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STRONG AND A-CONVERGENCE OF MODIFIED TWO-STEP
ITERATIONS FOR NEARLY ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN HYPERBOLIC SPACES

G. S. SALUJA

ABSTRACT. The aim of this article is to establish a A-convergence and some
strong convergence theorems of modified two-step iterations for two nearly
asymptotically nonexpansive mappings in the setting of hyperbolic spaces.
Our results extend and generalize the previous work from the current existing
literature.

1. Introduction

The class of asymptotically nonexpansive mapping, introduced by Goebel and
Kirk [7] in 1972, is an important generalization of the class of nonexpansive map-
ping. They proved that if C'is a nonempty closed and bounded subset of a uniformly
convex Banach space, then every asymptotically nonexpansive self mapping of C
has a fixed point.

There are number of papers dealing with the approximation of fixed points /
common fixed points of asymptotically nonexpansive and asymptotically quasi-
nonexpansive mappings in uniformly convex Banach spaces using modified Mannn
and Ishikawa iteration processes and have been studied by many authors (see, e.g.,
[17, 18, 24, 28, 29, 31, 34, 35)).

The concept of A-convergence in a general metric space was introduced by Lim
[16]. In 2008, Kirk and Panyanak [14] used the notion of A-convergence introduced
by Lim [16] to prove in the CAT(0) space and analogous of some Banach space
results which involve weak convergence. Further, Dhompongsa and Panyanak [6]
obtained A-convergence theorems for the Picard, Mann and Ishikawa iterations in
a CAT(0) space. Since then, the existence problem and the A-convergence problem
of iterative sequences to a fixed point for nonexpansive mapping, asymptotically
nonexpansive mapping, nearly asymptotically nonexpansive mapping, asymptoti-
cally quasi-nonexpansive mapping in the intermediate sense, total asymptotically
nonexpansive mapping and asymptotically quasi-nonexpansive mapping through
Picard, Mann [19], Ishikawa[10], modified Agarwal et al. [2] have been rapidly de-
veloped in the framework of CAT(0) space and many papers have appeared in this
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direction (see, e.g., [1, 5, 6, 11, 20, 25]).

The purpose of this paper is to establish some strong convergence theorems
of modified two-step iteration process for two nearly asymptotically nonexpansive
mappings in uniformly convex hyperbolic spaces which include both uniformly con-
vex Banach spaces and CAT(0) spaces. Our results extend and improve the previous
work from the current existing literature.

2. Preliminaries
Let F(T) = {x € K : Tx = x} denotes the set of fixed points of the mapping T
We begin with the following definitions.

Definition 2.1. Let (X, d) be a metric space and K be its nonempty subset. Then
T: K — K said to be

(1) nonexpansive if d(Tx,Ty) < d(z,y) for all z,y € K;

(2) asymptotically nonexpansive if there exists a sequence {u,} C [0,00) with
lim;, 00wy, = 0 such that d(T"z, T™y) < (1+uy)d(z,y) for all z,y € K and n > 1;

(3) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence
{un} C [0,00) with lim,,_,oc u, = 0 such that d(T"z,p) < (1 + u,)d(x,p) for all
reK,pe F(T) and n > 1;

(4) uniformly L-Lipschitzian if there exists a constant L > 0 such that
d(T"x, T"y) < Ld(x,y) for all z,y € K and n > 1;

(5) semi-compact if for a sequence {z,,} in K with lim, o d(x,,T2,) = 0, there
exists a subsequence {x,, } of {z,} such that z,, — p € K as k — 0.

(6) a sequence {x, } in K is called approximate fixed point sequence for T' (AFPS,
in short) if lim, o0 d(2y,, T2y) = 0.

The class of nearly Lipschitzian mappings is an important generalization of the
class of Lipschitzian mappings and was introduced by Sahu [26] (see, also [27]).

Definition 2.2. Let K be a nonempty subset of a metric space (X, d) and fix a
sequence {a,} C [0,00) with lim,_, - a, = 0. A mapping T: K — K said to be
nearly Lipschitzian with respect to {a,} if for all n > 1, there exists a constant
kn > 0 such that d(T"xz, T"y) < ky[d(x,y) + ay,] for all z, y € K.

The infimum of the constants k,, for which the above inequality holds is denoted
by n(T™) and is called nearly Lipschitz constant of 7.

A nearly Lipschitzian mapping T with sequence {a,,n(T™)} is said to be:

(i) nearly nonexpansive if n(7") =1 for all n > 1;
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(i) nearly asymptotically nonexpansive if n(T™) > 1 for all n > 1 and
lim,, oo n(T™) = 1.

(ii) nearly uniformly k-Lipschitzian if n(7T™) < k for all n > 1.

Throughout this paper, we work in the setting of hyperbolic space introduced
by Kohlenbach [15]. It is worth noting that they are different from Gromov hyper-
bolic space [4] or from other notions of hyperbolic space that can be found in the
literature (see for example [8, 13, 23].

A hyperbolic space [15] is a triple (X, d, W) where (X, d) is a metric space and
W: X2 x[0,1] — X is such that

(3) d(u, W (2., )) < ad(u,2) + (1 - a)d(u,y)

(id) d(W (2, y.0), W (2. 8)) = |a = 8l (. )

(i) W (. y, @) = W2y, (1 - )

(iv) (W (@,2,0),W(y,w, 8)) < ad(z,y) + (1 - o) d(zw)
for all z,y, z,w € X and o, B € [0, 1].

The class of hyperbolic spaces in the sense of Kohlenbach [15] contains all normed
linear spaces and convex subsets thereof as well as Hadamard manifolds and CAT(0)
spaces in the sense of Gromov [9]. An important example of a hyperbolic space is
the open unit ball By in a real Hilbert space H is as follows.

Let By be the open unit ball in H. Then

kpy(2,y) = argtanh(1 — o(z,y))"/?,

(1= llal?) (1 = lwil?)
11— (z,y)
for all , y € By, defines a metric on By (also known as Kobayashi distance).

where

o(x,y) =

A metric space (X,d) is called a convex metric space introduced by Takahashi
in [33] if it satisfies only (i). A subset K of a hyperbolic space X is convex if
W(z,y,«a) € K for all z,y € K and « € [0, 1].

A hyperbolic space (X, d, W) is said to be uniformly convex [32] if for all u, x,y €
X,r>0ande € (0,2], there exists a § € (0,1] such that d(W (z,y, 3),u) < (1—0)r
whenever d(z,u) <r, d(y,u) <rand d(x,y) > er.

A mapping n: (0,00) x (0,2] — (0, 1] which provides such a § = n(r,¢) for given
r > 0and e € (0,2], is known as modulus of uniform convexity. We call » monotone
if it decreases with r (for a fixed €).
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Let K be a nonempty subset of hyperbolic space X. Let {x,} be a bounded
sequence in a hyperbolic space X. For xz € X, define a continuous functional
r(, {xn}): X — [0,00) by r(z, {z,}) = limsup,,_,. d(x,z,). The asymptotic
radius p = r({z, }) of {x,} is given by p = inf{r(x, {x,}) : © € X}. The asymptotic
center Ax ({x,}) of a bounded sequence {z,} with respect to a subset K of X is
defined as follows:

Ax({zn}) ={z € X i r(z, {zn}) < r(y, {zn})} foranyy € K.
The set of all asymptotic center of {z,} is denoted by A({z,}).

It has been shown in [32] that bounded sequences have unique asymptotic center
with respect to closed convex subsets in a complete and uniformly hyperbolic space
with monotone modulus of uniform convexity.

A sequence {z,} in X is said to A-converge to x € X if x is the unique asymp-
totic center of {uy,} for every subsequence {u,} of {x,,} [14]. In this case, we write
A-lim, z,, = x and call z is the A-limit of {z,}.

Recall that A-convergence coincides with weak convergence in Banach space with
Opial’s property [21].

In the sequel we need the following lemmas.

Lemma 2.3. [12] Let (X,d, W) be a uniformly convex hyperbolic space with mono-
tone modulus of uniform convexity n. Let © € X and {a,} be a sequence in
[b,c] for some b,c € (0,1). If {x,} and {yn} are sequences in X such that
limsup,,_, oo d(zn,x) <7, limsup,,_, o d(yn,z) <7 andlim, oo AW (2p, yn, o), x) =
r for some r > 0, then lim, o d(zn,yn) = 0.

Lemma 2.4. [12] Let K be a nonempty closed convex subset of a uniformly convex
hyperbolic space X and {x,} a bounded sequence in K such that A({z,,}) = {y} and
r({zn}) = p. If {ym} is another sequence in K such that imy,— oo (Ym, {Tn}) = p,
then lim,, o0 Ym = ¥.

Lemma 2.5. (See [34]) Let {pn}ply, {qn}niy and {rn}32, be sequences of mon-
negative numbers satisfying the inequality

Pn+1 S (1 + qn)pn + Tn, V?’L Z 1.
If >0 1 qn <00 and Y7 Ty < 00, then lim, o Py, exists.

First, we define the modified two-step iteration scheme in hyperbolic space as
follows.

Let K be a nonempty closed convex subset of a hyperbolic space X and S, T: K —
K be two nearly asymptotically nonexpansive mappings. Then, for an arbitrary
chosen x; € K, we construct the sequence {z,} in K such that

{ i1 = W(T" "2, S"Yn, an),

2.1
( ) Yn = W(Sn.%'n,Tn.’L'n7ﬁn), n>1,
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where {a,,} and {f,} are appropriate sequences in (0,1) is called modified two-step
iteration scheme. Iteration scheme (2.1) is independent of modified Ishikawa itera-
tion and modified Mann iteration schemes.

If 8, =0forallm > 1 and S = I, where [ is the identity mapping, then iteration
scheme (2.1) reduces to the following.

(22) {x’ﬂ'f‘l = W(Tnxnaxﬂm an)v nz 17

where {«,} is an appropriate sequence in (0,1) is called modified Mann iteration
scheme in hyperbolic space.

3. Main Results

Lemma 3.1. Let K be a nonempty convex subset of a hyperbolic space X and let
S, T: K — K be two nearly asymptotically nonexpansive mappings with sequences

{(ar,,n(S™)} and {(az;, n(T™))} such that 3777 ) an < o0 and 37,2, (TI(S”)QU(T")Q—
1) < oo. Let {zy,} be a sequence in K defined by (2.1). Thenlim,_, o d(zy, p) ezists
for eachpe F=F(S)NF(T).

Proof. Let p € F = F(S)NF(T), p = sup,eyn(S™) V sup,,eyn(T™) and a,, =
max{al,al’} for all n. From (2.1), we have

d(ymp) = (W(SnxnaTn%uﬂn) )
< (1_Bn) (Snxm )+Bn (Tnxmp)
< ( Bn)[ ( )( (.’En,p)ﬁ-a%)]ﬁ-ﬁn[ ( (d(xn,p) )]
< (1= B2)S")Nd(n,p) + an)] + Ba[n(T")(d(2n, p) + an)]
= (1= Bu)n(S™) d(xn,p) + Bun(T™) d(zn,p) + (n(S™) + n(T™)) an
< n(S" T = Bn)d(xn, p) + Bnd(xn,p)] + 2pan
(3.1) = n(S")(T")d(2n,p) + 2p an.

Again, using (2.1) and (3.1), we get

d(xps1,p) = dW(T"xn, S"Yn, @n),D)
< (1 —an)d(T"xn, p) + and(S"yn,p)
< (1= )T (d(zn, p) + ay)] + n[n(S™)(d(yn, p) + a3,)]
< (1= o) [(T")(d(zn, p) + an)] + an[n(S™)(d(Yn, p) + an)]
= (1= an)n(T™)d(@n, p) + nn(S™)d(Yn, p) + (n(S™) +1(T™)) an
< (= a)n(T")d(wn, p) + 2p an
+ann(S™)[n(S™)n(T")d(zn, p) + 2p ax]
< n(S")*n(T™)2d(xn, p) + (1 +1(S™)2pan
< (S™)?*n(T)2d(n, p) + 2p(1 + p)an
(3.2) = (14 pn)d(zn,p) +vp

where pu, = (n(S”)Qn(T")2 - 1) and v, = 2p(1+ p)a,. Since Y 2, (17(5")2
n(T™)? — 1) <ooand Y 7 a, < oo, it follows that Y ° |y, <ocoand Y o v, <
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oo. Hence by Lemma 2.5, we get that lim,,_,~ d(x,,p) exists. This completes the
proof. ([

Lemma 3.2. Let K be a nonempty closed convexr subset of a uniformly con-
vexr hyperbolic space X with monotone modulus of uniform convexity n and let
S, T: K — K be two uniformly continuous nearly asymptotically nonexpansive
mappings with sequences {(al,,n(S™))} and {(all,n(T™))} such that Y " an <
oo and Y00, (17(5’”)277(T”)2 - 1) < oo. Let {z,} be a sequence in K defined
by (2.1). Assume that F = F(S)N F(T) # 0. Suppose that {a,} and {B,}
are real sequence in [l,m] for some l,m € (0,1). If d(z,T"x) < d(S"z,T"z)
and d(z,S"x) < d(T"x,S™z) for all x € K, then lim,_ o d(z,, Sz,) = 0 and
limy, o d(xp, Txy) = 0.

Proof. From Lemma 3.1, we obtain lim,,_, », d(z,, p) exists for each p € F. Suppose
that lim,,_,~ d(x,,p) = r > 0. Since

d(S"z,,p) < n(S™)(d(xn,p) + a,) forallm >1,

we have
limsup d(S"zp,p) < r.
n—oo
Also, since
d(T" 2y, p) < 9(T")(d(zn,p) +an) foralln >1,
we have
limsup d(T"z,,,p) < r.
n—oo
Also (3.1) yields
(3.3) limsupd(y,,p) < .
n—oo
Hence
(3.4) limsup d(S"y,,p) < limsupn(S™)(d(yn,p) + an) <7
n—oo n—oo
Since

r= li)m d(xn-&-l)p) = h_>m d(W(TnmenymO‘n)ap)v

it follows from Lemma 2.3 that

(3.5) lim d(T"x,,S"y,) = 0.
n—0o0
From (2.1) and (3.5), we have
d(Xps1, T"xn) = dW(T"xn, S"yn, ), T"xy)

< and(T"2pn, S™Yn)

(3.6) d(T"zp,S"yn) = 0 asn — oo.
Hence from (3.5) and (3.6), we have

AXpt1,5™n) < d(@py1, T"xn) + d(T" @0, S™yn)

(3.7 —0 asn— oo.

IN

Now using (3.7), we have
d(anrl» Snyn) + d(Snynup)
d(@nt1,5"Yn) +1(5")(d(Yn, p) + an).

d(anrl 5 p)

VANVAN

(3.8)
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The inequality (3.8) gives
(3.9) r < liminfd(y,,p).

n— 00

From (3.3) and (3.9), we get

(3.10) ro o= ILm d(yn,p) = li_)m AW (S"xy, T"xyp, Bn), D).
Applying Lemma 2.3 in (3.10), we obtain
(3.11) lim d(S"x,, T"z,) = 0.

n—oo

Now using (3.11) and hypothesis of the theorem d(x,T"z) < d(S™z,T"z) for all
z € K, we get

Xy, S"xy) < d(xn, T zy) +d(T" 2z, S"xy)
< d(S"xpn, T"xy) + d(T" 2y, S"xy)
(3.12) 2d(S"zy, T"xy) — 0 asn — oo.
Again using (3.11) and hypothesis of the theorem d(x,S"z) < d(T"z, S™x) for all
r € K, we get

d(xp, T"xy) d(xp, S"xy) + d(S" @y, T x,)
d(T"xy, S"xy) + d(S" @y, T xy)

2d(S"xp, T"x,) -0 asn — co.

<
<

(3.13)

By uniform continuity of S and T, lim,,_, oo d(x,, S™x,) = 0 implies that
lim,, o0 d(STy, S 1) = 0 and lim,, oo d(z,, T"2,) = 0 implies that
lim, oo d(Tx,, T" '2,) = 0. Note that
d(anrhxn) = d(W(Tnxn7Snyn7an)a(En)
(1 —ap)d(xn, T"xy) + apn d(S™ Y, 1)
(1 — ap)d(@p, T"xy) + @n d(S™Yn, Trnt1) + an d(@Tpt1, Tn)
(1 = an)d(wn, T" ) + o d(S™ Y, Tnt1) + md(Tpi1, T0)

INIAIA

This implies that
(I—m)d(znt1,2n) < (1 —ap)d(@n, T T,) + an d(S"Yn, Trny1)-

(3.14)
Since (1 —m) > 0, using (3.7) and (3.13) in (3.14), we get
(3.15) lim d(xpq1,2,) = 0.
n—oo

Also

d(xn, an) < d(xn, $n+1) + d(xn+17 Sn+1xn+1)

+d(S"+1fcn+1, S”Hxn) + d(S"Hwn, Sxy)
< (1 + 77(57L+1))d(xn7 wnJrl) + d(anrh Sn+1xn+1)

(3.16) +d(S" 1z, Sxp) + angy.

Using (3.12), (3.15) and uniform continuity of S, equation (3.16) gives
(3.17) lim d(z,,Sz,) = 0.
n—oo
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Similarly
d(xn, Try) < d@p, Tnp1) +d@ner, T 2, 1)
+d(T" oy, T2y, + d(T 2y, Ty,
(1 + ﬂ(T"H))d(%a Tn1) + d@psr, T ani0)
(3.18) +d(T" 2y, Tan) + angs-

IN

The above inequality gives

(3.19) lim d(x,,Tz,) = 0.

n—oo

This completes the proof. ([

We now establish a A-convergence and some strong convergence theorems of
modified two-step iteration scheme for non-Lipschitzian mappings in the framework
of uniformly convex hyperbolic spaces.

Theorem 3.3. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convezity n and let
S, T: K — K be two uniformly continuous nearly asymptotically nonexpansive
mappings with sequences {(al,,n(S™))} and {(al,,n(T™))} such that Y >~ | an, < 00

and Y07, (77(5”)277(T")2 - 1) < 0. Let {x,} be a sequence in K defined by (2.1).

Assume that F = F(S)NF(T) # 0. Suppose that {ca,} and {B,} are real sequence
in [l,m] for some l,m € (0,1). Then {z,} is A-convergent to an element of F.

Proof. Tt follows from Lemma 3.1 that {z,, } is bounded, therefore {z,} has a unique
asymptotic center (see, [32]), that is, A({z,}) = {z} (say). Let A{y.}) = {v}.
Then by Lemma 3.2, lim,,— o0 d(yn, Syn) = 0 and lim,, o d(yn, Ty,) = 0. S and
T are nearly asymptotically nonexpansive mappings with sequences {(a!,,n(S™))}
and {(all,n(T™))}. By uniform continuity of S and T', we have

n

(3.20) lim d(S%y,,S y,) = 0 fori=1,2,....
n—oo

and

(3.21) lim d(T9y,, T y,) = 0 forj=1,2,....
n— oo

Now we claim that v is a common fixed point of S and T. For this, we define a
sequence {z,} in K by z, = S™v and z,, = T™v, m € N. for integers m,n € N,
we have

d(zmy yn) < d(vav Smyn) + d(Smynv Sm_lyn) + d(Sy'm yn)

(3.22)

IN

m—1
U(Sn)(d(v,yn) + a/m) + Z d(Slym SiJrlyn)-
1=0

Then from (3.20) and (3.22), we have

T(Zm,{yn}) = 1iin_§élopd(zmayn)
< n(S™)[r(v, {yn}) + ap,].
Hence
(3.23) lmsupr(zm, {yn}) < r(v,{yn}).

m—r0o0
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Since Ak ({yn}) = {v}, by definition of asymptotic center Ax ({y,}) of a bounded
sequence {y,} with respect to K C X, we have

r(v,{yn}) < 7(y,{yn}), VyeK.

This implies that

(3.24) Lminf 7(zm, {yn}) > (v, {yn}),

m— 00

therefore, from (3.23) and (3.24), we have

lim r(zm, {yn}) = r(v, {ya}).

m

It follows from Lemma 2.4 that S™v — v. By uniform continuity of S, we have

Sv=25( li_I}n SMy) = Sy = v,

which implies that v is a fixed point of S, that is, v € F(S). Similarly, we can show
that v € F(T). Thus v € F = F(S) N F(T).

Next, we claim that v is the unique asymptotic center for each subsequence {y,}
of {x,,}. Assume contrarily, that is,  # v. Since lim,,_,o d(x,,v) exists by Lemma
3.1, therefore, by the uniqueness of asymptotic centers, we have

n—oo n— oo

limsupd(yn,v) < limsupd(yn,,z)
)

< limsupd(x,,z
n—oo

(
(

< limsupd(z,,v
(

n— oo

)
= limsupd(yn,v),

n—00

a contradiction and hence x = v. Since {y,} is an arbitrary subsequence of {z,},
therefore, Ax ({yn}) = {v} for all subsequence {y, } of {«,,}. This proves that {z,,}
A-converges to an element of F'. This completes the proof. O

Theorem 3.4. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convezity n and let
S, T: K — K be two uniformly continuous nearly asymptotically nonexpansive
mappings with sequences {(al,,n(S™))} and {(al,n(T™))} such that Y.~ a, < 0o

and Y07, (U(S”)QU(T")Q - 1) < oo. Let {x,} be a sequence in K defined by (2.1).

Assume that F = F(S)NF(T) # 0 is a closed set. Then {x,} converges strongly
to a point in F if and only if liminf,, ., d(z,, F) = 0.

Proof. Necessity is obvious. Conversely, suppose that liminf,, o d(z,, F') = 0. As
proved in Lemma 3.1, for all p € F, lim,,_, o, d(z,, F') exists. Thus by hypothesis
lim,, o d(zn, F) = 0.
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Next, we show that {z,} is a Cauchy sequence in K. With the help of inequality
1+ 2 <e* x> 0. For any integer m > 1, we have from (3.2)

d(xn+7n7p) S (1 + ﬂn—i—m—l)d(zn-&-m—lvp) + Vn4+m—1
< eun+m’_ld(xn+m—1ap) + Untm—1
S e’u‘n+7n71[eun+M72d(II/‘n+m72’p)+V’,’L+m72]
+Vn+m71
< e(ﬂn+m71+ﬂn+m72)d(xn+m_2’p) +e(ﬂn+mfl+ﬂn+m72) %
[Vn-l-nL—l + Vn+7n—2]
<
1 1 n+m—1
< (B Y+ (E0) S,
k=n
n+m—1
(3.25) = Wd(zn,p)+W > w,
k=n

where W = eXnz1 in < o0,

Since lim,, o d(x,, F') = 0, without loss of generality, we may assume that a
subsequence {z,,} of {z,} and a sequence {p,, } C F such that d(zy,,,pn,) — 0
as k — oo. Then for any € > 0, there exists k. > 0 such that

19 = 19
(326) d(mnk,pnk) < M and Z v < W7

k:=nk£

for all & > k..

For any m > 1 and for all n > ny_, by (3.25) and (3.26), we have

d(xn+ma xn) < d($n+mapnk) + d(zn;pnk)

S Wd(xnapnk)+W Z Vi

k=nj,

+Wd(zp,pn,,) + W Z Vg

k=n,

(oo}
= 2Wd(zy,pn,) + 2W Z Uk
k=n,
3.7 AW 4 oW =
(3.27) < TG + W
This proves that {z,} is a Cauchy sequence in closed subset K of a complete
hyperbolic space X and so it must converge to a point z in K, that is, lim, . z, =
z. Now, lim,,_, oo d(z, F') = 0 gives d(z, F) = 0. Since F' is closed, we have z € F'.
Thus {z,} converges strongly to a point in F'. This completes the proof. O

E.

Theorem 3.5. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convezity n and let
S, T: K — K be two uniformly continuous nearly asymptotically nonexpansive
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mappings with sequences {(al,,n(S™))} and {(al,,n(T™))} such that Y>> | an, < 00
and Y00, (77(5”)277(T”)2 - 1) < 0. Let {x,} be a sequence in K defined by (2.1).
Assume that F = F(S)NF(T) # 0. Suppose that {a,} and {8} are real sequence
in [, m] for somel,m € (0,1). If either S™ orT™ for some m > 1 is semi-compact,
then {x,} converges strongly to a point in F.

Proof. Suppose T™ for some m > 1 is semi-compact. By Lemma 3.2, we have
lim,, o0 d(x, Tx,) = 0. By the uniform continuity of 7', we get

d(zp, Tx,) =0 = d(Tz,,T*r,) =0 =
o= d(T'w,, T 2,) =0
forall i =1,2,3,..., it follows that

m—1
d(xn, T"xy) < Z d(T'x,, T '2,) -0 asn — co.
i=0

Since d(xn, T™z,) — 0 and T™ is semi-compact, there exists a subsequence
{xn,; } of {x,} such that lim; oo Tz, =z € K.

Note that
d(xn;, ) < d(Tn,, T"2n;) +d(T" Ty, ) =0 asj — oo.
Since lim, o0 d(2pn, T2,) = 0, we get € F(T). Similarly, we can show that
x € F(S). Thus x € F = F(S)N F(T). Since lim,_,o d(z,, ) exists by Lemma
3.1 and lim; o0 d(wp;, x) = 0, we conclude that x,, — x € F. This shows that the
sequence {z,} converges strongly to a point in F'. This completes the proof. (Il

Senter and Dotson [30] introduced the concept of condition (A) as follows.

Definition 3.6. (See [30]) A mapping T: K — K is said to satisfy condition (A)
if there exists a non-decreasing function f: [0,00) — [0,00) with f(0) = 0 and
f(r) > 0 for all r > 0 such that d(z,Tz) > f(d(z, F(T))), for all z € K.

We modify this definition for two mappings.

Definition 3.7. Two mappings S,7: K — K, where K is a subset of a metric
space (X, d), is said to satisfy condition (A’) if there exists a nondecreasing function
f:1]0,00) — [0,00) with f(0) = 0 and f(¢) > 0 for all ¢ € (0,00) such that
ad(x,Sz)+bd(x,Tx) > f(d(z, F)) for all x € K where d(z, F) = inf{d(z,p) : p €
F =F(S)NF(T) # 0} and a and b are two nonnegative real numbers such that
a+b=1. It is to be noted that condition (A’) is weaker than compactness of the
domain K.

Remark 3.8. Condition (A’) reduces to condition (A) when S =T.

As an application of Theorem 3.3, we establish another strong convergence result
employing condition (A’).

Theorem 3.9. Let K be a nonempty closed convex subset of a complete uniformly
convex hyperbolic space X with monotone modulus of uniform convezity n and let
S, T: K — K be two uniformly continuous mearly asymptotically nonexpansive
mappings with sequences {(al,,n(S™))} and {(all,n(T™))} such that Y>> | an, < 00

and Y00, (77(5”)277(T”)2 - 1) < 0. Let {x,} be a sequence in K defined by (2.1).
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Assume that F = F(S)NF(T) # 0. Suppose that {a,} and {8} are real sequence
in [l,m] for some l,m € (0,1). Suppose that S and T satisfy the condition (A’).
Then {x,} converges strongly to a point in F'.

Proof. By Lemma 3.2, we know that
(3.28) lim d(x,,Sz,) =0 and lim d(z,,Tz,)=0.
n—oo n—oo

From condition (A’) and (3.28), we get
lim f(d(z,, F)) <a. lim d(x,, St,)+0b. lim d(z,,Tz,) =0,
n—oo n—oo

n—oo
that is,
lim f(d(z,, F)) =0.
n—oo

Since f: [0,00) — [0,00) is a nondecreasing function satisfying f(0) =0, f(t) > 0
for all t € (0,00), therefore we obtain
lim d(x,, F) =0.

n—oo

The conclusion now follows from Theorem 3.4. This completes the proof. O

Ezample 3.10. (See [26]) Let E = R, K = [0,1] and T: K — K be a mapping
defined by
L ifzrelo,d]
_ 29 1 s 91
() { 0, ifze (31
Here F(T) = {3}. Clearly, T is discontinuous and a non-Lipschitzian mapping.
However, it is a nearly nonexpansive mapping and hence nearly asymptotically
nonexpansive mapping with sequence {a,,n(T™)} = {2%, 1}. Indeed, for a sequence
{a,} with a3 = % and a, — 0, we have

d(Tx,Ty) < d(z,y) +aj forallz, y € K

and
d(T"z, T"y) < d(z,y) + a, forall z, y € K and n > 2,
since )
Ty = 3 forallz € [0,1] and n > 2.

4. Conclusion

1. We prove a A-convergence and some strong convergence theorems of modified
two-step iteration process which contains modified Mann iteration process in the
framework of uniformly convex hyperbolic spaces.

2. Lemma 3.2 extends Theorem 3.8 of Agarwal et al. [2] to the case of modified
two-step iteration scheme for two mappings and from uniformly convex Banach
space to a uniformly convex hyperbolic space considered in this paper.

3. Our results also extend and generalize the corresponding results of [3, 22, 24,
34] to the case of more general class of nonexpansive and asymptotically nonex-
pansive mappings, modified two-step iteration scheme for two mappings and from
uniformly convex metric space and Banach space to a uniformly convex hyperbolic
space considered in this paper.
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