup
θ∈R
‖ReA‖+

1
2

(
‖A‖2 + 1

)
= w(A) +

1
2

(
‖A‖2 + 1

)
,

which implies that

‖ReA‖ ≤
1
2

w(A) +
1
4

(
‖A‖2 + 1

)
. (2.18)

The inequalities (2.17) and (2.18) give a noncomparable upper bounds for ‖ReA‖ . This can be

shown in the following example
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Example 2.1. Let A =

 0.1 1

0.1 0.1

 and B =

 1 2

3 −1

 , then

0.8305 ≈
1
2

w(A) +
1
4

(
‖A‖2 + 1

)
< ‖A‖ ≈ 1.011,

and

4.1451 ≈
1
2

w(B) +
1
4

(
‖B‖2 + 1

)
> ‖B‖ ≈ 3.193.

Corollary 2.6. Let A ∈Mn(C). Then

‖ReA‖ ≤ min
{1

2
w(A) +

1
4

(
‖A‖2 + 1

)
, ‖A‖

}
.
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