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Abstract. This study investigates the interconnection between Weyl’s curvature tensor W;’kh and Cartan’s second cur-
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spaces) are presented. In addition to offering further insight into how these notions are applied in physics, especially in
the gravitational field and cosmology, these results are anticipated to improve our knowledge of the curvature structure

in F-spaces and yield interesting findings in the frame of differential geometry and its physical applications.
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1. INTRODUCTION

F-geometry, an extension of R-geometry, offers a versatile framework for modeling various
physical events by generalizing the concept of curvature. In F-spaces, the curvature properties
of the space are characterized by several curvature tensors(or C-tensors). The study of C-tensors
in F-spaces has garnered significant attention in recent years, with numerous contributions to
the understanding of their geometric and algebraic properties. Ahsan-Ali [2,3] made notable
advancements in the study of the W-C-tensor and its properties in both relativistic spacetimes
and general relativity. Abu-Donia et al. [1] proposed the W*-C-tensor in relativistic space-times,
discussion further results into the complex structure of these spaces. In the realm of higher-order
generalizations, Al-Qashbari et al. [4-6] contributed to the study of recurrent Finsler structures and
their interconnection with special C-tensors. Notably, Al-Qashbari’s work [8,10,11] on generalized
C-tensors and recurrence decompositions in F-space has been foundational for the ongoing explo-
ration of Finslerian curvature. Additionally, Misra et al. [14] and Goswami [15] have examined
higher-order recurrent F-spaces, while Pandey et al. [17] analyzed generalized H-recurrent spaces.

On the other hand, Weyl’s C-tensor W;kh and Cartan’s 2" C-tensor Pj’kh are two important
geometric structures in the framework of F-geometry, which are used to study the curvature of
space-time. Weyl’s C-tensor W;.kh is a conformal invariant, which means that it is invariant under
conformal transformations. The Cartan’s 2 C-tensor Pé’kh is not a conformal invariant. It reveals
non-Riemannian aspects of F-spaces, with applications in some complex systems. While the
properties, implications, and general relativity of these tensors have been extensively analyzed as
in [5-7,9,12,13,16,18], their relationships remains an area of ongoing investigation. The findings of
these studies serve as a crucial foundation for the present study, which it main goal is investigation
the interplay between the C-tensors W;‘kh and P;kh within F-geometry.

This manuscript contributes to the growing and developing the theoretical framework for F-
geometry. It provides a comprehensive analysis through investigating the decomposition of
C-tensors in F-spaces utilizing the higher-order derivatives of Berwald and Cartan connections
and investigation the interconnections between Weyl’s and Cartan’s 2" C-tensors. By examining
their algebraic and geometric properties, we derived a series of new identities and inequalities
connecting these tensors. These results provide deeper insight into the structural behavior and
properties of these tensors. This study is expected to have implications for various areas in the

frame of F-spaces and its applications.
2. PRELIMINARIES
For the purposes of this work, a few definitions and criteria will be given in this section. In

directional arguments, the metric tensors g;; and By (Berwald’s connection coefficients) Gj.k are

positively homogenous of degree 0. The following criteria are met by two vectors, y; and v'.

@) gy = yib) yiy' = F2c) okyl = o

| o 2.1)
d) 88ir = grje) 08" = g
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The quantities g;j and g'/ are related by [11]:
. lifj =k,
gijg" = = , (2.2)
0if j # k.
The tensor C;j is named (h)hv-torsion tensor(or t-tensor), given by:
1. Tosas o
Cijk = 581 8jk = Zai8j8k F~. (2.3)
The (h)hv-t-tensor C and the tensor C;j; are given by:
a) Chy) = Chy* = 0b) Cipy' = Cijey/ = Cijeyy =0
C) Cijkgjk = Ci d) Ci]'hgjk = Ci‘(h (2-4)
D &
e) Ch8" = C.
Covariant derivative(C-derivative) for Berwald By T; of any tensor T;'. w. 1. to x¥ is given as:
BT = okT; — (9:T}) Gy + TjG,y, — T, Gl . (2.5)
The vector y' and metric function F are vanished identically for Berwald?s C-derivative.
a) ByF =0
) BE (2.6)
b) %kyl =0.
Metric tensor g;; is not equal to zero ( i.e. not vanish ), defined by:
%kgij = —2yh23hCijk = —2Cijk|hyh . (27)
Tensor Wj‘kh' t-tensor W;.k, and deviation tensor W; are defined by:
26 i
Wi, = Hi o+ Hy L aH 2.8
% . %, .
+ 2-1) (nHjy, + Hyj + y'0dHpe) — Z-1) (nHjx + Hyj + y'0;Hy,),
i Y %
1 1 7
ij = ij + mHUk] + Zm (TlHk] -y Hk]r)/ (2.9)
and
, , 4 1 . ) ,
1 __ 1T _ 1 _ T _ ). 1
W, = H) — Hb; D (8rH]. JdiH)y', (2.10)
respectively. Also, if we suppose that the tensor W;. satisfy the following identities:
a) Wiyk =0b) Wi=0c) Wiy; =0
) Wiy = 0) Wi = 0¢) Wiy o1

d) girW§ =W;je) ¢ Wi =W f) Wyy* =0.
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The tensor W;'kh is a skew-symmetric in its indices k and h.

t-tensor P!

Cartan’s 2" C-tensor P! py

Py are given as:

% the associate tensor P, j,, Ricci tensor Pj, and the vector

a) Py, = Ol + CL Py = C b) Pyl = Py =Ty = v

jr ki ke ]kh jih
c)P jkhy :O:P}khyhd) P;(h:Gl _r*z e) 8ir ;;h:Prkh
f) Pyy* =0=Puig) P;‘kh _P] S;khlry h) giypé'kh = Prjkn

i) Pijingin = Pij = Pji j) Py, = Pjick) Py, = P

(2.12)

Cartan’s 3" C-tensor R! i Ricci tensor R]k, the vector Hy, and scalar curvature H are given as:

{) ]ky] H; b) R ]ky = R; c)R R. (2.13)

Cartan’s first C-tensor S, Ricci tensor S ks the tensor S;{, and scalar curvature S are given as

ikh?
a) S;kh CrkC;h -C, #Cii b) Sé'ki =Sk ¢) S = Sug" (2.14)
d) Spjgn = 8n‘5]»kh e) Skhglh = Si.

Al-Qashbari et. al [6,7] introduced and studied the C-tensor in F-space, using the derivatives

for Berwald and Cartan, which are characterized by the item:

. , 1 . .
B W;kh AW ]kh + PM( VS~ ‘Szgjk) + ZVm(Wllcgjh - Wi8jk)- (2.15)

An F-space F, which the C-tensor W;.kh holds the item (2.15) is named the generalization
generalized BW-recurrent space, refereed to by G?d BW — RF,,.

Taking the C-derivative of (2.15) w. r. to x in the sense of Berwald, we have:
BBy Wi, = (Bidm) Wi, + A (BiWi) + (Bigtn) (081 — 0,8n) (2.16)
+UmBi (5L — 0,8n) + Z)/m%l(wligjh - W, g
3 (Borm) (Wi = Wigyo).
Using (2.7) and (2.15) in (2.16), we get:
BB Wiy, = (At + AnA)) Wi, + (i + Amt) (8,8 = 8,8 ) (2.17)
"’%Vm%l(w]i{gjh ~Wigjk) + }I(Aﬂﬁ/l +yt) (Wigjn = Wigie)

. . 1 . .
—Zym%qu(ézcj'hl - 5;Cjkl) - EVM%qu(W;(thl - W;ZCjkl)-
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The equation (2.17), can be written as:

. . . . 1 . .
%l%mw;’kh = llmlw;kh + bml<6;<gjh - 5;lgjk) + L—Lcml(W}(gjh - W;lgjk) (2.18)

1 . . . .
+77m B (Wigin = Wigje) = 24imBqy (5,Cju = 8,Cjta)
1 ‘ ‘
5B (W{Cya ~ WiCy).
Where, the covariant tensor fields of 2-order are non-zero and defined by: a,; = A,; + AnA,
bt = it + Ay, and ¢y = Ay + Vit

Definition 2.1. The generalized birecurrent space(or Gbi-recurrent space) BW is defined as F-space, where
the Wely’s projective C-tensor W;'.kh meets condition (2.18). The tensor is referred to as a Gbi-recurrent space
B. The shorthand symbols for these spaces and tensors are G*"(BW)-BRF,, and G*™ B-BR, respectively.

We consider an n-dimensional F-space F,,, the Wely?s projective C-tensor W;.kh holds the condi-
tions (2.15) and (2.18), these spaces denoted by GZ”d(%W)-RFn and G*""BW-BRF,,, respectively.

3. THE MAIN RESULTS

Several tensors characterize the curvature qualities of F-spaces; Weyl and Cartan’s second
C-tensors are important among them, and both have impacted the field’s advancement. Many
academics have thoroughly examined these tensors’ geometric interpretations and physical
ramifications. Research on their connections is still ongoing, though. In this section, we explore
how these C-tensors relate to one another in F-spaces. We develop a new sets of identities and
inequalities that connect these C-tensors by investigating their algebraic and geometric features.

Ahsan-Ali presented certain characteristics of the W;kh C-tensor ([3], [4]). Itis known that Wely’s
projective C-tensor Wj.kh and Cartan’s 2" C-tensor P;.kh are related for (n = 4) a R-space using the
following formula [1]:

, , 1 . ,
Wi = Pl + g(éith - gikR},) (3.1)
Taking the C-derivative of (3.1), w. r. to x™ and x! in the sense of Berwald we have;
1

BBy Wi, = B8Py, + 5%,%,%(6;;1%]»,1 - giR}) (3.2)
Using (2.7) in (3.2), we get:
‘ . 1 . 4
%l%mw;kh = %l%mpj’kh + g%l%m(é;{th - g]kRL) (33)
2 ;2 ;
+§%qucjkl%mR;l + gﬁqu"%l(C]kaZ)
Using (2.18) and (3.2) in (3.3), we have:
. . . . 1 . .
%l%mp;kh = amlp;kh + bml(é}(gjh - 5;,8]%) + Zcml(W}(gjh - W;lg]‘k) (3.4)
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1 . ‘ ‘ ‘
+17/m93z(wfcg i = Wigik) = 2tmBay? (6, Cjm — 6, Cjia)

1 . . 1 ‘ .
=5 VmBgy WiCju = W Ciia) = 3 B1Bm (O Rjn — 8jxRy,)

3
1 i i 2 q i 2 q i
+§aml(6kth - gijh) - g%qy Cjkl%mRh - gngy %1(C]'kah).
This shows that
. ‘ ‘ ‘ 1 . ‘
%l%mp;kh = amlpl]‘kh + bml(é;(gjh - 6;1g]‘k) + Zcm,(W,igjh - W;lg]'k) (3.5)

1 . . . .
+ 77 m B (Wigin = Wigje) = 24m By (5,Cju = 6,Cjta)
1 . - 2 2 -
=5 VB! (Wi.Cjia = Wj,Ciia) = 5By Cir BB, = 3BqyB1(CjonR})-
If and only if
BBy, (6LRj — ikR},) = am (O, R — g xR} ). (3.6)
Thus, we conclude,

Theorem 3.1. In G*" BW-BRF,, the Cartan’s 2" C-tensor p;‘kh is a Gbi-recurrent F-space if and only if
the tensor (6;{th - gij;l) is Gbi-recurrent.
Transvecting condition (3.4) by yj, using [(2.6)b], [(2.1)a], [(2.4)b], [(2.12)b] and [(2.13)a], we get:
BB P}, = APy, + by (SLyn — 6, yk) + %le(wzi}/h - Wiyk) (3.7)
+}Lym%l(wli]/h ~Wyyk) - %%l%m(éfﬁh - YR,

1 . .
+ 2 8m1 (0, Hy = ykR,).-

3
This shows that
BB, Py, = amPly, + by (SLyn — 6, yk) + %le(W;iyh - Wi yi) (3.8)
+}17m%l(wziyh - Wiyi)-
If and only if
BBy, (6L Hy — yiR;,) = ay (0}Hy, — YiR},). (3.9)

The proof ends, we conclude,

Theorem 3.2. In G>™BW-BRF,. The C-derivative of the 2-orders for the t-tensor P;{h is a Gbi-recurrent
F-space if and only if (3.9) valid good.

If we, transfect (3.7) by yk, using [(2.6)b], [(2.1)b], [(2.1)c], [(2.11)a], and [(2.12)c], we obtain,
BB, (y'Hy — FPR}) = a0 (y'Hy, — F*R}) + 3y (y'yy, — 6, F2) (3.10)

3 , 3 .
—Zym(%lw;,)ﬂ - ZCm,w,;FZ.
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This shows that

BB, (y'Hy) = ap(y'Hp) + by (y'yn), (3.11)
and
BBy (F?RE) = 2,1 (F2R!) + by (51 F?). (3.12)
If and only if
(BW;)F* = A,y Wi F2 = 0. (3.13)

Therefore, we get,

Theorem 3.3. In G** BW-BRF,. The C-derivative of the 2-orders for the tensor (y'Hy) and (F°R} ) are
Gbi-recurrent F-spaces if and only if (3.13) valid good.

If we contract the i and / in the items (3.7) and (3.10), respectively with using (2.2), [(2.1)a],
[(2.1)b], [(2.12)k], [(2.13)c], [(2.11)c], and [(2.11)b], we get:

1
BB, P = @y Pr + (1= 1)byy yx + gaml(Hk - ykR) (3.14)
1
_g%l%m(Hk — ]/kR)

This shows that

BB Py = Py + (1= 1)byy yx. (3.15)
If and only if
BB, (He — yxkR) = a,y(Hi — yxR) (3.16)
and
B,B,,(H - F?R) = a,;(H - F?R) + (1 - n)b,, F2. (3.17)
This shows that
B,8,,H = a,;H + (1 —n)b,,; F>. (3.18)
If and only if
B,8B,,(F?R) = a,;(F?R). (3.19)

Thus, we conclude,

Theorem 3.4. In G¥'* BW-BRF,. The vector Py and the scalar H are given in (3.15) and (3.18) if and
only if the items (3.16) and (3.19) are both valid, respectively.
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If we contract the i and / in the equations (3.4) with using [(2.1)d], [(2.1)b], [(2.12)j], [(2.13)c],
[(2.11)d] and [(2.11)b], we get

1
BBPjx = amPj + (1=n)bugix + 26 Wik (3.20)
1
—f—Zym%lW]‘k - 2(1 - n)ym%qucﬂd
1 ; 1
—5VmBgy Wi Cit = 3818 (R = gjxR)
1 2 g 2 g
+_aml(Rjk - g]kR) - g%qy Cjkl%mR - g%qy %Z(C]ka)

3
This shows that

1
%l%ijk = amZij + (1 - n)bmlgjk + Zcmlek (3.21)
1 1 ;
+ZV"Z%’WJ’< - 2(1 - n)ym%quCjkl - Eym%quw;(cﬁl
2 2
_g%qucjkl%mR - g%qu%l(cjka)
If and only if
%l%m (R]k - g]kR) = aml(Rjk - g]kR) (322)
Upon completing the proof of the theorem, we get,

Theorem 3.5. [n G?" BW-BRF,,. The P-Ricci tensor Py is given in (3.21) if and only if the item (3.22) is
valid good.

If we transfect (3.20) with v, using [(2.6)b], [(2.1)a] ,[(2.1)c], [(2.4)b], [(2.11)a], [(2.11)f] and
[(2.13)b] we get,

BB, (Rj — yiR) = ay(Rj = y;R) + (1 =n)by y;. (3.23)
This shows that
BiBuR; = amR;j+ by ;. (3.24)
If and only if
BB (yiR) = am(y;R) — nby y;. (3.25)

Transvecting (3.4) and (3.20) by ¢/¥, respectively using [(2.4)c], [(2.4)d], [(2.11)e] and [(2.12)h, we
get

BBy (Piy8") = am(Pyy,8™) = 2umByy? (C}, = 6,C1) (3.26)
1 ‘ ‘ 2 2 .
—57mBy’ (WiCk -wic)) - 3By CiBuR; — BB, (CuR, ).
This shows that

BBy (Pl &™) = (P, 8™) (3.27)
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If and only if
. . 1 . .
20 By (Cly = 0,C1) + 5ym By (WGl = W, C) (3.28)
2 .2 :
And
. . 1 1
BB (Pieg”) = ami(Pjeg™) + (1= m)byt + gemW + 77nBW (3.29)
1 : 2 2
—2(1 = n) uwByy'Cr — Eym%quw'kc’,;l = 3B/ 18R - 5By B(CuR).
This shows that
. . 1 1
BBy (Pjxg’) = @yt (Pg’) + (1= n)by + 7EmW + ZVm%zW- (3.30)
If and only if
1 : 2
2(1 = 1) umByy'Cr + Eymﬂsquw;cﬁl + 3By CiBuR (3.31)

2
+5B5/1%1(CuR) = 0.

The proof ends, and we conclude,

Theorem 3.6. In G>** BW-BRF,, vector R, the tensor (P;'kh g’ and (Pyg'*) are given in (3.24), (3.27)

and (3.30) if and only if the items (3.25), (3.28) and (3.31) are valid good, respectively.

Transvecting (3.4) by gir, using [(2.1)d], [(2.11)d] and [(2.12)], we get

1
BBy Prikn = amiPrikn + byt (k& in — S8 jk) + Zcml(wrkgjh - Wigjk)

1 1
+Zym93z(ergjh ~Wangix) + gaml(grkth — gjkRim)
1
~2um By (8 Cin — §mCikt) — E)/m%q]/q(wrkcjhl - WnCin)
1 2 2
—g%l%m(grkth - gjkRim) = g%qucjkl%mRrh - g%qu%l(cjkarh)-
This shows that

BBy Prjjn = anPrjin + bmi (k& jm — §mgjk) + %le(ergjh - Wigir)

+}Iym%l(wrkgjh ~Wigik) = 2umBay" (8iCin — &nCinr)

—%ym%qu(w,kcjhl — WaCi) - %%qucjk,%mkm - %%qu%,(cjkmkm).
If and only if

BB (kR jn — gjkRrn) = i (kR jn — gjkRom)-

(3.32)

(3.33)

(3.34)
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Transvecting (3.7) by gir, using [(2.1)d], [(2.12)d]and [(2.12)e], we get

1
BB, Py = i Pricn + bt (S — SmVi) + ;Lcml(eryh - W) (3.35)

1 1

+Z7/m%l(wrkyh — Winyi) — g%z%m(grth — yiRy)
1

+§aml(grth — yiRy).

This shows that

1
BB, Py = i Pricn + bt (§rkcYn — Vi) + Zcml(wrkyh - Wini) (3.36)

1
+Z)/m%l(wrkyh - Win¥i)-
If and only if
BB, (rHn — YiRen) = i (§rcHp — YiRon)- (3.37)

The proof ends, and we conclude,

Theorem 3.7. In G2 BW-BRE,,, the associate tensor Py jxn, and the associative tensor Py, of (Cartan's 2th

C-tensor are Gbi-recurrent F-spaces if and only if the items (3.34) and (3.37) are valid good, respectively.

Transvecting (3.32) by gkh, using [(2.4)d], and [(2.12)i], we get

1
BBy, (Prj - Pjr) = aml(Prj - Pjr) - Eym%q]/q(wrkcl;l - thc?l) (3.38)
2 2
—g%qucﬁfz%m&h - g%qyml(c?mzzrh).
This shows that
BBy (Pyj = Pjr) = ay(Prj— Pjr). (3.39)
If and only if
L B (W CE = W Ch) + 2B, 1Ch B, R, + 2B, 18, (CE Ryy) = 4
Eym qY (Wi j1 ~ YWk ]‘1)+§ qY jIom rh+§ qY 1 jm m) = 0. (3.40)
Hence, the proof ends, and we conclude,

Theorem 3.8. In G*""BW — BRF,,. The tensor (Pyj = Pj;) is a Gbi-recurrent F-space if and only if the item
(3.40) valid good.

Clearly, the Cartan’s 2 C-tensor P;.kh and Cartan’s 1" C-tensor S;.kh are related by the formula.

Pl = Pl = =S,y (3.41)

Taking the C-derivative of (3.41), w. r. to x™ and ¥ in the seance of Berwald, we have,

BB Py, = BBl = ~B1Bu (S, y). (3.42)
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Using (3.4) and (3.41) in (3.42) we get,
BB (S, ¥) = ami (S, ¥") = wmi (8181 = 01,8) (3.43)
_%le(wiigjh - Wigi) + é%l%m(éiR]’h — gjkR})
—gﬂmz(éith - gjkR;) — %Vm%l<wzigjh - Wigit)
+ 41 By (8,C = 6,Cit) + YmBgy? (W,.Cjru = W;,Ciua)
+§%qucjkl%m12; + %%qu%,(cjka;),
where 2b,,; = w,;;. This shows that
58123,,1(5§.kh|ryr) = aml(sékhvyr) - wml(éigjh - 5Zgjk) (3.44)
—%sz(wligjh - W, gjk) - %Vm%l(wigjh - W, gjk)-
If and only if
BB, (0, R — gikR},) = ami (6, Rjn — gkR}). (3.45)
and
41 By (8,Cja = 6,Cit) + Y By (W,.Cjr = W;,Cia) (3.46)

4 -4
+§%quCjk1§BmR;1 + g%qu%l( ]km ) =0.

Hence, the proof ends, we get,

Theorem 3.9. In G>**BW-BRF,,. The tensors (—S;.khlyyr) is a Gbi-recurrent F-space if and only if the items

(3.45) and (3.46) valid good, respectively.

If we Contract the i and & in the items (3.43) and using [(2.1)d], [(2.1)b], [(2.14)b], [(2.13)b],

[(2.11)d] and [(2.11)b], we have,
BB (Sjkry”) = am(Siwry") + (n = D) wmgjr — 1leW
—%)/m%lek —4(n=1)umBay'Ciwt + ymBay' W, Cii
+§‘Bz%m(R ik — gij) - %aml(R k= 8jkR)
+- Equ CiuBmR + 3 ﬂ% 7y B1(CjmR)-

This shows that

1
BBy (Sikry") = am(Sipry") + (n =) wnigjx — SCemWik = 2Vm531

If and only if

QSI%M( g]kR) = aml( g]kR)

(3.47)

(3.48)

(3.49)
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and

: 4
4(1 - n)umBayI1Ciiy + ym By W, Cjiy + g%quCﬂd%mR (3.50)
4
+§%qy"%l(C]ka) = 0.
Transvecting (3.43)b by g;,, using [(2.1)d], [(2.11)d] and [(2.14)c] we get,

BB (Srjinry”) = ami (Srinry”) = bt (8rc&jn — §m8 ) (3.51)
_%le(wrkgjh —Wingijk) — %Vm%l(wrkgjh — Wingik)
+41mBay? (8 Cin — §mCixt) + Ym By (WikCinm — WinCir)
+§%l%m(grkth — 8ikRm) = gaml(grkth — 8ikRym)
+§%qucjk,%m&h + %%qu%l(cjkmla,h).
This shows that

BBy (Sriinry’) = ami(Sejwnry’) = b (8k&in — S i) (3.52)
1 1

_Ecml(wrkgjh - Wugik) = Eym%l(wrkgjh - Wigik)

+4mBay? (8 Cin — §mCixt) + Ym By (WikCin — WinCjr)

4 4
g%qucjkl%mRrh + g%qu%l(cjkarh)«
If and only if
BB (kR jn — jkRrn) = i (kR jn — gjkRon)- (3.53)
Thus, the proof ends, and we obtain,

Theorem 3.10. In G?*BW-BRF,,. The S-Ricci tensor (S ikiry"), and the associate tensor (Syjuy,y") is given
in (3.48) and (3.52) if and only if the items (3.49), (3.50), and (3.53) are valid good, respectively.

Transvecting (3.47)by gik, using [(2.4)c], [(2.4)d], [(2.11)e], and [(2.14)e] we get,

. . 1 1 .
BBy (S y") = am(Sy,y") + (n = Dwmd) - SemWi = 5 7mBIW; (3.54)

. . 2 ) .
~4(n = 1) By 'Cly + ymBgy" W, Cly + 3 BB (R = /R)
2 , ' 4 ' 4 '
—gﬂml(R} - 6}R) + g%quCljl%mR + g%qu%,(C}mR).
This shows that

. . 1 o .
BB, (Syy") = am(Syy") + (n = Dwmd) - Ecmlw;' - EVm%lW}- (3.55)
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If and only if
4(n = 1) BeyIC;y — Y Bay Wi Cy (3.56)
—%%quc;ll%mzz - %%qu%,(qmm =0.
and
BB (R = 01R) = (R}~ O'R). (3.57)
Transvecting (3.47) by gjk, using [(2.4)c], [(2.4)d], [(2.11)e] and [(2.14)d], we get

%I%M(SVyr) = aml(5|ryr) + (Tl - 1)a)ml - %lew (3.58)
1 )

—5VmBW = 4(n = 1)unByy’Cr + ymBgyTWiCk
4 4

—f—g%quCl%mR + g%qu%l(CmR)

This shows that

1 1
BB (Spy') = au(Spy") + (n— 1)@y - Ecmlw - Eym%lw- (3.59)
If and only if
—4(n = 1) umBey'Cr + ym By WLCY (3.60)

4 4
+§%quCl%mR + g%qu%z(CmR) =0.
Thus, we conclude

Theorem 3.11. In G BW-BRF,. The tensors (S;lryr) and (Syy") are given in (3.55) and (3.59) if and
only if the items (3.56), (3.57), and (3.60) are valid good, respectively.

From the equation [(2.12)b] we get,
Pl = Cp ¥ (3.61)
Taking the covariant derivative of (3.61), w. r. to x™ and x' in the sense of Berwald we have,
BB Py, = B1Bu(Ciyy,y')- (3.62)

Using (3.7) and (3.61), in (3.62), we get

B1B (Cloy, ) = ami(Chgpy") + b (01 = S, y) (3.63)
1 , ‘ 1 ‘ 4

+Zle(W,lcyh - W, yk) + Zl)/m%la’v;l(yh - W, yx)
1

. 1 ) )
_g%l%m(é;cHh — ykRZ) + gaml(éth — ykR;Z).
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This shows that
BB (Cogyp ") = At (Cogyy¥") + b (S, — 5,y (3.64)
+%1le(wlicyh - W,yk) + }Lym%ﬂwiyh - W)
If and only if
BBy, (6LHy — yiR;,) = ay (0} Hy, — YiR),). (3.65)
Transvecting (3.63) by g;j, using [(2.1)d], [(2.4)c] and [(2.11)d], we get
BB (Citnry") = ami(Cirnry") + bt (kY — gjnYk) (3.66)
+31le(wjkyh = Winyx) + }Iym%l(wjkyh — Winyx)
—%%l%m(gijh —YkRjy) + %aml(gijh = YkRjn).
This shows that
BBy (Ciantry") = ami(Cinpy") + b (S jxyn — &jnYi) (3.67)
+1le(wjk]/h - Winyk) + i)’m%l(wjkyh — Winyk)-

4
If and only if

BB (gjkHn — yiRjn) = ami(gjkHn — yRjn)- (3.68)
Hence, the proof is ended, and we obtain,

Theorem 3.12. In G*BW-BRF,. The B C-derivative of the 2-orders for the associate tensor (C;{hlryr)
and (h)hv-t-tensor (Cjyy") are Gbi-recurrent F-spaces if and only if (3.65), and (3.68) are hold good,

respectively.

If we contract the i and & in the items (3.63) with using (2.2), [(2.1)a], [(2.4)e], [(2.1)b], [(2.13)c],
[(2.11)c] and [(2.11)b], we have,

%l%m(C,d,yr) = aml(CkVyr) + (1 - Tl)bmlyk (369)
1 1
+§aml (Hx—yR) - g%l%m(Hk - ykR).
This shows that
%l%m(C,d,yr) = aml(CkVyr) + (1 - n)bmlyk- (370)

If and only if

gBIEBm (Hk — ykR) = aml(Hk - ykR) (3.71)



Int. J. Anal. Appl. (2026), 24:59 15

Transvecting (3.63) by ¢, using [(2.4)c], [(2.4)d], [(2.11)c], and [(2.11)e], we get

BB (CLy") = a(Cy/) + s (H ~ R) (3.72)
—%%l%m(Hi —RY).
This shows that
BB (Cly") = am(Cy"). (3.73)
If and only if
B,B,,(H' —R') = a,y(H' - R'). (3.74)
Thus, we get,

Theorem 3.13. [n G*" BW — BRF,, the tensor (Cy,y") and the tensor (Cliryr) are given in (3.70) and
(3.73) if and only if the items (3.71)and (3.74) are hold good, respectively.

4. CONCLUSIONS AND RECOMMENDATIONS

In this paper, we have presented a detailed study of the decomposition of C-tensors in
F-spaces using higher-order derivatives of Berwald and Cartan connections. Our analysis has
revealed new properties and relationships between the components of the decomposed tensors.
These discoveries advance our knowledge of the geometric structure of F-spaces and could have
ramifications for a number of different applications.

The item condition (2.18) is satisfied for a generalized BW-birecurrent space in F-space. In
G*4BW-BRF,, the condition of being necessary and sufficient for the Cartan’s 2t tensor Pj‘kh is a
Gbi-recurrent if the item (3.6) holds and the tensor P}, is a Gbi-recurrent if and only if the equation
(3.9) is hold. In G*"¥BW-BRF,, Ricci tensor Pji is a Gbi-recurrent if the equation (3.22) holds. In
G2"dBW-BRF,, the associate C-tensor P jrkn 18 @ Gbi-recurrent if the condition (3.34) holds good and
the associative C-tensor Py, is a Gbi-recurrent if the condition (3.37) holds. In G¥"*BW-BRF,, Ricci
tensor (P,; — Pj) is a Gbi-recurrent if the equation (3.40) holds.

The Weyl’s projective C-tensor W;kh, 4,y and S;.kh have the same connection
in GPBW-BRF,. In G*BW-BRF,, the tensor (Sj‘kmryr) is a Gbi-recurrent if and only if the
tensors (5;{th - gij;l) is a Gbi-recurrent F-space. In G*BW-BRF,, B C-derivatives of the
2-orders for S-Ricci tensor (Sjx,y") is Gbi-recurrent if and only if the tensors (Rj — gixR) is a

the tensors Pj.

i-recurrent F-space. In - ., the tensor (C: is Gbi-recurrent if and only if the
Gbi F-space. In G*8BW-BRF,, th (Clyyy¥') is Gb f and only if th
tensors (6;'(Hh - ykR;l) is a Gbi-recurrent Finsler space. In G*"BW-BRF,, the tensor (Cijgy,y") is
Gbi-recurrent iff the tensors (gxHjy — yxR ) is a Gbi-recurrent F-space.

Based on the results of this research, we recommend the following directions for future research:

e Explore other types of decompositions: Investigate different decomposition schemes and

their corresponding geometric interpretations.
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e Investigate the physical implications: Explore the physical implications of the decomposi-
tion results, particularly in the context of field theories and cosmology.
¢ Develop numerical methods: Develop numerical methods for computing the decomposed

tensors and analyzing their properties.
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