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Abstract. In this paper, we provide some generalizations of the concept of fusion frames following that evaluate their
representability via a linear operator in Hilbert C*-modules. We assume that Y¢ is self-adjoint and Y (9:) = R for
all £ € G, and show that if a g—fusion frame {(Ns, Y )lces is represented via a linear operator 7~ on span{Jis} e, then
7 is bounded. Moreover, if {(%g, Y¢)}zes is a tight g—fusion frame, then Y is not represented via an invertible linear
operator on span{Jis}scs, We show that, under certain conditions, a linear operator may also be used to express the

perturbation of representable fusion frames. Finally, we investigate the stability of this type of fusion frames.

1. INTRODUCTION AND PRELIMINARIES

The concept of frames has become an active and ongoing area of research in mathematics,
as well as in fields such as signal processing and computer science. The foundational work
on frames for Hilbert spaces was laid out in 1952 by Duffin and Schaeffer, particularly for the
analysis of nonharmonic Fourier series, as cited in [3]. This field gained renewed momentum in
1986 through the significant contributions of Daubechies, Grossmann and Meyer [2], leading to a
broader recognition and wide range of applications.

In more recent developments, numerous mathematicians have expanded the theory of frames
beyond Hilbert spaces to encompass Hilbert C*-modules. In particular, A. Khosravi and B. Khos-
ravi have been instrumental in introducing and developing the notions of fusion frames and
g-frames in Hilbert C*-modules [14]. For more detailed information, readers are recommended to
consult [4-12,15-28].
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This paper aims to explore g-fusion frames, denoted by { (N, Y‘f)}gez’ through the lens of
(possibly unbounded) linear operators.

Throughout the paper, we let A be a unital C*-algebra and H a countably generated Hilbert A-
module. We denote by {K;}scz a family of Hilbert A-modules, and by {J1:}:cz a sequence of closed
orthogonally complemented submodules of H. For each & € Z, we denote by End’ (H, K ) the set
of all adjointable A-linear mappings from H into K, and we write End’z (H) := End’z(H, H). The
orthogonal projection onto the closed submodule 9t C H (which is orthogonally complemented
in H) is denoted by Py,. For a given operator 7, we denote by N(7") and R(7) its kernel and
range, respectively.

Let Yo € End’;(H) be such that

Yo (7’() - Span{mg}éeZ/

and consider the Hilbert A-module

(Medsez) = {{fé}éez P fe €M,

Y e f]| < oo}.

éeZ
For f = {fc}eez and g = {g¢}cez in this module, the inner product is given by

f9= Z(fé/&:%

éeZ
which makes 52({9?5}552) a Hilbert A-module.
We define the (bilateral) shift operator 7~ on fz({%cg}gez) by
T({fg}gez) = {fe-1)eez, {feleez € 52({5“5}562)-

In later sections, we relate suitable families {Y¢}scz to Yo and T via iteration. . More precisely, in
the sequel we will often consider families satisfying Y: = 7¢Y,.

We now recall some standard notions concerning C*-algebras and Hilbert A-modules.

Definition 1.1. [1] Let A be a Banach algebra. An involution on A is a map u v u* from A to itself
such that, for all u,v € Aand o € C,

(1) () =u;
(2) (uo)* =v'u*;
3) (au+v) =au +0"
Definition 1.2. [1] A C*-algebra is a Banach algebra A endowed with an involution u v~ u* such that

2
(2 ul] = {lull7, ue€A.

Definition 1.3. [13] Let A be a unital C*-algebra and H a left A-module with compatible linear structures.
We say that ‘H is a pre-Hilbert A-module if it is equipped with an A-valued inner product

Y HXH > A

which is sesquilinear, positive definite and compatible with the module structure, that is:
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(i) (u,u)y =0 forallu e H,and (u,uy = 0if and only if u = 0;
(i) (qu+v,w) = n(u, w) + (v, w) foralln e Aand u,v,w € H;
(iii) (u,v) = (v, u)* forallu,v e H.
For u € H we define ||ul| == |[{u, u)|['/%. If H is complete with respect to this norm, then H is called a
Hilbert A-module (or Hilbert C*-module over A). For each 1 € A we also set |n| := (1'n)'/2.

In the next definition the family {9is}:cz consists of closed A-submodules of H, in the sense
of [14].

Definition 1.4. [14] A family {N¢}sez of closed submodules of H is called a fusion frame for H if there
exist constants 0 < A < B < co and a family of positive weights {vg}cez such that, for every f € ‘H,

AL fy < Y R Pu (), Pu(f) < BU P

éeZ
Now let H and K (& € ©) be Hilbert A-modules and let S be a subset of Z.

Definition 1.5. [14] Let A be a unital C*-algebra and let H be a Hilbert A-module. Let {Kc}se be a
family of Hilbert ‘A-modules. A family of adjointable operators

{Ag)ece CEnd i (H, Kr)

is called a g-frame for H (with respect to {Ks)cec) if there exist constants 0 < A < B < oo such that
A fy < Y (Nf Aef) < BUEL P, forall feH.
e
Fusion frames arise as a particular case of g-frames: indeed, taking K: = H and

As =vePy, E€Z,

we recover the above notion of fusion frame. More generally, any family of operators whose ranges
are contained in N for £ € S may be used in place of the orthogonal projections to provide an
extension of the idea of fusion frame.

Motivated by the notion of g-frames in Hilbert C*-modules, we now focus on the particular
situation where the range of each operator is contained in a closed orthogonally complemented

submodule. This leads to the notion of g-fusion frames.

Definition 1.6. Let {Nis}ccc be a family of closed orthogonally complemented submodules of H, and let
Y € End g (H, N ) for each & € S. The family

{(‘ﬁg, Yg)}gee

is called a g-fusion frame for H (with respect to {N¢)cecc) if there exist constants 0 < A < B < oo such that

A fy < Y () Ye() < B, feH,

£e

If A = B, the g-fusion frame is called tight.
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When 9t; = H for all £ € S, the above definition reduces to the classical notion of g-frames.

The synthesis operator
U . fz({gﬁg}geg) — H

associated with a g-fusion frame {(N;, Y)}ces is defined by

fc,- EEb ZY* fe

(e

The corresponding frame operator S : H — H is given by
Sf:ZYEYgf, feH.

£eS

A g-fusion frame {(Ng, T'c)}cec is called a dual g-fusion frame of {(Ng, Ye)}zes if

f=) Yilef,  feH.

£e

In particular, the family {(Ns, Y:S7!)}ece is a dual g-fusion frame of {(Ng, Ye)}zes, called the

canonical dual g-fusion frame. Indeed, for every f € H we have

f=8TSF =81 YiYef = ) YiYeSTS.

£es £es
Finally, let 7 be a linear operator on span{Jis}sec and let {Y¢}ees € Endy(H) be such that
R(Y:) €N, foreach & € G.

Definition 1.7. We say that the family {Y¢}scs is represented via 7~ if
TYg = Y5+1, e

Definition 1.8. A g-fusion frame {(9Ns, Y )}zes is said to be associated with a linear operator T~ if the
family {Y¢lees is represented via T in the above sense.

2. ON THE BOUNDEDNESS OF THE OPERATOR 7~

In the following section, let Y¢ be a sequence in End’; () such that for every & € S, R(Y¢) is

contained in N¢.

Theorem 2.1. Assume that for each & € S, Ye(Ne) = Ne and Ye € Endy(H) is self-adjoint. If

{(Ms, Ye)lees constitutes a g-fusion frame represented via a linear operator T~ acting on span{Nelces, then

9~ is bounded and
B
< < L=
L1711 < 4=

where A and B are the frame bounds. Moreover, if L denotes the shift operator on 62({§R,5}5eg) then N (U)
is invariant under L, i.e. LIN(U)) c N(U).
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Proof. If {s}ces is a sequence in N (U)~* such that gz = 0 except for finitely many &, then

(TU(Ig)), TU(Ige)) < BY (86,80

£eS

B
1 (U({geh), UgeD))-

IA

This implies that for every {h:}sec € N(U),

(TU(geh + theh), TU({get + he})) < g IU{ge} + the)IP

Since Y¢(N¢) = Ne and Yc is self-adjoint, we have N ¢ R(Y}) € R(U), which implies span{J} c
R(U).
Since span{s}cec € R(U), we conclude that for all f € span{N;}sce,

T )T () < = (f. fo

Therefore, 7 is bounded and ||77]] < \/g .
Since {(Ng, Ye)lses is a g-fusion frame represented via 7, there exists fo € H such that
Y.ees{Ye(fo), Ye(fo)) # 0. On the other hand,

Y Ye(fo) Ye(fo)) = ) (Yera(fo) Yera(fo))

€S EeG

= Y TYe(fo), TY:e(fo))

£e

< TR Y _(Xe(fo), Ye(fo))-

£e

This shows that ||77]| > 1.
To finish the proof, let {f:}zec € N(U). Then

U(Ife)) = ) Yi(fe) = 0.

e

Define the shift operator L on 52({%5}&@) by L({f:}) = {fc-1}. Then

ULAfe) = Y Yilfer) = ) Yea(fo)

£eG £eG
=Y TYi(fe) =T Y Ye(fo) =T UUf) = 0.
e £ec
Hence L({f:}) € N(U), and therefore N (U) is invariant under L. m]

Theorem 2.2. Let {(Ng, Y¢)cea be a tight g—fusion frame such that Y ¢ is self-adjoint and Y¢ (M) = N
forall & € S. Then Y¢ is not represented via an invertible linear operator T on span{dglscs.

Proof. suppose by the absurd that {(Ns, Ye)}zes be a g—fusion frame represented via an invertible

linear operator 7~ on span{i¢}secc.
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SoT¢Yy = Yeand so Y_z = 7Y for all £ € G. Similarly, replacing 7 by 7! in the proof of

where A and B are frame bounds of {(Ns, Ye)}cee and m € {-1,1}.
Since {(Ng, Y )}zes is a tight g—fusion frame, then A = B. So by 2.1

71 = 11771l = 1.

Therefore for every f € H,

IKF, OIF = KT T £, 7T p)lI2
< IKTf, THII?

<IK £ DI
This shows that 7 is an isometry. Thus for every f € Hand £ € S,

Y f, YePl2 = IKTEYof, TEYo IR = 1Yo f, Yo)ll2.

Hence

Y Yof Yofy = Y (Yef Yef) < B, ),

e £e

It follows that }. (Yo f, Yof) is a convergent series. So

IKYef, Ye Ol = IKYof, YofllE =0
forall f € H and & € S. Therefore for every f € H we have

f:ZYEI’Ef:O,

e

where {(0Mg, T'c)}ces is a dual g—fusion frame of {(Ng, Ye)}zes, a contradiction. O

3. STABILITY AND LINEAR INDEPENDENCE

Lemma 3.1. Lef {Y¢leec be a sequence in Endy(H) with R(Yg) C Ng forall & € S, If (Ye)ees is
represented via a linear operator T on span{Ng}cce and span{Y ¢} cecs is infinite dimensional, then {Y}sece

is linearly independent and infinite.

Proof. Assume that {Y¢}¢es is linearly dependent. Hence there exist constants 6y, . .., 8, such that

Zq: 0gYe =0
c=p

and g, # 0, for some p < &g < ¢. Set

a:min{é: pSéSq,(SgiO} and b:max{éz pSESq,(Sg;tO}.
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Then
b-1 b
Yb = Z dEYg and Ya = Z déYé
E=a E=a+1

for certain constants a; and aé, &=a,...,b. Thus for every i € N, we have

b-1
Ty =Y deT 'Y,
E=a

b-1
= Z dsY sy
E=a

b+i-1
= Y deYe
E=a+i
Similarly,
b—1—i

T, = Y dYe

E=a—i
Therefore, in addition to Y; = 7¢Y( show that span{Yg}a , 18 invariant under 7 and 7 L. Also,

we have

-----

Hence, span{Yg}geﬂ is finite dimensional, a contradiction. O
(=}

As an obvious consequence of Lemma 3.1, we get the following results.

Proposition 3.1. Let {(Ne, Ye)}cea be a g—fusion frame such that Y is self-adjoint and Y¢(Ng) = Ne.
Assume that T is a linear operator on span{¢}ces such that it has an extension to a bounded linear operator
T :H - HwithTY: =Y .. Let there exist ng € S such that Y., : H — Ry, is surjective.
3 E+1 0 0

If {Y¢)ses is represented via T, then {Y ¢} ses is linearly dependent.
Proof. Suppose that {(g, T'¢)}zes be the dual g—fusion frame of {(Ng, Ye)}cea.

Thus every f € H,

f=) Yile(f).

e
So T (f) = Leee Y; ,1Te(f). This implies that
T(Y(f)) = Z Y TeYi(f).
£eS
For every f € H we have

Y (f) = ) Vi eY(f): (3.1)

e
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Choose 0,0 € Ssuchthat 9 # 0 and ng ¢ {0-1,0,0 —1,0'). Let {Yg}geg denote the sequence
consisting of the same elements as Y¢, but with Yg and Yy interchanged. Clearly, that

Tg, £E+0,0,
e = 1“9/, =0,
To, E=0,

is the canonical dual g—fusion frame { (%5,?5)}565. From 3.1 we obtain

Yjor1 = ZYéHYés_lY]’o (3.2)

(e
Hence
Yjer1 = YoYo1S™Yjy + Yor1YoS Yo + Yy Yy 1571V + Yo 11 Yy Y,
+ Y, YeavsTy,
£¢{6-1,0,0' 1,0}

Then we have

Yjor1 = Yjor1
= ) YeuleY,
e
So,
Yior1 = YoYouuSYj + You1 Yo ST 4+ Yo Yy 1S + Yo YoSTYY,
+ Y YeaXssT,
£¢{0-1,0,0'-1,0)

Applying 3.2, we obtain

YoYo-157'Yj, + You1YoST'Yj + Yo Yy 1SN 4+ Yy Yy STUY
= YgYou1S7'Yj + Yor1Ye ST + Yo Yo 1SV + Yy 1 YoSTUY .

Now, we assume that 6 > 6" and 6’ = 0 + g, for some g € N. So

0 = YoYo-15"Yjo + You1YoS " Yjy + YorgYor(-1)S ™ Yjo + Yoi(g11)Yo+qS ™' Y5,
— You4qYo-15""Yj, — Yo11Y014S Yo = Yo Yo (;-1)S Yy — Yo (g1)Y6S ' Yji.
Hence
Y20-1S'Y 5+ Ya041S 7Y + Yora49-1ST'Y,
+ Yo(ouq)+15 )y = 2Ya01(-1)S 'Y,
2Y50+ (g+1)5 'Y, = 0.

We choose jo = 1o, where Y, is surjective.
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Since Y io and S71 are surjective, we have
Yoo-1 + Yoo+1+ Yo(e14)-1
+ Yo0+49)+1 — 2Y20+4(g-1)
= 2Y204(9+1) =0,

so Y is linearly dependent. m]

Theorem 3.1. Consider the sequence {Yg}ggg within End (H ), where for each & € S, Yg (H) C Ne.
Let {(Ne, Ye)}sea represent a g—fusion frame via a linear operator T~ acting on span{dis}ccs. Assume the
existence of constants n, B € [0,1), fulfilling the inequality

Z“‘ Ye - Ye)(f Z%Yé(f)H

forany f € H and all finite complex sequences {ae};_,. Under these conditions, the subsequent statements

<1

A.ﬂ“ (3.3)

are valid:

(i)

(1+ﬁ¢j<ﬂﬁs;;§4ﬁAaﬁ>sCfgvaiﬂﬂ,

where A and B are frame bounds of {(Ng, Ye)}cea.
(ii) If the span of Y¢ is infinite-dimensional and {Y,g}geg forms an infinite set, then {Yg}geg exhibits

linear independence.

Proof. Select] € S and define as = ¢¢ in 3.3, where
0 ifl#¢,
815 =
1 ifl=¢.
Consequently, for any f € H

I (F) = YOI < gl ()Nl + BIY ()N

Then
1 =BIY(AIl < (1+ YOIl
Thus
it = () i, v
This implies

2
Z‘&l(f),m(f»s(lf”) Zm(f),\{z(f))s(llf;7

€S €S

fwﬂﬁ,

where B is the upper frame bound of {(Jg, Y¢)}cea.
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Similarly, foralli € Sand f € ‘H,

— l—n 2
(), Yi(f ) Z(1+ ) XYif, Yif).

=)

Hence

2
;”) Y i, Yif).

€S

Z(Y\l(f)rYl(f)) > (11

€S

=

In conclusion,

Ry
Z(Yz(f)ﬂz(f)) > (;TZ) AL, ).

That is,

— 2 . 2
(iTg ‘/Z) < ;6<Yé(f)rYé(f)> < (114:;; \/E) f,

Let {a}?_, be a finite sequence in C with }7_, a:Ye = 0. Givenn € [0,1), by 3.3

n

Z Oé(ng =0.

&=1

As per Lemma 3.1, o = 0 forallk = 1,...,n. Thus, {Yg}gee is linearly independent. m]
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