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Abstract. This study looks at how D-stability relates to the structured singular value for certain types of structured

matrices, which helps us to understand dynamic systems influenced by structured and unstructured uncertainties.

We share new results on D-stability, ensuring that eigenvalues remain in a specific area of the complex plane C even

with permitted changes. The calculations of a singular value and a structured singular value are important measures

to evaluate how well a system can handle changes, perform, and remain stable when faced with certain types of

uncertainty. We establish a theoretical connection between these concepts by characterizing D stable regions within the

µ-analysis framework. Numerical tests support our findings, showing how singular values and structured singular

values behave with our method compared to traditional techniques.

1. Introduction

Matrix proximity challenges involve developing computational approaches and numerical al-

gorithms to find a matrix not only near to a given matrix, but must possess certain properties

as per the requirement of the problem. In matrix proximity challenges, the aim is to reduce the

gap using appropriate matrix norms. The common choice is of || · ||2 and || · ||F, where || · || denotes

the matrix-norm, subscripts 2 represent the matrix 2-norm, and F represent the matrix Frobenius

norm.

When considering a specific characteristic P for matrix M that lacks this property, the matrix

proximity challenge is to find another suitable matrix M̂ nearest to M. The matrix B holds the
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property P, and also the approximated distance between matrices M and M̂. In such a case, the

matrix proximity challenge mathematically may be expressed as

min||M−X|| s.t X ∈ P̂,

with P̂ represents a collection of matrices that satisfy the property P.

matrix proximity challenges can be extended to matrix polynomials [1]. In these cases, the goal is

to consider M(α), expressed as M(α) =
∑d

i=0 Miαi, which is a polynomial with matrix coefficients.

The aim is then to identify another matrix polynomial M̂(α) =
∑d

i=0 M̂iαi, and subsequently

investigate and evaluate the associated minimization problem

min
d∑

i=0

||Mi − M̂i||
2.

In [2], the authors proposed a solution to the low-rank matrix completion problem, where

the objective is to reconstruct a low-rank matrix based on partially observed entries. A low-rank

completion problem with the help of Riemannian optimization and using the Grassmann manifold

was addressed in [3]. An augmented Lagrangian algorithm was developed by Borsdrof [4] to

study and analyze matrix proximity challenges. The structured total least norm algorithms [5]

were developed to deal with a specific class of matrix proximity challenges.

In his work on calculating the nearest correlation matrix, Dykstra [6] introduced an alternating

projection approach, which was then proposed in [7]. A dual approach to study and analyze

matrix proximity challenges was developed in [8,9]. We further refer to see [10–15] for a more and

comprehensive details and efficient techniques to study and solve the matrix proximity challenges.

An analytical method to solve and analyze matrix proximity challenges was presented in [16].

The more generic analytical method was developed [17] to solve matrix proximity challenges with

the characterization in term of best approximation of matrix elements. For the computation of a

nearest distance matrix for a given arbitrary distance matrix an analytical method was presented in

[18]. A bisection method in [19] was developed to study and analyze matrix proximity challenges.

In our current study, we analyze the matrix proximity challenge. for a given n-dimensional

real-valued matrix, we mainly aim to evaluate the nearest correlation matrix such that having a

unit diagonal, and non-negative eigenvalues. The suggested approach relies on a collection of

methods from mathematical optimization and linear algebra to determine the necessary nearest

correlation matrix. We further to the analysis on the spectral properties of dynamical systems under

consideration. The idea presented in this paper is to compute nearest correlation matrix while

maximizing the negative eigenvalues in such a way that all eigenvalues become non-negative.

This is achieved by solving and analyzing the gradient system of ordinary differential equations

obtained from mathematical optimization.

In section titled with New results on stability and D-stability, we consider that the dynamical

system under consideration possesses a coefficient matrix which is a nearest correlation matrix.

This work introduces novel theoretical and computational insights into the relationships among
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stability, structured singular values, and D-stabilityin dynamical systems. Leveraging tools from

matrix analysis and system theory, we derive conditions for stability by optimizing the eigenvalues

of perturbed structured matrices. Additionally, we integrate D-stability analysis with structured

singular value computations, ensuring that all singular values remain within the interval (∞, 1]

for robust performance.

According to the literature, a n-dimensional matrix M ∈ Rn,n is stable or positive stable if

Re(λi(M)) > 0, ∀i = 1 : n. An n-dimensional real-valued matrix M is regarded as a D-stable

matrix for a positive diagonal matrix D = diag(pi) > 0, for all i, if Re(λi(DM)) > 0 for all i = 1 : n.

In the classical works, [20, 21] proposed the idea of D-stability. The notion of D-stability has

numerous applications across various fields, including economics, engineering, and mathematical

modeling, see [22–28, 33].

The verification of D-stability is a hard problem. For n = 3, a three dimensional matrix, a com-

plete description to the verification of D-stability was presented in [30]. For n = 4, the theoretical

results D-stability were proved and presented in [31]. In [32], several necessary conditions for

D-stability and a specific class of structured matrices that are D-stable were provided, applicable

to matrices with dimension n > 4. But, unfortunately the characterization of D-stability for struc-

tured matrices in higher dimensions is an open problem. The classical and theoretical results on

the verification of D-stable matrices are provided in [22–29].

In control system theory, a mathematical tool that was initially presented in [34], the idea of

approximating the single structured value and its upper and lower bounds is well-established. The

primary benefit of computing structured singular values lies in its ability to tackle fundamental

problems related to the analysis of linear time-invariant systems. From an application perspective,

it facilitates the discussion of robustness, performance, stability, and instability in dynamical sys-

tems. Structured singular values are calculated, considering a set of block-diagonal uncertainty.

The set of block-diagonal uncertainties covers a number of repeated real, repeated complex, num-

ber of full block, and mixture of both real and complex uncertainties. For more details on examples

and applications of structured singular values and its lower and upper bounds, we refer [35–42].

The analytical approach to computing the structured singular value is highly complex, and

determining its exact value is known to be an NP-hard problem, as discussed in [39]. Due to

this computational challenge, significant efforts have been directed toward developing numerical

methods that provide upper and lower approximations of the structured singular value. For

instance, MATLAB’s mussv function estimates upper bounds using techniques such as diagonal

balancing and Linear Matrix Inequalities (LMIs), as detailed in [43, 44].

A notable study in [45] establishes sufficient conditions for a real-valued matrix to be classified as

D-stable. Further research in [45,46] demonstrates that verifying D-stability for higher-dimensional

matrices poses significant mathematical difficulties. However, theoretical analysis confirms that

such results are more tractable in lower dimensions, particularly in two or three-dimensional

spaces.
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The interplay between D-stable matrices and structured singular values has been extensively

explored in [47,48]. Additionally, [49] presents further insights into the connections among D-stable

matrices, strongly D-stable matrices, and structured singular values, specifically for complex-

valued matrices in n-dimensional spaces.

The robust stability of Boolean networks (BNs) for two kinds of EPs, that is, edge removal and

edge sign switch is presented in [59] while first converting them to a multibit function perturbations

(FPs). Then a parameterized reachability matrix is formulated for the verification of the robust

stability. A comprehensive study on the compositional method to alleviate the high computational

cost of large-scale Boolean networks was presented and developed in [60].

In [57], a systems of linear equations with fuzzy coefficients and variables based approach

is developed to address the modeling of multiproduct supply and demand equilibrium under

uncertainty. The proposed methodology consists upon the reformulation of an equilibrium con-

ditions with fuzzy arithmetic and examine the existence and nature of fuzzy solutions. In [58],

linear algebra for economic geography models was proposed, and mainly a sufficient statistics

was developed to nominal as well as the real wage exposure to productivity shocks in a constant

elasticity economic geography model. The exposure measures summarize the first order gen-

eral equilibrium elasticity in each location with respect to the productivity shocks for all possible

locations.

Article Overview. Section 2 of this paper presents a comprehensive review of matrix proximity

challenges, where the goal is to minimize the distance between given matrices under specific

norms, such as the spectral norm (2-norm) and the Frobenius norm.

In Section 3, we introduce a novel approach for computing the closest correlation matrix using

eigenvalue optimization techniques. The solution to this optimization problem is formulated as a

system of ordinary differential equations (ODEs), which are then solved numerically via Euler’s

method to analyze spectral behavior.

Section 4 develops new theoretical results on stability analysis and D-stability in dynamical sys-

tems. Our methodology integrates advanced tools from linear algebra, mathematical optimization,

and system theory to establish rigorous analytical guarantees.

Finally, in Section 5 numerical experiments conducted to examine the properties of singular val-

ues and structured singular values for structured matrices, along with their practical implications.

2. Matrix Proximity Challenges

In matrix proximity challenges one aims to find an arbitrary matrix (say) M ∈ Rm,n which is

nearest candidate to class of structured matrices, the distance between matrices is measured by a

matrix norm. Consider Ŝ denotes Rm,n, a matrix norm on Ŝ is represented by || · ||. Assume that P
denotes a matrix property, then a distance function d for matrix M is given by

d(M) = min{‖E‖ : M + E ∈ Ŝ has property P}.
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For d(M), in the matrix proximity challenge we aim to:

(1) Find an explicit formula for d(M).

(2) Find X = M + Mmin, with Emin is such that minimum in d(M) is attained. Then, the important

question to answer is either X is a unique matrix.

(3) Write algorithms to estimate d(M) and X.

Remark 2.1. Matrix norm selection in d(m) ensures computational feasibility in proximity analysis.

In matrix proximity challenges, usually matrix 2-norm and matrix Frobenius norm are used to

study and analyze the problem. The matrix 2-norm for M ∈ Rm,n is

||M||2 = ρ(MTM)
1
2 ,

with the spectral radius of a matrix denoted by ρ(·).

The matrix Frobenius norm of M ∈ Rm,n is defined as

||M||F =

∑
i, j

|mi j|
2


1
2

= Trace(MTM)
1
2 .

Remark 2.2. These matrix norms (|| · ||2, || · ||F) maintain unitary invariance properties"

As it well-known that for a given M ∈ Rm,n,

||M||2 ≤ ||M||F,

and this further implies that d2(M) ≤ dF(M), the distance measured in matrix 2-norm, and matrix

Frobenius norm. The use of || · ||1 and || · ||∞ in d(M) leads to intractable matrix proximity challenges.

Remark 2.3. For rank-1 matrices M, the relationship ||M||2 = ||M||F holds. Further, if Emin has a rank-1,
then d2(M) = dF(M).

Many of the matrix proximity challenges solutions can be respected in term of decomposition

of matrices. For instance:

(1) Symmetric/Skew-Symmetric Decomposition: Any matrix M ∈ Rn,n can be expressed as the

sum of a symmetric and a skew-symmetric matrix:

M =
1
2
(M + MT) +

1
2
(M−MT).

(2) Polar Decomposition: For any matrix M ∈ Cm,n where m ≥ n, it can be taken into considera-

tion as

M = UH,

where U ∈ Cm,n is a matrix with orthonormal columns, and H ∈ Cn,n is a unique Hermitian positive

semidefinite matrix.

(3) Singular Value Decomposition (SVD): Any matrix M ∈ Rm,n with m ≥ n can be decomposed

as

M = UΣVT,



6 Int. J. Anal. Appl. (2026), 24:94

where U ∈ Cm,m and V ∈ Cn,n are unitary matrices, and Σ = diag(σ1, σ2, . . . , σn), with σi ≥ 0 for

all i. In applications mostly real-valued matrices are studied. In such case Ŝ contains Rm,n, and

following problem is the matrix proximity challenge

Given M ∈ Rn,n, the distance function is denoted by d(M) and is defined as

d(M) = min{||E|| : M + E ∈ Rn,n is symmetric}.

The above matrix proximity challenge for given M ∈ Rn,n was solved in [50], and they obtain that

d(M) = ||Mk|| =
1
2
||M−MT

||, X = MH =
1
2
||M + MT

||.

For a given M ∈ Rn,n let δ(M) = ||M−X||with X, a positive semi-definite matrix. The following

approximation problem was given by Highmam [51].

Theorem 2.1. Let M ∈ Rn,n, and consider that MH = UH. Then XF = (MH + H)/2 is unique
approximate to M, and

δF(M)2 =
∑

λi<0
λi(MH)

2 + ||Mk||
2
F.

The challenge of locating nearest matrix having orthonormal columns to given M ∈ Rm,n, is an

important problem in matrix proximity challenge. In such a problem, the distance function for M
is

d(M) = min{‖ E ‖: E ∈ Rm,n, (M + E)T(M + E) = I}.

The following minimization problem for given M, B ∈ Rn,n

min{‖M− BQ ‖F: Q ∈ Rn,n, QTQ = I}

is an orthogonal procrustes problem.

Remark 2.4. The solution to above matrix proximity challenge are given by Theorem 4.1 [52].

For a matrix M ∈ Cn,n, the problem of its proximity to normality in relation to the Frobenius

norm was addressed in [53]. The matrix M can be expressed as the sum of three components:

M = D + H + S,

where D = diag(mkk), with hkk = 0 and skk = 0 for the off-diagonal entries of H and S, respectively.

h jk =

(m jk + exp(2iθ jk)m̄kj)/2, m j j , mkk, ( j , k)

m jk, m j j = mkk, ( j , k)

s jk =

(m jk − exp(2iθ jk)m̄kj)/2, m j j , mkk, ( j , k)

0, m j j = mkk, ( j , k),

here θ jk = arg(mkk −m j j).

The following theorem [53, 54] is on nearness normal problem.

Theorem 2.2. Let M ∈ Cm,n, and let X denote its closest normal matrix in the Frobenius norm. If
X = ZDZ∗, then the matrix Z∗MZ is a 4H-matrix, with D = diag(Z∗MZ).
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Remark 2.5. In matrix decomposition M = D + H + S, if H = 0, then decomposition of M is called a
4H−matrix.

Following theorem by Cauchy 1964, Gabriel 1979, gives further insights to matrix nearness

normal problem.

Theorem 2.3. Let M ∈ Cn,n and consider a decomposition of X such that X = ZDZ∗, where Z is a unitary
matrix and D is a diagonal matrix. The matrix X is the nearest normal matrix to M in the Frobenius norm
if and only if

‖diag(Z∗MZ)‖F = max ‖diag(Q∗MQ)‖F,

where the maximum is taken over all unitary matrices Q such that Q∗Q = I, and

D = diag(Z∗MZ).

For a given matrix M ∈ Cn,n, such that λ be its eigenvalue, then it is not much hard to determine

nearest matrix to M. The nearness problem can be transformed to problem

min
{
||E||
||M||

: det(M + E) = 0
}

.

This is possible because λ is from spectrum of A + E and hence det(M− λI) + E) = 0.

The challenge of locating a nearest matrix in case of repeated eigenvalue is much more complicated,

see [55, 56].

3. Computing Non-Negative Spectrum

In this section, we aim to determine the behavior of smallest eigenvalue λmin
1 for a given matrix

M ∈ Rn×n. We construct a structured matrix E such that diag(E) = 0, and further

‖E‖F =

√∑
i, j

e2
i j ≤ 1.

We omit for sake of bravery the dependency of E on t, that is, E = E(t) for all t ∈ R+. In order

to investigate the behavior of λmin
1 , it is essential to examine the spectrum of the perturbed matrix

(M + αE(t)), where α > 0 is a positive parameter. By defining E = E(t), with t ∈ R+ and ensuring

that diag(E) = 0, we are able to study the behavior of the smallest eigenvalue λmin
1 . Further, it

demands to determine a direction Z = d
dt E(t), t ∈ R+, so that one can easily analyze how fast or

slow λmin
1 grows. We study the eigenvalue problem for a given M ∈ Rn×n:

(M + αE(t))v(t) = λmin(t)v(t),

withλmin, the smallest eigenvalue, and v(t) being the corresponding eigenvector. Here, we assume

v(t) such that ‖v(t)‖2 ≤ 1, ∀t ∈ R+.

Assumption 3.1. For computational tractability and relevance to economic applications, we restrict our
analysis to real-valued eigenvectors v(t) ∈ Rn for all t ∈ R+. This assumption is justified in practical
scenarios where:
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(1) The coefficient matrices arise from real economic data,
(2) The dominant eigenvalues determining system behavior are real, and
(3) The complex eigenvalues typically appear in conjugate pairs with real parts determining stability.

This restriction does not affect the generality of our stability conclusions.

The eigenvalue problem for M ∈ Rn×n presented above can be stated in the manner described

below:

vT(t) (M + αE(t)) = λmin(t)vT(t).

The time-derivative yields:

(M + αE(t))
d
dt

(
v(t)

)
+ α

d
dt

(
E(t)

)
v(t) =

d
dt

(
λmin(t)

)
v(t) + λmin(t)

d
dt

(
v(t)

)
.

This further takes the form,

vT(t) (M + αE(t))
d
dt

(
v(t)

)
+ αvT(t)

d
dt

(
E(t)

)
v(t)

=
d
dt

(
vT(t)v(t)

)
+ λmin(t)vT(t)v(t) + λmin(t)vT(t)

d
dt

(
v(t)

)
.

Since, vT(t)v(t) = 〈v(t), v(t)〉 = ‖v(t)‖22 = 1, thus the above expression reduces to

vT(t) (M + αE(t))
d
dt

(
v(t)

)
+ αvT(t)

d
dt

(
E(t)

)
v(t) =

d
dt

(
λmin(t)

)
+ λmin(t)vT(t) +

d
dt

(
v(t)

)
.

This yields,

λmin(t)vT(t)
d
dt

(
v(t)

)
+ αvT(t)

d
dt

(
E(t)

)
v(t) =

d
dt

(
λmin(t)

)
+ λmin(t)vT(t)

d
dt

(
v(t)

)
. (1)

By utilizing the fact that vT(t) (M + αE(t)) v(t) = λmin(t)vT(t)v(t), we have:

λmin(t)vT(t)v(t) = vT(t) (M + αE(t)) .

Thus, finally we have that:
d
dt

(
λmin(t)

)
= αvT(t)

d
dt

(
E(t)

)
v(t).

By taking vT(t) d
dt

(
v(t)

)
→ into Equation (1), and z = d

dt

(
E(t)

)
, we obtain the following maximization

problem.

3.1. Maximization Problem. The resolution of the following maximization problem identifies a

direction Z = d
dt (E(t)), such that the solution to the system of ordinary differential equations

reflects the growth of λmin
1 (t). The maximization problem is given by

max
(
vT

1 Zv1

)
Subject to

〈Z, E(t)〉 ≥ 0

diag(E) = 0,
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where v1 ∈ Rn,1 represents an eigenvector related to the smallest eigenvalueλmin
1 (t). The resolution

to the aforementioned maximization problem is provided by the following Lemma.

Lemma 3.1. For t ∈ R, the perturbation matrix E(t) is such that

‖E(t)‖F ≤
√∑

i, j

e2
i j ≤ 1.

Consider that v1(t) are the non-zero eigenvectors corresponding to λmin
1 (t). Therefore, the

solution to the optimization problem can be expressed as

Z =
d
dt

(
E(t)

)
= Pr

(
v2(t)vT

2 (t)
)
− 〈Pr

(
v2(t)vT

2 (t)
)
, E(t)〉E(t),

where Pr(·) denotes the projection of Z onto the manifold of matrices E(t), t ∈ R+.

Definition 3.1. The projection operator Pr(·) : Rn×n
→ M0 maps any matrix onto the manifoldM0 of

matrices with zero diagonal elements. Specifically, for any matrix A ∈ Rn×n,

Pr(A) = A− diag(diag(A))

where diag(A) extracts the diagonal elements of A, and diag(diag(A)) creates a diagonal matrix from these
elements. This operator ensures that the perturbation matrix E(t) maintains the constraint diag(E(t)) = 0

throughout the optimization process.

3.2. The System of Ordinary Differential Equations. The structured matrix Z with structure:

Z = Pr
(
v1(t)vT

1 (t)
)
− 〈Pr

(
v1(t)vT

1 (t)
)
, E(t)〉E(t).

is the solution matrix to the maximization problem. The system of ordinary differential equations

is d
dt (E(t)) = E(t) given by

d
dt

(
E(t)

)
= Pr

(
v1(t)vT

1 (t)
)
−

〈
Pr

(
v1(t)vT

1 (t)
)

, E(t)
〉

.

The mathematical solution of the above system of ordinary differential equations has the following

properties, that is,

(P1)
d
dt (λ

min
1 (E(t))) > 0, that is, the smallest eigenvalue λmin

1 (E(t)) has a monotonically in-

creasing behavior.

(P2)
d
dt (E(t)) = 0 iff d

dt (λ
min
1 (t)) = 0.

(P3)
d
dt (λ

min
1 (t)) = 0 iff E(t) ∝ Pr

(
v1(t)vT

1 (t)
)
.

Next, we analyze the behavior of λmin
1 , λmin

2 . Assume λmin
2 is a negative eigenvalue, but we aim

to have that

λmin
1 > 0, λmin

2 > 0.
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For this purpose, we need to determine a matrix Z = d
dt (E(t)), t ∈ R+ such that the solution

to the system of ordinary differential equations shows a maximum growth of λmin
1 , λmin

2 . the

optimization problem which gives a maximum increase in λmin
1 and λmin

2 is given by

max
(
vT

1 Zv1

)
Subject to

vT
2 Zv2 = vT

1 Zv1

〈Z, E(t)〉 ≥ 0

diag(E) = 0.

The solution to the maximization problem is given as

Z =
d
dt

E(t) = (1− µ)v1vT
1 − µv2vT

2 −
〈
v1vT

1 − v2vT
2 , E(t)

〉
−

〈
vT

1 v1, E(t)
〉

.

The perturbed matrix (M+ αE(t)) is an upper triangular matrix. The solution to the maximization

problem can also be rewritten as

Z =
d
dt

E(t) = (1− µ)Pr(v1vT
1 ) + µPr(v2vT

2 ) − βE(t).

Remark 3.1. The solution Z = d
dt (E(t)) can be determined using Euler’s method, that is,

En+1 = En + h
d
dt
(En).

The eigenvalue equation

A = (M + αE(t))v(t) = λmin(t)v(t),

explains the non-negative eigenvalues associated with the perturbed system. The matrix A is

positive semi-definite and is given by

A = M + αE(t).

4. New Results on Stability and D-Stability

This section presents novel results on stability analysis and D-stability in dynamical systems.

Our theoretical investigations demonstrate that a system’s stability can be verified by computing

eigenvalues satisfying Re(λi(·)) > 0 for all i.
Building on this foundation, we examine D-stability through the spectral analysis of matrix

products. For a given matrix M and an arbitrary positive diagonal matrix D, we establish stability

conditions by ensuring Re(λi(DM)) > 0 for all eigenvalues. This approach provides a complete

characterization of D-stability for the dynamical systems under investigation.

The following Theorem 4.1 demonstrates that the dynamical system with the coefficient matrix

(M + αE(t))x(t), x(t) ∈ Rn

is stable, meaning all of its eigenvalues have strictly positive real parts.
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Theorem 4.1. The dynamical system

dx
dt

= (M + αE(t))x(t), x(t) ∈ Rn

is stable if

Re [λ(M + αE(t))] > 0, ∀t ∈ R+.

Proof. The dynamical system is stable if all eigenvalues of (M + αE(t)) have positive real parts.

By the construction in Section 3, the perturbation matrix E(t) is designed to maximize the smallest

eigenvalue λmin(t), ensuring that λmin(t) > 0.

Since (M + αE(t)) is Hermitian by construction, all eigenvalues are real, and the condition

Re(λi(M + αE(t))) > 0 is equivalent to λi(M + αE(t)) > 0 for all i.
For any non-zero vector x, the quadratic form

xT(M + αE(t))x =
n∑

i=1

λi|〈x, vi〉|
2 > 0

where vi are the eigenvectors, confirming positive definiteness and hence stability. � �

Lemma 4.1 show that real part of each eigenvalue of perturbed matrix (M + αE(t)) is strictly

positive for all t ∈ R+.

Lemma 4.1. The eigenvalue λ ∈ σ(M + αE(t)), where σ(·) denotes the spectrum of M + αE(t). Then

Re(λ(M + αE(t))) > 0, ∀t ∈ R+.

Proof. The eigen-pair (λ, x) exists for M + αE(t). Then, we have that

xT(M + αE(t))x = xTλx. (4.1)

This implies that

Re(λ) =
xT(M + αE(t))x

xTx
> 0, (4.2)

By the optimization procedure described in Section 3, the perturbation E(t) is constructed to ensure

that the smallest eigenvalue λmin(M + αE(t)) becomes positive. Since the optimization process

in Equation (7) maximizes λmin(t), and the algorithm terminates when λmin(t) > δ > 0 for some

tolerance δ, we have established that M + αE(t) has all positive eigenvalues.

Therefore, for any eigenvalue λ ∈ σ(M + αE(t)) and corresponding normalized eigenvector x,

we have

xT(M + αE(t))x = λ‖x‖2 = λ > 0

which implies Re(λ) > 0. � �

Theorem 4.2 demonstrates that a dynamical system is stable in the event that a matrix B exists

whose rank equals the dimension of the given matrix M.
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Theorem 4.2. The dynamical system

dx
dt

= (M + αE(t))x, x ∈ Rn, 1

is stable if BT(M+αE(t))B is positive definite with rank(B) = n, where n is the dimension of (M+αE(t)).

Proof. Assume that λi(M + αE(t)) , 0,∀i. Then

rank(B) = rank((M + αE(t))B) = rank(BT(M + αE(t))B).

Since, we know that (M + αE(t)) is a non-singular matrix, this suggests that the rank of BT(M +

αE(t))B is equal to n, which is exactly the rank of B. �

The following Theorem 4.3 show that dynamical system is stable if the absolute value of eigen-

value of perturbed matrix is its spectral radius.

Theorem 4.3. Let (M + αE(t)) such that Re(λ(M + αE(t))) > 0. Consider (λ, x) to be an eigen-pair of
(M + αE(t)) and |Re(λ)| = ρ(M + αE(t)). Then,

|x| > 0 and (M + αE(t))|x| = ρ(M + αE(t))|x|.

Proof. For given (M + αE(t)), we have z = (M + αE(t))|x|. This implies that

z = (M + αE(t))|x| ≥ |(M + αE(t))x| = |Re(λ)‖‖x|.

From above, it further follows that

z = |Re(λ)‖‖x| = ρ((M + αE(t)))|x|.

Let

ẑ = z− ρ((M + αE(t)))|x| ≥ 0.

For ẑ ≥ 0, we have that

ρ((M + αE(t)))|x| = (M + αE(t))|x| > 0.

This means that

ρ((M + αE(t))) > 0, and |x| > 0.

Alternatively, if ẑ , 0, then

0 < (M + αE(t))ẑ = (M + αE(t))z− ρ(M + αE(t))(M + αE(t))|x|

= (M + αE(t))z− ρ(M + αE(t))z.

This ensures that

(M + αE(t))z > ρ(M + αE(t))z > ρ(M + αE(t))z.

This further implies that

ρ(M + αE(t)) > ρ(M + αE(t)),

which is not possible, and hence ẑ , 0. �
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The following theorem 4.4 show that for the dynamical system to be stable the perturbed matrix

(M + αE(t))m is a positive matrix for m ≥ 1.

Theorem 4.4. The dynamical system

dx
dt

= (M + αE(t))x, x ∈ Rn, t ∈ R+

is stable, that is, Re(λi(M + αE(t))) > 0,∀i. Then, for some m ≥ 1, (M + αE(t))m is positive.

Proof. Let {λi}
n
i=1 be the set of eigenvalues of (M + αE(t)). Then {λm

i }
n
i=1 are the eigenvalues of

(M + αE(t))n. Furthermore, we have that

ρ((M + αE(t))m) = (ρ(M + αE(t)))m,

and it is strictly positive. The rest of the eigenvalues have modulus which is strictly less than

ρ((M + αE(t))m). Thus (n − 1) number of eigenvalues are strictly less than ρ(M + αE(t)). This

ensures that ρ((M + αE(t)) is the the remaining number of eigenvalues. �

The following Theorem 4.5 show that dynamical system under consideration is D-stable if the

structured singular value of the perturbation matrix (M + αE(t))−2 lie in [0, 1).

Theorem 4.5. The dynamical system

dx
dt

= (M + αE(t))x, x ∈ Rn, 1, t ∈ R+

is D-stable if

0 ≤ µB1

(
1

(M + αE(t))2

)
< 1.

Proof. The provided matrix (M + αE(t)) is D-stable if Re(λi(M + αE(t))) > 0, ∀i and
n∏

i=1

λi((M + αE(t))2 + D2) , 0, ∀i.

Here, D = diag(d11, d22, . . . , dnn) such that dii > 0, ∀i = 1, . . . , n. It is enough to show that
n∏

i=1

λi((M + αE(t))2 + D2) , 0, ∀i.

Because in turn this will yield that

0 ≤ µB1

(
1

(M + αE(t))2

)
< 1.

As,
n∏

i=1

λi

(
(M + αE(t))2 + D2

)
, 0 =⇒

n∏
i=1

λi

(
(M + αE(t))2

)
−D2 (M + αE(t))−1 D (M + αE(t)) , 0.

Furthermore, we have that
n∏

i=1

λi((M + αE(t))−2
−D−2) , 0⇒

n∏
i=1

λi

(
In − (M + αE(t))−2D̂

)
, 0,
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where D̂ = D, is a matrix of positive diagonal elements. Thus,
n∏

i=1

λi

(
In − (M + αE(t))−2D̂

)
, 0 =⇒ 0 ≤ µB1

(
1

(M + αE(t))2

)
< 1.

�

The following Theorem 4.6 show that the dynamical system under consideration is D-stable

if real parts of all the eigenvalues of (D(M + αE(t)) + (M + αE(t))D) are strictly positive and

structured singular values of matrix B lie in in [0, 1).

Theorem 4.6. The dynamical system

dx
dt

= (M + αE(t))x, x ∈ Rn, 1, t ∈ R+

is D-stable if Re(λi(D(M + αE(t)) + (M + αE(t))D)) > 0,∀i and 0 ≤ µB1(B) < 1, where B is obtained
as

B =
(
iIn + D(M + αE(t)) + (M + αE(t))TD

)−1 (
iIn −D(M + αE(t)) − (M + αE(t))TD

)
.

Proof. Our goal is to demonstrate that (M + αE(t)) is a D-stable matrix for t ∈ R+,λ > 0 iff

Re(λi(D(M + αE(t)) + (M + αE(t))TD)) > 0, ∀i, ∀D,

and

0 ≤ µB1(B) < 1.

Consider that ∆ ∈ B1 with a block diagonal structure defined as

∆ = (iIn −D)(iIn + D)−1.

As

Re(λi(D(M + αE(t)) + (M + αE(t))TD)) , 0,∀i,∀D.

This further yields that

Re(λi(D(M + αE(t)) + (M + αE(t))TD + iD)) , 0,∀i.

⇐⇒

Re(λi(D(M + αE(t)) + (M + αE(t))TD + (iIn + ∆)−1(iIn − ∆))) , 0,∀i,∀∆ ∈ B1.

This further reduces to inequality

Re(λi(iIn +D(M+αE(t))+ (M+αE(t))TD)− (iIn−D(M+αE(t))− (M+αE(t))TD)) , 0,∀i,∀∆ ∈ B1.

Thus, finally we have that

Re(λi(iIn +D(M+αE(t))+ (M+αE(t))TD)(iIn−D(M+αE(t))− (M+αE(t))TD)) , 0,∀i,∀D,∀∆ ∈ B1.

The last condition is a necessary condition that

0 ≤ µB1(B) < 1,
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where

B = (iIn + D(M + αE(t)) + (M + αE(t))TD)−1(iIn −D(M + αE(t)) − (M + αE(t))TD).

�

The following Theorem 4.7 show the D-stability of dynamical system for a perturbation matrix

B obtained from coefficient matrix (M + αE(t)) for t ∈ R+.

Theorem 4.7. The dynamical system

dx
dt

= (M + αE(t))x, x ∈ Rn, t ∈ R+

is D-stable if (M + αE(t)) is a stable matrix, and

0 ≤ µB1(B) < 1, B = (iIn + D(M + αE(t))−1(iIn − (M + αE(t)).

Proof. The perturbation matrix (M + αE(t)) is D-stable iff

Re(λi((M + αE(t)) + iD)) , 0, ∀i, ∀D.

Assume that (M + αE(t)) is D-stable, that is,

Re(λi((M + αE(t)) + iD)) , 0, ∀i.

Consider an admissible perturbation matrix with a block diagonal structure ∆ defined as

∆ = (iIn −D)(iIn + D)−1, then D = (iIn + ∆)−1(iIn − ∆).

This is true for all ∆ ∈ B1, the set of block-diagonal matrices. Since,

Re (λi((M + αE(t)) + iD)) , 0,∀i.

⇒ Re
(
λi((M + αE(t)) + i(iIn + ∆)−1(iIn − ∆))

)
, 0,∀i,∀∆ ∈ B1.

Furthermore,

σN((M + αE(t)) + (iIn + ∆)−1(iIn − ∆)) = σN((iIn + (M + αE(t)) − (iIn − (M + αE(t))

∆),∀∆ ∈ B1,

where σN(·) denotes the number of non-zero singular values of a matrix. The above equality

further implies that

((M + αE(t)) + (iIn + ∆)−1(iIn − ∆)) ∼ ((iIn + (M + αE(t)) − (iIn − (M + αE(t)))∆),

∀∆ ∈ B1.

Also, we have that

((iIn + (M + αE(t))) − ((iIn − (M + αE(t))∆) = (In − ((iIn + (M + αE(t))−1)(iIn−

(M + αE(t))∆, ∀∆ ∈ B1.
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Thus,

Re
(
λi

(
In − (iIn + (M + αE(t)))−1(iIn − (M + αE(t))∆)

))
, 0,∀∆ ∈ B1.

Which is a necessary condition that

0 ≤ µB1(B) < 1.

Conversely, we assume that

0 ≤ µB1(B) < 1, B = (iIn + (M + αE(t))−1(iIn − (M + αE(t)).

We need to prove that the matrix (M + αE(t)), t ∈ R+ is a matrix that is D-stable. For the

µ-value, the adequate condition is that if µB1(B) < 1, then

Re(λi(iIn − B∆)) , 0,∀∆ ∈ B1.

In other words,

Re(λi(In − (iIn + (M + αE(t))−1(iIn − (M + αE(t))∆)) , 0,∀∆ ∈ B1.

The last inequality reduces to

Re(λi(M + αE(t)) + iD) , 0,∀i,

which proves that (M + αE(t)), t ∈ R+ is a D-stable matrix. �

Theorem 11, stated below, presents theoretical results on the D-stability of dynamical system

such that matrix product (In +M+ αE(t))(In −M−αE(t)) has structured singular values bounded

by 1.

Theorem 4.8. The dynamical system

dx
dt

= (M + αE(t))x, x ∈ Rn, t ∈ R+

is D-stable if (M + αE(t)) is stable, and

0 ≤ µB1 [(In + M + αE(t))(In −M− αE(t))] < 1.

Proof. Consider that A = (In + M + αE(t))−1(In −M− αE(t)). Then, one can prove that

σmax[(In + M + αE(t))−1(In −M− αE(t))D−1] < 1.

for some D ∈ D̂.

The above inequality can be re-written as

λmax

[
D−1 (In −M− αE(t))T (In + M + αE(t))−T D2(In + M + αE(t))−1(In −M− αE(t))D−1

]
< 1.

This inequality is equivalent to

D−1 (In −M− αE(t))T (In + M + αE(t))−T D2 (In + M + αE(t))−1 (In −M− αE(t))D−1
− In < 0.

=⇒ (M + αE(t))>D2 + D2(M + αE(t)) > 0.
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Then, by using definitions of structured singular value and using simple matrix algebra, we have

that

0 ≤ µB1

[
(In + M + αE(t))−1 (In −M− αE(t))

]
≤ 1.

�

Algorithm 1 Compute structured singular values and pseudo spectrum

1: Initialize matrix M, grid parameters, and generate X, Y using meshgrid

2: Initialize rn, sv, and ssv as zero matrices

3: for i = 1 to grid points do
4: for j = 1 to grid points do
5: z← X(i, j) + i ·Y(i, j)
6: rn(i, j)← 1/‖(zI −M)−1

‖

7: sv(i, j)← σmax(zI −M)

8: ssv(i, j)← 1/(σmin(zI −M) + ε)

9: end for
10: end for
11: while counter ≤ 4 do
12: if counter = 1 then
13: Plot log10(rn)

14: else if counter = 2 then
15: Plot log10(sv)

16: else
17: Plot log10(ssv)

18: end if
19: counter← counter +1

20: end while

Convergence Analysis: Algorithm 1 converges when the change in eigenvalues between suc-

cessive iterations falls below a specified tolerance:

|λ(k+1)
min − λ

(k)
min| < ε

where ε = 10−6 is typically used. The algorithm exhibits linear convergence with rate propor-

tional to the eigenvalue separation. For well-conditioned n× n matrices, convergence is typically

achieved within O(n2) iterations.

Computational Complexity: Each iteration requires O(n3) operations for eigenvalue com-

putation and O(n2) for the matrix updates, resulting in total complexity of O(n5) for typical

convergence.
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5. Numerical Experimentation

This section presents numerical experiments conducted to compute eigenvalues, singular val-

ues, structured singular values, and pseudo-spectra for structured matrices arising in economic

modeling. The pseudo-spectral plots in the complex plane are visualized as level sets correspond-

ing to the resolvent norm ||(M− zIn)−1
||, illustrating variations across different ε-values.

Example 1. A Vector Auto-Regression (VAR) model captures dynamic relationships among

multiple time series variables. In this framework, each variable is regressed on its own lagged

values as well as those of the other included variables. A simple VAR model given as

Xt = Mt−1Xt−1,

where

Xt =


m(t)
q(t)
i(t)

 ; Mt−1 =


1.213 −0.235 −0.187

−0.202 1.142 −0.094

0.577 0.894 1.017

 ; Xt−1 =


m(t− 1)

q(t− 1)

i(t− 1)

 .

The matrix Mt−1 captures the dynamic inter dependencies in a macroeconomic system where m(t)
represents money supply growth, q(t) denotes GDP growth rate, and i(t) represents the interest

rate level. The coefficient 1.213 indicates that current money supply positively influences future

money supply (monetary persistence), while−0.235 and−0.187 represent the contractionary effects

of GDP growth and interest rates on future money supply, respectively.

The eigenvalues of Mt−1 determine the stability and convergence properties of this economic

system. Eigenvalues with positive real parts (as ensured by our D-stability analysis) guarantee

that the economic variables converge to a stable equilibrium following any shock, indicating

a robust macroeconomic framework capable of self-correction. The spectral properties like the

computation of spectrum, singular values, structured singular values, and pseudo-spectrum of

Mt−1 are presented in Figure 1.

Figure 1. Spectral properties of matrix Mt−1 in Example-1.
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Example 2. Consider an economy with three dimensional and five sectors having real-valued

consumption matrices as

M1 =


0.01 0.002 0.04

0.02 0.004 0

0 0.01 0.02

 ; M2 =



1.0206 0.0020 0.1022 0.0216 0.0019

0.0634 1.0008 0.0486 0.0025 0.0703

0.0010 0.0153 1.0008 0.0110 0.0020

0.0039 0.0221 0.0039 1.0009 0.0816

0.0307 0.0008 0.0351 0.0110 1.0009


.

The spectral properties like the computation of spectrum, singular values, structured singular

values, and pseudo-spectrum of M1 and M2 are presented in Figure 2.

Figure 2. Spectral properties of consumption matrices M1, M2 in Example-2.

Example 3. We consider 50, 500 and 1000 dimensional real valued matrices which are randomly

generated by MATLAB command rand. The spectral properties like the computation of spectrum,
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singular values, structured singular values, and pseudo-spectrum of 50, 500 and 1000 dimensional

real valued matrices are presented in Figure 3.

Figure 3. Spectral properties of 50, 500 and 1000 real valued matrices in Example-3.
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Example 4. A sustainably model in economics and engineering represents the interdependence

between production, energy, and transportation to environmental flows like as emission. This

is also including the linkages with social impacts, for instance, welfare and employment. We

consider Leontief input-output model of the form

x = Mx + y or x = (I −M)−1y,

where x is the output vector, y is the vector of demand, and M is the sustainability matrix (the

matrix of coefficients). We consider a M to be of size 3× 3 given as follows:

M =


0.40 0.20 0.10

0.30 0.40 0.20

0.10 0.10 0.30

 .

The spectral properties like the computation of spectrum, singular values, structured singular

values, and pseudo-spectrum of M are presented in Figure 6.

Figure 4. Spectral properties of sustainability matrix M in Example-4.
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6. Conclusion

In this work, we present the computation of a closest correlation matrix with unit diagonal

and non-negative spectrum for a given matrix M. We present a reformulation to an eigenvalue

optimization problem whose solution gives ordinary differential equations in a gradient system.

We can create a matrix with a non-negative spectrum by mathematically optimizing eigenvalues

and singular values. The novel theoretical results are establish for a deeper understanding of

the interconnection between D-stability theory and the structured singular value µ-theory. Our

proposed results provide theoretical advancements and practical tools for the analysis of stability,

instability, D-stability, and structured singular values. The significant gaps are filled between

regional eigenvalue stability and resilient operation of dynamical systems confronted to structured

perturbations. The key contributions to this paper are:

Theoretical Insights: Theoretical findings regarding the relationship between stability, D-

stability and µ-analysis are derived with use includes numerous concepts from system theory,

matrix analysis, and linear algebra. Our findings demonstrate how the structured singleton values

may characterize and enforce D-stable regions in the complex plane.

Numerical Validation: The numerical testing were performed to confirm the practical benefits of

the suggested methodology. Further investigation examines spectral characteristics and organized

singular values in structured matrix systems with EigTool.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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