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CONVERGENCE OF HYBRID FIXED POINT FOR A PAIR OF
NONLINEAR MAPPINGS IN BANACH SPACES

G. S. SALUJA

ABSTRACT. In this paper, we study hybrid fixed point of a modified two-step
iteration process with errors for a pair of asymptotically quasi-nonexpansive
mapping and asymptotically quasi-nonexpansive mapping in the intermediate
sense in the framework of Banach spaces. Also we establish some strong con-
vergence theorems and a weak convergence theorem for the iteration scheme
and mappings. The results presented in this paper extend, improve and gen-
eralize some previous work from the existing literature.

1. Introduction

Let K be a nonempty subset of a real Banach space E. Let T: K — K be a
mapping, then we denote the set of all fixed points of T' by F(T'). The set of com-
mon fixed points of two mappings S and T will be denoted by F' = F(S) N F(T).
A mapping T: K — K is said to be:

(1) nonexpansive if
[Tz =Tyl < lz—yl
for all z,y € K;

(2) quasi-nonexpansive if F(T') # () and
[Tz —pl < [lz—pl

for all z € K and p € F(T);

(3) asymptotically nonexpansive if there exists a sequence {k,} € [1,00) with
lim,,—yo0 ky, = 1 and

[Tz =Tyl < knlle—yll

forall x, y € K and n > 1;
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(4) asymptotically quasi-nonexpansive if F(T) # @ and there exists a sequence
{kn} € [1,00) such that lim,_,c k, = 1 and

[T"x —pll < knllz—p|
forallz € K, p € F(T) and n > 1;

(5) uniformly L-Lipschitzian if there exists a constant L > 0 such that
[T =Ty < Lz -yl

forall x, y € K and n > 1;

(6) uniformly quasi-Lipschitzian if there exists L € [1,+00) such that
[Tz —pl < Llz—pl
forallz € K, pe F(T) and n > 1.

Remark 1.1. It is clear that every nonexpansive mapping is asymptotically non-
expansive and every asymptotically nonexpansive is uniformly Lipschitzian. Also,
if F(T) # 0, then a nonexpansive mapping is a quasi-nonexpansive mapping, an
asymptotically nonexpansive mapping is an asymptotically quasi-nonexpansive, a
uniformly L-Lipschitzian mapping must be uniformly quasi-Lipschitzian and an
asymptotically quasi-nonexpansive mapping must be uniformly quasi-Lipschitzian
mapping with L = sup,,~;{kn} > 1 but the converse is not true in general.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [5] as a generalization of the class of nonexpansive mappings. Recall also
that a mapping T: K — K is said to be asymptotically quasi-nonexpansive in the
intermediate sense [18] provided that T is uniformly continuous and

lim sup sup <||Tn9€ —pl =z - PH) <O0.
n—oo zeK, peF(T)

From the above definitions, it follows that asymptotically nonexpansive mapping
must be asymptotically quasi-nonexpansive and asymptotically quasi-nonexpansive
mapping in the intermediate sense. But the converse does not hold as the following
example:

Example 1.2. Let X = R be a normed linear space and K = [0,1]. For each
x € K, we define
| kx, ifz#0,
T() = { 0, ifx=0,
where 0 < k < 1. Then
T = T"y| = k"|z —y| < |z —y|
forallx,y € K andn € N.

Thus T is an asymptotically nonexpansive mapping with constant sequence {1}
and

limsup{|T"x — T"y| — |z — y|} lim sup{k" ||l — y|| — lz — y||}
n— oo n—oo

< 0,



CONVERGENCE OF HYBRID FIXED POINT 71

because limy, oo k" =0 as 0 < k <1, forall z,y € K, n € N and T is continuous.
Hence T is an asymptotically nonexpansive mapping in the intermediate sense.

Example 1.3. Let X =R, K = [-1,1] and |k| < 1. For each z € K, define

| kaxsin(l/z), ifx#0,
T(x) = { 0, ifz = 0.

Then T is an asymptotically nonexpansive mapping in the intermediate sense
but it is not asymptotically nonexpansive mapping.

Since 1972, many authors have studied weak and strong convergence problem of
the iterative sequences (with errors) for asymptotically nonexpansive mappings in
Hilbert spaces and Banach spaces (see, e.g., [5, 6, 8, 10, 11, 12, 13, 17] and refer-
ences therein).

In 2007, Agarwal et al. [1] introduced the following iteration process:

ry = z€eK,
Tnr1 = (1 —an)T"zn + anT yn,
(11) Yn = (1 - Bn)wn + BnTnxna n>1,

where {a,,} and {8,} are sequences in (0,1). They showed that this process con-
verge at a rate same as that of Picard iteration and faster than Mann for contrac-
tions.

The above process deals with one mapping only. The case of two mappings in
iterative processes has also remained under study since Das and Debate [3] gave
and studied a two mappings process. Later on, many authors, for example Khan
and Takahashi [8], Shahzad and Udomene [14] and Takahashi and Tamura [16] have
studied the two mappings case of iterative schemes for different types of mappings.

Recently, Khan et al. [7] studied the modified two-step iteration process for two
mappings as follows:

ry = z€eK,
Tnt1 = (L —an)T "z, + @nS"Yn,

where {a,,} and {f,} are sequences in (0,1). They established weak and strong
convergence theorems in the setting of real Banach spaces.

Inspired and motivated by [1, 7] and many others, in this paper we introduce
the following iteration scheme for a pair of asymptotically quasi-nonexpansive and
asymptotically quasi-nonexpansive mapping in the intermediate sense. The pro-
posed iteration scheme is as follows.

Definition 1.4. Let S: K — K be an asymptotically quasi-nonexpansive mapping
and T: K — K be an asymptotically quasi-nonexpansive mapping in the interme-
diate sense on a closed convex subset K of a real Banach space E with K+ K C K.



72 SALUJA

Let {z,,} be the sequence defined as follows:

ry = z€K,
Tnt1 = (I —ap)T"zy 4+ @nS™Yn + Uy,
(13) Yn = (1 - ﬂn)xn + ﬂnTnl'n + Uy, n 2> 1,

where {a,,} and {8,} are sequences in (0, 1) and {u,} and {v,} are two sequences
in K. The iteration scheme (1.3) is called modified two-step iteration process with
errors for a pair of above said mappings.

The aim of this paper is to establish some strong convergence theorems and a
weak convergence theorem for newly proposed iteration scheme (1.3) in the frame-
work of real Banach spaces. The results presented in this paper extend, improve
and generalize some previous work from the existing literature.

2. Preliminaries
For the sake of convenience, we restate the following concepts.
A mapping T: K — K is said to be demiclosed at zero, if for any sequence {z,}

in K, the condition x,, converges weakly to x € K and Tz, converges strongly to
0 imply Tz = 0.

A mapping T: K — K is said to be semi-compact [2] if for any bounded sequence
{zn} in K such that ||z, — Tx,|| = 0 as n — oo, then there exists a subsequence
{zn,} C {x,} such that z,, — z* € K strongly.

We say that a Banach space E satisfies the Opial’s condition [9] if for each
sequence {z,} in E weakly convergent to a point z and for all y # =

liminf ||z, — z|| < liminf ||z, — y||.
n—oo n—oo

The examples of Banach spaces which satisfy the Opial’s condition are Hilbert
spaces and all LP[0, 27] with 1 < p # 2 fail to satisfy Opial’s condition [9].

Now, we state the following useful lemma to prove our main results.

Lemma 2.1. (See [15]) Let {an}22 4, {Bn}Sey and {r,}32, be sequences of non-
negative numbers satisfying the inequality

Qp41 S (1 +6n)an +rn; vn Z 1.

If S0 B < o0 and Y07 1y < 00, then lim, o oy, exists.

3. Main Results

In this section, we prove some strong convergence theorems and a weak con-
vergence theorem of the iteration scheme (1.3) for a pair of asymptotically quasi-
nonexpansive and asymptotically quasi-nonexpansive mapping in the intermediate
sense in the framework of real Banach spaces.
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Theorem 3.1. Let E be a real Banach space and K be a nonempty closed convex
subset of E with K+K C K. Let S: K — K be a asymptotically quasi-nonexpansive
mapping with sequence {k,} € [1,00) such that > >~ (k, —1) < oo and T: K —
K be uniformly L-Lipschitzian asymptotically quasi-nonexpansive mapping in the
intermediate sense such that F = F(S)NF(T) # 0. Let {x,} be the sequence
defined by (1.3) with the restrictions > oo | (kn — 1)ay, < 00, Yoo [|un|l < oo and
> one lonll < co. Put

(3.1) D, = max{ sup (||T"x —q|l = |lz — QH) V0:n> 1}
zeK, qeF

such that Y| D,, < co. Then {x,} converges to a hybrid fized point of the map-
pings S and T' if and only ifiminf, . d(z,, F) = 0, where d(z, F') = inf,cr d(z, p).

Proof. The necessity is obvious. Thus we only prove the sufficiency. Let ¢ € F.
Then from (1.3) and (3.1), we have

lyn —all = (1 = Bp)zn + BT " Tn + vo — |
< (I=Bu)llen = gll + BullT"zn — qll + [[val|
< (I =Bu)llzn = qll + Bulllzn — qll + D] + [[vall
= (1=B8u)llzn —qll + Bullzn — gll + BrDn + [lval
(32) < @ = qll + Dn + lvn]-

Again using (1.3), (3.1) and (3.2), we obtain

[#ne1 —all = (1= n)T"2n + 0nS"yn + un — 4

< (A=) T = qll + nl| Sy — qll + [uall

< (I —an)lllzn —qll + Du] + anknllyn — gl + [lun|l

< (A —an)llzn — gl + ankn[llzn — gl + Dn + [Jvall]
+(1 = ) Dy + [ua|

< [+ (kn = Daglllzn —qll + [1 + (kn — D] Dy,
Hlwnll + knllvnll

(3.3) = (I+tn)llzn —qll +6n

where t, = (k, — 1)ay, and 0, = [1 + (kn, — 1)) Dy, + |Jun]|| + Enllvn]]. Since by
hypothesis of the theorem Y7 (ky, — 1)a,, < 00, > o Dy <00, >0 |un]| < oo
and Y07, [Jun]] < oo, it follows that > 7, ¢, < co and > -, 6, < co. Hence by
Lemma 2.1, we know that the limit lim, o ||z, — ¢|| exists. Also from (3.3), we
obtain

(3.4) d(xpi1, F) < (14t,)d(z,, F)+ 0,

for all n > 1. From Lemma 2.1 and (3.4), we know that lim,, . d(x,, F) exists.
Since lim inf,,_, o d(x,, F') = 0, we have that lim, o d(x,, F) = 0.
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Next, we shall prove that {x,} is a Cauchy sequence. Since 14z < e for z > 0,
therefore, for any m,n > 1 and for given ¢ € F', from (3.3), we have

n—oo

Hxn-i-m - QH < (1 + tn-i-m—l)”xn-&-m—l - QH + Ontm—1
S etn+m71 ||ajn+m71 - q” + 9n+m71
< etn+m71 [etn+m72 ||1'n+m*2 - QH + 0n+m72] + 0n+m71
< e(tn+m71+tn+m72) ||xn+m72 _ q”
_’_e(tn+nl—1+tn+m72) [9n+m72 + 9n+m71]
< ...
( ntm-1 tk) ( ntm-1 ) n+m—1
< e\ |zn —ql +e\77" Z Ok
(520) () g
n— k n—
< e\, — gl 4 e Z O
n+m—1
(3.5) = Rlazn—ql+R > 6
k=n
oo ¢
where R = e( nt k) < 00. Since
o
(3.6) lim d(xn, F) =0, » 0, <o

for any given € > 0, there exists a positive integer n; such that

(3.7) d(z,, F) < Z O < 5p Yn>m.

R +1)’
Hence, there exists ¢; € F such that

€
. n — _ > .
(3.8) |lx QI”<2(R+1) Vn>n

Consequently, for any n > n; and m > 1, from (3.5), we have

lZntm —2nll < NZagm — @l + |70 — a1

n+m—1
< RHxn_q1H+R Z 9k+||$n—<h||
k=n
n+m—1
< RAD|zn—aqll+R D Oy
k=n
(3.9) < (R+1).———+R — =¢
' .2(R+1) ‘2R 7

This implies that {x,} is a Cauchy sequence in E and so is convergent since F is
complete. Let lim,, .o z,, = ¢*. Then ¢* € K. It remains to show that ¢* € F.

Let €1 > 0 be given. Then there exists a natural number ny such that
€1

3.10 n—q" L >,
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Since lim,— o0 d(2y, F') = 0, there must exists a natural number ng > ng such that
for all n > ng, we have

€1
3.11 d F —_—
(3.11) (0 F) < 374
and in particular, we have
€1
12 d(xy,, F —_—
(3.12) (0o F) < 374D
Therefore, there exists z* € F' such that
€1
1 ny — 2" —_
(3.13) Jons =21l < 57 4

Consequently, we have

1Tq" —q*ll = ITq" — 2"+ 2" —2p, + 20y — "

< NTqg" = 2" + 112" — s || + [|2ns — |

< Lllg" =27 + [|2" = @yl + lon, — a7l

< LG = Tng + Tng — 27| + (|27 — 2|
Hlzn, — |

< L{lg" = zngll + s — 27[I] + 127 — 24|
Hlan, — |

< (LA DI = zng | + (L + D)[2" — @, ||

e e
< (L+ 1).2(?11) +(L+ 1)'2(1:711)
(3.14) < e

This implies that ¢* € F(T). Similarly, we can show that ¢* € F(S). Since S is
asymptotically quasi-nonexpansive mapping, so it is uniformly quasi-Lipschitzian
with L = sup,,~1{kn} > 1 (by remark 1.1). So, as above we can show that ¢* €
F(S). Thus ¢* € F = F(S) N F(T), that is, ¢* is a hybrid fixed point of the
mappings S and T. This completes the proof. O

Theorem 3.2. Let E be a real Banach space and K be a nonempty closed convex
subset of E with K+K C K. LetS: K — K be a asymptotically quasi-nonexpansive
mapping with sequence {k,} € [1,00) such that Y > (kn—1) < oo and T: K — K
be uniformly L-Lipschitzian asymptotically quasi-nonexpansive mapping in the in-
termediate sense such that F = F(S)N F(T) # 0. Let {x,} be the sequence
defined by (1.3) with the restrictions Y oo (kn — )y, < 00, oo [Jun| < oo,
>0 L llvnll < 0o and D, be taken as in Theorem 3.1. Suppose that the mappings
S and T satisfy the following conditions:

(C1) limy, 00 ||2n — Szn|| = 0 and limy, o0 ||2n — Tzy|| = 0,

(Cs) there exists a constant A > 0 such that
{a1 o0 = Swall + 02 |0 — Tan||} > Ad(za, F)

for alln > 1, where a1 and as are two nonnegative real numbers such that ay +as =
1.
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Then {x,} converges strongly to a hybrid fized point of the mappings S and T.

Proof. From conditions (C1) and (Cs), we have lim,,_,o d(x,,, F) = 0, it follows as
in the proof of Theorem 3.1, that {x, } must converges strongly to a hybrid fixed
point of the mappings S and T. This completes the proof. O

Theorem 3.3. Let E be a real Banach space and K be a nonempty closed convex
subset of E with K+K C K. Let S: K — K be a asymptotically quasi-nonexpansive
mapping with sequence {k,} € [1,00) such that Y~ (k, —1) < co and T: K —
K be uniformly L-Lipschitzian asymptotically quasi-nonexpansive mapping in the
intermediate sense such that F = F(S)NF(T) # 0. Let {a} and {5} be sequences
in [0,1 — 8] for some & € (0,1). Let {x,} be the sequence defined by (1.3) with the
restrictions Y oo (kn — L)y, < 00, >0 [Jun|| < 00, 00, |lvn|| < 0o and D, be
taken as in Theorem 3.1. Suppose lim, oo |2y —Sxy,|| = 0 and lim, o || — Ty ||
= 0. If at least one of the mappings S and T is semi-compact, then the sequence
{zp} converges strongly to a hybrid fized point of the mappings S and T.

Proof. Without loss of generality, we may assume that T is semi-compact. By
Theorem 3.1, {z,,} is bounded and by assumption of the theorem lim,,_,

|xn — Szn|| = 0 and lim, o ||2n, — Tzy| = 0. This means that there exists a
subsequence {z,,} C {z,} such that z,, — 2* € K as nj — oo. Now again by the
hypothesis of the theorem, we find

l* =Tz*|| = lm |zp, —T2n] =0
N — 00
and

This shows that «* € F. According to Theorem 3.1, the limit lim, o ||z, — 2*]|
exists. Then

lim ||z, —2*|| = lim |z, —2"| =0,
n—o0o ng—00

which means that {z,} converges to z* € F, that is, the sequence {z,} converges
strongly to a hybrid fixed point of the mappings S and T. This completes the
proof. O

Theorem 3.4. Let E be a real Banach space satisfying Opial’s condition and K
be a nonempty closed conver subset of E with K + K C K. Let S: K — K
be a asymptotically quasi-nonexpansive mapping with sequence {k,} € [1,00) such
that 307 (kn—1) < 00 and T': K — K be uniformly L-Lipschitzian asymptotically
quasi-nonexpansive mapping in the intermediate sense such that F = F(S)NF(T') #
0. Let {a,} and {8} be sequences in [6,1 — d] for some § € (0,1). Let {x,} be the
sequence defined by (1.3) with the restrictions Y~ (kn — 1), < 00, Yoo |lun| <
00, Yo7 i lonll < oo and D,, be taken as in Theorem 3.1. Suppose that S and T
have a hybrid fized point, I — S and I — T are demiclosed at zero and {x,} is
an approximating hybrid fixed point sequence for S and T, that is, lim, o ||z, —
Syl =0 and limy, 00 [|Tn — Txp|| = 0. Then {z,} converges weakly to a hybrid
fized point of the mappings S and T.

Proof. Let p be a hybrid fixed point of S and T. Then lim, , ||z, — p|| exists
as proved in Theorem 3.1. We prove that {z,} has a unique weak subsequential
limit in F' = F(S) N F(T). For, let v and v be weak limits of the subsequences
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{xn,} and {z,,} of {x,}, respectively. By hypothesis of the theorem, we know
that lim,, ||z, — Szp| = 0 and I — S is demiclosed at zero, therefore we obtain
Su = u. Similarly, Tu = u. Thus v € F(S) N F(T'). Again in the same fashion, we
can prove that v € F(S) N F(T). Next, we prove the uniqueness. To this end, if u
and v are distinct then by Opial’s condition

lim ||z, —u|| = lim ||z, —ul
n—00 ni—>00
< lim |z, — v
Nni—>00

= lim |z, — |
n—oo

= lim_ o, — o

< lim |z, —ul
nj—r00

lim ||z, —u.
n— oo

This is a contradiction. Hence u = v € F. Thus {z,,} converges weakly to a hybrid
fixed point of the mappings S and T. This completes the proof. (]

Remark 3.5. Our results extend, improve and generalize many known results from
the existing literature (see, e.g., [1], [3], [4], [6]-[8], [10]-[14] and many others).

4. Conclusion

The results proved in this paper of the iteration scheme (1.3) for a pair of asymp-
totically quasi-nonexpansive and asymptotically quasi-nonexpansive mappings in
the intermediate sense which is wider than that the class of nonexpansive, quasi-
nonexpansive and asymptotically nonexpansive mappings. Thus our results are
good improvement and extension of some corresponding previous work from the
existing literature.
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