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SMOOTHNESS TO THE BOUNDARY OF BIHOLOMORPHIC
MAPPINGS

STEVEN G. KRANTZ

ABSTRACT. Under a plausible geometric hypothesis, we show that a biholo-
morphic mapping of smoothly bounded, pseudoconvex domains extends to a
diffeomorphism of the closures.

1. INTRODUCTION

The Riemann mapping theorem (see [11]) tells us that the function theory of
a simply connected, planar domain €2, other than than the entire plane, can be
transferred from €2 to the unit disc D. But, for many questions, one needs to know
the behavior of the Riemann mapping at the boundary.

The first person to take up this issue was P. Painlevé. He proved in his thesis
that, if the domain  has C* boundary, then the Riemann mapping (and its
inverse) extends smoothly to the boundary (see [5] for details of this history). Later
0. Kellogg gave a proof of this result that connected the Riemann mapping with
potential theory. Further on, Stefan Warschawski refined Kellogg’s results and gave
substantive local boundary analyses of the Riemann mapping.

It was quite some time before any progress was made on this question in the
context of several complex variables. The first real theorem of a general nature was
proved by C. Fefferman [7]. He showed that a biholomorphic mapping of smoothly
bounded, strongly pseudoconvex domains in C” extends to a diffeomorphism of the
closures. Fefferman’s work opened up a flood of developments in this subject. We
only mention here that Bell [2] and Bell/Ligocka [4] were able to greatly simplify
Fefferman’s proof by connecting the problem in a rather direct fashion with the
Bergman projection. The work of Bell and Bell/Ligocka led to a number of sim-
plifications, generalizations, and extensions of Fefferman’s result. Many different
mathematicians have contributed to the development of this work.

The big remaining open problem is this:

Problem: Let Q; and Q3 in C" be smoothly bounded, (weakly

Levi) pseudoconvex domains. Let ® : 1 — Q5 be a biholomorphic
mapping. Does ¢ extend to a diffeomorphism of the closures?

There are some counterexamples to this question—see for instance [9]—but these
definitely do not have smooth boundary. In fact they do not even have C? boundary.
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In the present paper we are unable to give a full answer to this main problem.
But we present the following somewhat encouraging partial result.

Theorem 1.1. Let Q, Q9 be smoothly bounded, Levi pseudoconvex domains in
Cr. Let ® : Q; — Q5 be a biholomorphic mapping. Assume that ® and ®~' each
satisfy a Lipschitz condition of order exceeding (n — 1)/n. Then ® continues to a
diffeomorphism of the closures of the domains.

Corollary 1.2. Let Q;, Qs be smoothly bounded, pseudoconvex domains in C™.
Let ® : Q; — Qo be a biholomorphic mapping. Assume that ® and ®~! each
satisfy a Lipschitz condition of order 1. Then ® continues to a diffeomorphism of
the closures of the domains.

This result is in the nature of a bootstrapping result from partial differential
equations. It seems to be the first general result—for all pseudoconvex domains—
of its kind. And it has some basis in the history of the subject. For Painlevé
proved his theorem in dimension one by first establishing a result for C! boundary
smoothness of the mapping, and then bootstrapping. No less an eminence gris than
Jacques Hadamard cast public doubt on Painlevé’s bootstrapping argument, and
Painlevé had to work strenuously to defend his theorem. See [5] for the full history.

It may be noted that the hypothesis of Lipschitz continuity in the theorem is
a nontrivial one. Henkin [12] was able to show, prior to Fefferman’s celebrated
result, that a biholomorphic mapping of smoothly bounded, strongly pseudoconvex
domains will extend to be Lipschitz 1/2 to the boundary. He did so by analyzing
and estimating the Carathéodory metric. But there are not many results of this
type.

We see that the Lipschitz condition in Theorem 1.1 in case n = 2 meshes nicely
with Henkin’s result described in the last paragraph.

A final, rather significant, comment is this. Our arguments here are inspired by
those in [2]. Bell uses global regularity ideas of Kohn which exploit weighed L?
spaces. In the paper [2], a good deal of the work is expended in proving that the
complex Jacobian determinant u of the mapping ® is bounded. This fact is used
in turn to prove that the complex Jacobian determinant U of the inverse mapping
&~ is nonvanishing. As we shall see below, our hypothesis of Lipschitz continuity
of order exceeding (n — 1)/n obviates these arguments and gets to the necessary
result rather quickly. The remaining steps comprise just one paragraph on page
108 of [2]. We have to work a bit harder because we need to set things up in the
context of Kohn’s weighted L? spaces. But the spirit of our arguments follows Bell.

We also warn the reader of the following point. The main thrust of this paper
is to prove estimates on the derivatives of the mappings ® and ®~!. However our
crucial Lemma 4.2, based on an old idea of S. R. Bell, entails taking a good many
derivatives of ®. So it appears as though there are a number of extraneous terms
in our calculations that involve derivatives of ®. But we will go to quite a lot of
extra trouble to find a means of absorbing those extra derivatives. In the end they
will all be accounted for, and we will obtain valid estimates for the derivatives of
.

2. CONDITION R AND RELATED IDEAS

Throughout this paper we shall use the language of Sobolev spaces (see [1], [19]).
For s a nonnegative integer and 1 < p < oo, we let W, , denote the usual Sobolev
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space of functions with s weak derivatives in LP. The norm that we use on the
Sobolev space is standard, and we refer to [1] for details.

One of the important innovations that S. R. Bell introduced into this subject is
his Condition R. It says this:

Condition R: Let Q C C" be a smoothly bounded domain. We
say that Q satisfies Condition R if the Bergman projection P map-
s C°°(Q) to C>=(Q2). Equivalently, for each s > 0, there is an
m(s) > 0 so that the Bergman projection P maps the Sobolev
space Wi, (s),2(€2) to the Sobolev space W 2(€2).

In what follows we shall suppose that 1 < m(1l) < m(2) < --- — oo and that
each m(j) is an integer.
In the paper [2], Bell proves the following elegant result:

Theorem 2.1. Let €, Qo be smoothly bounded, pseudoconvex domains in C™.
Assume that one (but not necessarily both) of these domains satisfies Condition R.
Then any biholomorphic mapping ® : )y — Q9 extends to a diffeomorphism of the
closures.

3. IDEAS OoF KOHN

The classical treatment of the 9-Neumann problem is based on the traditional
Euclidean L? inner product—see [8]. Kohn’s idea in [14] is to use an inner product
with a weight. This is inspired by work of Hérmander [13], and that in turn comes
from old ideas of Carleman.

Kohn'’s setup is this (see [14]). Fix a smoothly bounded domain € in C". Let A
be a C'°, nonnegative function on a neighborhood of Q. Usually A will be strictly
plurisubharmonic. With X fixed and ¢ > 0, we shall define the O-Neumann problem
of weight ¢, with real ¢ > 0. We let A be the space of all forms on © which have
C® coefficients up to the boundary. For ¢, € A, we define

(@) = (b)) and 197 = (¢, -

Here (, ) = (, )(0) is the usual L? inner product.

It is an easily verified fact that the norms || |4 are equivalent to the norm
I llo=1 |- Hence a function is in the completion under any of these norms if
and only if it is square integrable. We let A, be the Hilbert space obtained by
completing A under the norm || ||¢).

The 0-Neumann problem may be set up in the ( , )(+) inner product rather than
the usual L? inner product ( , ). These are familiar ideas, and the details are
provided in [14]]. One of the main points that must be noted is that the formal
adjoint of the operator 8, when calculated in the (, )« inner product, is

I, =T —to(T,dN).

Here o is the “symbol” in the usual sense of pseudodifferential operators. Also Z is
the standard formal adjoint of @ with respect to the standard Euclidean Hermitian
inner product and Z; is the formal adjoint of 0 with respect to the inner product
(s )(t)- We thus see how the parameter ¢ comes into play. If ¢ is chosen positive and
large enough, then certain terms in the usual O-Neumann estimates can be forced
to dominate certain others. Again see [14] for the details.
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Let €1, Q5 be smoothly bounded, pseudoconvex domains and ® : 2; — 29 a
biholomorphic mapping which is bi-Lipschitz of order exceeding (n — 1)/n. We
shall apply the preceding ideas on 0y with A(2) = X2(2) = |2]? and on Q; with
A(z) = M1(2) = |®(2)|?. Note that we are applying Kohn’s construction twice.!

In this context we shall refer to the t-weighted Bergman projection as P, (for
1) and P, 5 (for Q). We shall also call Bell’s regularity condition in the context
of Kohn’s weighted inner product by the name “Condition R;.” We shall denote
the Bergman kernels by K, ; and K; 2 . As a result of these ideas, the O-Neumann
problem on 29, formulated with the indicated weight A, satisfies favorable estimates
(this follows from [14]) as long as ¢ is large enough. Hence €y satisfies Condition
R;. Bell also makes use of these facts.

These are the tools that we shall need in the next section to get to our result.

In what follows we shall take it that we are working with the Bergman theory
for the inner product ( , ) for ¢ sufficiently large, and that Q5 satisfies Condition
R;. We formulate this last by saying that P o : Wy, 2(Q) — Wi 2(Q2) for any
s > 0 and suitable m(s) > s.

Sometimes, in what follows, we will talk about

(i) a domain Q with weight A
but make no reference to
(ii) Q1, Qo, or the mapping .

We will later apply (i) to (ii).

4. THE GUTS OF THE PROOF

In this section, (2 is a smoothly bounded, pseudoconvex domain equipped with
the weight e7**.

Lemma 4.1. Let Q cC C" be smoothly bounded and pseudoconvex. Suppose that
the X\ from the weight on € is smooth on ). Assume that €2 satisfies Condition R,
with respect to the projection P;. Let w € ) be fixed. Let K; denote the Bergman
kernel. Then there is a constant C,, > 0 so that

1K (w, ) lsup < Coo -

Proof: The function K(z, -) is harmonic. Let ¢ :  — R be a radial, C> function
centered at w and supported in 2 so that the radius of the support is comparable to
half the distance of w to the boundary. Assume that ¢ > 0 and [ () dV(¢) = 1.
Then the mean value property implies that

Ki(z,w) = /Q Ki(2,O)p(¢) dV () = /Q K4 (2.0 [p(Q)eP O] MO av(¢)

11t is because the weight e~ tle(2)|?

careful to absorb these error terms.

gets differentiated in the proofs below that we must be
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Of course this last displayed expression equals P, (go( . )e“‘( : )>. Thus

[Ke(w, )lsup = sup|Ki(w,z)|
ZEQN
= sup |K;(z,w)|
z€Q
= sup|P[p(-)e* V]
z€Q

By Sobolev’s theorem, this last is

< O(Q7 w)HPt [QO( : )et)\( ’ )] HW271+1,2 .
By Condition Ry, this is
< C(Qw) - [lp(-)e™ ) lw,

m(2n+1),2

=Cp. 1

Remark: It is worth noting that the estimate obtained in this last proof depends
on some derivatives of A on a compact set. In practice this causes no harm. We only
need to know that ||K;(w, -)||sup is bounded so that we can perform an integration
by parts in the proof of Lemma 4.2 below.

Lemma 4.2. Let u € C*(Q) be arbitrary. Let s € {0,1,2,...}. Then there is a
v € C*(Q) such that Pyv = 0 and the functions u and v agree to order s on 0.

Remark: This lemma in the present formulation is not entirely satisfactory. For,
in its statement here, we suppose that the weight A is smooth across the boundary.
Yet, in the applications below, the weight is taken to be |®(2)[?, and that is not
known a priori to be smooth up to the boundary (in fact our goal is to prove that
it is smooth up to the boundary).

The way to address this problem is to use an approximation argument. In the
case that the domain €2 is convex, the approximation is very simple. We simply
replace Q1 by (1—¢€)Q4, € > 0, so that the mapping is smooth across the boundary.
The relevant estimates are uniform in €, and the result is correct in the limit.

For non-convex )1, we must take advangage of ideas in [3]. For Bell explains
there how to localize the smoothness-to-the-boundary arguments that we present
here. As a result, if p € 094, v, is the Euclidean unit outward normal vector
at p, and U is a small neighborhood of p, then we may apply our arguments on

{ = (UNy) —evp. Thus the mapping will be smooth across the boundary and (a
localized version of) Lemma 4.2 will apply without any problem. All the relevant
estimates are uniform in €, and our desired result holds in the limit.

Proof: This lemma is the key to Bell’s approach to these matters. We will need
to expend some effort to adapt Bell’s ideas to the new weighted context.

We of course assume that our domain €2 is equipped with an inner product (, )
based on a weight e~**.

After a partition of unity, it suffices to prove the assertion in a small neighbor-
hood W of zy € 9Q. After a rotation, we may assume that dp/dz; # 0 on W N Q.

[Here p is a defining function for the domain 2—see [15].]
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Define the differential operator
n dp 0
Re { Y15 aT,}

N 2
Zj:l

Observe that vp = 1. Now we shall define v by induction on s. In what follows, we

shall make use of the differential operator

V=
s

0z,

0 12D
T=—+t—:.
0G0
For the case s = 0, we set
w, = PY
1= T

If W is small then of course Tp will not vanish. Also define
vy =Tw; =u+ O(p).

Then we see immediately that v and v, agree to order 0 on 9f2. Furthermore,

Py = /Kt(z,C)Twlefw‘dV

— / Te [Ki(2,¢)e™ ™ wy dV
= 0.

The penultimate equality comes from integration by parts. This operation is justi-
fied by Lemma 4.1. Note that T, annihilates K;(z, C)e‘”‘(o by a simple calculation
(using the fact that K(z, () is conjugate holomorphic in the ¢ variable).
Now suppose inductively that
Ws—1 = Ws—2+ 9571 : Ps_l 3
Vs—1 = Tws—l
(for some smooth function 6;_1). We construct
wWs = ws—1 + 05 'ps
so that
v = Tw,
agrees to order s — 1 with u on 9).
By the inductive hypothesis,
vy = Twsg
Tws—1 + T(esps)
= w1 +p* [0, Tp+ pTh,] .
This expression agrees, by the inductive hypothesis, with u to order s — 1 on 9f).
We now must examine D(u — vs), where D is any s-order differential operator.
There are two cases:

Case 1:: Assume that D involves a tangential derivative Dy. Then we may
write D = DyD;. Then
D(u —v,) = Do,
where a vanishes on 9€2. But then it follows that Dya = 0 because Dy is
tangential.
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Case 2:: Now assume that D has no tangential derivative in it. So we take
D = v*®, where v was defined at the beginning of this discussion. Our job
is to choose 0, so that

v (u—wvs) =0 ondN.
So we require that
vi(u—wvs—1) — v (T(0sp°)) =0 on ON.
This is the same as
vi(u—vs_1) —0s (v°Tp°) =0 on 9N

(because terms that contain p must vanish on 9%) or

v (u —vs—1) — O (Vsalz_lf) — 0, (ustgg;ps) =0 onoN.

This may be rewritten as

dp
(u—vs-1) =05 8! =——t-0s-7-p,
v (u—vs_1) 85'(1 T-p

where 7 stands for terms that come from the differentiations. The last line
may be rewritten as

v (U — vs_1)

S_S'ﬁ_i_tTp

T0G
If W is small enough then the denominator cannot vanish and we see that
we have a well-defined choice for 6, as desired. [

We note that, in [2], Bell has a particularly elegant way of expressing the content
of this last lemma. His formulation will be useful for us later, so we formulate it
now. First some notation.

If © € C" is a domain (a connected, open set), then let W2, () be the closure
of C°(Q2) in W, (). Now we have Bell’s formulation of our Lemma 4.2:

Corollary 4.3. Let 2 be a smoothly bounded, pseudoconvex domain. Let s,m €
{0,1,2,...}. Then there is a linear operator U™ : Wy p 2(Q) — Wy(€2) such
that P,W®"™ = id. The norm of this operator depends polynomially on t and on
derivatives of \.

5. A DEEPER ANALYSIS

A troublesome feature of Lemma 4.2 and Corollary 4.3 is that the weight A\ gets
differentiated s times, and A (in practice) is defined in terms of the mapping .
Since our job in the end is to estimate the derivatives of ®, this looks problematic.
We need to develop a way to absorb these extraneous derivatives of ®.

With that thought in mind, we recall the standard Sobolev embedding theorem
for a smooth domain in RY (see [1], [19] for details).

Proposition 5.1. [?] Let @ C RY be a smoothly bounded domain. Let W,
be the standard Sobolev space of functions on €2 having m weak derivatives in the
space LP. Equip Wy, , with the usual norm. Then we have the embedding

Wk,p - WLq
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whenever k > £, 1 < p < q < o0, and

1 1 k-4

q p N

We are particularly interested in domains in C". Hence, for us, N = 2n. Also
we will apply the result in case k = 4 and £ = 2. Thus the important inclusion is

Witns2,2 € Wik
We will generally exploit this embedding in the form of the inequality

[fllk.a < Cllfllktns2,2-

We will also make good use of the following refinement of the Sobolev theorem
that is due to Ehrling, Gagliardo, and Nirenberg (see [1] for the details):

Theorem 5.2. Let Q@ C RY be a smoothly bounded domain. Let W,,, be the
standard Sobolev space of functions on §2 having m weak derivatives in the space
L?. Equip Wp,, with the usual norm. Let ¢y > 0. Let m be a positive integer.
Then there is a constant K, depending on €y, m, p, and €} so that, for any integer
Jwith0<j<m—1, any 0 < e < €, and any u € W, p,

lulljp < Kellullmp + Ke /D uflo,

It is worth taking some time now to do a little analysis. Examine the proof of
Lemma 4.2. [Note that, when we apply Lemma 4.2 and Corollary 4.3, we do so on
0y with A\(2) = M\1(2) = |®(2)|?.] At each stage we integrate by parts, and therefore
a derivative falls on A (and hence on ®). Thus we see that the function v that we
construct has the form

v =qo+ @tVP + @t* V2P + - 4 ¢t VD 4+ ¢[tVD + ¢ht* VD + - - 4+ ¢t VED.
Here we use the notation V& or V@ to denote some derivative of some component
of ® or ® and V/® or V/® to denote some j* derivative of some component of ®

or ®. Also qj, q§ denotes an expression that involves components of ®, derivatives
of p, and derivatives of 6;. Thus we see that

ol < C- [/|q0|2dvl/2+/|V’“q0|2dvl/2+/\q1tv¢|2dvl/2
/| (tV q)®|” + [tV | av /2
s [laevopavt s [|@vrgel +]eev2ef a2
+/\qstV5<I>\2dV1/2

/| (V) ®|* + |2, V| av1/?]

plus similar terms involves q;» and V/®.



SMOOTHNESS TO THE BOUNDARY OF BIHOLOMORPHIC MAPPINGS 9

Using Holder’s inequality, we see that this last is majorized by
“ U lqol” AV*/2 + / V7 qof"av'/>
’ t/|Q1‘4dV1/4'/|V<I>|4dvl/4+t/|VTQ1|4dV1/4-/|‘I’|4dvl/4
+t/f‘1114d‘/1/4'/|V’““<1>|4dv1/4
i t2/|‘12‘4dvl/4'/|V2<I>|4dV1/4+t2/|VTQ2|4dV1/4./|(I>|4dvl/4
+t2/|q2|4dV1/4 . /|VT+2(I)|4dV1/4 .
- t/|qs\4dvl/4‘/|VS<I>|4dV1/4+t“"/|V’“qs!4dV1/4-/!¢|4dv1/4

+t5/|qs|4dvl/4~/}V’”+Sq>|4dvl/4]

plus similar terms involves q} and V/®.

Now we may estimate this more elegantly as
C' (L4 8)*[1+ ||®|rssa] -
And then we apply the Sobolev inequality noted above to estimate this at last by
C - (L4 )°[1+ |19l pss4n/2,2] -

At last we apply the Ehrling-Gagliardo-Nirenberg inequality (with m =7 + s+ n,
j=r+s+n/2) to obtain

SO"(A+) (1 + € ||| rysgnz +e T2/ i, ). (5.2)

This inequality is valid for any 0 < € < 1 provided that C” is large enough.
Furthermore, C” depends on s.

We finally note that, in the proof of Lemma 4.2, the definition of w; involves a
division by T'p (and the definition of T entails a derivative of ®). But this can be
treated with a Neumann series, or just using the quotient rule.

Now we can reformulate Corollary 4.3 as follows:

Corollary 5.3. Let Q be a smoothly bounded, pseudoconvex domain. Let s €
{0,1,2,...}. Fix any € > 0. Then there is a linear operator U° : W, sy 2(Q) —
W£2 (© such that ¢, ¥® = id. Moreover, the norm of this operator does not exceed
O”(l + t)s(l +e- ||(I)Hr+s+n,2 + ¢ (r+stn/2)/(n/2) . ”(I)HO:?)'

6. THE FINAL ARGUMENT

For the rest of this discussion, we let € and Q9 be fixed, smoothly bounded,
pseudoconvex domains in C". We fix a strictly plurisubharmonic function \(z) =
A2(2) = |2|?, and we equip Q5 with the inner product with weight e~**(*). We also,
as above, equip §2; with the inner product having weight \(z) = A\ (2) = |®(2)|?.
We assume that there is a biholomorphic mapping ® : Q; — 9 that extends in
a bi-Lipschitzian fashion, of order greater than (n — 1)/n, to the boundary, and
we equip 27 with the inner product with weight e~ We let P, and P o
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be the resulting Bergman projections for €2y, 25 respectively. We let u denote the
complex Jacobian determinant of ®. And we let U denote the complex Jacobian
determinant of ®~!. So u is a complex-valued holomorphic function on €; and
U is a complex-valued holomorphic function on Q. Finally, for j = 1,2, we let
3j(2) = dq, () = distgycia(z, °Q;) for z € Q;.

Lemma 6.1. The Bergman kernels for the two domains are related by

Ki1(2,¢) = u(z) - K 2(®(2), ®(C)) - u(C) . (6.1.1)
Proof: This is a standard change-of-variables argument, using the canonical rela-
tionship between the real Jacobian determinant of a biholomorphic mapping and
the complex Jacobian determinant of that mapping (see Lemma 1.4.10 of [15]).
Now, if f is a Bergman space function on €27, then we have

/ [4(2)Ke2((2), () u(C)] F(Qe MO av (¢)

= /Q u(2) K 2(®(2), )u(®1(€))

< f(@7HE))u" (QuTT €)e M av (€)
= [(2ulz)u”(®(2))
= f(2).
Thus we see that the righthand side of (6.1.1) has the reproducing property on 2.

It is also conjugate symmetric and is an element of the Bergman space in the first
variable. Therefore it must equal Ky 1(z, (). O

Lemma 6.2. For any function g € L?(€s), we have
Pia(u-(90®)) =u-((F2(g) 0 ®).

Proof: We use the preceding lemma to calculate that

u(z) (Pa(9)0 @) (2) = u(z) [ Kia(®(2),)g()e” ™ av(Q)

Qo
= ) | ule) K 0 )
xg(Q)e™Mdv (¢)
= ) | o) K OuE)
xg((€))e M u(e)u(€) dv (€)
| K, £)g(@(&))u()e” N av (¢)

= Pa(u-(go®))(2).
That establishes the result. [

It will be useful to have the following corollary, in which @ is replaced by ®~!
(and of course the corresponding Bergman kernels switch roles):
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Corollary 6.3. Let U denote the complex Jacobian determinant of ®~'. Then,
for any function g € L*(Q), we have

Pia(U-(go®@ ") =U-((Palg)o®).

Lemma 6.4. Let H> (€21) denote the space of holomorphic functions on 1 which
extend smoothly to Q1. Let s € {0,1,2,...}. If h € H*(Qy), then let ¢5 = ¥*h,
where W* is introduced in Corollary 4.3. Then

U-(ho® 1) =Po(U-(ps 0@ ).
Proof: We calculate, using Corollary 6.3, that
Pra(U-(¢s0®71) = U-(Pr1(9s) 0@ ") = U-(P1(¥°h)o@™ 1) =U-(ho®™ ). O

The next lemma has nothing to do with Condition R. It is really only calculus.

Lemma 6.5. Suppose that ®~' : Qy, — Q; is a biholomorphic mapping between
smoothly bounded, pseudoconvex domains in C". Assume that ® is bi-Lipschitz
of order exceeding (n — 1)/n. Let U denote the complex Jacobian determinant of
®~!. For each nonnegative integer s, there is an integer N = N(s) such that the
operator

gr—U-(go®™")
is bounded from W2, y 5(Q1) to W, (22).

Proof: In what follows we let d;(z) denote the Euclidean distance of z from the
boundary of ;.

Since the components of ®~! are holomorphic and Lipschitz of order exceeding
(n — 1)/n, the derivatives of @1 satisfy finite growth conditions at the boundary
(see [10]). That is to say

9°p—1 (w) <C. dz(w)kar(nfl)/n (6 5 1)
e < . 5.
Here « is a multi-index, k = |a, and d; is the distance of the argument to the

boundary of €;, j = 1,2. Estimates like this one go back to Hardy and Littlewood
(see [10]).
Now Sobolev’s lemma and Taylor’s formula tell us that, for g € Wngla\Jrn 5 (),

[D%g(2)] < C - lgllstia+ndi(2)”.

For a given s, in order to show that an N exists so that g — U-(go®~1) is bounded
from WS+N,2 (Q1) to WP,5(€s), it will suffice to show that there is an integer m > 0
such that d;(®~1(w))™ < C - da(w). That such an m exists is proved by Range
[16]. The proof, naturally, consists of applying Hopf’s lemma to p o @1, where p
is a bounded, plurisubharmonic exhaustion function for €25 of the form vd;/ ™ with
v € C*(Q3) and v < 0 on Qy. Of course Diederich and Fornzess [6] have proved the
existence of such an exhaustion function. Range [17] has given a simpler approach
to the matter, with the penalty of assuming greater boundary smoothness.
That completes the proof of the lemma. O
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Lemma 6.6. Let s € {0,1,2,...}. With notation as above,
U - (ho @ H)lls < [[hllstn -

Proof: We note that Kohn’s theory (see [2] for the details) entails that P, » maps
W.2(Q2) to Wy 2(Q2) for t sufficiently large and any s.
Now we apply Corollary 6.3 and then Lemma 6.4 to see that

U (ho@™Mlls < [1P2(U- (¢s0 @)l

< NU - (6502 lim(s)

< @sllmes)+n

= 1Y F NV Al n

< @+ )PNC" (e || ims) +2n+n2

+ e TR 0]0.0) Al syan

In the second inequality we use Condition R;. In the third inequality here we use
Lemma 6.4. That completes the argument. O

Proof of Theorem 1.1: The last lemma tells us that U - (ho ®71) € H®(Qy) if
h € H>®(Q;). Taking h = 1, we conclude immediately that

||U||S’2 < C//(l + t)‘i(l + e - H(I)||m(s)+21\/'+n,2 + 68_(m(s)+2N+n/2)/(n/2) . H(I)HO,Q) .

We will later specify €5 to mesh nicely with our other estimates.
Next take h = w;, where w; is the 4t coordinate function on Qy. We conclude
now that

U-(271) lls.2 < O (14)° (Ttes | Rllms) 4 2n+n 2 Heg EFENF2 2 9]l )
(6.7)

Fix a point z € €. The fact that ® : )y — Q9 is Lipschitz of order greater than

(n —1)/n tells us that

[V®(2)| < C -6y (z)" /e
for some € > 0. Hence the complex Jacobian determinant u of ® at z is bounded by
d1_1+€/ (z) for some ¢’ > 0. We know from results of Range [16], proved with a direct
application of Hopf’s lemma, that di (®~!(w))™ < C-da(w) for some positive integer
m. But in fact the bi-Lipschitz condition of order exceeding (n — 1)/n guarantees
that m must be 1. )

It follows then that U must be of size at least ds™¢ if it vanishes at some point
of 9 (it cannot vanish in the interior). That contradicts the smoothness of U to
the boundary. We conclude then that U cannot vanish. Hence it is bounded from
0 in modulus. So we may see from (6.7) that

€s

1(@71),lls2 < C"(1+ t)s([mgtw

€s
(6.8) + AF 20N |‘I>||2s) :

e

—(m(s)+2N+n/2)/(n/2)
} 0,2
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Of course a similar argument may be applied with ®~! replace by ® and the
roles of 2 and €5 reversed to see that

€s

1(@);lls2 <C"(A+ t>‘“([(1+2t)w+n/2

€s

—1
(6.9) + e 127 ).

[l

—(m(s)+2N+n/2)/(n/2)
:| 0,2

Now let Ay = 10—~
In inequality (6.8), replace s by ¢ and multiply through by A,. Likewise, in
inequality (6.9), replace s by ¢ and multiply through by Ay. Now sum over ¢. The
result is
]

< Do (1 Clplon + g IO oy,
4

eel|® a0z + €e||‘1’||2e,2>/\4 .

> [Ae” (@71),llez + Acll (@) ]

L

What is nice about this inequality is that we can now absorb the two ¢; terms on
the righthand side into the lefthand side. In order to do this, we must note that
the term || ||2¢,2 on the righthand side has coefficient €, A, while the same term on
the lefthand side has coefficient Agg. So we must choose €p so that €Ay < (1/2)Agy.
Clearly ¢, = (1/2)10~* will do the job.

The result is that

2 [/\eH (@71),llez + Acll ()]

L
< ZC/N}\Z . (Ez(m(s)+2N+n/2)/(n/2) ) ||(I)
14

02

|0’2 + 6Z(m(s)+2N+n/2)/(n/2) . ||(I)—1||0’2)

We may conclude from this last inequality that || (®71));|;,2 and [|(®))j]];,2 are
bounded. Thus the bihlomorphic mapping extends to a diffeomorphism of the clo-
sures. That is our theorem. O

We remark that, if we strengthen the hypotheses of our theorem to ® and ®~!
both being Lipschitz 1, then it is immediate that v and U are bounded and the
proof simplifies notably. Having a Lipschitz condition of order less than 1 makes
things a bit trickier.

7. CONCLUDING REMARKS

It would be natural to suppose that a theorem like the one that we prove here
is actually valid with only the assumption that ® and ®~! are Lipschitz of order e
for some € > 0. The methods that we have do not suffice to establish such a result.
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We repeat that, of course, the hope is that no Lipschitz hypothesis should be
needed. The conclusion should be true all the time. That question will be a topic
for future research.
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