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1. INTRODUCTION

In recent decades, the concept of fuzzy metric spaces has emerged as a powerful extension of
classical metric spaces, offering a flexible framework for measuring uncertainty and proximity.
Its foundation was laid by Kramosil and Michalek [1] in 1975 and later redefined by George and
Veeramani [2] through continuous t-norms, forming the foundation for subsequent work in fuzzy
topology and fixed point theory. These foundational models laid the groundwork for further
developments in fuzzy topology, fixed-point theory, and its applications.

In parallel with these advances, the theory of 2-metric spaces [3], a higher-order generalization
of metric spaces, was investigated, in which the distance function depends on three variables
rather than two. Inspired by this multi-variable structure, Sharma [4] introduced fuzzy 2-metric
spaces, which extend fuzzy metrics by including three elements providing a richer structure for
handling multidimensional relationships. Subsequently, Sezen [5] introduced controlled fuzzy
metric spaces, where control functions enhance modeling flexibility for systems involving addi-
tional parameters such as decision networks or complex data structures.

Recent advances have demonstrated the utility of these frameworks. Moussaoui et al. [6],
Thangaraj et al. [7], and Tiwari et al. [8] developed fixed point results in controlled fuzzy metric
settings, while Samuel et al. [9] and Ishtiaq et al. [10,11] extended such results to generalized con-
trolled metric spaces with applications to fractional integrals, market equilibrium, and fractional
differential equations. Further studies [12-15] on fuzzy double, triple, n-controlled, and 2-metric
spaces provide the theoretical and application-oriented motivation for the present study, which
develops fixed-point theory in controlled fuzzy metric frameworks. This article contributes to this
line of research by introducing a new type of distance function called a controlled fuzzy 2-metric
space. It builds on foundational studies in the fuzzy metric space setting by integrating a higher-
order metric structure that accounts for three-point interactions, in addition to pairwise distances.
This framework is motivated by the need to model complex systems where triple interactions and
uncertainty coexist, such as multi-agent networks, distributed decision-making, and optimization
under uncertainty. By incorporating control functions, the framework regulates the influence
of each point, allowing the metric to capture dynamic inter-dependencies, consensus evolution,
and uncertainty tolerance more effectively than traditional fuzzy metrics. Mathematically, it in-
tegrates a continuous f-norm, a fuzzy set, and control functions to ensure reflexivity, symmetry,
and continuity, and coincides with the classical fuzzy 2-metric whenever the control functions are
constant.

To demonstrate its utility, we establish fixed-point results and apply the framework to dynamic
market equilibrium and multi-agent simulations. In such settings, participants make decisions
based on limited information and uncertain behaviors, and their choices often depend on one
another. Such complex interactions cannot be properly described using classical metrics that
measure only exact, fixed distances. In contrast, a fuzzy 2-metric measures the degree of closeness

among three interacting agents rather than just pairs, thereby accommodating collective behaviors
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and shared uncertainties in evolving markets. This integration bridges abstract fuzzy theory with
soft computing, distributed control, and dynamic equilibrium modeling.

The article is organized as follows. In Section 2, we review preliminaries and essential concepts
in fuzzy metric spaces. Section 3 introduces the controlled fuzzy 2-metric space, along with
illustrative examples highlighting the role of control functions. Section 4 presents a fixed-point
theorem in this new framework, including its potential applications for modeling dynamic market
equilibrium. Lastly, Section 5 provides simulation examples to demonstrate the effectiveness of

the proposed structure.

2. PRELIMINARIES

In this section, we present some definitions and results that are necessary for the main results

of this article.

Definition 2.1. [16] A t-norm "x" is a binary operation on [0, 1] that satisfies the following conditions:
(i) yxv=vxy Yy,vel01]

(ii) (vi*xy)*vy =11 % (y *x12), Yy, v1,v2 €[0,1];

(iii) v *x 1 =v,Yv e 0,1

(iv) vi xy < vy x a whenever vi < vyandy <a, Yvi,va,7,a € [0,1].

If x is continuous, then it is called a continuous t-norm.

Some well-known examples of t-norms (see [16]) are: for a,v € [0,1], a x v =
(i) min{a, v}(Standard intersection);  (ii) a - v (Algebraic product);, (iii) max{0,a + v — 1}
(Bounded difference).

Definition 2.2. [2] A George-Veeramani (GV)-type fuzzy metric space is a 3-tuple (O, M, %), where * is
a continuous t-norm and the function M : U? X (0,00) — [0, 1] satisfies the following axioms:

(M1) M(x,¢,v1) >0;

(M2) M(x,c,v1) =1, Vo1 > 0ifand only if x = ¢;

(M3) M(x,c,v1) = M(c,x,v1);

(M4) M(x,c,v1) * M(c,z,v2) < M(k,z,01 + v2) where  is a continuous t-norm;
(M5) M(x,g,.):(0,00) — [0,1] is continuous;

forallx, ¢,z € Oand vy,v3 > 0.
Lemma 2.1. [2] GV-type fuzzy metric M(x, c,v) is non-decreasing with respect tov > 0, for all k, ¢ € O.

Remark 2.1. [2] In GV-type fuzzy metric space (O, M, x), the following holds:
(i) If for some g € (0,1) and v € (0,00), M(x,¢,v) > 1—gq, for x,c € O, then there exists vy € (0,v)
such that M(x,¢,v) >1—q.
(i) Forany r1 > ryin (0,1), there exists g € (0,1) such that r, % g > ry holds.
(iii) For any q; € (0,1), there exists qo € (0, 1) such that o * g, > q1 holds.
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We begin by recalling the notion of a 2-metric and fuzzy 2-metric space, which serves as the

underlying structure for our subsequent analysis.

Definition 2.3. [3] A pair (O, d) is called a 2-metric space if d is a real valued function on O° that satisfies

the following axioms:

(d1) given distinct elements «, ¢ of O, there is an element z of O such that d(x, ¢, z) # 0;
(d2) d(x,c,z) = 0, when at least two of x, ¢, z are equal;
(d3) d(x,c,z) =d(z,¢,x) =d(z,x,¢), for every x,¢,z € O;
(d4) d

d4) d(x,c,z) <d(w,c,z) +d(x,w,z) +d(x,c,w), for every x, ¢, z,w € O.

Definition 2.4. [4] A fuzzy 2-metric space is a 3-tuple (O, M, %), where % is a continuous t-norm and
the function M : U® x (0,00) — [0, 1] satisfies following axioms:

(FM1) M(x,c,z,0) =0;

(FM2) M(x,¢,z,v1) =1, Yoy > 0 if at least two of {k, ¢, z} € O are equal;

(FM3) M(x,c,z,v1) = M(x,z,¢,v1) = M(c,z,%,01);

(FM4) M(x,c,z,01 +va+v3) > M(x,¢c,u,01) * M(x,u,z,02) * M(u,¢,z,03);

(FM5) M(x,¢c,z,-) : [0,00) — [0,1] is left continuous;

forallx,¢,z,u € Oand v1,vp,0v3 > 0.
The following definition of a controlled fuzzy metric space was given by Sezen [5].

Definition 2.5. [5] A controlled fuzzy metric space is a 3-tuple (O, My, %), where % is a continuous
t-norm and the function M : O? x (0, 00) — [0, 1] satisfies following axioms:

(Mp1) My(x,v,0) =0;

(Mp2) My(x,v,1) =1 &= x=v;
(Ma3) Mu(x,v,v1) = Ma(v, %, v1);
(Mp4) Mj(x,z,01 +0v2) > My(x,v,

forall k,v,z € O and v1,v; > 0.

3. INTRODUCTION TO CONTROLLED Fuzzy 2-METRIC SPACE

In this section, we lay the foundations of controlled fuzzy 2-metric spaces, illustrated by exam-
ples that connect the abstract definitions with a concrete understanding. We then define notions

of convergence and Cauchy sequences and establish related foundational results.

Definition 3.1. Let O be a nonempty set, f,g,h : 0> — [1, 00) be given functions and x be a continuous
t-norm. Assume that the fuzzy set M : O3 x (0, 00) — [0, 1] satisfies the following conditions:

(M1) M(x,v,¢,p)>0,VYx,0,¢,p, Vp > 0;

(M2) M(x,v,¢,p) =1, Yp > 0ifand only if at least two among «,v, ¢ € O are identical;

(M3) for all x,v € O with k # v, there exists ¢ € O such that M(x,v,¢,p) <1 forall p > 0;

(M4) for every p >0, M(x, v, ¢, p) is invariant under any permutation of (x,v,¢) € O%;
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(M5) forall x,v,c,a€ Oandp, >0,1=1,2,3,

3
p1 p2 P3
M LZED?//I— EIn///— ED,EIII—;
(K'”'G'Zp) (””f(ma))* (““ g(v,g,m)* (“”h(x,m)

=1
(M6) forall x,v,c € O, the mapping M(x,v,¢,.) — [0,1] is continuous on (0, o).

A triple (O, M, %) satisfying the above conditions is called a controlled fuzzy 2-metric space with respect
to the control functions f, g &h.

Remark 3.1. If the three functions f, gandh of the definition be fixed with the constant value 1, then we

can deduce fuzzy 2-metric space of Sharma [4].

Now we illustrate this concept with a series of examples to highlight the distinctive nature of

the approached definition.

Example 3.1. We consider the 2-metric space (R, d) [3, Example 2.2] whered(c,a,n) = |(c—a)(a—n)(n -
o)l, Y¢,a,n € R and define a function M : R? x (0,00) — [0,1] by M(x,a,7,p) = m
R, Yp > 0 where D : R® — [0, ) is defined by D(x,a,1) = d*(x,a,n), Vx,a,n € R.

Since d is a 2-metric on R, so M satisfies (M1)-(M4) trivially. To check (IN5), we consider k,a,¢,n € R;
p > 0wherep =Y> | p, with p1, pa, p3 € (0,00) and * min’ as the t-norm *.

, VK,a,1n €

Before going to the proof, we recall the following result:
a® + b > 2ab, Ya,b € R. (3.1)
Since d is a 2-metric on R, so
d(x,a,n) <d(x,a,¢c)+d(x,c,n) +d(can), VceR (3.2)
holds. Again using (3.2), we get

D(x,a,1) :dZ(K,a,n)
<(d(x,a,¢) +d(x,c,n) +d(a,m,c))
= (d(x,a,¢) +d(x,1,¢))* +d*(a,n, ) +2(d(,a,¢) +d(ic,n,))d(a,n, <)
<2[(d(x,a,¢) +d(x,1,¢))* +d*(a,n,¢c)] (using (3.1))
= Zdz(a, n,¢)+ 2{d2(1<, a,¢c) + dZ(K, n,¢) +2d(x,a,¢)d(x,1,¢)}
<2D(a,n, <) +2(D(x,a,¢) + D(x,n, <)) +2(d*(,a,¢) + & (x,1, <))
=4D(x,a,¢) +4D(x,n,¢) +2D(a,n,¢c).

Therefore, D satisfies

D(x,a,n) <4D(x,a,¢) +4D(x,n,¢) +2D(a,n,¢), ¥Yx,a,1,¢ € O. (3.3)
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Now,
P1 P2 P3
‘JJE(K,a,g, 4)*9)?(1@17,@, 4)*9ﬁ(a,n,c, 2)

. { p1 p2 p3 }
= min s / :
p1+4D(x,a,¢)" p2 +4D(x,1,¢)" ps +2D(a,7,¢)

Suppose that, min {EIR(K, a,c, %),‘JR(K, n,¢, %),im(a, n,¢, %)} =M(x,a,c, %). Then we have

P1 < P2
p1+4D(x,a,c) ~ p2+4D(x,1,¢)

or p1D(x,n,¢) <p2D(x,a,c) (3.4)

and

P1 < P3
p1+4D(x,a,6) ~ ps+2D(a,n,¢)

or p1D(a,n,c) <2p3D(k,a,c). (3.5
In this case,

EIR<KI a, T]/ p) - SI]’E(K/a/ G, %)

_ p _ P1
p+D(x,a,n) p1+4D(x,a,¢c)
_ plp1+4D(x,a,¢c)) = p1(p + D(x,a,1))
(p+D(x,a,1))(p1 +4D(x,a,¢))
_ 4(p1+pa+p3)D(x,a,¢) - p114D(x,a,¢) +4D(x, 1, <) +2D(a, 1,)}
- (p+ D(x,a,1))(p1 +4D(x,a,¢))
>0 (using (3.4) & (3.5)).

(using (3.3))

This implies, M(x,a,1, p) = min {EUE(K, a,c, %), fIﬁ(K, n,¢, %), EUE(a, n,¢, %)}. The other cases also

can be verified similarly. Hence,

y ) ( v ) ( r )
7 N * mt K/ 7 gl - N * EDE al 4 gl
f(x,a,¢) e gl Q) " an,<)
holds for the constant control functions f = ¢ =4, h = 2 in R. Thus (M5) holds for M. Moreover, M

is satisfies (M6). Therefore, (R, MM, min) is a controlled fuzzy 2-metric space.

M(x,a,n,p) = SUE(K, a,¢,

Example 3.2. Let O = R and defined a function M : O x (0,00) — [0,1] by
VIk—0)(v =) (c - )|
P

From the definition of I it is clear that IN satisfies (IMN1)-(M4) and (IN6).
For (M5), we define three functions

Ni(x,v,¢,p) :exp[— ], Vi, v,c €O, ¥p > 0.

flk,0,6) = Jlk=0)@=)(c =) +1, glk,0,6) = (k=020 )(c— ) +2

& h(x,v,¢) = |(K—0)(U—g)|(g—1<)2+1, Vx,v,c € O.
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Now, take x,v,z,c € Oand p = Z?:l p. with p1, p2, p3 > 0. Then, we have

F(,0,6) Yl =0)(0 =) (e = K| + 8(0,2,6) I -2)(z =) (e = )| +hlic2,6) Ik = 2)(z = ) (c = )
> Jlk=0)(0-c)(c =)+ 240 -2)z- )=o)l + yl(x-2)(z=c)(c— )|
> \Ite=0)(0-c) (e = 1) +1(0-2) (2= ) (c =) +1(x ~2) (x — <) (2= )

= \/I(K—U)(U—C)(C—K) +(@=-2)(z=¢)(c—0) + (k=2)(k =) (z = )

= V|- k20 + k02 — 02z + vZ2 + K2z — k22|

= \/|(K—U>(U—Z)(Z—K)|

which implies

f(i,0,¢) Ik =) (v = ¢)(c —x)l N 8(v,2,¢) \/I(v—Z)(Z—C)(g—vN+

P1 P2
h(x,2,6) VI(k —2)(z = ¢)(c = «)|
P3
, foc) \/I(K—:)(v—s)(G—K)I N g(v,z,¢) \/I(v—;:)(z—c)(c—v)lJr
h(x,z,¢) (k= 2)(z = ¢)(c =)l
p

| =)=z
p

Henceforth,

~ f,0,6) Vilk=v)(v-c)(c—x)  g(v,2,¢)VI(v—2)(z=¢)(c—0)|

pP1 P2
h(x,z,0) VIk=2)z=c)(c =)l __I(=0)(0-2)(z=x)|

P3 P
Fc0,9 E—DE=DE0| __(_s0,20) IE-DE=IE=0)
pP1 P P2
exp(hwz,c) ME=TE=3TG —K>l] ) exp[— S(CEDEDICE ")')

or exp [—

P1 P2 P3
or M|«x,v,¢c, —— |- M|v,z,c, ——— |- M|,z ¢, <M(x,v,z,p).
( : f(K,v,c)) ( : g(v,z,c>) ( : h<K,z,c>) (k,0:2,p)

Thus M satisfies (IN5) with respect to the ‘product’ t-norm and the control functions f, g, h defined above.
Therefore (R, M, ) is a controlled fuzzy 2-metric space.
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Example3.3. LetO = AUBwhere A = (0,3) and B = [3, o). Then definea function M : 03X (0,00) —
[0,1] by

1 if and only if atleast two of k,v, & z are equal
M(x,v,2,p) = eXp(_zlp) ifx,ve Aandz € B

exp(—m) ifk e Aandv,z€ B

exp(- % ) otherwise

forall x,v,z € O and for all t > 0. Now, (M1)-(M4) holds for M. So, we verify the axiom (IM5) for the
defined M. For, we consider a function f : O° — [1,00) by

1 ifn,v,weA

f(x%,v,w) {

max{x, v, w} otherwise.

forall x,v,w € Oand take x,v,x,w € U, p = Zf’zl p, where p, € (0,00), 1 = 1,2,3. Then we have the
following cases:
Case-I: k,v, n € A. Therefore M(x,v, %, p) = exp (%)

(a) Let w e A. Then

(b) Let w € B. Then

w w w
“ovlag) o) el

3
=exp (— Z pl] <M(x,v,x,p) (assimilar as case I(a) ).
=1t

Case-II: x,v € A; x € B. Therefore Wi(x,v, %, p) = exp (;—:})
(a) Let w € A. Then

p1 P2 p3
M(“’ x, uw)) M("' STy %,m) M(“’ 0 o, x, )

o (_1).ex (_L).ex (_L)
P o P %p2 p %3

3
=exp (—Z ,Dl] < exp (—%) < exp (_%ip) = M(x,v,,p).

=1
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(b) Let w € B. Then

p1 , P2 P3
oo ) o ) 2 )
w ) ( max{x,%,w}) ( max{v,w,%})
cexp|————— | -exp[-—————

—o (__ max{x, w}pz max{w, x}p3

wp1
2 1
—exp
Tleo(5)-eo| -2

Case-III: x € A; v, x € B. Therefore, Mi(x,v, %, p) = exp (M)
(a) Let w € A. Then

Mw

<M(x,v,%,p) (as similar as case1l(a)).

o ) 2 ﬂ—) e )

~ ox _max{x,v,w} oxp [ — v%w max{K,% w}
=eXpl——————— | eXp max{o, %} p2 exp|—

(b) Let w € B. Then

( max{v, w} ) ( max{v,%,w}) ( max{K,%,w})
=exp|-— | -exp|-——— | -exp |- ————

max{v, w}p; ax{x, w}ps p3

3
< H exp (—l) < exp (—%) <M(x,v,x,p) (as similar as case I11(a)).

L

Therefore, for all k,v, x,w € O and p1, p2, p3 > 0, M satisfies (M5) :
P1 P2 P3
M > M — | %M —|xM —_—
e C ) Rl G o Rl G o)

with respect to ‘product’ t-norm and defined control function f. As (I6) also holds for IN, henceforth
(O, M, -) is a controlled fuzzy 2-metric space.

After presenting the definition and initial examples, we now introduce the notion of convergent
and Cauchy sequences, which will allow us to investigate the behavior of sequences in the presence
of the imposed control functions.

Definition 3.2. Let (O, I, %) be a controlled fuzzy 2-metric space and {c,} C O be a sequence.
(i) {cn} is said to be convergent to some » € O if for each p > 0 and 1 € (0,1), there exists N(p,l) € N
such that M(c,, #n,a,p) >1—1, foralln > N(p,1) and all a € O.
(i1) {cn} is said to be a Cauchy sequence in O if for each p > 0 and 1 € (0,1), there exists N(p,1) € N
such that M(cy, cm,a,p) > 11, forallm,n > N(p,1) and all a € O.
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Proposition 3.1. Let {c,} be a sequence in a controlled fuzzy 2-metric space (O, M, x). Then
(1) {cu} converges to x &= lim M(c,, x,a,p) =1,¥p >0, Ya e O.
n—oo
(2) {cn} is a Cauchy sequence in O &= lim M(cy,cma,p) =1,¥p>0,VaecO.

m,n— 00

Proof. The lines of proof for (ii) are as similar as (i). So we only prove (i).
For, consider a sequence {¢,} C U converging to x € O. Then by the definition, for each p > 0
and r € (0,1), there exists N(p,r) € IN such that

M(cn, #,a,p) >1—r, ¥n>=N(p,r), YaeO.

Since r € (0,1) is arbitrary, we can write lim (¢, #,a,p) =1, Yp >0, Ya € O.
n—o0
Conversely suppose that {c,} be a sequence in O and % € O be such that

HmM(cy, x,a,p) =1, Yp>0,VaeO. (3.6)
n—oo

Let r € (0,1) be given. Then relation (3.6) implies, for each p > 0 and given r, there exists
N(p,r) € N such that

M(cy, x,a,p) >1—r, ¥n>=N(p,r), YVa e O.
This concludes our proof. m]

Proposition 3.2. Let (O, M, x) be a controlled fuzzy 2-metric space with respect to the control functions
f,gand h. Assume that, for anya € O

lim f(a,b,b,), lim g(a,b,b,) and limh(a,b, b,) exist finitely (3.7)

whenever {by,} is a sequence in O converging to b € O. Then every convergent sequence in (O, M, x)

has a unique limit.

Proof. Suppose, {c,,} is a convergent sequence in U which converges to v1 and v, where v1 # v5.
Then by (M2), there exists z € O such that

M(vy,va,z,p) #1, VYp>0. (3.8)
Since {c,} converges to both v; and v,
Hm M (cy,v1,a,p) =1 = limM(cy,v2,a,p), Yp>0,VaecO.
Nn—00 Nn—00

Now, using the inequality (M5), we can write
Po

Po Po
SR DAY ,—)*iUE(v,z,g —)
3f(V1/V2/Cn)) ( 25 3o (va, 2, ) Y B (v, 2, )

Using the limiting approach, we get

E]Jt(vl, V2,2, ,00) > EIR(VL V2,Cn,

M(v1,v2,2, po)

) Po [ Po
>1 Mlvi,vo,cn, ——————— | * M| 12,2, 6, ——————— | * M|\ vy, 2,61, ———————
‘nl—fro‘o[ ( 2 3 (v, v, cn>) ( = 39 (v 2, cn>) ( e sh<vl,z,cn>)]

=1x1x1=1.
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This leads to the conclusion that Mi(vy,v2,z,p0) = 1 that contradicts our assumption (3.8).

Hence, the proposition is established. m]

Remark 3.2. The conclusion of Proposition 3.2 may not hold in general without the assumption (3.7). To
justify consider the sequence {c,} = {n}, n > 3 in the controlled fuzzy 2-metric space of Example 3.3.
Now as {c,} C B, so for any v, x € O, f(cu, v, k) = max{n, v, x} = n. Therefore V}i_I)IC}Of(gn,v, K) = oo.
Then for any two arbitrary elements a,v € A, we have

M(cp,a,v,p) =M(n,a,v,p) = exp(—r:—p), Vp>0,Yn>3

. Y 1.
— 1}1_{{)1091{(11, a,v,p) = ]}%exp{—ﬁ} =1, Vp>O0.
This shows that the sequence {c,} converges to every point of A. Consequently, {c,} has more than one

limit point.

Proposition 3.3. Let (0,9, %) be a controlled fuzzy 2-metric space with respect to f;, i = 1,2,3. Also,
assume that for every a € O,
lim f;(a,b,b,)and lim f;(b, by, by) (3.9)
11— 00 m,n— oo
exist finitely whenever {by} is a sequence in O converging to b € O. Then every convergent sequence is a

Cauchy sequence in (O, M, x).
Proof. Suppose {c,} C O is a convergent sequence that converges to x € O such that. Then
nli_r)gloﬂﬁ(gn,x,a,p) =1, VYp>0,VaeO.
Using (M5), for all m,n € N and all 2 € O, we can write

gﬁ(gnz Cm, 4, P)

P

P
>N ¢, Sy X —)*Eﬂi(g ,a,x,—).
! " 3f2(CH1/a/x) " 3f3(Cn/a/x)

p
, = | * M| cm,a,x,
3f1<gn/Cm/x)) ( "

Using the limiting approach, we get

. . P . p
1 E]R , 4, > 1 g‘n 7 7N *1 EIR A PN
m}lr_r)loo (gn Cm,a P) m,;?z}oo (gn Cm, X 3f1(gn, Cm,X)) ml_I)To\O (gm a,x 3f2(€m,ll,x))
. p
* lim M| ¢ ,a,x,—):l*l*l
n—00 ( ! 3f3(gnra/x)

which leads to the conclusion

lim M(cy, cma,p) =1, Yp>0,VYaeO.

m,n— oo

O

The concept of completeness plays a crucial role in fixed-point theory and is defined below in
controlled fuzzy 2-metric spaces.

Definition 3.3. A controlled fuzzy 2-metric space (O, I, %) is said to be complete if every Cauchy sequence
in O converges to somewhere in O.
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4. Fixep PoiNnT THEOREM AND ITS APPLICATION

This section establishes a fixed-point theorem over a controlled fuzzy 2-metric space. We
introduce a contractive condition involving the function 9t and a parameter k € (0,1) which
ensures the existence and uniqueness of fixed points for self-mappings. The theorem further
incorporates certain limiting conditions on the control functions f, g, h, which play a crucial role

in ensuring the convergence of sequences in the space.

4.1. Fixed pointtheorem. To facilitate our main result, we first present the following lemma, which
ensures a specific behavior of the controlled fuzzy 2-metric function i satisfying an inequality.
Although the proof of this lemma is omitted, as it follows a similar reasoning to the corresponding
result in [17].

Lemma 4.1. In a controlled fuzzy 2-metric space (O, M, %), if M(c,v,p) = M(c,v, %) holds for all
¢c,veOandall p>0wherek € (0,1), then ¢ = v.

Utilizing this fundamental result on the coincidence of points, we proceed to develop our main

fixed-point theorem.

Theorem 4.1. Let (O, M, %) be a complete controlled fuzzy 2-metric space such that im M (c,v,a,p) =1,

‘D—)OO

VYe,v,a€ Oand S : O — O be a mapping satisfying:
M(Sc, Sv,a,kp) =M(c,v,a,p), Ve, v,acU,V¥p>0 (4.1)

where k € (0,1). Further assume, f,g,h : U° — [1,00) be three control functions such that for any
sequence {a,} € O and for each b € O,

lim f(ay, ay,b), lim g(a,,ay,,b), im h(a,, a,,b) exists finitely. 4.2)

m,n— oo

Then F(S8), the set of fixed points of S contains exactly one point.

Proof. Choose ¢ € O arbitrarily and define the iterative sequence ¢, = S¢,,—1, n € N.
Applying (4.1), for any a € O and y > 0, we get

M(cn, Cnr1,8,Y) = M(Scu-1,Scn,a,y) 2 %?(gn_bcn,a, %) (4.3)
Repeated applying (4.3) n times gives
E)‘R(gﬂ/ Cn+1,4, 7/) = ED,E(CO, c1,4, kln)‘ (4'4)
Therefore, by induction, for each fixed p € IN,
g‘R(gi’l/ Qn-i—pr a, V) = &UE(COI Cp/a/ kln) (45)

By applying the iterative contraction repeatedly to (4.5), we observe that when the third argu-

ment is chosen as ¢;;11

M(Cns Ctps Cnv1, V) = MM(Co, Sps St kln) = M (cp, Cnt1,60,7") (4.6)
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where )’ = ,% (say).

Let p,n € IN. By successive applications of the contractive condition (4.1), the fourth variable is
scaled at each step by the factor }, while the indices decrease accordingly.

If p > n 4+ 1, then after (n 4 1) iterations we obtain

’

M(cp, Cnr1,0,)") 2 ‘Jﬁ(cp-n—l, co, Co, kjﬁ) = im(cp-n-l, co, o, kzii/j) =1

Similarly, if p < n 4 1, an analogous backward p iteration yields

’

9'R(C}f)/ Cn+1, S0, ‘)/,) > EIR(CVH—l—p/ €0, 0/, Z_p) = EIR(C?Z—I—l—p/ 0,0, kn%) =1

In both of the above cases, for each p,n € N, we have
M(c Ly=1
pr Cn—i—lr CO/ kn -

and hence (4.6) yields
ﬁR(Cﬂ/ Cn+p/ Cn+1, 7/) =1 (47)

Using the inequality (9i5), for each p € N, ¥ > 0, and a € O, we have

)4 )4
I(Cn, Cntp,a, ZEUE(C,C ,Cntls )*W(c 4, Cntl, )*
( mnp 7/) o Sntps Sntd 3f(€n/ Cn+ps Cn+1) il il 3h(gn+pza; CnJrl)
NMla,cn, ¢ —)
( " n+1 3h(a/ gﬂ/ Cn-‘,—l)

Applying the earlier estimates (4.4) and (4.5), we further obtain

)4 )4
M(Cn, Crtp, a, Zﬂﬁ(c,c s Cntls )*im(c,c,u, )*
( ey V) Adalibian 3f(gn/ Cn+ps Cn+1) 1op 3kng(Cn+1/a/ Cn+p)
)4
M{co,c1,a, )
( 0=t 3knh(gn/ gl’l+1/a)

On the combined application of the condition lim M (v, y,a, p) = 1, (4.2) and (4.7), for each fixed

p—00

p € N, we get
Em (¢, Cuipa,y) 21x1x1=1, Vy>0.
n—oo

This yields that {¢,} is a Cauchy sequence in O. Since O is a complete controlled fuzzy 2-metric

space, so there exists x € O such that

LmM(cy, x,a,y) =1, VYy>0,VYaeO. (4.8)

n—oo

Now we claim that x € F(S), i.e.,, Sx = x. If not, then there exists b € O and y > 0 such that

M(Sx,x,b,70) < 1. (4.9)
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Then again applying the inequality (9I5), we reached to

M(Sx, x,b,y0)

L)) * EUE(b, Sx, 3#)

Yo
ZEUE(SX,X, Cn/3 ))*gﬁ(x,bfgn/ 3g(x,b,€n I’l(b,SX,Cn)

f(Sx,x,cn

‘)/0 >) *ﬂn(x/b/ Cn/

>9J’t 4 4 - I—
= (x Yo 3 F(Sx, %, o

Yo Yo )
= 5 1 N mt n—1r v I— . .
3g(x,b,gn))* (g 1 3kh(b,Sx,gn)) (using (4.1))

Taking limiting approach and on the appliance of (4.2) and (4.8), we obtain
M(Sx,x,b,70) =1

which contradicts the assumption (4.9).
Next, assume that « € O be such that k € F(S). Applying (4.1) yields

M(x,x,a,y7) = M(Sx, Sx,a,y) = M(x,«,a, %)
Hence, using Lemma 4.1, we conclude that
X =K,
showing that the fixed point of S is unique. m]

4.2. Application to Marketing Equilibrium problem. In economic theory, dynamic market equi-
librium plays a crucial role in understanding how prices and quantities adjust over time under
various influencing factors. The interplay between supply, demand, and price evolution is essen-
tial for modeling real-world economic systems. Within this framework, integral equations provide
a powerful tool to describe these interactions mathematically.

We illustrate how our established fixed-point result in subsection 4.1 can be applied to determine
the unique solution of an integral equation in the context of dynamic economic equilibrium.
In various markets, the supply function Qg and the demand function @, along with present

pricing trends-such as price increases, decreases, and rates of change-significantly influence market

dO(a) d*0(a)
da 7 da?

as they provide insights into market stability and price fluctuations over time.

behavior. The current price is ®(«a) and are stands for particular interest to economists,

Assume,

dO(a) r o d’0(a)

Qﬁ =g +70(a)+e

da da?
do(a 20 (a
Qi = +720(a) +e dfx)+<;2 daE )~

where g;,vi,e;, i = 1,2 are constants.
If prices continuously adjust to equate supply and demand at every moment, the market can be

regarded as dynamically stable. Therefore, in equilibrium

Q= Q.
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So,

O(a) d?0(a) dO(a) d’0(a)

d
& + Vl@((l) + e

do Vg T &t 720(a) +e a9
4’0 (a dO(a
= (¢1-¢2) da(z ) + (e1 —e2) d((x ) +(y1-72)09(a) +(g1—-g2) =0
Lettingc = (c1—¢c2), e=(e1—e2), ¥y = (y1—y2), § = (g1 — g2), we can write
0(a) dO(a)
‘a4 +70(a) = 3.
Henceforth, ®(a) can be determined by the following IVP:
o+l +lo=-% o0 =000 =0 (4.10)
G ¢ ¢
Assuming 62(?“) = 4)/7(06) and letting % = p(a), where u(a) is a continuous function of «, the

IVP (4.10) can be solved accordingly.
It is easy to show that (4.10) is equivalent to the integral equation

T
@(a):‘[o Y(a,r)F(a,r,O(r))dr

where F(a,r,©(r)) represents some transformed function of the original differential equation,
and Y (a,r) is introduced to capture the effect of the coefficients in the differential equation to
ensure that the solution remains consistent with the original system. The specific form of ¢(a, 1),

given as:

ula=)
le , 0<I<a<T

2
17[} (0[, l) = u(l-a)

ae 7z, 0<ax<lI<T.

If we define a function G : [0,T]> xR — R by G(a,1,0(1)) = ¢(a,1) F(e,1,0(l)), then the
problem (4.10) has the integral solution:

T
@(a):j; G(a,r,O(r))dr. (4.11)

The differential equation (4.10) is equivalent to its integral formulation (4.11), which means that
any solution to the integral equation also satisfies the original differential equation.
Next, consider C[0, T] and denote it by O. Then, following the similar steps of Example 3.2, we

can conclude that

W(c,y,v,5) :exp(_ sup VIe() —y(0) (y(0) —v(D) (v(1) = <(1))l  Veyv e, Vs> 0

1€[0,T] §

is a controlled fuzzy 2-metric space with respect to the control functions:

fleyv) = Sup]{ \/I(C(l) = (1)) (y(0) =v(1) (v(t) =< ()1 + 1},

€[0,T

glcyv) = S[lé%{(C(t) —y(0)? (y() —v(D)* (v(1) —<(1))* +2},
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and h(s,y,v) = sup| (VI = () (¥() — v (V) = () +1), Yo,y veD,

where the considered t-norm is ‘product’. It is easy to prove that O is complete in the sense of
controlled fuzzy 2-metric 9.

Before establishing the existence and uniqueness of a solution to equation (4.11), we impose
certain conditions on the function G to ensure the well-posedness of the integral equation. The fol-

lowing theorem provides sufficient criteria under which equation (4.10) admits a unique solution.

Theorem 4.2. Consider the integral equation (4.11) and suppose that
(i) the function G : [0, T]> X R — R is continuous;
(ii) there exists K € (0, 1) such that for any ©,Q € U,
(a) |f0 (a,1,0(1)) = Q(a)| < K sup [@(a) - Q(a)l;

a€l0,T]
® | f (G(a, L,O(l)) - G(a, l,Q(l)))dl
holds for all a,1 € [0, T].

7

<K sup |O(a) - Q(a)|;

a€l0,T]

Then the equation (4.11) has a unique solution in C[0, T).

Proof. Consider the complete controlled fuzzy 2-metric space (O, M, x) discussed above and define

a self mapping F : O — O by

(FO)(a) = fo ' Glar,O())dr, YO €T, Vae (0,1 (4.12)

Then for any ¢, y,v € O and s > 0, we have

VI(Fe(e) = Fy (1) (Fy(1) =v(1)) (v(v) - FC(L))I)
Ks

M(Fc,Fy,v,Ks) = exp ( — sup
1€[0,T]

VIe() - y(0) (y(1) —v() (v(1) - c:(t))l)_

and M(c,y,v,s) = exp(— sup 5

1€[0,T]

Now we have,

|(Fe (1) = Fy(0) (Fy(0) =v(0)) (v )l

T
. V(L)—L G(a,l,g(l))dl‘

T
< f (G(a,l,g(l)) (a,Ly(l d' G(a, Ly(1)dl —v(1)
0
<Ksup Jc(1) = y(1)l- Ksup ly(1) = v(0)]- Ksup le(8) =v(0)l
1€[0,T] 1€[0,T] €[0,T]

<K sup {|<,-<L> 1) v le(0) - v<L>|}.

1€[0,T]
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Therefore, for all s > 0, we have

VICES (1) = Fy (1)) (Fy (1) —v(1)) (v(1) = Fe()l _

K3/2g j
sup YEO =¥ GO @) O v 0
€[0,T] s

Taking the supremum over ¢ € [0, T] on both sides, we obtain

VI(ES(1) = Fy (1)) (Fy () = v(1)) (v(1) = Fe())] _

sup
1€[0,T) K3/25

sup VI () =y(I) (y(1) =v(1)) (c(1) =v(V))]
1€[0,T] § .

Equivalently, this shows that
M(Fg, Fy,v,Rs) = M(c,y,v,s), Y¢,y,ve€ O, ¥s >0

where R = K%/2 € (0,1).
Therefore the operator F satisfies the contraction condition of Theorem 4.1 and henceforth the
integral equation (4.11) has a unique solution in C[0,T]. Consequently the differential equation

(4.10) admits a unique solution. O

5. SiMULATION AND SOFT COMPUTING INTERPRETATION

The paradigm of soft computing emphasizes flexible modeling of systems with uncertainty,
gradual convergence, and mutual interaction. In this spirit, we now present a dynamic simula-
tion under the framework of controlled fuzzy 2-metric spaces, highlighting how such structures
can naturally accommodate soft computing principles such as approximation, adaptability, and
decentralized evolution. For given initial estimates xo, yo,z0 € R, the system evolves iteratively
via symmetric pairwise cooperation. Exact convergence in the Euclidean sense is replaced by

convergence in a controlled fuzzy 2-metric: M(x, y,z,p) = a

= S7heya %Y.z €R, p >0 (please see

Example 3.1).
We now simulate a system of three agents, whose estimates evolve iteratively under a symmetric,

cooperative influence rule. Let the initial values be:
Xo = 5, Yo = 10, zZp0 = 15.

At each discrete time step t € IN, the agents update their positions according to:

X Ytz xttz . Xty
t+1 = 5 Y1 = 5 +1 = 5

This iterative process simulates a cooperative decision-making system, where each agent up-
dates its estimate based on the current state of others-capturing the decentralized adjustment
mechanisms central to soft computing. The evolving sequence x;, y;, z: models the gradual refine-

ment of decisions under mutual influence, a characteristic feature of distributed systems.
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At each time step, the controlled fuzzy 2-metric Mi(x;, y, 24, t) is evaluated, serving as a quanti-
tative indicator of information alignment among agents, adjusted for imprecision. An increasing

trend in M-values reflects growing synchronization and reduced uncertainty.

s Convergence of Agent Estimates
T T

——
GQ'DB
¢
P
1&
{
[

0 5 10 15 20 25 30
Time Step t

Ficure 1. Convergence of agent estimates x, y;, z; over time .

Controlled Fuzzy 2-Metric Convergence
O- O- O- O O O- O- O- O O O O- O O- O- O- O O O- O- O- O
VvV V9V Yy VYV vy VvV Yy Vv Yy Yy Vv Yy VT Yy Yy v/ v/ v/ v

R4

M(xt, Yo Zp t)
°
>
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4
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Ficure 2. Evolution of the controlled fuzzy 2-metric Mi(x;, ys, z¢, t) over time. In-

creasing values signify reduced imprecision and convergence.

Asshownin Figures 1 and 2, the agent estimates converge toward a common value, representing
a stable equilibrium. Concurrently, the controlled fuzzy 2-metric value approaches 1, indicating a
reduction in the system’s uncertainty and a reinforcement of proximity in the fuzzy sense.

These observations confirm that the proposed framework provides an effective and intuitive
tool for modeling adaptive systems with uncertainty, reinforcing its relevance to soft computing
and decision theory, especially in contexts like dynamic markets and interactive systems governed

by approximate reasoning.

CONCLUSION

In this article, we introduce the concept of controlled fuzzy 2-metric spaces, a new generaliza-
tion of fuzzy 2-metric structures achieved by incorporating three distinct control functions that

dynamically regulate the proximity among triplets of points. Through illustrative examples, we
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demonstrate how these control functions refine the structure of fuzzy 2-metrics, extending classical
axioms. Furthermore, we apply this framework to the analysis of dynamic market equilibrium,
showing that controlled fuzzy distances can effectively represent agents” adaptive behaviors and
uncertainty in decision-making. This establishes a clear link between abstract fuzzy analysis and
practical modeling in economics and soft computing.

The scientific value of this work lies in providing a unified and adaptive metric model capable
of simulating systems where relationships evolve under information uncertainty-an area where
traditional metrics fall short. Nevertheless, the current study is limited to theoretical formula-
tion and basic examples; further research may focus on developing computational algorithms,
numerical simulations, and applications to learning-based or stochastic decision systems within
this framework. Overall, the proposed approach effectively merges fuzzy logic, adaptive control,
and metric-based modeling to simulate information-sensitive, consensus-driven dynamics. It thus
provides a promising mathematical foundation for analyzing decision-making systems through

the lens of soft computing, information theory, and dynamic equilibrium analysis.
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