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ON THE WALLIS FORMULA

BAI-NI GUOY*, FENG QI?3

ABSTRACT. By virtue of complex methods and tools, the authors express the
famous Wallis formula as a sum involving binomial coefficients, establish the
expansions for sin® z and cos” z in terms of cos(mz), find the general formulas
for the derivatives of sin® z and cos® z, and recover the general multiple-angle
formulas for sin(kz) and cos(kz), where k € N and m € Z.

1. INTRODUCTION
It is well known [8, 9, 16, 18, 23] that
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for n € N, where n!! denotes a double factorial. Usually we call (1.1) the Wallis
cosine or sine formula, or simply say, the Wallis formula, in the literature. In
mathematical analysis, the Wallis formula (1.1) is derived generally by integrating
by parts and mathematical induction.

The formula (1.1) may also be represented by
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where I'(x) stands for the classical Euler gamma function which may defined by
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The Wallis ratio is defined [42] as
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It is clear that for n € N
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There have existed plenty of literature about bounding the Wallis ratio. See, for
example, [4, 5, 6, 7, 9, 16, 17, 19, 20, 22, 42, 43, 47].
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In [18], the Wallis formula (1.1) was generalized as

™ itrde = [ it e = YA L4 1)/2)
I(t)—/0 cos :cda:—/o sin xdx—Tm, t>0.

See also [27, Section 2.3] and [48, 49].
In [2, p. 123], it was claimed that if I,,, is a primitive of sin™ xcos™ x for
m,n € R, then
Gamtl n+1
sin rcos" T x m+1
Im+2,n = - + Im,n
m+n+2 m+n+2
is a primitive of sin™"? z cos™ z if m 4+ n + 2 # 0. With the aid of this formula the
formula (1.1) may be recovered.
In [3, 10], by establishing double inequalities for I5,_1 and Is,, the double in-
equality
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was obtained for n € N. As a result, the probability integral

/ e da = ﬁ
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was recovered. For more information, please refer to [2, p. 123], [22, 34] and related
references therein.

In [13, 44], among other things, the sequence nI2 for n € N, which originates
from computation of the probability of intersecting between a plane couple and a
convex body, was proved to be increasing.

For recent developments on the gamma function and the ratios of two gamma
functions, please refer to the papers [11, 12, 14, 15, 21, 24, 25, 26, 29, 30, 32, 33,
35, 36, 37, 40, 41, 45, 46], the expository and survey articles [27, 28, 38, 39] and
closely related references therein.

The aims of this paper are, by virtue of complex methods and tools, to express
the sequence Is,_1 as a sum involving binomial coefficients and to recover the
identity (1.2). As by-products, the expansions for sin® z and cos® z in terms of
cos(max) for m € Z, the derivatives for sin® 2 and cos® z, and the general multiple-
angle formulas for sin(kx) and cos(kx) are established and recovered.

2. MAIN RESULTS

Now we are in a position to establish and recover our main results and by-
products.

Theorem 2.1. Forn € N, we have

2n—1
(—1)ntt (-DF  (2n—1
2.1 Iopy = )
(2.1) =17 Tom-1 ;027%21@71 k

First proof. Let i =+/—1 be the imaginary unit. Then for n € N we have
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The formula (2.1) follows.

Second proof. For n € N, we have
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Therefore, it follows that
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The proof is completed. [l

Corollary 2.1. For { € N, we have

(2.2) cos’ z = % qz: <§> cos[(2q — 0)z],
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Proof. From the second proof of Theorem 2.1, we conclude that
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Equating the real and imaginary parts in the above equality gives equalities (2.2)
and (2.4).
Similarly, we have

L
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Hence, we obtain equalities (2.3) and (2.5). O

Corollary 2.2. For m,k € N, we have
k

dmcosPz 1 k m 7T
(2.6) g = ok g (q> (2g — k)™ cos [Qm + (2¢ — k)m] ,

ery Lismte_CUEsh (5) 20— 1 cos| m = G + (20 - 9],
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and

> (-1 (S) (2¢ — k)™ sin [(m - k)g +(2g — k)x} -

Proof. These identities follow from directly differentiating on all the sides of the
identities in Corollary 2.1. a

Remark 2.1. The formulas (2.6) and (2.7) were established and applied in the
paper [31].

Theorem 2.2. Forn € N, we have
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First proof. A direct calculation reveals that
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Consequently, the formula (2.8) is proved. O

Second proof. By virtue of (2.3), it follows that
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As a result, the formula (2.8) is proved. O

Third proof. Letting £ = 2n and integrating from 0 to 7 on both sides of (2.2)
arrive at the formula (2.8). O

Remark 2.2. In [2, p. 100], the formula (2.8) was proved alternatively.
3. GENERAL MULTIPLE-ANGLE FORMULAS FOR SINE AND COSINE

Let ¢ = v/—1 be the imaginary unit. Then
1, k=1+4¢,

o —1, k=2+4,
) =i, k=3+40,
1, k=4+4¢

where k € N and ¢ > 0. The quantity i* may also be computed by

—(—1)k —(=1)k
ikZ(—l)%[k_l ES)) ]il (21)’“

and

) k k
ik = ekmi/2 = cos% —|—isin77r.

It is well known [1, p. 72] that the first few multiple-angle formulas are
sin(2x) = 2sinz cos x,

cos(2x) = cos®z —sin?z = 2cos’z — 1 =1 — 2sin’z,

sin(3z) = 3sinz — 4sin®z = 4sinxsin<g + x) 5111(73r — :z:),

3

sin(4z) = 8cos® rsinz — 4coszsinz, cos(4xr) = 8cos’ x — 8cos? x + 1.

cos(3z) = 4cos®x — 3cosx = 4cosxc0s<7; + x) cos(ﬁ - J:),

Theorem 3.1. For k > 2, the general multiple-angle formulas for the sine and
cosine functions are

k
k 14
sin(kx) = Z (€> sin g sin z cos*
=0
and i
k 14
cos(kx) = Z <€> cos g sin’ z cos"* z.
£=0
Proof. By the formula ‘
ekt = cos(kx) 4 i sin(kz),
we have

ekri — (e“)k = (cosx + isin x)k
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Further equating the real and imaginary parts yields the required general multiple-
angle formulas for the sine and cosine functions. The proof of Theorem 3.1 is
complete. O

Corollary 3.1. For k > 2, we have

and

[(k—1)/2]
k 20 +1
sin(kz) = Z ( > sin @+ 1)m Sin2H 1 cogh—20-1 4

et 2041 2
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where | x| is called as the floor function which expresses the biggest integer not more
than z.
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