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Abstract. This article proposes the conventional definition and real life based applications of linear Diophantine type-2
fuzzy sets (LDT2FS), manifesting its supremacy over common fuzzy models. LDT2FS is a new mathematical framework
that can address the drawbacks of existing fuzzy sets. As common fuzzy systems, however, these models hold
restrictions on acceptance and rejection grades, limiting the flexibility of decision-makers in managing uncertainty.
LDT2FS extends the previous study by relaxing these limitations, as decision-makers can specify grades-freely with
reference parameters in practice in cases where decision making under uncertainty is necessary when functional
relationships are unknown, or when data contain high levels of imprecision. To this end, the less demanding structure of
LDT2FS allows for establishing the fit to allow dealing with these uncertainties in an efficient way. It also describes basic
arithmetic operations on LDT2FS such as union, intersection, complement, containment, etc. along with their algebraic
characteristics. Furthermore, two new operators, the Certainty Operator, and Feasibility Operator, are proposed to
convert an LDT2FS into a conventional fuzzy set, simplifying mathematical processing and applications. This article
proposes Haming Distance and Euclidean Distance commonly used in pattern recognition, clustering, and classification

problems to quantify the differences or similarity between LDT2FS instances.

1. INTRODUCTION

Imprecision is an essential attribute of information. Decisions are made in an area with diverse
types of uncertainty in various scientific and industrial applications. Now a days, mostly pro-
cesses contain rectifying and figure out data, that’s most of the time insufficient, fragmental or
very often contrasting [1] . So, the miniature signalizing the actual world need being convoyed
by the suitable unpredictable depiction [2] . Escorted by the emergence of soft computing (SC)
methods, various effective instrument were introduced. [3].Due to indefiniteness and fuzziness
present in real world problem the techniques usually used in classical mathematics are not always

favorable to handle these problems. Zadeh [4] instituted the idea of fuzzy sets as an augmentation
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of traditional crisp set. A fuzzy set is a remarkable mathematical model to draw up an erecting
of entities whose boundary is ambiguous. Since Zadeh’s benefaction to fuzzy set [4], the fuzzy
logic has been extended from classical logic that is defined by a acceptance function ranging in
[0, 1] and gives a strong substitute to probability theory to distinguish imprecision, vagueness
and ambiguities in numerous fields. The idea of linguistic variable was introduced by Zadeh [5].
According to Zadeh, a linguistic variable is a variable whose data is not numerical but contains
actual language. If fuzzy sets convey these words defined over a universal set, then the variable
is called a fuzzy linguistic variable [5].An ordinary fuzzy set is extended into type-2 fuzzy set
(T2FS) that is type-1 fuzzy set (T1FS).The essential supremacy of type-2 fuzzy set upon type-1
fuzzy set is capacity of it to encapsulate acceptance of appropriate acceptance costs in which we
handle ambiguity additionally precise.Type-1 fuzzy set has the acceptance value a real number in
[0, 1].While the type-1 fuzzy set itself is the acceptance value of a T2FS. Zadeh [5-7] introduced
the concept of T2FS. Mendel [8] ran through the type-2 fuzzy sets. Takac [9] presented that type-2
fuzzy sets are too relevant to situations where we have additional uncertainties as type-1 fuzzy
sets and interval-valued fuzzy sets are specific instances of type-2 fuzzy sets. Kundu et al. [10]
presented a fixed charge transportation problem with type-2 fuzzy parameters from the viewpoint
of type reduction and the centroid. Mizumoto and Tanaka [11,12] and Dubois and Prade [13]
proposed the logical operations of T2FS. Afterwards, most of the researchers scrutinized theoreti-
cal [14-17] and application areas [18-23] of T2FS.Intuitionistic Type-2 Fuzzy Sets (IT2FS) provide
great uncertainty modeling [24] but they have crankiness and interpretability problems because of
their dual-layer acceptance functions. The Linear Diophantine Fuzzy Set (LDFS) was proposed to
enhance uncertainty modeling by integrating a linear Diophantine acceptance structure [25]. But
it has some restrictions in handling complex uncertainty, conjoining acceptances, and vigorous
decision- making situations. To overcome these restrictions LDT2FS expands LDFS by incorpo-
rating Type-2 fuzzy logic which proposes lower and upper bounds for both the acceptance and
rejection functions with reference parameters. A Linear Diophantine Type-2 Fuzzy Set (LDT2FS)
proposes upper and lower bounds for acceptance and rejection functions that is more flexible in
uncertain conditions while in LDFS we deal with single acceptance pair. This layout adequately
proposes overlapping fuzzy acceptances,upgrading fuzzy computational accuracy, and reinforces
multi-criteria decision-making (MCDM). By exploiting Type-2 fuzzy logic LDT2FS furnishes a
more vigorous and versatile approach for real-world applications that involve uncertainty like pat-
tern recognition,expert systems, and decision support systems. This uncertainty proposes greater
adaptability in presenting vague and unstable information. LDT2FS reinforces fuzzy arithmetic
operations,information retrieval methods, and multi-criteria decision-making (MCDM) make it
appropriate for implications in pattern recognition,robotics and artificial intelligence. Here in the
paper,we gave the idea of the Linear Diophantine type-2 fuzzy set (LDT2FS) whose type-1 accep-
tance is the ordinary fuzzy acceptance, and developing type-2 includes acceptance and rejection

with reference parameter as the linear Diophantine fuzzy set. The conviction of operations on basic
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sets and algebraic characteristics of these sets with various demonstrative examples are proposed.
Subsequently two set operators of which fundamental operation has to change a LDT2FS into an
ordinary T2FS are introduced and explain some characteristics of these operators. At the end we
give two distance measures, the Hamming distance and Euclidian distance of LDT2FS which are
demonstrated with an algebraic example. The major endowment of this article is:.

(i) The idea of Linear Diophantine type-2 fuzzy set is presented.

(ii) Few set-theoretic operations such as the union, intersection, and complement of LDT2FS are
proposed.

(iii) Various Characteristics of LDT2FS like idempotency, commutative, associative, distributive,
involution and De Morgan’s law are given.

(iv) Feasibility and Certainty operators of LDT2FS are explained.

(v) In this article two distance measures, the Hamming distance and Euclidian distance, are
proposed .

(vi) A relevant framework based on skill assessment is proposed, where we measure distance
of LDT2FS.

We categorize the rest of the article as follow. The preliminary ideas of this article are given in
Section 2. We presented linear Diophantine type-2 fuzzy set (LDT2FS) with numerical examples in
Section 3. Some set-theoretic operations of LDT2FS such as union, intersection, and complement
are explained In Section 4. The Characteristics of LDT2FS are corroborated in Section 5. In
Section 6 the Certainty and Feasibility operators of LDT2FS are interpreted. In Section 7, two
distances of LDT2FS with example demonstrating implementation of these distance in a actual-life
implementation grounded in skill assessment are conferred in Section 8. Eventually we have

conclusion in Section 9.

2. PRELIMINARIES

Before instituting LDT2FS we propose some vital concepts of T2FS and LDFS.
A fuzzy set whose acceptance degree comprises of imprecision i.e. the acceptance degree is a

fuzzy set and not a crisp set is said to be a type-2 fuzzy set (T2FS). A T2FS & is defined as

® = {((29B,2%), 03(28,28)) : V2B € Y, Vz§ € SUIZE C [o,1]},

while 0 < f15(z8 ,2%) < 1, be the secondary acceptance function and EUEZE be the primary accep-

—_—

tance of z8 € Y that is domain of {15 (z8, 2§). We can represent ® as:

G = fA fﬁ pz(%(z/%,zfy)/zﬁ) /z/ﬁg : Vz/Q'\B eY V¥ e M— C [o,1]},
2Be | Jzfem 2

whereas f f represents union over z8 and z§§. We exchange f by X in discrete case, where

—_—

secondary acceptance function {1(z8 , z%§) is expressed as:
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1 (23, 2%) = ﬁ 0 (29, 28)/75),
zi&e*)ﬁ;i\‘
. .

w/}lﬂe/\for a specific zfy = z“fy € %iﬁ,ﬁ&(zﬂ'},z(&y ) is known as secondary acceptance grade of
(28, 2%).

Example 2.1. Suppose the set “Business Adaptability” is expressed as T2FS &. The “Agile” be primary
acceptance function of & and the “degree of Agile” be secondary acceptance function. Suppose Y = {3,5,7)

is a Business Adaptability set and has primary acceptance of the points of Y respectively M = {0.7, 0.6, 1.0},
M5 = {0.4,0.9,0.8}, My = {0.3, 0.2, 0.5} . Secondary acceptance function of Y is given in table 1.

The set Y | Primary acceptance ED?’% ®
0.7 (0.8,0.4,0.5)
3 0.6 (0.5,0.2,0.3)
1.0 (0.6,0.9,0.5)
0.4 (0.5,0.8,0.3)
5 0.9 (0.6,0.4,0.5)
0.8 (0.7,0.6,0.3)
0.3 (0.8,0.2,0.5)
7 0.2 (0.9,04,0.1)
0.5 (0.1,0.3,0.9)

Table 1: Business Adaptability.

Now we define a linear Diophantine fuzzy set, let Y be the universal set. A LDFS £ on Y is

proposed as follows

£ = (25, (0e(2B), 06(28)), (7(28), 8(28))) : 28 € V),
whereas [flg(z/i ),17£(z/§\3 ),ﬁ(gﬁz ),5(2/{3 ) € [0,1] such that
0 < P(EB)e(zB) + 8(28)c(28) < 1, Y28 € ¥
p<P+6<L
We can write hesitation part as
£=1-(7(z9)0e(zD) + 6(29)ae(28)),

where ¢ is reference parameter.

3. LiNeAR DioPHANTINE TYPE-2 Fuzzy SET

Now let’s initiate the idea of Linear Diophantine Type-2 Fuzzy set and type-1 acceptance is
common fuzzy acceptance with secondary acceptance and rejection functions and reference pa-

rameters.
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A LDT2F & on z/i is defined as an object of the following form
6 = (2B, 25), (2B, 25), 06 (28, 2§)), (9 (2B, 28), 65 (25, 28))) : 2B € ¥, 2§ € M < [0,1]),
where the functions {4 (;Q\B ,;{%),17@ (;Q\B ,;i?}),ﬁ(nﬁ (;Q\B ,25}),5(’5 (zf%\ ,%) € [o0,1] such that
0 < P (28, 285) 16, (28, 2§) + 6, (28, 28)04 (28, 28) < 1, V2B € ¥, 2§ € M < [o, 1)\
0< P (29, 28) + 6 (29, 28) < 1
V8 e Y,%eim;% C [o,1].
We write LDT2F for discrete case as:
6 = 3(2 (258, 28), 05 (28, 28), 75 (23,285), 65 (23,28) ) /28) ) /28, 95 € [o,1)
For a continuos case LDT?2F is written as:

& = j; [j; (ﬂ&(z%,zﬁ),ﬁ@(zﬁ},zf‘;),)7(;5(22'3,2(&3),5“2%,2@))/2@))/2%,9%5 C [o,1]}.

BeV | JzFem—~
zB

Example 3.1. Let Y = {a, b, c} be a set and the primary acceptance of the points of;ﬁ\i is M, = {0.6,0.7,0.9},
My, = {0.2,0.5,0.7}, M. = {0.5,0.8, 1}, respectively. Then, the discrete LDT2FS ® is given by table 2.

The set Y | Primary acceptance EUEE ®
0.6 ((0.8,0.7),(0.4,0.5))
a 0.7 ({(v.4,0.5),(0.2,0.3))
0.9 ((0.6,0.9),(0.5,0.1))
0.2 ({(0.5,0.8),(0.3, 0.4))
b 0.5 ((0.6,0.7),(0.4,0.5))
0.7 ((0.7,0.6),(0.6,0.3))
0.5 ({(0.8,0.5),(0.7,0.2))
C 0.8 ((0.9,0.4),(0.8,0.1))
1 ((0.1,0.3),(0.9, 0.0))

Table 2: Discrete LDT2FS.
4. OreratioNs oON LDT2FS

Here we are going to introduce the operations like union, intersection and compliment to
proposed LDT2FS.
We take two LDT2FSs  and Bon Y .

éj:fA' ) [fA AA(p@(z%,z(&y),ﬁ@(z%,zio}),f@(ziﬁ,zﬁ),S@(Ziﬁ,zfy))/z@) /28,
zBeY z‘&e‘]ﬁ%
and
O A I A e N e e N ) ] e
zBeY zo",ewe%
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whereas M2 and M¥ C [o,1] are the domains of secondary acceptance function and reference
z% zQ8

parameters. We can find union of ® and B as:

GuUB = fA ) [ ﬁ _ (p@uﬁ(ziﬁ,r i (z8,7 ,7@@(%,7),S@U@(zis,?))/ﬂJ/ziz,
ZBeY | JreM_

z8

whereas ffﬁﬂ U ffﬁzi M C [o,1]:
B B )

‘u(ﬁu%(Z% 7) = q’(fg - #U(Z% ZC&)/Zg, ]; = ﬁ%(zii,;?)/;?]

ewtz”* Gem.
zB

applying expansion rule we get,

Bgus z% ~) f f z% z%) % y%(zﬂ} zq))/@(z?g, z§)
eaJtZ”* zqe‘)ﬁzq

—

where @ (25, zq) is the t-conorm of zi§ ans zq,

P‘@u%(ﬂ; A) f; W (H@(Z% Zﬂ) VHz;(Z% Zﬂl))/(zf?\/-;?)
i]e

’9693&2‘*

In the same way we get,

Vs (2 A) = f; = (UCF) (ZQ},Z{’S) A U%(Z%I%I))/(Z{? \4 ZJ)
‘KEEUEZ“ z4eM
28 z8
Pous (2 :) f = f; (V(ﬁ(Z% zZ§) v V%(Z% ZQ))/(Z@’ Vz~q)
w&% zqemez‘7
SousBD = [ [ (56825 1668, ) G vaD)
ge&m z

FEM g
1 2B
We can find intersection of ¢ and QS as:

GG = f?e Y[ ﬁ _ (ﬂ&m@(zﬁ?/Zc‘i),%n@(ﬂ%ﬂ?%?fzma(Zi‘/zo‘i),%m%(z@/zt?))/ z§)
zBe [z

/ZB ,
e
=%

whereas 9.122‘” N EIRZi = SUE’ C [o,1]:

zB zB
purs@7 = [ (360 5) (8,3 G i)
ez 5 zGeM= 5
i@ = [ oo (o) o 5 G a3
ewit Jz wzz’;
Pons (2 ~) :f f ZQ} Z‘&) /\7/3(2% zq))/(z‘f’y/\gi)
Fenct zqemt”
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S ( z% ) = f z% z?;) V (z%,z??))/(z{’(; A z§)
weweﬂ zqe“))izq

The compliment of & can be expressed as:

G = fA fA | 6228 % (Z% Zg) S(1-28) | /2B, 28 € ¥, 98 € [0,1]
ZBeY zf?eﬂﬁz,% 77(%(2%,28‘), (z% zi}) 2B
and
G — j; j; | <Z% Zg) <Z% Zg) 2| /28,28 € ¥, 98 ¢ [o,1]
abev  Jafen® | 6 (zﬂ) z§), 7 (ziB z§) 28
or

z8

oo - [ [ [ A[%(zg,z@,%@,@
dev | Jaeurt | 8 (28, 2F), 9 (28, 28)

Additionally there are some more operations on LDT2FSs that are given below.
7§ < zq,y@ (z% z§) < ‘u%(z% q) 17(6(2% z§) > v%(z% z%)
76 (z%,z%) < y%(z%,zq), (z% z%) > b (z%,zq)

(1 —z%g)]/gi,z’ﬁ €Y, M ¢ [o,1]

GcB sz(\v’z%ez‘l})(

and

—

005 (9,25) = g (28, ), 74(28,28) = 0428, 28),
V6 (Z% Z%) 7/%(2% Z‘i) & (Z% Z%) = & (Zi;r;qo)

& :f f V(V)(Z% z%) ft (Z% zi§)
2Be¥ ;‘f\yem;i\‘ 6(6(2% zi}) ym(z% z‘&)

For discrete case we replace f by Z.

b= B z'ff(v;%eik)[’ﬁy

/z%J 28,28 € ¥, 0 ¢ C [o,1]
zB

Let us take the an example to verify the Characteristics of LDT2FS.

Example 4.1. Let & and B be two LDT2FSs presenting the set Stress Level. The high stress is considered
as primary acceptance function of & and B. Assume degree of high stress level and degree of low stress level
as secondary acceptance and rejection functions of & and B. Let’s assume both & and B to be defined on Y
= {5, 10,15}, which are eventually represented in table 3 and 4:

The set Y | Primary acceptance *JJEE &
0.6 ({0.8,0.7),(0.4, 0.5))
5 0.7 ({0.4,0.5),¢0.2,0.3))
0.9 ({0.6,0.9),(0.5,0.1))
0.2 ({0.5,0.8),(0.3,0.4))
1o 0.5 ({0.6,0.7),{0.4, 0.5))
0.7 (0.7, 0.6),(0.6,0.3))
0.5 ({0.8,0.5),(0.7,0.2))
15 0.8 ({0.9,0.4),(0.8,0.1))
1 ({0.1,0.3),(0.9, 0.0))

Table 3: Stress level 6.
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and
The set Y | Primary acceptance EIJE/% B
0.4 ({0.5,0.6),(0.3,0.2))
5 0.1 ({0.3,0.4),(0.2,0.7))
0.2 ((0.2,0.9),(0.3,0.2))
0.8 ({v.4,0.2),(0.5,0.9))
1o 0.9 ({0.5,0.7),(0.6,0.4))
0.3 ({0.6,0.4),(0.4,0.8))
0.6 ({0.7,0.6),¢0.7, 0.6))
15 0.7 ({0.8,0.3),(0.6,0.4))
0.5 ({0.9,0.2),(0.9,0.5))

Table 4: Stress level B.

—_—

—_—

The union operator of & and B is 15 4(28,7)), Ve (2B ,;1?),77(%%(2% ), 050 (28 ,;;‘), that is

represented in table 5.

The set Y | Primary acceptance EITEE GuB
0.6 ({0.8,0.6),¢0.4,0.2))
5 0.7 ({v.4,0.4),(0.2,0.3))
0.9 ({0.6,0.9),(0.5,0.1))
0.8 ({0.5,0.2),(0.5,0.4))
1o 0.9 ({0.6,0.7),{0.6, 0.4))
0.3 ({0.7,0.4),(0.4,0.3))
0.6 ({0.8,0.5),(0.7,0.2))
15 0.8 ({(0.9,0.3),¢0.8,0.1))
1o ({(0.9,0.2),(0.9, 0.0))

Table 5: The union operator & U 8.

—_— —_—

—_— —

The intersection of & and Bis {54 (28,7)), V5 (28, 7), Pisnts (28, 7), S s (
in table 6.
The set Y | Primary acceptance iUE:B\ NS
0.4 ((0.5,0.7),(0.3,0.5))
5 0.1 ((0.3,0.5),(0.2,0.7))
0.2 ((0.2,0.9),(0.3,0.2))
0.8 ((0.4,0.8),(0.3,0.9))
1o 0.9 ({(0.5,0.7),(0.4, 0.5))
0.3 ((0.6,0.6),(0.4,0.8))
0.6 ((0.7,0.6),(0.7,0.6))
15 0.7 ((0.8,0.4),(0.6,0.4))
0.5 ({n.1,0.3),¢0.9, 0.5))

Table 6: The union operator & N B.

zB ,AT:), that is represented
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The complement of(oﬁ is (17@) (z/%, z@), g (;%, z(&y), 5(;3 (;i, zf?), 76 (z/%, z%)) /(1= ZEOE), that is represented
in table 7.

The set Y | Primary acceptance EITEE Ge
0.4 ({0.7,0.8),(0.5, 0.4))
5 0.3 ({v.5,0.4),(0.3,0.2))
0.1 ({0.9,0.6),(0.1,0.5))
0.8 ({0.8,0.5),(0.4,0.3))
1o 0.5 ({0.7,0.6),(0.5, 0.4))
0.3 ({0.6,0.7),(0.3,0.6))
0.5 ({0.5,0.8),(0.2,0.7))
15 0.2 ({0.4,0.9),(0.1,0.8))
0.0 ({0.3,0.1),(0.0,0.9))

Table 7: The complement &,

5. CuaracteRrisTIics oF LDT2FS

Now we introducs Characteristics for LDT2FS along with related examples. Let’s consider three
LDT2FSs 6, B and R we define these operations as :

(i) GubG=6 (Idempotency)

(ii) GUB=BUGand GUB=BUG (Commutativity)

(iii) (05 U ﬂ%) Uk =6 U (BU %) and (G_’) N %) n%=6n (BN %) (Associativity)

(iv) ((ﬁ U %) Nk = (GUB)YN (G Ui) and 6N (BU %) = (GnB)U(Gn i) (Distributive law)

(v) ((ef)c)c = & (Involution)

(vi) (05 U QS)C = $° N B and (Cf) N QS)C = Geu QOSC(De Morgan’s law)
Proof. (vi):(De Morgan’s law)

(Gud) =6 nge

6 —{ (29, 28), @16 (29, 28), 06 (28, 28)), (7 (28, 25), 8, (28, 28))|

and
= { (23 zq <#%(Z% 2‘1> VB(Z% ZQ» <VQS<Z% ZQ) O (Z% 24»}
S

_—

2i) 88,20
)_ (28, 2§ v zj), <uo(2% zT&) ( ) (z% %) A%(Z% ),
%(2% ) Vm( 2d)), ¢ (zQB 2§) A S (z% z4))

(608) = (28,25 v 20), ) (8573, z‘{f;) QS( 24), (06 (25, &) ) 0423, ), }

B

LH .
( ) { (=8, z‘{y) <H(B(Z% Z?Y) V(B(Z% z‘{?)) vz (Z% Z%) (B(ZQ}’Z@»}U
{ zB, zq (frgs( 2513 zq) V%(ZQg ZLI)) (7/3(

<7/@(Z% =) VVq;( /24)), (Z% 2§) A8 5(z8, Zfl)>

((EBUQ(’%)C _ (z% 1- (z%qu) (ym(z% z%) (z% zq)), <V(6<ZQ3 z?y) Vv%(z% z)),
()/m(z% z%) /\y%(z% zq) (6(5(2%,26&) Vv (z% zq))
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(28, (1-25) 1 (1= 30) (015 28, 78) A (8,20 0528, %) Vg (28,20),
(y(ﬁ(z% z‘{«;) AP (z% zq)) (6@(2% z‘{f;) v &g ( q

(0B = {(28,1-28), (1 (5, 28), 05 (8,2 (76 28, 28), 65 5, )

{ (28,1 - zq (y%(z% zq) v%(z% zq)) (y%(z% zq) (zﬂ?,zé))}

(Gusd) =bnge

Furthermore:

Gng) =6ude

6 = { (29, 28), 116 (2, 28), 76 (28, 28)), 7 (=8, 25), 8 (=8, 28))|

and

&ui%)cz

& = {(23,20), 0 (28, 20), 9 (23, 20)), (5 (2, ), 65(28, )
R.H.S

(60)= {3, ch,) ey z‘&) 7628, Z‘&)> (728, 28), 8428, 25) 0
{(28,20), (155, 20), 7s(28, 20, (P (29, 20), 65 (2%, zZ»}
(60 ){ (28,25 A 20) (28, 28) 1 iy (28,20, (728, ) v 9 28, 20), }
(76(E8,2§) A7 (28, zq>> (825, 25) v 8 (=5, 20))
{ 2B, 25 A 20), (168, 25) A g (78, 20), 0 (8, 25) v 9 (8, 0)), }
{ (P (28, 28) £ 7 (8, 20), (z% %) v 6g(28,29))
{z8

gy =] )

(z% 1- (z}}/\zq) (y(ﬁ(zﬂi z‘&) Vy%(z% zq)) (v(ﬁ(z% 28) /\v%(z% ;q)) }
(

(z

(6nB)
Pe z% z(’y) Vy%(z% zq)) (66 (z% z%) A b (z% zq))
%,(1 —z%}) (1 zq) (y(ﬁ(z% z‘&) Vy%(z% zq)) (vb(z% z‘{y) /\v%(z% zq)) }

<)/(5(z% z(’y) V%B(z% zq)) (6@(2% z?g) A by (z% zq))

GNB

GNB 28,1 -2§), (‘u(ﬁ(z% z(’y) i (23, zi§)> %(z% zg) & (23, z§)>}

(

(609 -

{(28,1-20), (058, 20), 5 (28, 20)), (6 (28, 20), 35 (8, 20))

(GnB) = Grude O

)=
) =

oy
e

GT)C

6. CERTAINTY AND FEASIBILITY OPERATOR ON LDT2FS

Here we are going to introduce Feasibility and Certainty of LDT2FS. For some situations we
need a gross result. From a LDT2FS, in the case where we need a gross result in T2FS, we will
have two operators which converts an LDT2FS into an common T2FS. Suppose G} is a LDT2FS
over Y and have primary acceptance function u, secondary acceptance functlon ‘u@(z,‘B z%) and
secondary rejection function v(ﬁ(z% ,z?y) with reference parameters 7 (Z‘B ,z‘E;) and & (z% zi})
then the two operators are:

(i) Certainty Operator:
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AG =
{<zi§,z§,ﬁ&(z,‘i},z§), 1- ﬁ(;.)(z%,zi?),)?&(z%,zﬁ), 1- ﬁ&(zﬁ},z@» 2B € 2B,z € M~ C [0, 1]}
(i) Feasibility Operator:
_ _ _ vh = _ _

{<z$,z§, 1- 9@(zﬁ3,z§),ﬁ@(z$,z§), 1- 5@(2%,23@,5@ (z%,z§)> 2B € 2B,z € SUE;E C o, 1]}
The operator can also be represented as:

AG = szeY (fz%eﬂnr} (ﬁ@(zi'B,z‘{‘;), 1-fi15(28,28), 74 (28,25), 1 - P (zﬁi,z‘{y))/z‘&) /z8
and

V6 = L@eY (fz’z?esm;i (1 — D (28,2%), 7 (29, 28), 1 - 5 (28, 28), 5 (23, ZC&)) /z?g) /28

We will replace f is by X in noncontinuous case. Definitely, if ® be a common T2FS, then
AG =6 = V6.

We will take an example for better understanding.

Example 6.1. Let Y = {a,b,c) primary acceptance of Y is J. = {0.6,0.7,0.9},], = {0.2,05,0.7}, ], =
{0.5,0.8,1}, respectively. The discrete LDT2F & is given in table 8.

The set Y | Primary acceptance EIJETB\ &

0.6 ({0.8,0.7),(0.4,0.5))

a 0.7 ({v.4,0.5),¢(0.2,0.3))

0.9 ({0.6,0.9),¢0.5, 0.1))

0.2 ({0.5,0.8),(0.3,0.4))

b 0.5 ({0.6,0.7),(0.4,0.5))

0.7 ({0.7,0.6),¢0.6, 0.3))

0.5 ({0.8,0.5),(0.7,0.2))

c 0.8 ((0.9,0.4),(0.8,0.1))

1 (¢0.1,0.3), (0.9, 0.0))

Table 8: The discrete LDT2F .

For this set & the Certainty Operator (A@')) is given in table 9.

The set Y | Primary acceptance *JJEE AG
0.6 ({0.8,0.2),(0.4, 0.6))
a 0.7 ({0.4,0.6),¢0.2,0.8))
0.9 ({0.6,0.4),(0.5,0.5))
0.2 ({0.5,0.5),(0.3,0.7))
b 0.5 ({0.6,0.4),{0.4, 0.6))
0.7 ({0.7,0.3),(0.6,0.4))
0.5 ({0.8,0.2),(0.7,0.3))
c 0.8 ({0.9,0.1),(0.8,0.2))
1 ({0.1,0.9),¢0.9,0.1))

Table 9: The certainty operator AG.
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For this set & the Feasibility Operator (V(g")) is given in table 10.

The set Y | Primary acceptance EITEE vH
0.6 ({0.3,0.7),¢0.5, 0.5))
a 0.7 ({v.5,0.5),(0.7,0.3))
0.9 ({0.1,0.9),¢0.9,0.1))
0.2 ({0.2,0.8),(0.6,0.4))
b 0.5 ({0.3,0.7),¢0.5, 0.5))
0.7 ({04, 0.6),(0.7,0.3))
0.5 ({0.5,0.5),(0.8,0.2))
c 0.8 ({0.6,0.4),¢0.9,0.1))
1 ({0.7,0.3),(1.0, 0.0))

Table 10: The feasibility operator V6.

Proposition 6.1. Here are few characteristics of Certainty and Feasibility operators of LDT2FS. For any
LDT2ES &:

(i) AG = V6,

(i) VG = AG,

(iii) AAG = AG,

(iv)VV6 = V6,

(v) AVGH = V6,

(0i) VAG = AG.

Proof. (i) A@ = V6

;%,;i??,%(;i\%%),l - ﬂ@(;%,%),

P (28, 28),1- 7428, 25)

. < 28,25, 0 (28, 28), (29, 25),
5@) (z%,z@),)?@(zi?,zﬁ-)

28,25, 0428, 28), 1 - 5 (=5, 25),

5(5 (zB, zi°§), 1- 5@(21'3,2@)

AAG = A < >/z/5§:z/%eY,z{”ye§IR;£§[o,l]

>
@ol‘

>/z/ﬁ\3 2B € Y,z e M < [0,1]

>
@ol‘
/|'|\

>/z/i§\ 2B € Y, z% €M~ C [0,1]

zB,z§,1 - &(zﬁ,zﬁi),v@ (z%,z@),
1-84(2%8,25), 8 (28, 2F)

&
°|
I
—N——
A

>/Z§3 ;28 e ¥, 2§ €M € [0,1]] = V6.

(i) V6 = AG

— 28,28, 1— 04 (2B, 28), 04 (28,28), \ —~ — . =

V6=V <Z 25,104 (2%,25), 94, (z3, 25) >/z%:z%ey,zge9ngg[o,1]
1-064(29,2%),06(2B,2%) z

Geel

VE— v <zﬁ3,23,17,(°5\(2§23),%(2§,2%),

g N >/Z/§:Z/%GY,ZE§GEIR¢BQ[D,1]
03(28,25), Y5 (28, 28§) z
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= EIT/AD /%//?/1_,\0 E//?/ 9
V6 — < 28,25, 1 (28, 25), 1 = (28, 25) >/z% 2B eY,zfeMy o]} = A6

76(28,28),1 - 94 (28, 2%)
(iii) AAG = AG
o Q'S, O,Aa/%,o,l—“/%,o, -~ < .. =
AANG = A < 28,28 Pﬁ(z,\ z5) H,(E(ZA 25) >/z% 1z8eY,zy e Mo C [0,1]
76(28,28),1 - 9428, 2%F) £
o 2B, 2§, 1 (28, 28), 1 - g (29, 25 :
AAG = <Z fz%/ﬁicg(z,?,z%), fi(g(z/?,zi‘y), >/z% z%eYz?;eiUtA [0,1]} = AG
V6(28,28),1 - 7428, 2%5)
(iv) VV6 = VG
. B,28,1- 2§ B, z§),
VW6 = v <Z 751 = 06 (2, 285), 06 (23, 25) >/z% 2B € ¥,z € Mg € [o,1]
-0 (z% z‘&) (z% )
o /%/’?/1_,\c SI.;/ % ,'\0 $/ & s o
V6 = < 28,285,1-04(28,25), 74 (28, 25) >/zﬂ3 B e, zfeMmy o} =6
1-06(29,2%), 0429, 2%)
V) AVG = VG
o, SB, 0,1—,\" 5, O/A" ’%/ o/
AV = A < 28 R V‘AB(ZA Zi?) V(AB(ZA ) >/z% 2B ey, z?gei’ﬁA [0,1]
1-06(29,2%), 0429, 2%)
v < 2B, z§,1—9&<z’ﬂ'§ 2F), 1-({-@(2&'@,@)), >/22'§
1- 6(6(293 z§),1- (1 — 04 (29, 2%))
whereas 28 € Y zi} €M C C [o,1]
: B,28,1 - 05 (28, 2§), 7 (28, 2§),
AVG — <Z =5 V“"<Z =5), 76 (28,25) >/zﬂ} z%eYz‘&eﬁmA [0,1]
1- 6@(2% z§), (ﬁ(z% z§)
=V6
(vi) VAG = AG
o EB, o,A° i}}/ 0;1_,\" Q.3/ o/
VAG = v< 28,285, 016 (28,28), 1 = 128, 25) >/z% 2B e ¥,z € M C [o, 1]
V629, 2%), 1—)7&(2% z¥)
TAG — < z8,zF,1-(1- y(ﬁ(z% z?;)) (z% z‘&) >/zfﬂ\3
1—(1 y(ﬁ(z% z§)),1 - y(g(z%,z"&)
whereas 28 € Y z‘{f; €M < C [o,1]
. QS/ s HE %/ /1 = [ /SB\//O\ ’
VAG — < 3,25 “i(ZA =) g (23, 25) >/z% 2B € ¥,z € Mg € 0,1
76(28,28),1 - 9428, 2%F)
= AG m

Theorem 6.1. Take two LDT2FSs 6 and 203, we have:
i) A(GUB)=AGUAB
(i) A(GNB) = AGNAB



14 Int. ]. Anal. Appl. (2026), 24:54

(ii)) V(G UB) = VG U VS

(i0) V(GNB) =V6EN VS
Proof. (i) A(GUB) =AGUASB

L.H.S:

_— =

(29, zi§\/zq) (y(ﬁ(z% z?;) \/y%(z% zq)) (v(ﬁ(z% z?;) /\V\B(Z% zq))
A(GUB)=A (P (28, 28) V)/%(ZQB z4)), (65 (2B, 2§) A by (2B, )
28 € Y, z(’y,zq €M < C [o0,1]

(28,25 v 20), o (28, 25) V 15 (28, 20)), (1 - o (5, =5)) 75 (8,2,
A(6u %)= P (28,25) v 74 (28, 20 (1 - 76 (28,28)) £ by (25, 20))
z%eYz‘{‘; zqeﬁﬁA o, 1]

(z% zi}qu) (y(ﬁ(z% 23) Vy%(z% zq)),

A(GUB) = ((1- (8, 28)) A (1 - g (28, 20))), (0 (28, 28) v 75 (28, 0)),

((1- yg(z% zi‘y)) (1 yg(z% zi§) 2B € Y,z§, zq €M C C[o, 1]

A (608) = { (23, 25), 1 (3, 25), 1 - 1 (2, 28)), (9 (3, 28), 1 - 7 (23, 25)) }U

z%eYz‘&efD?A [0,1]

{ (28, 20), 1 (28, 20), 1 - (2B, 20), (g (28, 20), 1~ 7 (28, 28)) } 6 A
z%eYzqe‘JﬁA [0,1]
A(GUB) =AGUAB
i) AGNB)=AGENAS
L.H.S: N o .
(28,2 A z}), <ﬁ/@)\(zﬁ3,z§) A pgi(zQ'B,zq)} <v(5(z% 23) v v%(z% zq)}
AGNnB)=A P (28, 28) A P28, 2 z4)), (8 (238, %)V 8y (2B, z))
z%eYz% zqeiIRA [0,1]

(28,25 A 20), 0 (28, 25) A g (28,20, (1~ o (5, zm)

—_—

A((%j N 53) - <7/(5(Z% ZC[S’) /\)/B(Zi; Zq)):((l V@(Z% 23)) ( Q}
z% ey, z?g,zq € EUEA C [o,1]

(28, 24)),
i)

"%
zq

—

(28,25 A 20), 0 (28, 25) A g (28,2000, (1~ (28, 28)) v (1= g (8, 20)))
A(GnB)= 76(28,28) A 7 8, 2)),((1 = 76(8,28) v (1 - 76,28, 28)))
ZQBEYZCJ; zqe‘JﬁA [0 1]

5(6508) = { (25, 28), (i (2B, 25), 1~ 15 (23, 28)), (7 (28, 28), 1 - 7 (28, 28)) }m

z%eYzﬁe‘JJtA [0,1]

{ (238, zq) (g (=B, zq) 1- u%(z% zq)> (=8, zq) 1- 9428, 2§))

=A6NAB
zﬂ?eYzqeiUtA [0,1]
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A(GNB) =AGNAB
(i) V(G U B) = VH U VB
L.H.S:
(238, Z‘&qu) <H@(Z% ) Vu%(z% Zq)> <Vaa(253 =% AV«zs(Z% Zﬂi)>
V((% U 23) =V (y®(z% 23) % y%(z% zq)), GF (z% z"[g) A b (z% zj))
2B € Y, z?y,zq €M < C [o,1]
(28, 2§ v z9), ((1 <( v (2%, z‘&)) ( —v%(z%,zé))x

(7(28,25) £ 94 (25, Z;))
((1- 6@(2% z%)) (1 8 (ZQB zq))),

A

(5@(;1'3\&{}) Og (z% zq)) z% ey, z&zq € SUEA C [o,1]

V(@_’) U %) _ (;%,z‘f’y),(l - v(;B(Z% z‘{y) vc)(zﬂ? z?g)) (1- 5(5 (z%,z%),éé(zﬁ,zﬁ)) U
z%eYz%eiD?A [0,1]

V((%uii%):

—

2B, 20), (1 - vg (28, 20), 05 (2B, 20)), (1 — b (=B, 24), b5 (2B, 7 .
{(z 20,41 - vg (28, 20), 0 (28, 2)), €1 - 84 (8, 20), 65 2 Zq”}vm%

z%eYzqeiUtA [0,1]

VGUB) =VHUVS
(V) V(GENB) = VvHEN VB
L.H.S: .

(z% zi}/\zq) <y®(z% z‘{f;) /\y%(z% zq)) (v(ﬁ(z% z‘f‘;) VvB(z% zq))
V((eﬁ N 23) =V ()/(,3(2% 23) A y%(z% zq)) Gr (z% 28) v &g (z% z))

28 € Y, z%,zq €M < C [o,1]

(28, 2 A zd), (( v@(z% zi})) ( —v@(z%,zc‘i))),

(v(ﬁ(z% z‘&) VV%(Z% ;ﬂ)
(1= (Z% 28)) V(1 b (Z% ZCI)))
(b (z% zi}) Vv bg (Z‘B zq)) 2B e Y, z%, zq € EUEA [0 1]
) (298, 28), (1 - vg (29, zi’y) D (zﬂ; 25)), (1= 66 (29, 28), 65 (28, 2§)) .
z%eYz%eiUEA [0,1]

V(@mﬁ%):

v(bnd
2B, 20), (1 - vg (28, 28), 0 (25, 28)), {1 - 64529, ,e%,A" -
(28, 2), (1~ vg (2, 2§), 95 (22 20), (1~ 63 (29, 24), 64 (28, 20)) VAV
2% € Y, zq €M < C [o,1]
V(GNB) =VHNVSB
By virtue of the above results, we can define the following relations.

Definition 6.1. For any two LDT2FSs & and B, we define the following relations.
[@3 ca Biff (Vz% € zﬂ?) 2§ < zq,<y(ﬁ(z% z§) < ‘u%(z% zi})> <77(;~)(zﬁ'3 z§) < P (zﬂ?,z??)ﬂ
[63 cv Biff (Vz% € zﬂ}) z§ < zq, <v®(z% z§) > v%(z% z%})> < (z% z%) (z/i,,%;])”
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Theorem 6.2. For any two LDT2FSs & and 203, we have:
(i) & cp Biff AGc AB
(i) & cy Biff V6 c VB
(ii)) & cp Band & cy Biff Gc B

Proof. (i) & cp Biff AG cAB
® cp B then (Vz% € z%) 2% < 74 <ﬁ&(zﬁ3,z§) < ﬁ%(z$,2§)>,<7&(zi§,z‘§) < )?%(zﬂ},:;?» There-
fore,

(1- 06 28,28) > 1- g (28, 285)), (1 - 76(28,28) 2 1~ 7y (28, 20))
hence L . o o o
(Vziﬁ € Y)zi}' < 27,<ﬁ@(zﬁ3,zi°§) < g (298,28),1 - 0 (28,28) 2 1 - ﬁ%(zﬁ,z§)>,
(76(8,28) < 76(20,25), 17 (28, 28) > 1= 74(28,20))
Therefore
AG c AB
Conversely if A& c AB then

(Vz% € Y)z‘{ﬂ; < zq,<y(5(z% z§) < fig (z% z‘&) 1- y(ﬁ(z% z‘{§) >1 ﬁ%(;%,%»,

- —_—

(76(8,28) < 74(28,20), 1 - 76(8,28) > 1- 74 (8, 20))
which implies that
Hcp B
(i) & cy Biff V6 c VB

—_—

® c, B then (VZSB € z%) 7§ < zq,<v(ﬁ(z§B z§) > v\B(z% zq)> < (z% z‘[‘;) (z% zq)> There-

fore,

(1-v6(28,28) < 1- vy (28,20)), (1 - 65 (8,28) < 1- 64(=8,20))
hence . o _
(Vzi% € Y) F < zq,< —vg(29,2§) < 1- v%(z%,gj),v@)(zi},z@) > v%(zﬁ,;q")>,
<1 B (2B, 2§) < 1 - by (2B, 24), 6 (28, 25) > 8@(25,227»
Therefore
V6 c VB
Conversely if V& < VS then _ _
(vZﬁ? c Y)Z% 32-27,< v (28,28) <1- vB(Z% 20), 05 (28, 2§) > v%(zfii\,;q")>,
<1 —5&(2%,23;) <1-d4 (z% zq) ¢ (z% z‘&) > b (zﬁ),z??)>
which implies that
G cy B
(iii) & cp Band & cy Biff GcB
If & Ca B and & cy B then:



Int. J. Anal. Appl. (2026), 24:54 17

(ETMEE %, (#6(:8,28) < 058,28 ) (75 (8,25 < f@(z%,;«?)>
d

Z\r;zq; e y) 5 <2, <v®(zﬂ} 2%) > vg (28, zi§)> < (29,28) > by (zﬁs;q)>

So,

(Vz% € Y) z§ < zq, <‘u(ﬁ(z% z§) < y%(z% z‘&) y(ﬁ(z% z%) < y%(z% zq)>

<v®(z% z§) > v%(z% ;5) (5(2% z%) > b (z%,zq)>

Hence,

GcB

Conversely if & C B then _
(Vz% € Y) 2 < zd, <ﬂ(°5 (28, 2%) < fig(28,2E), P (29, 28§) < ?%(zii,;?)>,
(16(8,28) 2 vg (=8, 28), 8,28, 25) 2 65(=5, )

ie. o o L
(V28 € V) 25 < 20, (85 (3,28) < (8, 28), (75 (28, 25) < 7528, 20))
and . .
(Vz% € Y) 2 < zd, <v0.)(z% zF) 2 vg (29, z‘&‘)> < (z% z?f) > 0 (20, 5})>
which implies that

(05 CaA 5103 and (%) Cvy % O

7. Hamming aND EucLipiaN Distance or LDT2FS

Now we propose distance measures of given LDT2FS. Suppose ® and B are two LDT2FS the
distances are:

(i) Hamming distance:

(28, 28) - (2, 28)

dy ((?3, si’s) =¥ry

_|_
+ ﬁj& (29, z%) — 7?{1% (29, z
s ‘

(i) Euclidean distance:

NI=

2

—_—

\n{% (28,25) - 1), (28,25)

2

vl (28,28) ~ v/, (2%, 25)

—

)7] (z% z%) (z% zq)

—

+ 5{% (zi’},z‘fy) - 5% (zf‘B,zii)

dE (03 2"3) = |zxx% 2

2
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—_— —

where z§ and z§ are primary acceptance functions of ® and B ,whereas {i and v represent
secondary acceptance and rejection functions of ®, [l and vg represent secondary acceptance and
rejection functions of Bwhile Y and 0 are reference parameters of ® and Yy and 0 are reference

parameters of B,

(Z% 2§, 6 ) represents the distance of secondary acceptance and rejection functions of:
zﬁi,z{'ﬂ; ( (z% z‘fs') (zﬁi,z‘f\;), ...... ,y (z% z{?))
o (v1 (28, 28), 02 (28, 28), s u%@(,{si,z;*})),
6 = © - >
(A(ﬁ(z% z§), (zﬂ? z§), oo ,ﬁf?(z%,z@)),
}5(2513 28) 62 (ZQB zi§) ...... ,62;’(2/5,;%))
and - o .
2B, 2, (ﬁlig(z@,z‘fsf), ﬁ% (28,2F), ......, y?(zﬁi,z{?)) ,
o (vl (28, 28), 02 (28, 28), s u%f*(Zs‘i,z;*})),
B = N 5
( ;(z% zi‘y) (z%,z%), ...... ,)ﬁzg(z%,ziﬂ),
( %(z,‘i},zﬁ),%(zﬁ},z{}), ....... 6‘%*(223,2@))

respectively. For our ease we have taken the distance of secondary acceptance and rejection
functions and reference parameters of & and B equal. We now illustrate this concept with an

example.

Example 7.1. Let Y = {a, b, ¢} be a universe and 6,8 be two LDT2FS on Y represented by in tables 11 and

12.
The set Y | Primary acceptance ‘Jﬁ/{; ®
0.7 ((v.4,0.5),(0.2,0.3))
0.5 ({(0.6,0.7),(0.4,0.5))
c 0.8 ({(0.9,0.4),(0.8,0.1))
Table 11: The LDT2FS 6.
and i
The setY | Primary acceptance N~ B
0.1 ((0.3,0.4),(0.2,0.7))
0.9 ((0.5,0.7),(0.6, 0.4))
c 0.7 ((0.8,0.3),(0.6,0.4))
Table 12: The LDT2FS 8.
dyy ((°5, ﬁis) = |04 —03|+ [0.5— 04| + [0.2= 02| + [0.3= 0.7 + [0.6 — 0.5] + [0.7 — 0.7] + |0.4 — 0.6] +

[0.5— 0.4+ 0.9 —0.8| + [0.4 — 0.3 + |0.8 — 0.6] + 0.1 — 0.4],

dyy (@ 2"3) = |0.1] + [0.1] + + [0.4] + [0.1] + 0.2 + [0.2] + [0.1] + [0.1] + [0.2] + [0.3]

dH(("s, si’s) —18.
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and

Nl—

0.4 — 037 + 0.5 — 0.4* + [0.2 — 0.2 +
[0.3 — D.7|2 + |0.6 — 0.5|2 + 0.7 — 0.7|2 +

de (6, B) =
£(6,%) 0.4 — 0.6 + |0.5— 0.4 + 0.9 — 0.8 +
0.4 — 037 + [0.8 — 0.6]> + [0.1 — 0.4
1
i (0"3 %)_ 0.1 + |0.17 + |04 + |01 + |02 + |
EAT 1027 + [0.17 + 0.1 + [0.21% + [0.37

de (6,8) = [042]2

dE (65, 203) = 0.65.

8. AN ExamMPLE

Example 8.1. Many variables that humans use in reasoning are inherently imprecise, and so fuzzy set
theory provides a natural framework for modeling uncertainty. Traditional fuzzy set theory provides a basis
for semantic variables, where values are expressed as words rather than numerical values. This is useful, but
in situations such as optimization problems simply representing a linguistic variable through a acceptance
function is not sufficient. This is because real-world situations often involve elements with both acceptance
and rejection grades with reference parameters, leading to uncertainty that conventional fuzzy sets cannot
fully capture.

In this sense, linear diophantine type-2 fuzzy sets (LDT2FS) provide a more rational and complete
representation introducing secondary acceptance and rejection grades. LDT2FS extends the classical fuzzy
set approach providing a dual-layer structure in which both the primary and secondary acceptance grades
are taken into account for a given element. This extended modeling capability is particularly beneficial in
complex decision-making applications.

A skill Assessment system is used to illustrate this point, evaluating a candidate’s skill levels under
different degrees of uncertainty. Taking into account both primary and secondary acceptance and rejection
values with reference parameters, LDT2FS allows a more precise and flexible representation of the candidate’s
skill level, leading to better result. This can improve decision support systems, ensuring more reliable results
in domains where precise but flexible reasoning under uncertainty is required.

Let C = Cy,Cy,C3,Cy be a set of candidates, and let S={Math,Physics,Chemistry} be a set of subjects
and L={Cognition ,Ingenuity,Logic} is skill levels set. In this system a candidate’s skills and their intensity
are represented through primary and secondary acceptance functions along with reference parameters. Table
13 details the skills needed for each subject, including their primary acceptance functions, intensity, and
secondary acceptance and rejection functions with reference parameters. Table 14 displays the skill levels of
the candidates. Both the subjects and the candidates’ skill levels are described using linguistic terms, which
naturally involve some uncertainty. To address this uncertainty, the parameters, skill levels, and subjects

for each candidate are modeled as LDT2FS. Tables 15 and 16 provide the Hamming and Euclidean distances
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for each candidate in relation to the respective subject. These distances are useful for assessing the similarity

or dissimilarity between a candidate’s skill levels and the skills required for the subject.

Math Physics Chemistry
Cognition | (0.68,0.08,0.71,0.08)/0.56 | (0.60,0.13,0.64,0.15) /0.49 | (0.69, 0.16, 0.62, 0.02) /0.57
Ingenuity | (0.63,0.11,0.63,0.05)/0.73 | (0.66,0.18, 0.68, 0.08) /0.60 | (0.69,0.16,0.45,0.03) /0.41
Logic (0.48,0.07,0.66,0.18) /0.77 | (0.63,0.11,0.59,0.07) /0.44 | (0.52,0.03, 0.63, 0.05) / 0.46
Table 13. Subjects vs. Skill Levels
Cognition Ingenuity Logic

C1 | (0.48,0.03,0.61,0.05)/0.58 | (0.69,0.16,0.62,0.02) /0.42 | (0.58,0.07,0.68, 0.08)/0.55

Cz | (0.73,0.21,0.73,0.04) /0.23 | (0.52,0.26,0.62,0.02)/0.42 | (0.47,0.06,0.64,0.25)/0.34

Cs | (0.38,0.05,0.26,0.68) /0.78 | (0.30,0.43,0.64,0.25)/0.72 | (0.63,0.19,0.91, 0.06, ) / 0.61

Cy | (0.91,0.06,0.17,0.80) /0.61 | (0.68,0.08,0.71,0.08) /0.66 | (0.62,0.21,0.48,0.03)/0.93

Table 14. Candidates vs. Skill Levels

Math | Physics | Chemistry
Cy| 076 | 0.63 0.74
Cy| 063 | 1.0l 0.96
Cz| 288 | 244 3.07
Cy| 303 | 191 24
Table 15. Hamming distance between Candidates and subjects.
Math | Physics | Chemistry
Cy [ 0.0954 | 00.3657 | 0.4176
Co | 0.0575 | 0.4988 | 0.128
Cs | 1.0186 | 0.8116 | 1.0991
Cs | 1.6017 | 0.7696 | 1.0112

Table 16. Euclidian distance between Candidates and subjects.

According to the minimal distance point principle, the least distance in Tables 15 and 16 reflect appropriate
skill levels of candidates. Table 15 shows that candidates C1, Ca, and Cy are proficient in Physics, while C,
has specialization in Math. In contrast, Table 16 reveals that Cy and Cy excel in Math, while C3 and Cy
are skilled in Physics. This indicates a potential shift or reevaluation of the candidates’ skill classifications,
possibly due to a reassessment of their abilities or changes in the data used for evaluation. The inconsistency
underscores the need to understand how the minimum distance principle is applied and whether external
factors might affect these outcomes.

Conclusion
The paper proposes a set of logical operations that allows Set-Theoretic Operations to Functional
Linear Diophantine Type-2 Fuzzy Set to help improve decision making under uncertainty. This

study seeks to establish different set-theoretic operations and functional laws towards Set-Theoretic



Int. J. Anal. Appl. (2026), 24:54 21

Operations to Functional Linear Diophantine Type-2 Fuzzy Set (LDT2FS) in an orderly manner.
It also describes the introduction of two important tools or operators which are the Certainty and
Feasibility Operators to facilitate the modification and use of the Type 2 Fuzzy Set. For comparing
LDT?2FS interpretations, two distance measures are examined, specifically Hamming Distance
and Euclidean Distance, which are supported by an actual implementation of a skill assessment
system. The research emphasizes that generalized LDT2FS has the potential to be an efficient
resource in designing decision support systems in not only intelligent transportation systems but
also in medicine and health care. Some notable future research endeavors are incorporation of
multi-fuzzy sets and fuzzy soft sets in extending LDT2FS, solving its topological aspects, and
devising aggregation operators for increasing its efficiency and usefulness in practical decision

making scenarios.
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