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Abstract. This paper intuitively gives a justifiable approach to enriched-type Jungck contraction. In [11][Common fixed
points theorems for enriched Jungck contractions in Banach spaces. J. Fixed Point Theory Appl. 23(4) (2021) 76], we
have noted that there is a technical error in the proof of the main theorem as well as the example and so we argue with a
counter-example. Moreover, we correct and prove it under an enriched general class of Jungck contraction using weak
compatibility, and an example is given to validate our result. In addition, we obtain the fixed points under generalized
enriched Presi¢ type contraction. Finally, we apply our result in proving the existence and uniqueness of globally

attractive equilibrium points for matrix difference equations.

1. INTRODUCTION AND PRELIMINARIES

For each self-mapping f on a nonempty set X, a point v € Xis called a fixed point of f if f(v) = v,
and we denote the set of all fixed points of T by Fix(T). The averaged mapping associated with
T is defined by T)(x) = (1 —A)I 4+ AT, where [ is the identity mapping and A € (0,1]. In 1922,
Banach [1] developed the important result in metric space theory to ensure the existence and
uniqueness of the fixed point of self-mapping on a metric space. The Banach contraction principle
effectively states that in a complete metric space (X, d) every contraction mapping f : X — X, that

is, any mapping for which there exists k € [0,1) such that
d(fx, fy) <kd(x,y), Vx,yeX

has a unique fixed point. Moreover, for every vg € X, the fixed point of f can be approximated by
the Picard iteration {v,}, defined by f(v,—1) = vy, for all n € IN. In the previous nine decades or
so, highly remarkable literature has been developed ( [31], [41], [42], [43], [44], [45]) using Banach
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contraction principle. Furthermore, some of its extensions have shown to be extremely helpful
and adaptable in handling a wide range of nonlinear problems, including differential equations,
integral equations, optimization problems, variational inequalities, economics and many others
(see [8], [23], [24], [25], [26], [27], [39] and references therein). Berinde and Pacurar [5] recently
improved the Banach contraction principle (in the case of Banach space) by proving the fixed point
result of enriched contraction mappings using Picard iteration of the averaged mapping. This

theorem is stated as follows:

Theorem 1.1. [5] Let T be a self-mapping on a Banach space X. If the mapping T is an enriched contraction,
that is, there exists b € [0,00) and 6 € [0,b + 1) such that

b(x—y)+Tx-Tyl| < Ollx—yll, ¥V x,y € X.
Then T has a unique fixed point and there is A € (0, 1] such that for each xy € X, the Krasnoselskij iteration
{xn} given by
Xp+1 = (1= A)xy + ATx,,n >0,

converges to a unique fixed point of T.

The proof of Theorem 1.1 consists of three fundamental phases, which are as follows:

(i) to prove the existence of the fixed point of the averaged mapping;
(ii) to show the uniqueness of the fixed point of the averaged mapping;
(iii) to utilize the well known fact that Fix(T) = Fix(T,).

Because of these factors, the study of enriched mappings has nowadays become one of the most
important and active research fields in nonlinear analysis. Given the importance of the averaged
mapping in the construction of enriched mappings, recently, Pacurar [12] provided an analog of

the averaged mapping for the case of operators defined on product spaces.

Definition 1.1. [12] Let (X, +, -) be a linear space, k be a positive integer, and T : X¥ — X be an operator.
For Ay, A1, ..., A =0, with Z?:o Ai = 1and Ay # 0, the operator T : Xk - X defined by

Th(uo, tt1, - .., ug-1) = Agtio + Aqug + -+ + Ag_qutg—q + AT (o, uq, - .., k1), (1.1)
U, U1, ..., uk—1 € X, is called the averaged mapping corresponding to T.

Remark 1.1. For k = 1, the equation (1.1) simply reduced to T)(up) = Aouo + AT (uo),uo € X, where
Ao + A1 = 1, which is the usual definition of averaged mapping.

Remark 1.2. In the case of averaged mapping, when T : X* — X, it is easy to prove that i € X is a fixed
point of T if and only if it is a fixed point of the corresponding Ty, where Ty : X¥ — X, for some A; > 0,
with Zi'(:o Ai=1and Ay # 0.

Let it € X be such that T (#,1,...,1) = i, so that

/\01/_1+A1L_{—|—"'—l—Ak_lﬂ—l—/\kT(ﬂ,L_l,...,L_l) = 1.
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It follows that,
(I-Apia+ AT (i, ..., 0) = i.

Since A # 0, we have T(ii, 4, ..., %) = ii. The converse is also immediate.

There are several approaches to studying the concept of enriched mappings. In [7], Berinde
initiated one of the outstanding works in this area, where he introduced the class of enriched non-
expansive mappings in Hilbert spaces by Krasnoselskij averaged mapping. He also employed the
Krasnoselskij iteration to approximate the fixed points of enriched nonexpansive mappings. After-
ward, Berinde and Pacurar [9] gave the concept of enriched Kannan mappings, which encompass
all Kannan mappings as well as certain nonexpansive mappings, and they investigated the set of
tixed points and showed a convergence theorem for enriched Kannan mappings using Krasnosel-
skij iteration in Banach spaces. Then they extend these mappings to the class of enriched Bianchini
mappings. In 2021, the same authors studied [10] the class of enriched Chatterjea contractions,
and subsequently provided some fixed point theorems for enriched Ciri¢-Reich-Rus contractions
in Banach spaces and convex metric spaces in [6]. Pdcurar recently presented [12] a general class of
enriched PreSi¢-type operators and proved the convergence of two separate iterative approaches to
the fixed point by establishing some criteria under which enriched Presi¢ operators have a unique
tixed point. She also provided a data dependency finding, which is used to demonstrate the global
asymptotic stability of the equilibrium of the k-th order difference equation.

Difference equations are typically used to explain how particular circumstances change over time.
For instance, if a population is made up of discrete generations, then the m-th generation v(m)
determines the size of the (m + 1)—st generation v(m + 1) as a function of the m-th generation
v(m). The difference equation expresses this relationship

v(m+1) = f(v(m)).

The study of global random attractors was started by Rulle [47]. Later, In [48], global attraction
was considered for a particular type of higher order nonlinear difference equations. For additional
information, see ( [49], [50]). In 2016, Abbas et al. [46] derived global attractivity for the following
sequence {U,} € d(N),

=

-1
AE(Upai)A, n=1,2,...,

=

un+k = Ql +

Il
o

i
where o(N) is the set of all N x N Hermitian positive definite matrices, Q is N X N Hermitian
positive semidefinite matrix, A is an N X N nonsingular matrix, A" is the conjugate transpose of A,
Y : 6(N) — o(N). Now we shall see some basic definitions and concepts that will be needed in the

sequel.

Definition 1.2. [51] Let X be a non empty set, and f, g : X — X be two operators. An element u € X is
said to be
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(i) a coincidence point of f and g if
fu) = g(u).
The value p = f(u) = g(u) is a coincidence value of f and g;
(ii) a common coincidence point of f and g if

flu) = g(u) = u.
Definition 1.3. Let (X, ||.|l) be a normed linear space. The mappings f, g : X — X are said to be
(i) commuting [2] if
fox =gfx, VxeX,
(ii) weakly commuting [19] if

I1fgx = gfxll = llfx—gxl, YxeX,
(iii) compatible [3] if
Tim [|fgx, — g fxull = 0
whenever {x,} € X such that 7}1_1)130 flxn) = 7}1_{%10 Q(xy) =t, for some t € X,
(iv) weakly compatible [4] if they commute at their coincidence points. That is,

flgu)) =g(f(w) =u,

where u is any coincidence point of f and g.

Remark 1.3. [33] Let f : X* — X, k a positive integer, we define its associate operator F : X — X by
F(u) = f(u,u,...,u),ueX. (1.2)
Clearly, u € X is a fixed point of f if and only if it is a fixed point of its associate operator F.

Definition 1.4. [33] Let X be a nonempty set, k a positive integer, and f : X* — X, g : X — X be two
operators, where F is an associate operator of f.
(i) An element u € X is said to be a coincidence point of f and g if it is a coincidence point of F and g.
(ii) The value p = f(u) = g(u) is a coincidence value of f and g if it is a coincidence point of F and g.
(iif) An element u € X is said to be a common coincidence point of f and g if it is a common coincidence
point of F and g.

Definition 1.5. [33] Let X be a nonempty set, k a positive integer, and f : X* — X, ¢ : X — X be two
operators. Then f and g are said to be weakly compatible if F and g are weakly compatible.

Remark 1.4. The following relationship between commutativity and compatibility was discovered in [4],
[38], [40];
(i) commuting mappings = weakly commuting mappings = compatible mappings.
(ii) However, compatible mappings are not necessarily weakly commuting.
(iii) Also, compatible mappings = weakly compatible, but weakly compatible mappings need not be
compatible.
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For further information on these concepts, see ( [19], [20], [22], [28], [29], [30], [32], [34], [35], [36],
[37], [38], [40]).
In 1936, Jungck [3] used a constructive approach of sequence to prove a common fixed point
theorem for commuting mappings in metric spaces. This work served as a foundation for other
popular fixed point theorems that use commuting and noncommuting mappings that meet con-
tractive requirements. In [16] and [17], Presi¢ proposed a new sort of generalization. Later on,

Ciri¢ and Presi¢ [13] proved the following result.

Theorem 1.2. [13] Let (X, d) be a complete metric space, k a positive integer, and f : X* — X be a mapping
satisfying
d(f(u1,u2, ey uk),f(uz, Uus,... ,uk+1))

< amax{d(uj,uiy1); 1<i<Kkl,

where a € (0,1) and uy, uy, ..., ux 1 € X. Then
(@) f has a fixed point i1 € X;
(b) for any uq,un,u3, ..., ux € Xand forn € N,

Uppk = f(Un, Uns1, - Unsk-1),
then the sequence {u,}’_, is convergence to il and
limu, = f(limu,, limu,, limu,, ..., limu,);
(b) in addition, if we suppose that

d(f(x,x,...,x), f(y,y,---,y) <d(x,y),

forall x,y € X, with x # vy, then il is the unique fixed point of f.

2. ErraTUM

In [11], Marchis extended Jungck’s [3] work and proved common fixed point theorem for a pair
of single-valued enriched Banach contraction which satisfies weak commutativity condition in

Banach spaces. The theorem is given below.

Theorem 2.1. [11] Let f and g be self-mappings on a Banach space X. If the mappings f and g are enriched
Jungck contractions, that is, there exists b € [0,00) and 0 € [0,b + 1) such that

Ib(x—y) + fx—fyll <Oligx—gyl, Y x,y € X, 2.1)
and the following conditions are satisfied:

(i) fi and g are weakly commuting mappings, where
falx) = (1—-A)xy + Afx,,n=0;

(i) fi(X) c g(X), and both fy and g are continuous.



6 Int. . Anal. Appl. (2026), 24:176

Then Fix(f) = Fix(g) = {a}. Moreover, there exists A € (0,1] such that the iterative method {gx, 1}

converges to a.

0

Remark 2.1. (i) Butindeed, in the proof of Theorem 2.1, page-5, line 31 in [11],
it is given that,
fafaxn — famll < c-llgfaxy — gaall < lIgfaxn — gall,

allowing n — oo in the above inequality,

lfra = famll < llga — gall,

from this, we cannot conclude that fya = fia; using the given hypothesis. However, the
author obtained incorrectly that fya = fja; and used this key fact throughout the proof to
arrive at the conclusion.

(ii) Also, on page-7, line 17 in Example 3.3 of Theorem 2.1 in [11],

it is proven that,

(x—y)(4x+4y-1) .

|(b-1)(x-y)| <6 =
But if we take x = 0, y = 1/4 and b = 5/7 in the above inequality, we get
1
— <
1 =0,

which is absurd.

Now, we present a counter-example which satisfies all the requirements of Theorem 2.1 but not

its conclusion.

Example 2.1. Consider the Banach space X = R with the usual norm. Define two functions f,g: X — X

byf(x):é, g(x):x—l—l,forallxeX.Alsotakeb:i,/\z% and 9:%.

_ 5x+12

By given assumptions, f)(x) , for all x € X. First, we verify that f and g satisfy the

enriched Junck contraction. Indeed, we have

1 1
b(x—y)—l—g—g < Olx+1-y-1|
= Olx-yl,
implies, [b(x—-y)| < Olx-yl

b < Oforall x#yeX.

Hence equation (2.1) is true, and so f and g satisfied enriched Junck’s contraction. Next, we prove

that f) and g satisfy the weakly commuting condition.

I1(8(x)) =g((x)l = fa(1+x>‘g( 15

5x—|—1)‘
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51+x)+2 (5x+2
- 15 _( 5 1)‘
_ |74+ [dx+17
N 15 15
|7 45x-5x—-17
N 15
10
15
2
Thus, |f1(g(x)) — g(fa(x))| = 3 for all x € X.
Now,
S5x +2
_ — 1=
A - g = || FE2)-1-4
|sx+2-15x—15
B 15
~|-10x-13
B 15
_ 10x+13
B 15
Hence, |fy(x) — g(x)| = % for all x € X. Therefore, it is clear that
10  10x+ 13
b QP .
5= 5 , forallx e X

So, fa and g are weakly commuting mappings. Now, we note that all the conditions of Theorem

1
2.1 are satisfied, however, ¢ does not have any fixed point, while f has a fixed point =

Hence, Theorem 2.1 and further results use Theorem 2.1, they all turn out to be invalid.
Remark 2.2.

To address this issue, we use the notion of weak compatibility instead of weak commuting,
which beneficially helps us prove Theorem 2.1 with the same conclusions but with a different

proof technique. Undoubtedly, the support of an averaged mapping is also needed.

3. MAIN RESULTS

In this section, we first obtain a fixed point result for generalized enriched PreSi¢-type contrac-

tions.

Theorem 3.1. Let (X, ||.||) be a Banach space, k a positive integer, and f : X¥ — X be a mapping for which
there exist b; > 0,i =0,1,...,k—1and (a — Zf;(l) bi) <1 such that

k
Z bi(ui —uip1) + f(uo,un, ..., ug—1) — f(ur,uz, ..., ux)
p
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<amax{|[fu; — fuipll; 1<i<k}, (3.1)
where uq,uy, ..., U1 € X. Then
(@) f has a fixed point il € X;
(b) for any uy,uz,u3,...,ux € Xand forn € N,
Uptk = f(u”/ Uni1,---y un+k—1)/
then the sequence {uy,}>’_, is convergent to il and
limu, = f(limu,, limu,, limu,, ..., limu,);

(c) moreover, if we assume that

If (. x) = f(y vyl < llx =y,
forall x,y € X, with x # vy, then il is the unique fixed point of f.

Proof. For any uy,uy,...,ux € X, define a sequence {u,} as follows;

Untk = f(un/un+1/- . -/un+k—1)/ n= 1/2/- ..

Denote
-1

Z —Ujt1) + Uy = Up |-
i=0
We shall prove by induction that for each n € IN,

Sy < My (3.2)

51 5 Sk

Where M = max{—,—,...,
1 [.12 ‘uk

and u = a!/k. By the definition of M, it is easy to see that (3.2)

is true forn = 1,2,3, ..., k. Thus by induction hypothesis, we have,

Sy < MY",Sq < Mu"™ 1,0, S, < M[J”Jfk—l,

Now, we prove that S, < Mu”*k.

n+k-1
Supk = Z bi(ui = Uiy 1) + Uk = Upsksr
n+k-1
= bi(ui —wiv1) + f (Un, thyg1, o tpsk—1) = f(Ung1, Ungo, - oo Untk)
i=n
< amaxflluy — uppll, Npg1 = tngall, - g1 — il (3.3)
We note that,
-1
1, — un-l—l” < Z ul+1 + Uy — Upg1||,
i=0
n
[ty 1 — Unsoll < bi(ui — uit1) + tp1 — Ung2||,
=1
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n+k-2
ety k1 — gkl < Z bi(ui = Uit1) + Uy yre1 = Unpk|
i=n—1
Now, (3.3) can be written as
-1 n
Supk < amax{ Z —Ujt1) + Up = U], Z bi(ui — tiy1) + tpy1 — Uni2
i—0 i=1
n+k-2
2 bi(ui = uit1) + Upyk-1 = Untk }
i=n—1
< amax{My", Mu"t, ..., Mu"t 1)
= aMy"
— M{.ln+k

n+k

Hence, we have S, < Mu""*. Next we prove that {u,} is Cauchy.

lln — tnipll - < IIMn — tpll 4 gy — sl + -+ + ||un+p-1 — Unpl|

< —Ujt1) + Uy — Upp1 —Ujt1) + Unp1 = Uni2
n+p-2
Z b uz+1 + Upyp—1 = Untp
i=n-1

< M!ln —l—M}/anrl—i-"'—l—Mfanrp_l
= Mp"(1+p+ P4+
= My"/(1-u).

cey

_|_

Therefore, we conclude that {u,} is Cauchy. Since (X, ||.||) is Banach space, there exists i in X such

that lim u, = i1. Then for each integer 1, we have that

n—o0

= f@@a,.... ol < i —upill + g = f(1 8. @)l

= ||1’_l - un+k|l + ||f(un/ Up+1,-- '/un+k—]) _f(l/_[/ If_l/~ . '/ﬂ)”

S ||a_un+k||+||f(1/_l,ﬂ,,ﬂ)_f(ﬂ,ﬂ,,Mn)ll
HIf(a, ... uy)— f(0@,8,... 0 U1l +.... ..
‘Hlf(a/ Un, Up41,+ -y Upyk— 2) _f(un/ Un+t1,-- ~/un+k—1)”
-1
< 1= il + Z —ui) + (@1, 1) = f(@,,...

i=0

ui— i) + f, 6, ... uy) — fF(,0,. .., Uy, Upi)

+...
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n+p-2
Z bi(ui —wip1) + f(, Un, thpg1, - Upyi—2)

i=n-1

_|_

_f(un/ Up41,-- -y un+k—1)

< i = gl + @l — wpll + amax{||iz — wall, [y — wpall}

- amaxlli = tgll, it = 1l Mits ko = skl

It is now immediate that
||a—f(l’_[/1’_l/'~/l’_l)” < 0 as 71 — o0,

Hence, we conclude that f(i,i,...,4) = #@. Thus, limu, = f(limu,, limu,,..., limu,). Now,
we show that the fixed point of f is unique. Suppose to the contrary that ¢ and i are two
distinct fixed points of f in X. Then f(3,9,...,0) = 0 and f(ii,i,...,7) = i. We have that
lla—oll = If(a4,...,a)— f(5,9,...,9)| < |li — 7|, a contradiction. Hence, i is the unique fixed

point of f. m]

Next, we prove our main result which is the correct version of Theorem 2.1 in product spaces

using the concept of weak compatibility.

Theorem 3.2. Let (X, ||.|l) be a Banach space and k a positive integer. Assume f Xk — Xand g: X—->X
are two mappings for which there exist b; > 0,i =0,1,...,k—1and (a - Zf;(l) bi) <1 such that

k-1
Z b,-(ui — ui+1) + f(u(), Uy, ... ,uk_l) —f(ul,uz, .. .,uk)
i=0

< amax{|lgu; — guiill; 0<i<k-1}, (3.4)

where f is an averaged mapping corresponding to f. Then the following assertions holds;

(i) If fo(X*) c Y € g(X), then f) and g have a unique coincidence point.
(i) If fa(x) and g(x) are weakly compatible, then f and g have a unique common coincidence point.
(iii) The sequence {z,,} defined by {z,} = fa(uun, thn, ..., 1n) = §(ttny1), n € N converges to the common
fixed point of f and g.

Proof. Let ug € X. Then fy (uo, to, - - ., to) € f1(X¥) € g(X), thus there exists u; € X such that
f/\(u()/u()/- . '1u0> = g(T/ll).

Further, fy(u1,u1,...,u1) € fA(Xk) C g(X), so there exists uy € X such that

filun, ) = glua).

In this way, we construct a sequence {g(u,)}n0, to € X and

falup—1, up-1,..., up—1) = g(un),n > 1.
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Now, let us denote { = Zf;(l] b; >0,and Ay = <

Ai=Ab;,i=0,1,2,...,k—1. (3.5)
On the other hand,
k k-1 k-1
Z/\iZZAiJr Z/\kb + A= (4 1).
i=0 i=0 i=0
Using (3.5) in (3.4), we obtain
k-1
Z Ui —ujy1 +f(u0,l/l1, . ,uk_])_f(ul,MZ,...,l/lk)
=0

< amax{llgu; — guitill; 0<i<k-1},

multiplying A > 0, we have

—uiv1) + A f(uo, ua, .. tgmq) — Axf(ua, Uz, ..., ug)

< aAymax{llgu; — guill; 0<i<k-1},

implies,

k=1 k=1
Z A — Z Aittipr + M f (wo, ua, - tgmq ) — A f(ua, Uz, .., ug)
- - < xmax{|lgu; — guiy1ll; 0<i<k-1},
where ady = x, fori = 0,1,2,...,k—1. Now, by using the definition of averaged mapping, we
deduce that

[fa(uo, ua, ... 1) = faur, vz, ..., )|l < xmax{|lgu; — guiall; 0<i<k-1}. (3.6)

For any n > 1, we have

gtn = uniall = fa(un-1,thn-1, -, thn-1) = fa(thn, thn, - - -, un)|l
< NWA(n-1, une1, oo 1) = fa(ttney, tn1, - o )l
Ffa (e, 1, -+ ) = fa (o1, tn1, -, U, )|
A (=1, U1, - iy i) = fa (-1, tn=1, .o U, U, i)l
o (s iy oy i) = fa(dn, th oyt (3.7)
Now by (3.6), we have the following observation,
fa (1, 1,y thn1) = fa(tn1, n1, - oo ti)l

< %max{or 0// s /OI ||gu1’l—1 - gun“}r

”f/\ (”n—lr Up-1,.-- /un) - f/\(un—lr Up-1,+-,Un, un)”

< xmax{0,0,,...,lIgus-1 — gull, 0},
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”f)t(un—lrun/ sy un) - f)\(un/ Upy oo, Up, un)”
< xmax{llguy-1 — guall, 0,0,,..., 0}
Substituting all the inequalities above in (3.7), we get

llgun — gunt1ll < x(llgun—1 — guall + lgun—1 — guull + - - - + Igttn-1 — gunll)
= xk(llgun-1— guall).

Take B = xk (choose suitable a such that xk < 1). Now by induction, we have

llgtn = gunrall < B (liguo — guall), n > 0.
Hence, {gu,} is a Cauchy sequence. Thus, by our assumption there exists @ in Y such that

lim ¢(u,) = #, and since Y C g(X), there exists p € X such that g(p) = i = nh_r)n g(uyn). Now,

n—00

we shall prove that g(p) = f(p,p,...,p) = @.
gun = fa(p,p, - Il = Wa(un-1, -1, -, un-1) = fa(p,p, -, )l
< Wfa(un-1, -1, up-1) = fa(tn-1, tin-1, -, p)ll
Hfa(un-1, 1, -, p) = fa(un-1, un-1,...,p, p)l
HlIfa (-1, un-1, -, 0,0) = fa(tn-1,tn-1,-- -, 0, 0, )l
oWl p,op) = alpop, )N

By the similar observation as above, we have

lgun — falp,p, ..., Pl < Bligtn—1 — gpll
< Blllgun—1 — guall + 1gun — gpll}-

By induction, we get

Igun = fa(p,p,--. Il < BHlIguo — guall + 1gun — gpll}-
Since B < 1, we deduce that ||gu, — fa(p,p,...,p)ll < 0 as n — oo. Hence we have gu, =
falp,p,...,p) = gp = ii. Now we claim that p is the only coincidence point for f) and g. As-
sume that there is some g in X such that gg = f1(q,9,...,9) # i.
lgp=gall = Walp.p,-- - p) =80 q,-- )l
< MWAap.p.---p) = falp,p, - P )l
Hiap.p,-p9) = 2o, q,9)l
Hfpp, a9 = Hhpp. 009l
+o e g0a,9) -84 )l

It follows that, ||lgp — gqll < Blgp — g9ll, which is a contradiction. Hence p is the only coincidence

point for f; and g. Now, we show that i is the unique common coincidence point of f; and g.
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Since, i is the coincidence value of f) and g, and p is the coincidence point of f) and g, we have
falp,p,...,p,p) = §(p) = . Since F is the associated operator of f) and by weak compatibility,
we get F(ii) = F(g(p)) = g(F(p)) = g(it). That is F(i1) = g(i1), which shows i is the point of
coincidence of both F and g. Therefore by definition, i is the point of coincidence for f; and g,
but we proved that p is the only coincidence point of f) and g, which shows i1 = p. Hence, i is
the unique common coincidence point of f) and g. Moreover, by remark 1.2, we conclude that i is

the unique common coincidence point of f and g. As, we proved i = lim g(u,+1), the sequence
n—oo

{zn} = falun, i, ..., uy) = g(Un41), converges to . O

Remark 3.1.

(i) In the particular case when b = 0 and k = 1, Theorem 3.2 reduces to Jungck’s Theorem [3].
(ii) Similarly, if we take b = 0,k = 1 and g as identity mapping in Theorem 3.2, we get the
Banach contraction principle. Meanwhile, when we take k = 1 and g as identity mapping

in Theorem 3.2, we obtain the enriched Banach contraction principle.

Now, we see an example that validates Theorem 3.2.

Example 3.1. Consider the Banach space X = R with the usual norm. For k = 2, define the mappings
f:X? > Xand g: X - X by

x_y+1, x+y<2,
_ ) 12 2
fley) =111y ]
- >
o Ty *tvz2
and
x 1
8(x)—§+11
forall x,y € X.
We first prove that,

1
Z bi(ui —uit1) + f(uo, u1) — f(ur, u2)

i=0

< amax{|guo — gu1l, |gu1 — gual}, (3.8)

for any ug, u1, up € R, by taking a = Z, bp =0and by = 21—0 Since by = 0, the left-hand side of (3.8)
becomes

;_O(ul ~u) + f(uo, 1) — f(ur, 1)

Now, the following 4 cases arise.

Case1: ug +u; <2and ug + up < 2.

Now,

Fluun) = L 2 ) =

N|—
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Thus,
Uog—u
f(uO’ ul) _f(ulfuz) = 012 2

Now, by applying the properties of modulus,

1 1 2
- — — < = — = — .
20(u1 uz) + f(uo,u1) — f(ur, uz)| < 12Iuo up| + 15Iul Up|

On the other hand, |gug — gu1| = %|M0 —ul|, |gui — gua| = %|M1 — U]
Thus,

3
amax(|guo — gual, |gu1 — gual) = 3 max(|ug — u1l, [ug — ual).

LetM = max(luo —uql, |lu1 — le), then |ug — 11| £ M and |uq — up| < M.

Therefore,

1 2 3

_ “M< =

12M + 15M - 8M
is true.
Case 2: ug +uy <2and ug +up > 2.
Now,

_ug—up 1 U —Up 1
f(uo,uy) = B +2, fug,up) = 10 +2.
Thus,
- (Mo - Ml) (Ml - Mz)
f(uO/ ul) —f(u1,u2) - 12 - 10 :
Hence,
l(u —up) + f(up,uy) — f(uy,uz) <l|u —u |—|—l|u — iy
2012f0,1f1,2_12012012-

Similarly, by taking M = max(|up — u1l, [u1 — upl), the inequality

1 1 3

_ —M< =

12M + ZOM - 8M
holds.

Also, it is easy to see that, for Case-3: ug + 11 > 2 and u; + u < 2, the inequality (3.8) holds.

Cased: ug+uy =>2and u; +up > 2.

_ug—up 1 U —Up 1
fug,uy) = 0 +2, fug,up) = 0 +2-
Thus
Ug— U
fluo, 1) = flur, ) = ==
Hence
1 up — Up 1 3
- — < - —
20(u1 uz) + THRE 10Iuo ui| + 2Olul u|

So that in this case as well, the inequality

1 3 3
i “M< =
10M+ ZOM - SM
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holds. Thus, in all the cases, we see that

" bilws = is1) + (o, 1) = f 1, u2)

i=0

< amax{|guo — gu1l, 1gu1 — gual},

for all up, u1 and u; € X. We now consider the averaged mapping

fauo, ur) = Aouo + Aruy + Aaf (o, u1),

where Ag =0, A1 = 3,
1

N — _
ow, fA( ) 3

fA(i 3)=3-5(3)

Hence, clearly, 1 is the unique coincidence point of f; and g. Moreover, we notice that f; and g are

weakly compatible. Thus, by applying Theorem 3.2, f and g have a unique common coincidence

) tl
omrt —.
pomt 3

4. APPLICATION TO PAIR OF MATRIX DIFFERENCE EQUATIONS

Now, we shall study the global attractivity of the sequence {U,,,x} € o(N)¥ defined by

Uy ik = 1+ZA§ A, n=12,..., (4.1)

and {U,+1} € o(N) by
Upir = Q2 + AP(U)A, n=1,2,... 4.2)

where o(N) is the set of all N x N Hermitian positive definite matrices, Q1, Q, are N X N Hermitian
positive semidefinite matrices, A is an N X N nonsingular matrix, A" is the conjugate transpose of
A, &:0(N)¥ - ¢(N)and ¢ : 6(N) — o(N). First, we recall some basic definitions and important

results.

Definition 4.1. Let X be a non empty set, k a positive integer. Assume f : X¥ — X is a mapping. For
given uy, uy, ..., ux € X, define the sequence {u,} by

Upik = f(thp, ns1, ..., Up1k-1), n=0,1,2,..., 4.3)
The point i is said to be equilibrium if it satisfies the condition:
= f(a,i,...,i).

Moreover, on the metric space (X,d), the equilibrium point i of the equation (4.3) is said to be global

attractor if for all uy, uy,. .., ux € X we have

d(uy, 1) - 0 as n — oo.
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For N > 2,0(N) denotes the open convex cone of all N x N Hermitian positive definite matrices,

endowed with the Thompson metric defined by
d(C,D) = max{InG(C/D),InG(D/C)}, ¥ C,D € 6(N),

where G(C/D) = inf{t > 0 : C < ©D} = v+ (D/2CD71/?) is the maximum eigenvalue of
D1/2CD71/2. Here R < S(S—R > 0) means that S — R is positive semidefinite and R < S(S - R > 0)
means that S — R is positive definite. Moreover, with respect to the Thompson metric d, (6(N), d)

is complete [15] and
d(C,D) =||InC™/>DC'/?|,

where ||.|| denotes the spectral norm. From [18], we observe that the Thompson metric exists on any
open normal convex cones of real Banach spaces. We now see some of the important properties of

Thompson metric:

(i) For any nonsingular matrix P and C,D € ¢(N),
d(C,D) =d(C!,D™) = d(P*CP, P'DP).

(ii) d(R!,S") <1d(R,S),forallR,S € ¢(N) and I € [0,1].

(iii) For any nonsingular matrix P and R, S € 6(N),
d(P'RP,P'SP) < |ld(R,S),1 € [1,-1].
(iv) For any C,D,E,F € 6(N),
d(C + D, E +F) < max{d(C, E),d(D, F)}.
Assume that the mappings & : 6(N)F — ¢(N) and ¢ : 6(N) — o(N) satisfy (3.4).

Theorem 4.1. The equations (4.1) and (4.2) have a unique common equilibrium point p € o(N). Further-
more, p is a global attractor.

Proof. Define the mappings f : 6(N)¥ — o(N) by
1o,
f(plf P2,-- ~/,0k) = Ql + E[A 5(p1/ P2,-- -/Pk)A]/
forall p1,p2,...,px € 6(N),and g : 6(N) — o(N) by

g(p) = Q +A"Y(p)A, forany p € o(N).

For Po,P1,P2,--+, Pk € G(N)/
d(f(po, p1, P2/ Px=1), fF(P1, P2/ -, PK))

1 1
= d(Ql + E[A*é(Pol P1,---,Pk-1)A], Q1 + E[A*E(PLPL : -~/Pk)A])

1 A AT Y N
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A
Denote H = —. Then H is also nonsingular. Using property (i) we have

vk
d(H*&(po, p1s - - - pr—1)H, H'E(p1, p2, - - -, pi)H) = d(E(po, 1, - -+ Pr=1), E(P1, P25 - -1 PR-)
Thus, (4.4) becomes

d(f(po, p1,p2,-- -, px=1), f(P1, P2, -, pi)) = d(E(po, p1, P2, -+ Pi=1), E(P1, P2, - -, PK))-
Similarly, we obtain
d(gpi, gpi+1) = d(Ypi, Ppis).
Hence,

k-1

Z —pir1) + f(po,p1,--, pr—1) = f(pr, P2, px)
=0

< amax{llgpi — gpit1ll; 0<i<k-1}.

Now, utilizing Theorem 3.2, we conclude that both (4.1) and (4.2) have a unique common global

attractor equilibrium point p € o(N). o

For a positive integer k, define the sequence {U,, .} C o(N)* by

Uyip = Q1 + ZA* U2, A n=1,2,. (4.5)
i=0
and {U,+1} € o(N) by
Upi1 = Qo+ A'UZA, n=1,2,..., (4.6)
where Uy, Uy, ... Uy € 0(N), Q1,Q; are N X N Hermitian positive semidefinite matrices, and |z| €

[0,1).

Corollary 4.1. Both the equations (4.5) and (4.6) have a unique common equilibrium point p € o(N).
Moreover, p is a global attractor.

Our final objective is to emphasize the Theorem 4.1 by giving an example with a numerical

approximation of the convergence of iterated sequence.

Example 4.1. Take N = 3 and k = 2. Assume & : 6(3)> = 0(3), ¥ : 6(3) — 0(3) and defined by
E(Uy, Up) = U%/z, Y(U) = U"?, where U, Uy, U, € o(3). Consider the recursive sequence as follows:

Up2=Q1+ 5 [A*Ul/ZAJrA*U}/flA] n=1.2,... (4.7)
Uy = Qo+ A'UY2A, n=1,2,. (4.8)
1 2 -1 02 0 0

whereA=|2 1 0],Q:1=|0 04 0],
-1 0 2 0 0 05
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01 0 0 310 7 3 2
Q=0 03 0|, U=[1 2 1|landU,=|3 7 3
0 0 07 0 1 4 2 3 11

Then after 42 iterations, we get the unique equlibrium point

61.50 50.01 —41
U~ Ugp =|50.01 4565 -31.93].
-41 -31.93 38.93

5. CONCLUSION

We found an obvious error in the main theorem of [11], thus, in this paper, we proved it under
suitable mapping called weak compatibility. Moreover, using Krasnoselskij averaged mappings,
we obtained a common coincidence point for a pair of mappings. In addition, we have showed
a unique fixed point for generalized enriched Presi¢ type contraction. A couple of examples are
given, one is to validate our main result and another as a counter-example to Theorem 2.1. In the
end, we used our findings to prove the existence and uniqueness of an equilibrium point in matrix

difference equations.
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