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Abstract. This study addresses the analytical verification that a solution exists and that it is uniquely determined Bound-
ary value problems involving the Caputo-Hadamard fractional operator that contain nonlinear Volterra—Fredholm type
integrals and pantograph-type arguments under nonlocal boundary conditions, by making use of strategies that involve
constructing upper and lower solutions. By converting the fractional differential equations into an equivalent integral
form, a nonlinear operator is defined in a Banach space. Existence of a solution is shown through a fixed point theorem
(FPT) argument, and uniqueness is obtained by applying the Banach fixed point theorem under suitable assumptions.
The stability of the system is examined in the Ulam-Hyers sense, and controllability is verified using an appropriate

fixed point framework. A illustrating example is provided to exhibit the practical relevance of the theoretical results.

1. INTRODUCTION

Nonlinear differential equations play a central role in the modelling of diverse real-world phe-
nomena. Many natural and engineered systems exhibit hereditary, memory, or long-range inter-
action effects, and classical integer-order models often fail to capture their full complexity. This
has motivated the extensive use of non-integer order derivatives and fractional differential equa-
tions (FDEs) as accurate tools for describing such processes [1-5]. Fractional models, with or
without delay, arise naturally in numerous branches of science and engineering, including me-
chanics, viscoelasticity, physics, control theory, chemical processes, biological systems, economics,

and dynamical systems theory [8-11]. Considerable attention has therefore been devoted to the

Received: Jan. 6, 2026.

2020 Mathematics Subject Classification. 26A33, 45N05, 34B10, 47H10.
Key words and phrases. Caputo—-Hadamard fractional derivative; boundary value problem; Volterra-Fredholm inte-

gral equations; fixed point theorem.

https://doi.org/10.28924/2291-8639-24-2026-52 © 2026 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-24-2026-52

2 Int. . Anal. Appl. (2026), 24:52

qualitative analysis of linear and nonlinear FDEs, particularly their pantograph (0 < y < 1) with
existence, uniqueness, stability, and long-term behaviour [6,13].

Among various fractional operators, the Hadamard fractional derivative is distinguished by its
logarithmic kernel, which distinguishes it from the Riemann-Liouville and Caputo derivatives [7].
This operator is especially suitable for systems evolving on multiplicative time scales or with
logarithmic growth behaviour. Significant research progress has been made in the theory of
Hadamard FDEs, and many analytical properties, solution techniques, and qualitative results
have been established [?,13,14].

Parallel to these developments, FIDEs (Fractional Integro-Differential Equations) have emerged
as powerful modelling tools for systems involving combined local and nonlocal memory ef-
fects [17]. Such equations provide realistic descriptions of phenomena in acoustics, porous me-
dia, electrochemistry, polymer science, signal processing, chaotic dynamics, electro -magnetics,
astrophysics, medicine, rheology, and several other applied disciplines [6,11]. Consequently, ex-
amination of Volterra, Fredholm, and Volterra-Fredholm fractional integro-differential equations
(VFFIDESs) has attracted increasing interest [13,14]. These models can capture complex behaviours
that are difficult to describe using classical formulations, thereby leading to a growing body of
research on their analytic and qualitative properties [7,14].

In [8] The work addresses a family of nonlinear differential equations with several Caputo FIDEs

domain boundary restrictions.

DE[@"u(p) —a(p,u(p))] =i(p,u(p)), pel0,T],
u(0) =0, (D')(T)="Tu(T), °,e<1,0<".

In [9]Addressed for the existence of solutions to Caputo-Hadamard neutral FDEs with Dirichlet

boundary conditions are established.

DE[D"u(p) —g(p,u(p))] =fi(p,u(p)), <xv<yg,
u(1)=0, u(T)=0, pell,T].

Ntouyas [11] Addressed the existence of solutions for a FDEs governed by a fractional integral

type boundary condition.
‘Diu(p) =ilpulp)), g<vs,
u(0) =0, u(l)="Tu(), “eR 0<ae<l, 0<j<I.

Akiladevi et al. [10] Analyzed the conditions ensuring both Well-posedness of solutions in the

nonlinear neutral fractional boundary value problem
D [u(p) —alp,u(p))] = f(p,u(p)), <v<y,

u() =x3u(n), xeR, <n<g, <p<y,.
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A. A. Hamoud, [14] Examined the well-posedness of results for a Caputo-Hadamard fractional

VFIDEs under nonlocal boundary conditions.

2;1(0) = flp1(p)) + | t(p,nu(x)) oe+ / b, pels)

T
u(l) =up+ ‘f u(r)dr,
1
A. A. Hamoud [12] Examined the Well-posedness of solutions for nonlinear Caputo fractional
neutral VFFIDEs subject to a fractional integral boundary condition.

“DY [u(p) - alp, u(p))] = f(p, u(p), Ku(p), Qu(p)), <v<y,

u() =«x3u(n), <n<g <p<y.
Inspired by the preceding studies, we address a more comprehensive class Caputo-Hadamard
FIDEs, referred to as Caputo-Hadamard VFFIDEs with pantograph of the form

Dy, = y(p,ulp)ulyp) Sulp), Qu(p)),  ped:=[LT] (1.1)

with boundary condition,

u(l) =19, u(T) = 3B. (1.2)
Where, CHD’l< . is the Caputo Hadamard Fractional derivative k, the function ¢ : J X Rt > R
is continuous. A, B € R, y e (0,1), K(p) = flp k(p,s)u(s)ds, Qu(p) = ffq(p,s)u(s)ds. This
study investigates the conditions under which a system of pantograph with VFFIDEs, defined
via the Caputo-Hadamard derivative, admits existence, uniqueness, stability, and controllability
of solutions an area that has received limited attention in the literature. The analysis combines
several rigorous mathematical tools, including Schauder’s FPT, the Banach’s FPT, and Ulam-Hyers
stability theory, to establish a comprehensive theoretical framework for systems subject to nonlocal
boundary conditions. The paper proceeds as follows: part 2 presents the essential preliminaries
and key lemmas; part 3 develops the main results regarding existence and uniqueness; part 4
addresses the stability analysis; part 5 examines the controllability properties; part 6 provides
a illustrating example to demonstrate the applicability of the theoretical findings; and part 7

concludes the study, highlighting potential directions for future research.

2. PRELIMINARIES

This part outlines the preliminary concepts that will be utilized throughout the study.

Definition 2.1. [6] Let /1 be a suitable function. Then, the H-FIE of order « is defined as:

(H[;<+fz) (0) = ﬁ f,e (log(g))k’_1 @dr

Definition 2.2. [6] The CH-FDE of order m — 1 < x < m for a function his given by:
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(0500 =050 = o [ (7))

Definition 2.3. [7] Alternatively, the CH-FDE of order m —1 < x < m is also defined by:

(00)0) = g [ s ()

Lemma 2.1. [7] Letm —1 < x < m. Then:

3
-

Hrs, (MDY, h(0)) = h(0) - ) " xi(log 0), i€ R,i=0,1,..,m-1

i

I
o

Theorem 2.1. [4] [Banach’s FPT] Let (X,d) be a complete metric space, and let T : X — X be a

contraction mapping. Then T admits a single fixed point ¥ € X satisfying
I(x) =X

Theorem 2.2. [4][Arzela—Ascoli Theorem] Let [a,b] be a compact interval. If a sequence of
functions defined on [a, b] is both uniformly bounded and equicontinuous then one can extract a

subsequence that converges uniformly on [a, b].

Theorem 2.3. [4] [Schauder’s FPT] Suppose X represents a Banach space and let B subset of X be
a nonempty, closed, bounded, and convex subset. If X : B — B is a continuous operator so that the

set N(B) is compactly contained in ¥, then N has at least single fixed point in B.

3. WELL-POSEDNESS OF SOLUTIONS

This part is intended to prove the well- posedness of reults to Eq. 1.1 together with the criteria
in 1.2. To facilitate the discussion, we first state the lemma below.

Lemma 3.1. For 0 < k < 1, suppose that  is a continuous on C([1, T], taking values in R) is a

given function with continuity. If u belongs to C(J, R), then u fulfills the problem
Apr =9%(p), pe]:=ILT] (3.1)
with boundary condition,
u(l) =19, u(T) =9 (3.2)

iff, the function u solves the corresponding integral equation.
(Here, /(p, u(p), u(Ap), Ru(p), Qu(p)) = 9(p))

_ log(p) 1 (T T\ $s 1 (F P\ Hs -
u(p) = A+ log(T) [58 -A- ﬂj; (log ;) ?ds] + ﬁﬁ (log g) ?ds, peJ. (3.3
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Proof: Applying the Hadamard fractional derivatives HI’f . to right and left side of the given

fractional differential equation, we obtain:
"1y, DY u(p) = "5, 9(p), pe[L,T). (3.4)

u(p) —co—cilog(p) = ("I}, H(p), co,c1 € R

Now, we using property

1 P ‘0 x—1 555
u(p) = co +c1log(p) + Te fl (log E) ?ds (3.5)
The boundary condition u(1) = 2, implies ¢y = U, and the second boundary condition u(T) = 3B,
gives
1 P p k=1 Sjs
u(p) = A+ cilog(p) + Tx f; (log ;) ?ds
Hence,

1 1 P P x—1 95
o= i T(% - — fl (log g) ?ds) (3.6)

substitute o, c1,3.5 in ,we get

B log(p) 1 (7 T\ $s 1 (F
u(p) = A+ og(T) [23—‘21— T* J, (log;) ?ds]—i— T_K‘fl‘ (log

x—1
P ) 54 67
S

S

On the contrary, when u satisfies 3.1, then applying CHI’l" , to each side of 3.1, we obtain

1 1 T T k-1
HDy u(p) :CHIﬁ[?I—F o8 (p) [EB - (log g) %ds]

log(T) CTr

1 P p x—1 555

=9(s)

:¢(s,u(s),u(As),Ru(s), Du(s))
To rewrite 3.3 in a form suitable for applying theorem 2.3, we introduce the mapping 8 : B — B
by

_log(p) 1 (T T ds
(Nu)(p) = A+ log(T) [23 - A- ﬂfl (log ;) gb(s,u(s),u(/\s),ﬁu(s),Du(s))?]
ds

e fl (108 2) " wls.us) u(as), Sufs), L)%

S

(3.8)

A function u is a unchanged point of the operator N if it that satisfies the identity Nu = u. To
ensure the existence of such a fixed point, we formulate the assumptions that follow.
A1 Consider u*, u, € Bsuch thata < u.(p) < u*(p) <band

HDF, ux(p) = ¢(p, ua (p), 1k (Ap), Ruia (p), Qua(p) ) =
DY, u*(p) = (p, u* (p), u* (Ap), Ku* (p), Qu*(p) ) <
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A2 There exist non-negative constants Ly,La,Lg,La > 0so that forall p € 3 := [1, T] and for all
u, 1 € R, the nonlinear function ¢ : J X R* — R satisfies

[#(p,ulp), u(Ap), Ru(p), Qu(p)) - v(p, (p), w(Ap), Kii(p), Qi(p))
< L¢|u —U|+ Lyju—1u|+ Lglu—1| + Lglu—1.

(ie.)
Y (p,u) = (p, )| < Lylu—1l,

[P (u(dp)) —¢(u(Ap))l < Lalu -1,
IR(p,s,u) = K(p,s,u)| < Lglu—1l,
1Q(p,s,u) —Q(p,s, )| < Laju—1ul.

The function u, and u* are referred to as the lower and upper results for the system 1.1-1.2

respectively. The approach is initially built upon 2.3.

Theorem 3.1. If condition (A1),(A2) hold, then there exists at least single non- negative results for
the system 1.1-1.2.

Proof: Consider

E:{ueB|u*(p) <u(p) <u*(p), peS}.

provided with the norm |[[u|| = max,c3 |upl|, thus, we deduce Alu|| < b. Therefore, = is identified
as a convex,closed and subset with bounded elements in the Banach space C([1,T]). In addition,
since Y, AR, Q are continuous the operator N in 4 is likewise continuous on Z. Now, if u € &,(A3)

there exist non- negative constants My, M,, Mg, Mg such that

max{y(p,u(p)) : p €3, u(p) < b} <My,
max{g(u(Ap)) : p e 3, ultp) < b} <M,
max{R(p,s,u(s)) : p,s €3J, u(s) < b} <My,
max{Q(p,s,u(s)) : p,s €J, u(s) < b} <M.
Then
T x—1 S
(Nu)(p)l < [ o [ logT) u(suts) u(rs), Suls), Su(s) %]
1 1 s S (3.9)
f g2)" y(s u(s), u(ks), Su(s), Qu(s) =
|(Nu) (p)] < ] + |1Z§ (f;) | [ms 9+ %I(%,%,%, smg)|] + %Km Wy, M, Vi)
<21+ |B| + 2(log T)° |(My, My, Mg, Ma)l.

[(x+1)
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Hence, N(E) is bounded uniformly. Next, we show that the functions are equicontinuous of 8(Z).
For each u € E. Then for p1, p2 € J with p; < p2, we have

|(Nu)(p2) = (Ru)(p1)l
log(p2) —log(p1)
M

|[23 ‘?I—rl—K T(IOgg)K_l ¢(s,u(s),u(As),Ru( ), Qu(s ))ois“
flpz (log %)K_l ¢(S,u(8),u(/\s),Ru( ), Qu(s ))ds

§ (3.10)
_fl'pl (log %)K—l ¢(S,u(5)'u(AS),Ru( ), Qu(s ))ds

S

1 x—1
- rinp (log %) (s, u(s),u(As), Ku(s), Qu(s ))lé

log(g2)|[% €A+ 2(My +?Z<i?;ﬁ + Mg) [lo (%)]k

— 0 as p1 — p2. The convergence does not depend on u in E, which ensure that N(E) is

equicontinuous.Theorem 2.2 ensures that N : & — B is compact. The only requirement to apply

theorem 2.3 is to show that N(E) c E. For any u € &, then u,(p) < u(p) < u*(p) and by (A1), we
get

S
I'x

<A+

log T

(Nu)(p) =A+ i gE —-A— —f log s u(s),u(As), Ku(s), Qu(s ))cis]
i [ 108 ) ulssuts) a0, Su(s), ) 2
0 T K-l s
ioié%[ —QI—% (log E) U(s,u(s),u()\s),Ru( ), Qu(s ))ds]

ri fl ' tog2)” "Us, u(s),u(As), Ru(s), Qu(s )E
)

;og(T)[ _QI_FLK T(log g)K_l U(s u*(s),u*(As), Ru*(s),Qu*(s))%]

and

o T x—1
(Ru)(p) = A+ 10?;; [QS—?I— FLKJ; (log%) Ip(s,u(s),u(As),Ru( ), Qu(s ))ds]

S
s [ 1og ) glosuts)uns) uts), 2u(e)

S
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cut Eﬁé? oL f 105 1) L{s u(p), u(Ap), Ru(p), 2u(p)) ]
+%j;p logg) L(s,u(s),u(/\s) Ku(s), Qu(s ))a;s
log(p) L (M oe T as
U+ log(T) [QS—QI Tk (log ) L(s,u*(s),u*(/\s),ﬁu*( ) Qu(s )) s]
P k=1
—|—r1—K 1 (logi) L(s U4 (s), ux (As), Rux(s), Quy (s ))cis
< ux(p).

Hence, u*(p) < (Nu)(p) < u*(p), p € J.i.e.,R(E) C E By the theorem 2.3, the mapping N possesses
ensures the exists of a fixed point u € &.
.. It follows that the system 1.1-1.2 possesses a non-negative solution, concluding the argument.

We now proceed to a further result that relies on Theorem 2.1.

Theorem 3.2. Provided that assumptions (A1), (A2) hold,

2Ly + Ly + La + L) (log T)¥
p Ay FlatlatLo)(logT)® 3.11)
I'(k+1)

which guarantees the existence of a single unique solution to the system 1.1-1.2..

Proof:
According to theorem 3.1, the system 1.1-1.2 yields at least single non-negative solution. Thus, it
remains to verify that the operator introduced in 4 acts as a contractive mapping in =. In particular,

for every u, v € E, we have

[(Ru)(p) = (Na)(p)l

x—1
f (tog T) ¢(s u(s), u(As), Ku(s), Qu(s)) - (s, (ﬁs),ﬁ(As),R(ﬁs),Q(ﬁs))l%
+ —f log Y(s, u(s),u(/\s),ﬁu(s),ﬁu(s)) - yZJ(s, (us), (ﬁ)\s),Rﬁ(s),D(ﬁs))%
L‘P + L)+ Lg+ LQ) (log T)
< T+ 1) llu—vll.

Hence,
[[8u = K| < Alju—v||.

Therefore, using 3.11, we conclude that the operator N satisfies the contraction property. Thus,

based on the theorem 2.1, consequently, the system 1.1-1.2 has a unique non-negative results.

4. ANALYSIS OF STABILITY PROPERTIES

In this part, we examine the structural stability characteristics of the system 1.1 which is initiated

by analyzing the following inequality.

MDY, —p(p,ulp), u(Ap), Ku(p), Qu(p)) <e, peJ (4.1)
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DY, = ¢(p,u(p), u(Ap), K(up), Qu(p)) < ep(p),  pe3 (42)

for our analysis, the essential definitions are given below.

Definition 4.1. [13] The system1.1 possesses Ulam-Hyers type stability if one can find a non-
negative constant € > 0 so that, for every ¢ > 0 and for each results z € C(J, R ) of 4.1 corresponds
to a solution u € C(J, R) of 1.1 satisfying.

lz(p) —u(p)l < Cye.

Definition 4.2. [13] The system1.1 exhibits Ulam-Hyers stability if one can find function & €
C(RT,RT) with the property &(0) = 0, so that for all ¢ > 0, each solution z € C(J,R) of 4.1
corresponds to a solution u, v € C(J, R) of 1.1 for which the inequality

lz(p) —u(p)l < Fe
holds.

Definition 4.3. [13] The problem1.1possesses Ulam-Hyers—Rassias stability corresponding to ¢ if
there exits a constant ¢ fp > 0 such that, for every results z € C(J, R ) of 4.2, one can find a solution
u, it € C(J, R) ofl.1 satisfying

l2(p) —u(p)l < e Crp 9 (p).
Theorem 4.1. Assuming the assumptions stated in Theorem 3.2 are satisfied, the results corre-

sponding to 1.1 possesses the property of Ulam-Hyers type stability.

Proof: Let ¢ <0, z € u be a function that complies with the inequality 4.1

D5, —p(p, ulp), u(Ap), Ku(p), Qu(p)) <e,  VYpeJ:i=[LT] (4.3)

and u € C(3J, R) be the well defined results of the following Caputo-Hadamard VFFIDEs with
pantograph-type conditions

HD¥ = y(p,u(p),u(dp), Ku(p), Qu(p)), peI:=[1T]

with boundary condition,

By using lemma 3.1,we obtain

(o) = Au+ i [ (106 2) " wlsu(s) urs) u(s), 2u(s)
where,
Ay —?I—i—% - ——f log s, u(s),u(As), Ku(s), Qu(s ))‘15]

ds
s

+_f 10g s u(s),u(As), Ku(s), Qu(s ))
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conversely, provided that u(T) equals z(T) and u(1) = z(1), then A, = A,.
Indeed,

|Au— Azl =0

It follows that , A, = A,.

Accordingly, we arrive at

1 P p\<! ds
u(p) = A, + e ﬁ (log E) l,b(s,u(s),u(/\s),ﬁu(s),Du(s))?
An integration of the inequality 4.3 leads to

()~ A= | (108 2) " s 2(6), 2019), 82(s), 22() ] = 15

< |z(p) Ay - ﬁ 1P (log S)K_l gb(s,z(s),z(/\s),ﬁz(s), Dz(s))é

S

! |ﬁ f1 p (o5 g)l [6(5,2(6),2(15), 82(5), R2(5)) - (5, u(5),u(As), Ru(s), Su(s)| =

€ 28 (F p\<! ds
Sl—A+ﬂ 1 (logg) |Z(S)—u(s)|?

Here, £ = L¢|u —U|l+ Lyju—-1a|+ Lglu—-1u| + Lg|lu—1].
Where E-; Mittag-leffler function defined by

(e}

Z
E 1z = _ 4.4
12z kZOr(kK_’_l), zeC (4.4)

by apply 4.4, we obtain

E-, 1(2¢(logT)"*)
_ < .
z(p) —u(p)l < A €
= (SfE
Therefore, equation 1.1 satisfies is Ulam- Hyers stability.
Remark 1. By taking &(¢) = Cre. As a result,the problem 1.1 satisfies the Ulam-Hyers type
generalized stability.

Theorem 4.2. Consider the assumptions of 3.2 along with assumption (A4) hold.
In particular, there is an non-decreasing function ¢ € (3, R ") and a constant A, > 0 such that, for
every p € ], the inequality
<D, 9(p) < App(p)
is satisfied. Under these assumptions, problem 1.1 exhibits generalized Ulam- Hyers-Rassias

stability.
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Proof:

Define ¢ < 0 and z € C(J, R) be function which is satisfies the inequality:

"Dy, —y(p,ulp), u(Ap), fu(p), Quip)) <e,  peI:=[LT] s

andletz € C(J, R ) be the exactly one solution of the following Caputo-Hadamard type pantograph

with conditions.

Applying Lemma 3.1, we arrive at

ds

x—1
o) = Aot 75 [ (1082) s uts) ulhs) tu(s), 2u(s) T

where,

A= BB w a0 2) 7 yfs u(s) w9 ), 2u(e) 2
ds

+ % flp (108 E)K_l ¢(s,u(s), u(As), Ku(s), Qu(s))—

S

By integration of the inequality 4.5,we get

k-1
|z(p) -Ay - % jl‘p (log g) gb(s,z(s),z(/\s),ﬁz(s),Dz(s))%| =¢Cs,0(p)

Conversely, we have

P x—1 S
12(p) - ul(p)l <|z(p) - Au - ﬁ fl (108 2) ™ (s 2(5), 2(15), Ra(s), 8(5)) =

k=1 S

+% f(log%) |z(s)—u(s)|d?

\ P x—1
<eCro0(p) + %fl (IOgg) 1(s) —u(s)l§
By applying 4.4, we get
z(p) —u(p)l < e Csp (p)E-, 1(28(l0gT)*).  pe (1, Tl (4.6)

Thus, the equation 1.1 is Ulam-Hyers type generalized stability

5. CONTROLLABILITY

In this part, the for nonlinear system described by equation 1.1, we adopt the definition in
[15,17], [16] controllability:

Hp¥, = y(p,u(p),u(Ap), Ku(p), Qu(p)) + (Bv)(p),  peI:=[1T] (5.1)

with boundary condition,
u(l) =%, u(T) =19 (5.2)
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referring to equation 1.1-1.2. Moreover, the state variable u(.) belongs to the Banach space R, at
the same time the control input v(.) belongs to the space £2(3, U), which is a Space of admissible
controls, forming a Banach space with U as the associated Banach space. The operator B is linear
and bounded, acting from U in to R. A mild solution exists for the equation 5.1-5.2, which can be

expressed as:

(w)(p) = A+ izgéi ; [5-w- f ' (tog T)K_1 9(s,u(s), u(As), Kus), Qu(s ))‘is]
ds

x—1
+r1_1<f1p (o 2) " 9(su(s), u(rs), Ku(s), Tu(s)) S+ (53)

s
P x—1
FLK 1 (log g) l,b(s, u(s),u(As), Ku(s), Qu(s ))BV@

Definition 5.1. The considered system 5.1-5.2 is controllable within the J if, for any initial values
U, B in the Banach space R, there exist a control input (v)p € £ (T, (U)) such that the corresponding
mild solution u(p) fulfilled the conditions 5.2. To establish the conttrollability results for the caputo-
Hadamard fractional system 5.2, before presenting the theorem, the following assumptions are
stated A3. A5 The bounded linear mapping W £(J,U) — R be determined by

W, = ﬁ j;p (log g)K (Bv)(s) ds,

and its corresponding inverse W1 is well - defined on the space obtained as a quotient of

L2(3,U)/ ker. Furthermore, there is a constants M, M, > 0 satisfying the following conditions
Bl <M, W< M.
M1, M, > 0 so that |B|| < My and ||W™1|| < M.

Theorem 5.1. If the assumptions (A1)-(A3), (A5)the system characterized by equation 5.1 the
system is exhibiting full controllability within J

Proof:

Given the conditions outlined in hypothesis (A3), it is feasible to establish control based on the
attributes of any arbitrary function u( p). Consider the collection of functions Y1, which includes
all functions that are continuous u represented on the interval J that take real values, satisfy the

restriction ||| < 1.

e [ T) e [t ]

The goal is to demonstrate that the operator ¥ maps Y, into itself. Once this is established, the

Q(p) =W~

operator can be defined.

v =+ B0 L (g T S L[ ) S 59
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It holds that Yu(T) = B, demonstrating that the system defined by equation 5.1- 5.2 is controllable
on [1,T]. A fixed point for exists, with the control function v(p) defined as in equation 5.5, serving
as the generalized solution to the control problem. Using the control input Q)(p), the following

expression is derived:

B log( 1\ 1 Sf)S 1Y x—1 555
Yu(p) —QI—l—log( - ——f log ]—l——jl‘ (logg) —ds+

log(p) e Pl Py s
91+10g( - ——f z —ds]+r—fl(1ogg) ?ds]

It can be concluded that the operator ¥ is continuous. For any functionu € Y, and forall p € [1,T],

(5.6)

(B)yW!

the following relationship can be derived from equation 5.3:

T

B 10g(P) [y o 1 T\ 95, _fp P\t 9s
1)l = W=l [?I+log(T)[% R I' Jq (logs) ]+1"1< 1 (logs) sds '

log(p) 1 [T/ T\?
log(T)H[”%”_”QI”_ﬁﬁ (logg) ||¢(S,u(s),u(/\s),ﬁu(s),Qu(s))||ds]+

10 +

1Q(p)Il =Mz

sty ||¢(s,u<s>,u<As>,Ru<s>,Du@)“dsl

(5.7)
utilizing equations 5.8 and 5.7,we get

R R (0 ) S

log(p) 1 (T Kl s, 1 @
MiMs 91+1g(T>[%—91—ﬁf1 (logs) ]+ rxfl (log ) Zas 55
. 2(log T)*
< (1 + My, M)(21R01 + 1B]| + WW‘”’%'%’%)”)'

<N

Next, it will be demonstrated that the operator ¥ : Y, — Y, satisfies all the conditions of Theorem
2.3. The following proof, divided into several parts, show that the operator ¥ transforms the set
Y,, ={ueC(J,R) : lullo < y1} into itself.

Step 1: The continuity of ¥ can be established as follows: Consider a sequence u,, such thatu, — u

in Y,
I(¥un)(p) = (Fu) (I < 7 [ ' (108 L) 10(s, (o), t(A5), S 5), S 5))-
(s, u(s),u(ts), Su(s), Qu(s))ds
o [ (105 2) 7 oo (5 un(25), a5, Sn(5))-
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41(5, u(s),u(As), Ku(s), Qu(s))llds—i—

T x—1
<B)W_1[%f1 (log%) ||1,b(s,un(s),un(/\s),Run(s),Dun(s))—

lp(s, u(s),u(As), Ku(s), Qu(s))llds

e fl p (108 g)m 195, un(s), un(As), Kun(s), Qua(s) )~

gb(s, u(s),u(As), Ku(s), Du(s))llds
Due to the continuity of &, Q, it can be inferred that:

[[(Fun)(p) — (Fu)(p)ll = 0 as mn — oo,

Thus,¥ exhibits continuity over the set Y,1.

Step 2: Since YY(y1) C Y,,, it follows that the set ¥ (Y,,) is uniformly bounded, which implies
boundedness.

Step 3: Toillustrate the equicontinuity of ¥ (Y, ), let’s consider p; and p; from the set with bounded
elements [1,T]in C(J, R ), along with u from Y,,, where p; < p,. In this scenario, it holds that:

I(Fw)(p2) = (Fu) (po)ll

_ T x—1
s fa-n- o) st i

Fl_K \flpz (logE)K_1 Y s,u(s),u(/\s),Ru(s),Du(s))ds—
(

(
1 )K—l (

s,u(s),u(As), Ku(s), Du(s))ds

+ % sz (log %)K_ lp(s,u(s),u(As),Ru(s),Qu(s))ds+

1 T x—1
Tr J, (log —) l,b(s,u(s), u(As), Ku(s), Qu(s))ds]—l—
-2 k=1
R (log %) l,b(s,u(s), u(As), Ku(s), Qu(s))ds
1 x—1
-t 1p (log %) gb(s,u(s),u(/\s),ﬁu(s), Qu(s))ds

+ % " (log ?Z)K_l lP(s,u(S),u(AS)fRu(S)r QU(S))dS]
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<(1+ Bw-l)(|91| + @ log(%) I3 -
2(My + My + Mg + Mg) [ (&)]K)

F(K—Fl) P1

+

By considering the results from above steps and applying Theorem 2.3, it is established that ¥
is both continuous and compact. As p, approaches p1, the expression on the right tends to zero,
represented as [|(Yu)(p2) — (Yu)(p1)ll = 0. Applying Theorem 2.3 ensures that a fixed point exits
u, which solves the problem define by equations 5.1 and 5.2. Consequently, the system described
by 5.1 and 5.2 is controllable within the interval J = [1, T].

6. ExamPLES

Example 6.1. We examine the Caputo-Hadamard Volterra-Fredholm fractional integro-differential

equation subject to the imposed boundary criteria

1(sin(u(t)) 1 1 1 1 [® s
CHD%f’u(t):E{ 5 +Ecos(zu(t))+%ﬁe /9u(s)ds+£j: (4—e*/3)(us)ds}, tell,5]
(6.1)

with boundary conditions:

u(1) =0, u5)=1, (6.2)

Where, T = 5, = 1/3, p(t, u(t)) = S Q(t5,u(s)) = e=/%u(s), Qt, s,u(s)) = (4—e/)u(s).
here t= p and

[6(p,1(p), u(Ap), Ru(p), Qu(p)) - ¥(p, v(p), v(Ap), Ko(p), Q(p))
< 0.0833|u — v| + 0.00625|u — v| + 0.040125|u — v| + 0.02205|u — 7).

(ie.,)
[ (p,u)—¢(p, )| < 0.0833u — 1,

[ (u(Ap)) — ¢ (it(Ap))l < 0.00625]u — iil,
IR(p, s, u)—K(p,s, 1) <0.040125|u — i1,
1Q(p,s,u) — Q(p, s, )| < 0.02205|u — .
we get the value of

2(Ly + Ly + L + La) (log T)¥
po My tlitlatlo)logT)® oo o o 6.3)
[(x+1)

then, by Theorem 3.2, the problem has a exactly one solution.
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Surface Plot of psi (t,u(t),u(At),K(u(t)),Q(u(t)))

0.15
0.10

L]

=

E

Z B 0.05

8
0.00
—0.05
—-0.10

FIGURE 1. Graphical represented the nonlinear functions

W(t,u(t),u(At), K(u(t)), Q(u(t))),over J[1,5] illustrating existence and unique-

ness behavior. for example 6.1

Surface plot of the operator ¥ (¢, u(t), u(At), K(u(t)), Q(u(t))) illustrating the smooth and well-
behaved variation needed to ensure the exactly one of the result to the system of fractional inte-
gro—differential.

Now, the constant € f used in the Ulam Stability analysis is computed:

E-, 1(22(logT)* 1.5656
(1_(Ag ) e = = 260.¢

With ¢ = 0.5, we obtain: €re =2.60.0.3 =0.78 < 1

€=
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Surface Plot of psi(t, u(t), u(5t))

psi

4.5 0.32
5.0 15

FIGURE 2. Graphical represented the nonlinear functions
Y(t,u(t),u(At), K(u(t)),Q(u(t))), over J[1,5] illustrating its smooth varia-
tion and stable behavior. for example 6.1

The surface plotillustrates the variation of the operator ¥ (¢, u(t), u(5t)) associated with the given
fractional integro-differential system. The horizontal axes represent the time variable t € [1,5] and
the solution values u(t), while the vertical axis displays the computed ¥-values. The smooth
upward surface indicates how ¥ increases simultaneously with f and u(t), reflecting the combined
effect of the nonlinear sine—cosine terms, the exponential component, and the delayed argument
u(5t). This visualization helps to understand the operator’s behavior and supports the analysis of

the system’s stability and controllability characteristics.

Example 6.2. We examine the Caputo-Hadamard Volterra-Fredholm fractional integro-differential

equation subject to the imposed boundary criteria

H1/7
CHDY7u(t)

_%{0,01 sin(u(t)) +0.01 cos(u(%t)) + 31_6 fl 5 /9u(s) ds + 31—6 fl (4 B Yu(s) ds + (Bu)(t)},

tell,5],
(6.4)

with boundary condition
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The parameters associated with the theoretical framework of Theorem 5.1 are selected as follows:

M; =01, M;=05,
|0 =001, |1Vl =0.01,
T=5 «x=1% A=3
My =001, M, =001,

Mg =0.0028, Mg = 0.0028.

The controllability condition is verified by calculating the value of

2(log T)*

N = (1+ My, M)(2||A Bl + —————[|(Wy, Py, Vg, M .
(1 + My, My) (21120 + I+ T gy 1t A, D )

= (1+0.1(0.5))(2(0.01) + 0.01 + %(0.0584)) (6.5)
= (14 1.05)(2(0.01) + 0.01 +2.28(0.0256))

=0.0926 <1

Since, N < 1, all the requirements of Theorem 5.1 are verified. Hence, it follows that a controllable

element corresponding to the given system exists on the interval J.

WIE u(), u(At), k(ut), Qut)
W Value

—0.25

—0.50

=0.75

Ficure 3. Graphical representation of the solution u(t) over time and initial condi-

tion for example 6.2

The graphical representation behavior of the nonlinear operator ¥ (¢, 1(t)) corresponding to the
Caputo-Hadamard (FIDEs)under consideration. The horizontal axes represent the time variable
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t € [1,5] and the solution values u(t), while the vertical axis displays the computed values of
¥ (t,u(t)). This graphical representation shows how the delayed term u(At), the integral kernels,
and the control operator (Bu)(t) collectively influence the system’s dynamic behavior.

7. CONCLUSION

The principal objectives of this study have been accomplished. Through the application of
Banach’s contraction principle along with the fixed point theorem of Schauder’s, we established
rigorous well- posedness results for non-negative results of the nonlinear Caputo-Hadamard
VFFIDEs. Additionally, the system’s Ulam-Hyers and Ulam-Hyers—Rassias stability properties,
as well as its controllability, were demonstrated under appropriate assumptions. A illustrating
example was provided to confirm the applicability of the theoretical analysis. These findings

collectively validate the effectiveness and completeness of the proposed framework.
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