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Abstract. This manuscript investigates complete continuous controlled metric spaces (CCMSs). New fixed point
theorems are established under Geraghty and Geraghty-Ciri¢ type contractive conditions, formulated on a closed ball
of a CCMS rather than on the entire space. This localized approach extends the existing fixed point theory in controlled
metric spaces, where such results on closed balls have not been previously reported. Concrete examples are provided
to illustrate the effectiveness of the obtained theorems. Furthermore, the applicability of the theoretical results is

demonstrated by proving the existence and uniqueness of solutions for a system of Urysohn-type integral equations.

1. INTRODUCTION

A fundamental concept in functional analysis is that of a fixed point. Fixed point theory
has numerous applications in solving problems arising in engineering and mathematics. The
fundamental idea was formally introduced and established by Banach through the celebrated
Banach contraction principle.

Currently, fixed point theory plays a vital role in many disciplines, including economics, com-
puter science, psychology, ecology, game theory and decision-making theory [6,8,9,22,34-36].

The notion of b-metric space generalizes the classical metric space by relaxing the triangle

inequality. Various results have been derived by considering different types of contractions for
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single and multi-valued mappings, with applications in several areas [18,19,21,22,30,37]. Ran
and Reurings [26] applied fixed point techniques in ordered metric spaces to derive solutions of
matrix equations.

The study of fixed point results restricted to closed balls in metric-type spaces constitutes an
important topic in nonlinear analysis. The iterative approximation method is enhanced, ensuring
that all successive iterates are bounded within fixed radius. This technique has proven effective in
situations where classical global approaches fail. By introducing modified contractions Arshad et
al. [32] established fixed points results restricted to closed balls of a prescribed radius [36,38,39].

Milaiki et al. [20] were the first who introduced controlled metric space. By introducing a control
function, the traditional idea of contraction mappings was generalized and later on it was extended
to double controlled with various applications [1].

The Geraghty contraction, was introduced in 1973, extends the Banach contraction principle by
replacing the fixed contraction constant with a variable function. The Geraghty-Ciri¢ contraction
was proposed by including extra distance terms. Many results are derived by the researchers by
extending the fixed point theorems using Geraghty Contraction and Geraghty-Ciri¢ contraction in
b-metric spaces and other extended metric spaces [17,24,25].

In this study, we analyze the fixed point results for a pair of maps on a closed ball in a complete
CCMS for Geraghty and Geraghty-Ciri¢ contraction. This restricted study is motivated by [27,28,
39] to find the desired results.

2. PRELIMINARIES

Definition 2.1. Let & # O bea set and p : EXE — [1,00). A mapping v : Ex & — [0,00) is called a
controlled metric if, for all s, h,p € &, the following conditions hold:

(1) v(s,h) =0 & s=h,

(2) o(s,h) = o(h,s),
(3) v(s,h) < B(s,p)o(s,p) + Blp, h)o(p, ).

(&0) i

The pair (&,v) is called a controlled metric space.

Remark 2.1. In Definition 2.1, if there exists a parameter t > 1 such that (s,h) = t for all s,h € &, then
(&,v) is called a b-metric space. Therefore, every b-metric space is considered as a specific type of controlled

metric space.

Definition 2.2. Let (&, v) be a controlled metric space. We say v : X & — [0, 00) is a continuous function

if sy — sand h, — himplies v(sy, hy) — v(s, h).

Definition 2.3. Let (&,v) be a continuous controlled metric space (CCMS).
(i) A sequence {s,} converges to s € & if limy—00 0(sy,s) = 0, or equivalently, for every € > 0, there
exists ng € IN such that for all n > ng, v(s,, s) < e.
(ii) A sequence {s,} is Cauchy if for l,n € N with | > n, lim, ;. v(s;, 5n) = 0, or equivalently, for any
e > 0, there exists Iy € IN such that for all n,] € N with | > n > Iy, v(s},s,) < &.
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(iii) A CCMS (&,v) is complete if every Cauchy sequence converges to some s € &.
Definition 2.4. Let (&,v) be a complete CCMS. The closed ball with center so and radius r is defined as
By(so, ) ={s € &:v(so,s) <1}
Proposition 2.1. Let (&,v) be a complete CCMS. Then, every closed ball is a closed set.

Proof. Letb, € By(so,r) and lim, .« b, = b. By using sequential continuity, for alln € N, v(b,, sg) <
rimplies v(b,sp) < r. Hence, b € By(sp, r), which implies the set is closed. |

Definition 2.5. Consider two self-maps f and g on a metric space (&,v). Suppose o € ¥ such that the
inequality

v(fs,gh) < O(Ef,g(s,h))Ef,g(s,h)
holds, where E (s, h) = v(s,h) +v(s, fs) —v(h, gh)|. Then, we say that the mappings f and g satisfy the
Geraghty contraction of type Ey, . Here, ¥ denotes the family of functions o : [0,00) — [0,1/ ) such that

lim o(t,) = 1 = lim t, = 0.

n—-oo ‘Ll n—oo

Definition 2.6. Consider two self-maps f and g on a metric space (&,v). Suppose o € ¥ such that the
inequality

v(fs, gh) < 0(Efq(s, h))Efq(s, )
holds, where Ef 4(s,h) = max{v(s, h),v(s, fs),v(h, gh)}. Then, we say that the mappings f and g satisfy
the Geraghty-Cirié contraction of type E f.g

3. MaIN ResuLts

Now, we present the main result on closed balls for Geraghty contractions and Geraghty-Ciri¢
contractions within the framework of a complete CCMS.

Theorem 3.1. Let (&,v) be a complete CCMS. Let f,g : & — & be two maps satisfying a Geraghty-type
contraction such that

v(fs, gh) < 0(Efg(s,h))Efg(s, h), (3.1)
" (1-p0)(1 +7)
1-u0)(1+7
< .
yU(SO,gSo) < (1 T 3T) r, 3.2)
foralls,h € By(so, ), where 6 = %, 1€ (0,1), and o € ¥, is a family of control bounded functions with
o(t) <0< %

Moreover, for so € &, take sony2 = fsont1 and spnt1 = gsan, for all n € IN. Assume the controlled
function meets
Blsiys;) <y forallij=0andy €[1,1/7), (3:3)

. B(s2it1,52i42)B(S2i41,52m) 1
sup lim —.
m—co B(s2i,S2i+1) 0

(3.4)
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There exists s* € By(so, r) such that s, — s*. In addition,
lim B(s2n,s*) and lim B(s”, sp,) exist and are finite. (3.5)
n—oo n—oo

Then, the mappings f and g have a unique common fixed point s* in By(so, 1).

Proof. Consider the sequence starting from sy € & such thats; = gso, s2 = fs1,53 = g52,54 = fs3,.. .,
and in general 53,11 = §521, S2n+2 = fSou41 forall m € IN.
From (3.1), we have:
(821, S2n+1) < 0(Ef,¢(52n-1,520) ) Ef,g(S2n-1,520)
< 1Ef ¢(s2u-1,521)

< 1[v(s2n-1, S2n) + [0(S21-1, S2n) — V(S2n, S2041) ]

< T TU(SZn—1/52n)~
Let 6 = {2%. Since 7 € (0,1), then 6 € (0,1), and we have
(S, S2n11) < 00(52n-1,520) < 0%0(s2n—2,820-1) < -+ < 6*"0(s0,51). (3.6)
From (3.2):
v(s0,850) < u ;Z/lej—(;;)— v
Since fj;T <land1-yt <1, wehavev(sp,s1) <r, which implies s; € By(so, 7).

Using the triangle inequality, (3.1) and (3.2):

v(so0,52) < B(s0,51)v(s0,51) + B(s1,52)v(s1,52)

2t
< po(so,s1) + U v(s0,51)

1+7

< (1 + %)yv(so,sl)
1+37
147
143t (1-u0)(1+r7)
T D)
<(1-puf)r<r.

v(s0,51)

<u

Thus, s, € By(sp, 7).
Now, suppose that s3, 54, ..., S2n € By(so,7) for some n € N. Using (3.1), (3.2) and (3.3):

v(s0,52n+1) < B(50,51)v(s0,51) + B(51,520+1)0(51,S2n41)
< B(s0,51)v(s0,51) + B(s1,52n+1)B(51,52)v(51,52)

+ B(s1, S2n+1)B (52, 52n+1)0 (52, S2n+1)
2n-1 i

< Blso,s)o(so,s1) + ), [ [ Blsjrsza1)Bsissisn)olsissien)

i=1 j=1
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2n
+H;B(sjrs2n+l)v(52n/52n+l)
j=1
2n-1 . .
< you(sp,s1) + Z Y100(sg,51) + (y0)*"v(s0,51)
i=1
2n-1 .
Yy Y <ye>l) + (70)*"v(s0,1)

i=1

< 0(50,51)

2n—-1

<yv(so,51) (1 + Z (y0)'

i=1

+ (y6)*"o(so,51)

2n-1
<yo(s0,51) ), (0) + (0)*"0(s0,51)-
i=0

The series Y2 (1)’ converges as y0 < 1, with Y71 (y0)! = 1_1(2')/99)%. Thus,

1-(y0)>

2n
—1—)/6 + (y0)7v(so,51)-

v(s0,52n41) < yv(s0,51)

Simplifying:
1-— (y6)2n+1
1-y0 e

1- (o)  (1-y0)(1+1)
(Sors1) < — 67 5130

Since 6 € (0,1), 76 < 1, then 1 - (y6)?"*! < 1 and 1% < 1, we have

v(s0,52n+1) <

v(so, Sons1) <1

Thus, sy,41 € By(s0, 7). Hence sy, € By(so, 1) for all n € N.
By using techniques analogous to those in [20], we can show that {sy,} is Cauchy in By(so, 7).
Thus,
lim v(s2y, Som) = 0. (3.7)

11—
Since every closed ball is a closed set in a CCMS (Proposition 2.1), (By(so,7),v) is a complete
metric space, and every Cauchy sequence converges in B,(so, ). Thus, there exists s* € By(so, )
such that
r}l_r)go v(san, ) = 0.

For the fixed point property:
0(s", 85") < B(s", 520)0(s", 520) + P20, 85")v (520, 85")
< B(s", 52n)0(5", 521) + OB(S2n, §5")V(S2n-1,5).

Taking n — oo and using (3.5), we get v(s*,gs*) = 0, which implies s* = gs* is a fixed point.
Similarly, we can derive a fixed point for f.

For uniqueness, consider another fixed point i = gh = fh. Then

v(s",h) = v(fs",gh) < Ov(s*, h),
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but 6 < 1implies v(s*, h) = 0. Thus, the two mappings f and g have a unique common fixed point
s* € By(s0,7). O

Example 3.1. Let & = {0, 1,2} with metricv : £X & — R defined as

v(0,0) =v(1,1) =v(2,2) =0,
v(0,1) =v(1,0) = 1.5,

v(0,2) =v(2,0) =04,

v(1,2) =v(2,1) =08,

and control function p : £ X & — [1,00) given by

(0,0) = p(1,1) = p(2,2) = 1,
B(0,1) =B(1,0) =13,

B(0,2) =p(2,0) =12,

B(1,2) = p(2,1) = 1.25.

Let g, f : & — & be mappings defined by f(s) = g(s) = 2 forall s € &. Takingsp = 0,r =3,y = 1.1,
T = 04, and 0 = 0.571, we have Efq(s, h) = v(s,h) + [v(s,2) —v(h,2)|. Clearly, the conditions are
satisfied since v(fs, gh) = 0 and

1-1.1(0571)|(1+0.4
yo(so, gs0) < [ (1 n 1)]2( +04) = 0.7101 € By (s, 7)-

All assumptions (3.3)—(3.5) are satisfied, and 2 is a unique common fixed point of f and g.

Corollary 3.1. Let (&, w) be a complete metric space. Let f,g : & — & be two maps with Geraghty
contraction such that

v(fs, gh) < 0(Efq(s, h))Efq(s, ),

and
(1-0)(1+1)
(14 37)
for all s,h € By(so,r), where T € (0,1) and o € ¥, is a family of control bounded functions with

v(s0, g50) <

o(t) <t < 1. Then, s* is a unique common fixed point of f and g in By(so, 7).

Proof. By choosing the constant function f(s;, #;) = 1 for all i, j € IN, the given conditions in the
corollary directly imply conditions (3.1)-(3.4) of Theorem 3.1. Thus, f and g have a unique common
fixed point in B,(so, 7). O

Corollary 3.2. Assume (&,v) is a complete continuous b-metric space. Suppose f, g : & — & are two maps
with Geraghty contraction such that

(fs,gh) < 0(Egg(s, h))Esg(s h),
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and
(1-p0)(1+7)
(1+31)
for all s,h € By(so,r), where 1 € (0,1) and o € ¥, is a family of control bounded functions with

po(so, gs0) <

o(t)<t< % Then, the mappings f and g have a unique common fixed point in By(so, 7).

Proof. By choosing the constant function f(s;, ;) = u for all i, j € IN, the given conditions in the
corollary directly imply conditions (3.1)—(3.4) of Theorem 3.1. Consequently, f and g have a unique

common fixed point in By (so, 7). O

Theorem 3.2. Let (&,v) be a complete CCMS. Let f,g : & — & be two maps with Geraghty-Ciri¢

contraction such that

0(fs, $h) < 0(Epg(s, 1)) Epg(5,), (9)
and
(1-7)(1+1)

(1+31)

for all s,h € By(so,r), where © € (0,1) and 0 € ¥, is a family of control bounded functions with
a(t) <T <3
Moreover, for sy € &, take spuip = fSopy1 and syu41 = gSon, for all n € IN. Choose the controlled

yv(so, §50) < (3.9)

function satisfying
B(si,sj) <y foralli,j>0andy € [1,1/7), (3.10)
sup lim ﬁ<5i+1/5i+2)ﬁ(5i+1ISZM) < 1, (3.11)
o0 B(si,sit1) T

where O € (0,1). Then, there exists s* € By(so, r) such that s, — s*. Moreover,

lim B(sy,s*) and lim B(s",s,) exist and are finite. (3.12)

n—oo n—oo

Then, the mappings f and g have a unique common fixed point s* in By(so, 1).

Proof. Consider the sequence starting from sy € & such thats; = gso, S2 = fs1,53 = g52,54 = fs3,...,
and in general 5,11 = §521, S2n42 = fSon41 foralln € IN.
From (3.8):
(821, 52n+1) < 0(Ef,¢(S2n-1,521) )Ef,¢(520-1,520)
< TEf,¢(S21-1,52n)
< Tmax{o(szu-1,521), 0(S21-1,52n), V(S21, S2n41)}

< tmax{v(san-1,52n), V(S2n, S2n+1)}-

If v(son, Sont+1) < T0(Som, S2n41), then v(son,S2n41) < TU(Son, S2n+1), Which is only possible if

v(S2n, S2n+1) = 0. Therefore, we have v(spp, Son+1) < T0(S24-1, 521 ), Which gives

0(S2n,82n11) < TO(S2n-1,521) < T°0(S20-2,500-1) < -+ < T"0(50,51).
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From (3.9):
(1-7)(1+n1)
v(s0,850) £ ——————
(50, 8%0) < = 7735
Since 11132 <1l,y>1,and1-1 <1, we getov(sg,s1) < r, which implies s; € By(so, ).

Using the triangle inequality, (3.8) and (3.9):

v(s0,52) < B(s0,51)v(s0,51) + B(s1,52)0(s1,52)
< you(sp,s1) + yto(so,s1)
= (y +y7)o(so s1)
= y(1+ 1)v(s0,51)
<y(l+r1)- %r
_A-)(+1)
(1+37)

Since 11;“3 <1land1-12 <1, wehave v(so,s2) < r, which implies s € By (so, 7).

By using techniques analogous to those in Theorem 3.1, it can be established that the sequence
{524} is Cauchy in By(so, 7). Thus, we have v(sg,s2,+1) < 1, and therefore sy, 11 € By(so,7). Hence
Son € By(sp,7) for all n € IN.

By a similar method as in Theorem 3.1, the sequence {s,,} is Cauchy. Hence,

lim v(s2n, Som) = 0. (3.13)

n,Mm— 00
Since every closed ball is closed in a CCMS (Proposition 2.1), (By(so,7),v) is complete. Thus,

every Cauchy sequence converges in By, (so, 7). Therefore, there exists s* € B, (s, 7) such that

lim v(spy,,s") = 0. (3.14)

n—00

For the fixed point property:
v(s",g5") < B(s", 520)0(s", 520) + B(s20, 857) (521, 85)
< B(s", s2u)0(s", 52u) + TP(520, 857) 0 (5201, 5).

Taking n — oo and using (3.14), we get v(s*, gs*) = 0, which implies s* = gs* is a fixed point.
To prove s* is a fixed point of f is similar to that for g. For uniqueness, consider another fixed
point h = fh = gh. Then

v(s", h) = v(fs",gh) < tmax{v(s", h),v(s", fs*),v(h, gh)} = to(s*, h).
Thus, T < 1 implies s* = &, so s* is a unique common fixed point of f and g in By (so, 7). m]

Example 3.2. Assume & = {0, 1,2} with metricv : £ X & — R and control function as defined in Example
3.1. Let g, f : & — & be mappings defined by f(s) = g(s) =2 foralls € & Takingso =2,r =3, u =12,
and © = 0.4, clearly all conditions (3.8)—(3.12) hold, and 2 is a unique common fixed point of f and g.
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Corollary 3.3. Suppose (&, v) is a complete CCMS in which By (so, r) is compact. Let f, g : (&,v) — (&,0)
be two mappings satisfying conditions (3.8), (3.9), (3.10), and (3.12) of Theorem 3.2. Then f and g have a

unique common fixed point s* in By(so, 7).

Proof. Since By(so, ) is compact, any sequence {s,} € By(so,7) has a convergent subsequence. By
(3.9), the sequence {s,} is Cauchy. Hence, all assumptions of Theorem 3.2 are fulfilled. Therefore,

f and g have a unique common fixed point s* in By(so, 7). m]

Corollary 3.4. Let (£,v) be a complete continuous b-metric space with parameter p. Let f,g : & — & be

two maps with Geraghty-Ciri¢ contraction such that

o(fs, gh) < TEf¢(s,h),

and
(1-7)(1+1) .
(1+31)

for all s,h € By(so, 1), where T € (0,1) and 0 € ¥, is a family of control functions with o(t) = T <

yv(so, g50) <

==

Then, the mappings f and g have a unique common fixed point s* in By(so, 1).

Proof. By choosing the constant function §(s;,s;) = y for all i, j € IN, the given assumptions imply

conditions (3.1)—(3.4) of Theorem 3.2. Thus, by Theorem 3.2, f and g have a unique fixed point in

By(so, 7). O
4. APPLICATIONS

Let & = (C[0,1], R) be the set of all real continuous functions. We aim to find the unique solution

for the Urysohn integral equation

b
s(o) = f Ki(t,q,s(q))dq+ g(t), i=1,2forallte[0,1], 4.1)
a
where the Lipschitz kernel K is continuous. Define the b-metric v by

v(s,h) = sup |s(t) —h(t)I"

te[0,1]

with m > 1 and parameter p = 2m=1 and the closed ball
By(so,7) = {s € C([0,1],R) : v(s,s0) < 1}
with r > 0.

Theorem 4.1. Consider the integral equation (4.1) and suppose that:
(1) K:[0,1] x[0,1] x C[0, 1] — R is continuous for all t € [0,1] such that for T € (0,1),
IKi(t,q,5(9)) = Ka(t,q,h(9))| < T'/"Is(q) = h(q)]

for all s,h € C[0,1] such that s(t),h(t) € [so(t) — /™, s0(t) +7/™] for all t € [0,1] and sq €
Clo,1].
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(2) The mappings f, g : & — & are defined by

b
gs(t) = f Ki(t,q,5(q)) dq + g (t)

and ,
fs(t) = f Ka(t,0,5(0)) dg + g(b).

(3) There exists
m

(1= )1 +17)
u(1+37)

1
so(q) - fo Ki (1, 50(q) dt

where u = 2""1,r >0, and ut < 1.

Then, there exists a unique s* € C[0,1] such that s* is the unique solution of (4.1) and s*(t) € [so(t) —
rm so(t) +rt/m).

Proof. Lets,h € C[0,1] such that s(t), h(t) € [so(t) — /™, s(t) + #1/™]. Then

m

18s(t) = fR(t)I" =

1
fo K3 (t,4,5(0)) — Ka(t,,h(q))) da

1
< fo 1K1 (t,,5(q)) - Ka(t, 4, h(g)) " da.
By condition (1),

1 1
IgS(f)—fh(t)I’”Sf0 IT”’”[S(EI)—h(q)]l’”dq=Tf0 Is(q) = h(q)I" dg.

Taking supremum, we get

1
sup |gs(t) = fh(t)" < T sup Is(q) —h(q)l’”f dq = sup |s(q) = h(q)".
t€[0,1] t€[0,1] 0 t€[0,1]

This implies v(fs, gh) < to(s, h). But to(s, h) < TEf4(s, h), so we have
o(fs,gh) < 0(Ep gls, 1)) Eg (5, h).

From condition (3),

1 m — .

so(q) —L Ki(t,q,50(q))dg| < %r,
) w_ (1=-71)(1+1)
ti‘[‘éﬁ] |So(q) - 850| < W

which implies
(1-7)(1+4n1)
(30
Hence, all the axioms of Corollary 3.4 hold, and s* is the unique fixed point of f and g in C[0, 1].

po(so, g50) <

Thus, there exists a unique s* such that

1
s'(t) = fs*(t) = gs™(t) = f(; Ki(t,q,5°(q))dq+g(t), i=1,2forallte[0,1],
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and s* € C[0, 1] is the unique solution of (4.1) with s*(t) € [so(t) — /™, so(t) + #1/™]. mi
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