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Abstract. In this paper, we investigate fixed point results for nonlinear contraction mappings defined via an ()-distance
in complete G-b-metric spaces. This approach unifies and extends several classical contraction principles formulated
in metric, b-metric, and G-metric settings. By employing suitable contractive inequalities involving ()-distance, we
establish existence and uniqueness results for fixed points under mild assumptions. The obtained theorems generalize
and improve a number of recent results in the literature. As an application, we illustrate the usefulness of the developed

theory by studying the solvability of a class of nonlinear integral equations.

1. INTRODUCTION

Fixed point theory constitutes a fundamental tool in nonlinear analysis and has wide-ranging
applications in differential equations, integral equations, optimization, and applied sciences. The
celebrated Banach contraction principle guarantees the existence and uniqueness of fixed points
for contraction mappings in complete metric spaces. Motivated by its importance, several gener-
alizations of metric spaces have been proposed in order to extend the applicability of fixed point
results.

Bakhtin [1] introduced contraction principles in quasimetric spaces, while Czerwik [2,3] de-
veloped the theory of b-metric spaces and established fixed point results for both single-valued
and multivalued mappings. Later, Mustafa and Sims [13] proposed the notion of G-metric spaces,
which has been further extended to G-b-metric spaces. These generalized frameworks have proven

to be effective in unifying and extending many classical fixed point theorems.
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In order to formulate more flexible contractive conditions, Shatanawi and Pitea introduced
the concept of ()-distance and obtained several fixed and coupled fixed point results in different
generalized metric settings [4,6]. Subsequent works investigated various generalized contrac-
tions using simulation functions, F-contractions, and rational-type conditions in b-metric-like and
related spaces [10-15].

Inspired by these developments, the purpose of this paper is to establish new fixed point theo-
rems for self-mappings in complete G-b-metric spaces via ()-distance. The obtained results extend
several known theorems and provide a unified framework covering many existing contraction
conditions as special cases. An application to nonlinear integral equations is also presented to

demonstrate the effectiveness of the proposed approach.

2. PRELIMINARIES

In this section, we recall some basic definitions and notions that will be used throughout the
paper.
Definition 2.1. Let | be a nonempty set and let b > 1. A mapping
G:]x]x]—[0,00)
is called a G-b-metric on | if for all 3, a,z,u € ], the following conditions hold:

(1) G(3,3,3) = 0and G(3,3,a) >0 for3 # q;

(2) G(3,3,a) < G(3,a,z) whenever a # f;

(3) G is symmetric in all three variables;

4) G(3,0,1) < b(G(s, u,u) + G(u,aq, f)).
The pair (], G) is called a G-b-metric space.

Definition 2.2. A sequence {3,,} in a G-b-metric space (], G) is said to be G-Cauchy if

lim G(ﬁm; 3ns 3n> =0.

m,n— 0o

The space (], G) is called complete if every G-Cauchy sequence converges to a point in |.
Definition 2.3. Let (], G) be a G-b-metric space. A mapping
Q:]x]x] - [0,00)
is called a G-Q)-distance if it satisfies properties analogous to those of a G-metric and is compatible with the

convergence structure induced by G.

3. MaIN ResuLr

Theorem 3.1. Let (], G) be a complete G-b-metric space with coefficientb > 1andlet Q) : [X X ] — [0, o)
be a G-O-distance on |. Assume that a mapping = : | — | satisfies

O(E3 Ea, BF) < 13,0, 1) + 023, 83, E3) + a3Q(a, Za, Ea) -
3.1
+ a4 Q (1, EF, BF) + a5Q(3, Ea, Ea) + a6Q(a, B3, E3),
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forall3,a,t € J, wherea; >0 (i =1,...,6) and

a1+ ay+az+as+blas+ap) <

Sl

Then & has a unique fixed point in .
Proof. Choose an arbitrary point 39 € | and define a sequence {3,,} in | recursively by
31 = E3n, n20.
Using condition (3.1) with 3 = 3,, a = 3,-1 and t = 3,_1, we obtain
QGnr1,3n3n) < 1QGn, 3u-1,3n-1) + 2 QGu, 3n+1,3u+1)
+ a3 (3n-1, 31, 3n) + A4 (3u-1,3n,3n)
+ asQ(3n, 30, 3n) + A6Q(B3n-1, 3111, 3n+1)-
Since Q (34, 31, 3x) = 0 and by the properties of a G-()-distance, we have
QGn-1,3n+1,3n+1) < QBn-1,3n,3n) + QGns 3n+1,3n4+1)-

Hence,
QBns1,3n,3n) < (a1 + a3 + ag + bae) Q(3n, 3n-1,3n-1)
+ (a’z + ba6)0(3n+1/ 3ns Sn)-
Rearranging terms, we obtain

QGn+1,3n,3n) < AQBn, 3u-1,3n-1),
where
_ a1t a3+ as+bag
1= (az + bag)
From condition (3.2), it follows that 0 < A < 1.
Iterating the above inequality yields

A

Qnt1,3n,3n) S A"Q(31,30,30), n=>1.

Let m > n. By repeated use of the G-()-distance inequality, we obtain

n

Q(31,30,30)-

m—=1
0 < o) <
(3m/ 3ns 3n) = ;1 b (3k+1/ 3k Sk) “1-pA

Since bA < 1, we conclude that
lim Q(SH’IISTZ/ 371) =0.
M,n— 00
Thus, {3,} is a G-Cauchy sequence. By completeness of (], G), there exists u € ] such that
lim Q(3,,u,u) = 0.
n—oo
Next, applying (3.1) with 3 = 3,, a = u and f = u, and letting n — oo, we obtain
Q(u, Eu, Eu) =0,

which implies Eu = u. Hence, u is a fixed point of E.

(3.2)
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Finally, suppose that v € | is another fixed point of . Then, using (3.1) with 3 = u, a = v and
=0, we get
Q(u,v,v) <1 Q(u,0,0).
Since a1 < 1, it follows that (1, v,v) = 0, and hence u = v. Therefore, the fixed point of = is

unique. O
Example 3.1. Let | = [0, ) and define G : [ X [ X ] — [0, ) by
G(S/a/f):ls_a|+|a_f|+|f_3|/ 3/a/f€]-

Then (], G) is a complete G-b-metric space with b = 1. Let Q)(3,0,t) = G(3,q,1).
Define Z: | — J by

Forall 3,a,t € |, we have

Thus, inequality (3.1) holds with
alzi, ay=a3=ag=0as =ag =0,
and
ag < 7 =1.

Hence, all the conditions of Theorem 3.1 are satisfied. Therefore, & has a unique fixed point in ], which is
u=0.

Graph of the mapping Z(3) =3/4 and its fixed point

109 — zi31=3s
=3

Ficure 1. Graph of the self-mapping E(3) = 4 and the identity map a = 3 on

J = [0, ).The unique intersection point at 3 = 0 represents the unique fixed point

of E. The slope 1 < 1 illustrates the contractive nature required by Theorem 3.1.
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5

Theorem 3.2. Let (], G) be a complete G-b-metric space with coefficientb > 1andlet Q) : [X X ] — [0, o)

be a G-O-distance on |. Assume that a mapping Z : | — ] satisfies, for all 3,a,T € |,
O(E3,Za, EF) < 103, 0,1) + 2203, 83, 53) + a3Q(a, Eq, Ea) + a4 Q(f, EE, E),

where a; >0 (i =1,2,3,4) and

a1 +ar+az3+ag < %
Then & has a unique fixed point in .
Proof. Let 39 € ] be arbitrary and define a sequence {3,} in | by

31 = Z3n, n20.
Applying (3.3) with 3 = 3,, a = 3,1 and = 3,,_1, we obtain
QGnr1,3n,3n) < a1QBn, 3n-1,3n-1) + 2QGn, 3n+1,3n+1)

+ (a3 + a2)Q(3n-1, 30 3n)-

Rearranging terms gives

QGnt1,3n,3n) < AQBu, 3u-1,3n-1),

where
a1+ a3z +ay

A=
1—0(2

From condition (3.4), it follows that 0 < A < 1.

Proceeding as in the proof of Theorem 3.1, for m > n we have

n

m=1
O 3, 3) < ) B3040, 30, 3) < (31,30, 30)-
k=n

“1-bA
Hence,
lim Q(Sm/ﬁn/ 3n) =0,
M,n— 00
and thus {3,} is a G-Cauchy sequence. Since (], G) is complete, there exists u € | such that

lim Q(3,,u,u) = 0.

n—-oo

Next, applying (3.3) with 3 = 3,, a = u and t = u, and letting n — oo, we obtain

which implies Eu = u. Hence, u is a fixed point of E.

(3.3)

(3.4)

Finally, assume that v € ] is another fixed point of E. Using (3.3) with3 = u, a =vand t = v, we

get

Q(u,v,0) < Q(u,v,0).

Since a1 < 1, it follows that Q(u,v,v) = 0, and hence u = v. Therefore, the fixed point of Z is

unique.

O
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Corollary 3.1. Let (], G) bea complete G-b-metric space with coefficientb > 1andlet Q) : [X X ] — [0, c0)
be a G-Q-distance on |. Assume that a mapping & : | — | satisfies

O(E3, 80,88 <aQ(3,0,1) + 5(0(3, 53,83) + Q(a,Ea, Ea) + Q(F, Ef, Ef)), (3.5)

forall3,a,t € ], where a, p > 0 and
a+3p< % (3.6)
Then E has a unique fixed point in .
Proof. Condition (3.9) is a particular case of (3.3) in Theorem 3.2 by taking
ap=a, ar=a3=qwr4=0p.
The inequality (3.10) ensures that
mtataztag=a+3< %

Hence, all the assumptions of Theorem 3.2 are satisfied. Therefore, Z has a unique fixed point in

J. o

Theorem 3.3. Let (], G) be a complete G-b-metric space with coefficientb > 1andlet Q) : [X X ] — [0, o)
be a G-O-distance on |. Assume that a mapping Z : | — ] satisfies, for all 3,a,f € |,

Q(E3, 20,88 <aQ3,0,1) + Q3,53 83) + ¥y Q(a,Ea,Ea) + 6 Q(3,Ea, Ea), (3.7)
where a, B,y,0 > 0 and
1
a+ﬁ+y+b6<5. (3.8)

Then E has a unique fixed point in J.
Proof. Let 39 € ] be arbitrary and define a sequence {3,} in | by

31 = E3n, n20.
Applying (3.7) with 3 = 3,, a = 3,-1 and z = 3,-1, we obtain

QBn41,3n,3n) < Q3n, 3n-1,3n-1) + BOQGns 3n+1,3n41)

+ 7 QBn-1,3n,3n) + 0 Q3n, 30, 3n)-

Since Q(34, 31, 32) = 0, the above inequality reduces to
QBnt1,3n,3n) < (@+7)QGn, 3n-1,3n-1) + BQBur1,3n,3n)-

Rearranging terms yields
Q(Sn-‘,—l/ 3ns 3?1) < A Q(?m/ 3n-1, 371—1)/

where

From condition (3.8), we have 0 < A < 1.
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Proceeding as in the proof of Theorem 3.2, for m > n we obtain

n

m=1
O 3 3u) < ) B er1, 30, 30) < (31,30, 30)-
k=n

“1-bA

Thus,
lim Q(smz3n/ 311) = O/

m,n— 00

which implies that {3,} is a G-Cauchy sequence. Since (], G) is complete, there exists u € ] such

that
lim Q(3,,u,u) = 0.

n—oo

Now, applying (3.7) with 3 = 3,, a = u and f = u, and letting n — oo, we get

O(u,Eu, Bu) =0,

which implies Zu = u. Hence, u is a fixed point of E.

Finally, suppose that v € | is another fixed point of E. Using (3.7) with3 =u, a =vandt =7,

we obtain

Q(u,v,0) <aQ(u,v,0).

Since a < 1, it follows that Q(u,v,v) = 0, and hence u = v. Therefore, the fixed point of E is

unique.

O

Theorem 3.4. Let (], G) be a complete G-b-metric space with coefficientb > 1andlet QO : [X x| — [0, )

be a G-O-distance on |. Assume that a mapping Z : | — ] satisfies, for all 3,a,tT € ],

Q(E3, E0,E) < a Q3 0,1) + 5(0(3, E3,E3) + Q(a, Za, Za) + Q(E, Et, Ef)),

where a, p > 0 and
a—+36< %
Then & has a unique fixed point in .
Proof. Let 39 € ] be arbitrary and define a sequence {3,,} in | by
31 = Z3n, n20.
Applying (3.9) with 3 = 3,, a = 3,-1 and t = 3,_1, we obtain
QGut1,3n3n) < @QGns 3u-1,3n-1) + B QG 3u+1,3n41)
+28QGn-1,3n,3n)-
Rearranging terms yields
QGut1/3n3n) < AQGn 30-1,30-1),
where 2
A:it;.

From condition (3.10), it follows that 0 < A < 1.

(3.9)

(3.10)
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Proceeding as in the proof of Theorem 3.2, for m > n we obtain

n

<7 MQ(31,3O, 30)-

m—=1
O 3 30) < Y Bt 30 ) <
k=n
Hence,
1lm Q(SI’HI (’))’l/ 311) - 0/
M,n— 00
which implies that {3,} is a G-Cauchy sequence. Since (], G) is complete, there exists u € ] such
that
lim Q (3, u,u) = 0.
n—oo
Next, applying (3.9) with 3 = 3,, a = u and f = u, and letting n — co, we get
O(u,Bu,Bu) =0,

which implies Eu = u. Hence, u is a fixed point of Z.
Finally, suppose that v € | is another fixed point of E. Using (3.9) with3 =u, a =vandf =7,
we obtain

Q(u,v,v) <aQ(u,v,0).

Since o < 1, it follows that Q(u,v,v) = 0, and hence u = v. Therefore, the fixed point of E is

unique. O

4. ArprricATION TO NONLINEAR INTEGRAL EQUATIONS

4.1. Problem formulation. Consider the nonlinear integral equation

t 1
3(t):j(;K(t,s)F(s,a(s))ds—i—ﬁ H(t,s)G(s,3(s))ds+h(t), tel0,1], (4.1)

where F,G : [0,1] xR — R are continuous nonlinear functions, K,H : [0,1] X [0,1] — R are

continuous kernel functions, and h € C([0, 1], R).
4.2. Functional framework. Let

] =C([0,1,R)
and define G : [ X J X ] — [0, ) by

G(3,0,1) = up (13(t) = a())l + la(t) = £()| + [£(£) = 3(£)])-
te|0,1

Then (], G) is a complete G-metric space and hence a complete G-b-metric space with b = 1.
Define
QBG,of) =GB ).

Define the operator Z: | — [ by

¢ 1
(Es)(t):fo\K(t,s)F(s,g(s))ds+L H(t,s)G(s,3(s)) ds + h(t). (4.2)

A function 3 € | is a solution of (4.1) if and only if it is a fixed point of E.
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4.3. Assumptions. Assume the following conditions hold:

(H1) There exist constants L1, L, > 0 such that
|F(t,u) —F(t,0)| < Lilu—v|, |G(t,u) —G(t,v)| < Lalu -9,

forallt € [0,1] and u,v € R.
(H2) The kernels satisfy

t 1
sup IK(t,s)|ds < Mi, sup |[H(t,s)|ds < Mp.
te[0,1] YO te[0,1] VO

(H3) The smallness condition

1
ML + ML, < 5

holds.

4.4. Verification of Theorem 3.4. Let 3,q,f € J. For each t € [0,1], we have
t
[23(t) — Ea(t)| < f IK(t,s)||F(s,3(s)) —F(s,a(s))|ds
0

+ ‘fo‘l [H(t,s)IG(s,3(s)) — G(s, a(s))|ds
< (Mi1Ly + MaLo)[3(t) — a(t)l.
Taking supremum over ¢ € [0, 1], it follows that
O(E3,80,81) <aQ(3,0,1), a=MiL + M;L,.
Since a < 1, the contractive condition of Theorem 3.4 is satisfied.

Theorem 4.1. Under assumptions (H1)—(H3), the nonlinear integral equation (4.1) admits a unique
solution 3* € C([0,1], R).

4.5. Computational convergence. Let {3,} C | be defined by
3n+1 = E3n, n20.
Then there exists A € (0,1) such that

Q(3n+1/ 3}’1/ 31’!) S A Q(Sl’l/ 311—11 371—1)/

which implies
n

Q Gtk 3n,3n) < Q(31,30,30)-

“1-A
Hence, the successive approximation method converges to the unique solution 3* of (4.1).

4.6. Special cases. If H = 0, then (4.1) reduces to a nonlinear Volterra integral equation. If K = 0,
it reduces to a nonlinear Fredholm integral equation. If asymmetric kernel effects are present,

Theorem 3.3 can be applied.
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