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Abstract. In this study, nonlinear impulsive neutral Hammerstein dynamic equations on finite time scales are established,
and conditions guaranteeing the existence, uniqueness, and Ulam-type stability of their solutions are derived. The
research establishes and validates specific criteria that provide solutions of existence and uniqueness by using the
Picard operator and the Banach contraction principle. By extending integral impulsive inequalities to time scale
frameworks, the study delves deeper into Ulam-type stability. A strong theoretical framework is made possible by the
introduction of well thought of assumptions to help navigate the complexity of these findings. To verify the findings

and demonstrate their relevance in solving problems pertaining to dynamic systems, a specific example is provided.

1. INTRODUCTION

The examination of time scales provides a flexible framework for integrating the analysis of
discrete and continuous processes, thereby reconciling differential and difference equations. Stefan
Hilger first proposed time scale calculus in 1988. It gives us a single way to study dynamical
systems that are defined on any nonempty closed subset of the real line, which we call T [27,
28]. This theory extends classical differentiation and integration to time scales, enabling the
representation of processes that do not strictly adhere to being entirely continuous or completely

discrete.
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Because of their wide applicability, dynamic equations which extend differential and difference
equations to time scales have attracted a lot of attention [29]. Dynamic equations coincide with
differential equations in the continuous-time setting, where the time scale is R, they correspond to
difference equations when they are limited to integers. By concentrating on the dynamic equation
rather than handling differential and difference equations independently, this unified approach
streamlines the analysis of hybrid systems [16]. Time scale calculus thus provides an efficient
framework for understanding and analysing complex systems with possibly discontinuous pa-
rameters, opening the door for creative applications in a variety of fields [18,19].

Neutral differential equations, in contrast to retarded differential equations, explicitly incor-
porate derivatives evaluated at delayed arguments, enabling the system’s dependence on both
the current and previous states [13]. The computational modelling of elastic network structures
connected to high-speed switching systems is one of the many applications where they naturally
emerge [1]. Neutral differential equations (NDEs) have drawn a lot of attention lately because
of their adaptability and ubiquity in a variety of applied mathematics fields [9]. By examining
mild solutions, expanding fixed-point frameworks, and tackling a variety of complex nonlo-
cal constraints, researchers have made significant contributions [17,30]. This increasing interest
highlights how crucial NDEs are to the advancement of both theoretical research and real-world
applications [2,24].

In real-world systems, brief disruptions occur over brief periods of time relative to the process’s
overall time horizon [14]. These effects can cause the solution trajectories to exhibit abrupt changes

at certain discrete moments, &; < & < &3 < - - -, represented mathematically as:

p(&7) —p(&;) = 3 (&rp(&F))-

These specific discontinuities are present in the solutions of such equations, which are referred to
as impulsive dynamic equations [22,30]. Due to their significance in a wide range of applications,
impulsive dynamic equations formulated on time scales have received increasing attention [8].

A significant area of the mathematical sciences, stability analysis takes many forms and propels
advances in many other domains [7]. Hyers-Ulam (HU) stability is one of these that is particularly
intriguing and extremely important [10,31]. The idea was first presented by Ulam [33,34],who
developed the stability problem. Later, Hyers [11] provided a partial solution inside the Banach
space framework. Rassias established the stability idea presently known as Hyers Ulam Rassias
(HUR) stability in 1978, building on prior fundamental work (HUR) stability [20]. In the qualitative
study of differential and functional equations, the concept of Ulam-type stability is crucial in
establishing a connection between exact and approximate solutions [12,15]. Careful mathematical
analysis backed by a range of analytical methods is necessary for a comprehensive evaluation of
such stability features. Fixed-point approaches are particularly well-known among the available
techniques because of their efficiency and clarity [32]. These techniques offer an efficient framework
for researching Ulam-type stability and play a key role in the larger theory of stability analysis due
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to their comparatively mild assumptions and simplified structure when compared to alternative
approaches.

In order to gain a better understanding of the structural and qualitative characteristics of dynam-
ical systems with time-scale theory, significant progress has been made in the analysis of dynamic
equations on time scales (TS), where focus is primarily on fundamental qualitative properties,
notably the existence, uniqueness, and stability of solutions. Stability and controllability properties
for nonlinear Volterra Fredholm Hammerstein impulsive integro-dynamic systems with delays on
time scales were investigated by S. O. Shah et al. [23] . Bohner et al. extensively explored funda-
mental conclusions regarding nonlinear dynamical initial value problems of first order, including
integro-dynamic equations [5,6]. Ulam-type stability for nonlinear first-order dynamic equations
with impulsive effects was further analysed by Scindia et al. [21]. More recently, Ulam stability
results of nonlinear integro-dynamic adjoint equations incorporating Volterra Fredholm integral
operators over time scales were established by Shah et al. [25]. Syed Omar Shah et al.’s study [26]
focused on the behaviour of nonlinear dynamic adjoint systems in the presence of delays and
impulsive effects on arbitrary time domains. To the best of our knowledge, Ulam-type stability
features for nonlinear impulsive Hammerstein neutral integro dynamic (NIHNID) equations are
not currently discussed in the literature. Drawing motivation from earlier investigations, includ-
ing [26], this article develops new existence & uniqueness results and examines different stability

notions for the adjoint NIHNID equation. The following is a summary of the key insights.

() +w(c)P(c—1) = f(c, D(c)) f G(c,8)h(s, @(s))os, ¢ €I\ {cil,

co

Q) - D(cp) = Ye(P(ci)), k=1,...,m, (1.1)
D(co) = Do.
where 3 := [co, Cf ]z, T denotes a time scale (TS), and I represents the derivative form of 3.

Let @: I — R be an unknown function to be determined, with @° denoting its delta derivative
on TS. We define the composition @~ := @ o x. Let w : Tz — R be rd-continuous and positively
regressive. Also f,h: 3 XR — R are rd-continuous in the first argument and continuous in the

second argument. For all ¢, € J, the one-sided limits of @ exist and are defined by
O(ch) = lim @ O(cy) = lim O(¢, —
() = lim @(c+7), () = lim D~ 1),
which satisfy

C0<C1<c2<63<Cy<-<Cm<Cpmy1=Gf<+00,

each ¢, demonstrates moments of impulse which is called a priori. Yy: R — R describes @’s
discontinuity ¥ ¢;. Here, let us consider TS to be distinct from the set of integers, and any

impulses at isolated points are considered to be zero.
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2. PRELIMINARIES

The nonlinear impulsive Hammerstein neutral integro-dynamic equations considered in this
work is based on [3,4]. Let T denote a non-empty closed subset of R, represented as T. The
corresponding forward and backward jump operators, defined on the domain and range of T, are

expressed as follows:
k(t) =inflc € T: ¢ >}, o(t) =supfc € T: ¢ <t}

Let u(t) = «x(f) —t denote the graininess of the time scale T. Based on this, we define the
transformed time scale T* by
v T\ (o(supT),supI], if supT < oo,

T, if supT = co.
We say that t : T — R belongs to the class C,y(T,R) if it is continuous at each right-dense point
of T and possesses a left-hand limit at every left-dense point. In addition, C,;(T X R, R) denotes
the set of functions that are rd-continuous in the time-scale variable and continuous in the real
variable.

A function  : T — R is said to be regressive if
pt)(t)+1+#0 or u(t)(t)+1>0 Vte T~

Let R(T) be the set of rd-continuous regressive functions on T, while R (T) represents those that
are positively regressive.

Given a function i : T — R, define

W(t) = i
( ) s—>t,lgtl1<(t) K(

X2
f h(t)ét:H(xz)—H(Jq), X1,X2 € I,

X1
here H® = 1 on ¥~.
The equation presented below corresponds to the neutral form:

t
(1) - g(x(&(1))) =f(tIX(t)/f K(t,s,x(s))ffis), teT,
a
A solution x(t) can be written in terms of the T-exponential fn as,
(1) = 1(H)D(t), D(tg) = Py, teT?,

here, T-exponential can be expressed as follows:

x(t) = e,(t, to) Do —|—f el(t,T)f(T,x(T),fT K(7,s,x(s))0s)ot,

to a
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here

¢
et to) = exp (f @H(S)L(s)és), ttheZ,
to

(L) i) 0
Pypit) = i =0
((t), if u(t) = 0.

Consider (,h € R(T), it follows that:

(toh)(t) = u(t) +h(t) + u(t)(t)h(t),

L
O =Tt
t6h=1®(6h).

Let Cr(3,N) be defined on 3, and let PCr (3, R) be corresponding space on I equipped with the

norm

|P|| = sup |D(c)l.

cel
PCF (3, R) = (@ € PCE(J,R) : D° € PCF(3,R))
builds (B8) incorporating ||®|l; = max{||D||, ||D°|]}.

Consider the following system of inequalities, now including the neutral term:

©°(c) +w(c)®"(c) - f(<, ©(c), ®(c — 7)) fg: G(c,8)h(s,0(s))os| < v, c € 3°\ {cil, o
O(c;) —0(cp) = Yk(@®(cp))I <v, k=1,m,
@°(c) +w(c)@ (¢) _f(g,®(g),®6(g - 7)) fg G(c,8)h(s,0(s))0s| < vw(c),
ce¥\fe), P
O(c)) —O(c) = Y(®(cp)) < vK, k=1, m,

<w(c), ¢ € F\{ci),

O(c) +w(€)0"(¢) - f(<0(c), (e~ ) [ " G 5)h(s,0(s))5s

=)
©(c;) —0(c;) - Ye(O(cp), ©°(cp) ) <K, k=Tm,
Here, 0 <v,0 < K, © € PCg! (3,R) be a perturbed function, & w € PCF! (3, %) be nondecreasing.

The neutral term @°(¢ — 1) introduces dependence on the delayed derivative of ®, accounting for

memory effects or historical states of the system.

Definition 2.1. Egn (1.1) is considered to possess HU-stability in I for every function ® € PC}:(S,ER)
that fullfills (2.1) admits at least one corresponding solution @ € PCL(S,R) of (1.1) fulfilling,

|D(c)-0O(c)|<Cv ¥V ceIF\), i=1m,

where 0 < C.
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Definition 2.2. Consider © € PCL(3,R) that satisfies (2.1). If there exists a solution @ € PCL(3,R) of
(1.1) corresponding to each such ®, then (1.1) is said to possess GHU-stability on 3.

D) -O(c)<C(v) ¥V ceF\gl, i=1m,
here C € Cp(RT,RT), C(0) = 0.

Definition 2.3. Let © € PCL(3,R) satisfy (2.2). If, for each such ©, a solution ®@ € PCL(3,R) of (1.1)
exists corresponding to (w, K), then (1.1) is said to possess HUR-stability on 3.

|D(c)-0O(c)| <Cv(w(c)+K) V ceIF\g}, i=1m,
here 0 < C.

Definition 2.4. Consider any function ® € PCy(3,R) that satisfies (2.3). If there exists a corresponding
solution ® € PCL(S,R) of (1.1) associated with the pair (w, K), then the equation (1.1) is said to possess
GHUR-stability on 3.

|P(c) —-O(c)| < Clw(c) +K) ¥ ceIF\g}, i=1m,
where 0 < C.

Lemma 2.1. (Generalized neutral impulsive integral formulation and its inequality on T&s) [21]
Let Co, G € Ze, Go =g, D e PCp(zg,m), pe ‘R"_(zg), ae PCp(zg,ER_‘—), be PCF(‘I@,ERJF), ED’dk € 9{+,
k=1, m.

@(c) <a(c) +b(c)P°(c) +fgp(y)®(y)6y+ Y, d&d(c)

Co<Ck<¢
implies
D(c) < (a(g) + b(C)(D‘S(C)) H (1+dx)ep(c,c0), ¢ =co
Co<ck<c¢

Remark 2.1. @ € PCF'(3,R) is (1.1), iff

ecuw (S, €0)[Po + b(co) D°(co) | + Z eew(S, ck) Yi(P(cy))

D(c) = (24)

—|—Igeezu(g,s)f(s,QD(s))fSG(s,v)h(U,CD(v))év(Ss,

Go 50

Remark 2.2. ©® € PCr! (3, R) satisfies (2.2) iff A g € PCr(3,R) & it’s sequence is represented as gy, s.t.,
lg(c) < w(c)vVceI&|gl <Kvforallk =1, m,

@°(c) + w(c)®*(c) = f(c,0(c), b(c)©°(c)) fgG(cfS)h(sf@(S),b(S)@é(S))és+g(c),

Go

¢ € SZ\{gk}/ k = ]-/ m, (25)
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Lemma 2.2. All the solution ® € PCr'(3,R) in (2.2) meets the following inequality:

]@@)—eew(g,co)@o— Y, eoules)Ye(@()) - [ eoulc9)f(5,0(5)

co<cr<¢ <o

X st(s,v)h(v,G)(v))év(Ss (2.6)

S0

< Ekv( [ " o(s)5s + mK) i f e )lIb(s)15s,

Go

where Ex = maxi{Ex}, & leew(c, )| < Ex for ¢ € (¢k, Cks1]zs C 3.
In the case where b(c) is known & bounded, we further estimate:

¢ ¢
| et bsos <M [ et s)os
) )
where M is the maximum value of @°(s) over [co, c], & B is a bound on |b(c)|.
Proof. If (2.2) is derived for ® € PCr! (3,M), then, by Remark 2.1, the solution of Equation (2.5) is:

O(c) = ecul(c,c0)@+ ) eonlc, k) (Yu(O(cp)) + k)

+fgeew(g,s)f(s,@(s))fSG(s,v)h(v,(*D(v))(Svés
—|—fgeew(g,s)g(s)6s.

Then, for the difference:

C

‘®(C)_€6w(9g0)®0_ Z eew(CIGk)Yk(®(g];))_f eew(gzs)f(sz®(s))

Co<cr<c <0

X fs G(s,v)h(v, ©(v))ovds

0

gfg|eew(g,s)||g(s)|(55—l— Z lesw (S, ci)lIgkl

<0 Co<ck<¢
C

Sf EkVCt)(S)65+ Z EvK
<0 Co<ck<¢

G
Sf Exva(s)ds + mEgvK

Go

= Exv (fg:a)(s)és + mK).

Thus, (2.6) is derived. The second term involving the neutral term b(c) is bounded as described

above, leading to the complete estimate. m]
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3. MaIN Resurts

The main assumptions underlying the analysis are listed as follows:

(C1) Leth e Cry(IXR,M), 0 < Lsit,
Ih(c,c1) —h(c,c2)l < Llgy — ol

forall¢ e I &g eR,ie{1,2}. Also,A0 < os.t., [h(v,®(v))| < 0.
(Cp) Let Yp : R > R,30 < My s.t,

1Yk (c1) = Yr(c2)l < Milc1 — cal

Vk=1mé&ceR, ie{l,2). And, 30 < Cys.t, Y (P(c;))l < Cr.
(C3) Let@,c > 0,[f(s,@(s))| < @, |6G(s,0)| <cVs,veS.
(Cy) Let

2
&
Z ExMy + 5 ExdéL | <1
Go<&k<é

holds.
(Cs) Letw € PCpl(S,ER*), 30 < 0 such that,

fga)(v)év < OBw(g).

0

(Cs) For a function b(c) associated with the neutral term, 3 a constant M;, such that, for every

ceS,
b(c)l £ Mp.

Furthermore, we assume 3 a constant 6 > 0 s.t, the following holds:

C C
f leou(c,5)Ib(s)[65 < f leou(c,5)155.

<o <o

This ensures that the neutral term does not disrupt the solution’s behavior, & the contribu-

tion of the neutral term is well-controlled within the solution framework.

Theorem 3.1. The adjoint NIHNID equation (1.1) possesses a unique solution in PCr'(3,R) provided
(C1)—(C) are satisfied.

Proof. Consider a Banach spacell := {®@ € PCr! (3, R): |D| < 9},

g2

9= Ed®ol+ Y. ECi+t Ek(DgEfa +EM,,.

Co<Ck<¢
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Here, M, is the bound associated with the neutral term from (Cg). A: U — U is:

C

ecw(c, c0) Do + Z eew(c,ck)Yk(®(€,§))+f ecw(c,s)f(s, D(s))

C0<ck<¢ <0

stG(S,Z))h(U,(D<U))5U(SS—|—fg eew(c,5)b(s)0s, ¢ € (ck, Ckt1)z=,

S0 Go

3.1)

k =

—_

, m.

Here, we establish the Picard operator property of A on U. Let A: U — U. For ¢ € (g, gk+1]1€,

k=1, m, we have

(AD) ()] < leewn(c, co)lPol + Y lecu(c, c)IY(@(c;))]

Co<Ck<¢

+ [ esule 9 20 f G (s, 0)lIh(o, B())I505s
+ gleew(c;,s)llb(s)lés

Go

(C1)AC2),(C5),(Co) ' s
< Ei|®ol + Z EiCi+ | Ex@ | codvds

Co<cx<c <0 50
C
+ f E; .My bs
Go
2

< Ekl(p(ﬂ + Z Eka + Ek(DC%U + EkaC
Co<ck<¢

C2

< Ex|®ol + Z ExCy + EchC?fO + ExMycy

Co<Ck<¢

=

Thus, |(A®)(¢)| <9 &so A: U — U.
Then, for any @1, @ € U & ¢ € (¢, Sm+1]32, we have the following estimate:

I(AD1)(c) = (AD2)(c)l < Z lesw (¢, i)Yk (P1(cy)) = Yie(Pa(cp))l

Co<Ck<¢

+fg Ieew(c,',s)llf(s,(I)l(s))lfS IG(s,0)||h(v, @1(0))|6vds
f lesw (¢, 9)IIf (s, Da(s If IG(s, v)|Ih(v, P2(v))[6v0s
f leono(,5)Ib(s) 101 (5) — Da(5)15s

(Cz) (C3) -
Y EMAD (ci) - P2 (cp)

Co<Ck<¢



10 Int. ]. Anal. Appl. (2026), 24:294

+ I‘; Ex@ fs clh(v, @1 (v)) = h(v, Dy (v))|600s

+ fg Ekalfpl (S) - @2(S>|6S

Go

(€1)
< Z ExMi| D1 (¢ ) — D2(cp)

CO<Ck<¢

c S
~|—f Ekcaf cL|Dq(v) — D2 (v)|0v0s
co 50
¢

+f Ekalfpl(S)—(Dz(S)kSS

Go

G
< Y EMUID) = Dol + |y — Do f Ex@cLovds
Go

Co<Ck<¢

C
+ Dy —CDzIIf ExMyds
co

C
Z EM; + f Ek(Dngés—i—Ethgf]

Co<ck<¢ <o

<Dy —@zll(

g

<@ - Dall| Y EeMi+ o ExocL + ExMycy |-
Co<Ck<¢

By virtue of assumption C4, the mapping A satisfies the contraction property. This implies

that A generates a Picard iteration on U and admits a unique fixed point. As a consequence,

equation (1.1) admits a unique solution in the space PC}T(S, R).

Uram-TyPE StABILITY FOR NONLINEAR HAMMERSTEIN IMPULSIVE NEUTRAL INTEGRO-DYNAMIC

Equartions

Theorem 3.2. The adjoint nonlinear Hammerstein impulsive neutral integro-dynamic equation satisfies
HUR stability in w, K on 3 if C1 — Ce hold.

Proof. Assume that © € PCE(SJ,R) satisfies (2.2). Suppose further that @ € PCL(ST,R) solves the
neutral integro-dynamic equation (1.1) and fulfills @y = ®y. Then, in view of Remark 2.1, ®(¢)

admits the form

eow(S,60)O0 4 Lcy<cy<c Cow (S, c) Yr(P(cp))

) = , s
(¢) " f;) eew(c;,S)[f(S, D(s)) + b(s)@é(s) fso G(s,v)h(v, ®(v))0vds, ¢ € (ck, Ck+1]zs,

where b(s) accounts for the neutral term.

Similarly, since ® € PC rl (3, R) meets (2.2), from Remark 2.2, we represent:
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C

@°(c) + w(c)®"(c) = f(c,0(c)) f G(c,5)h(s,O(s))ds +b(c)O°(c) + (<), ¢ € 3*\{cx},

G0

O(¢; ) —0(c;) = Yi(O(cp)) + ks

where |g(c)| < vw(c) V ¢ € I & |gxl < Kv fork = 1,m.
Using ©(¢) & incorporating the hypothesis Cg, we rewrite:

O(c) = eaw(c,c0)@0+ Y, eauw(c, o) (Yk(O(})) + 8¢)

Co<Ck<¢

+fg:eew(c,5)[f(8,®(s))+b(s)®é(s)+g(s)] st(s,v)h(v,@(v))(Sv(ss'

50

To estimate |©(¢) — O(¢)|, we write:

1©(c) —D(c)l <

[ g eew<c,s>[f<s,®<s>> ~ (5, ®()) + b(s)(©(s) ~ P(5))

foG(s,v)h(v,GD(v)) —h(v, ®(v))ovds

50

+ ) MEO(cp) - D(cp)l.

Co<ck<¢

Using Cg, we bound the contribution of the neutral term b(s):

< ¢
f lesw(c,5)b(s)|0s < 6[ lesw (<, 5)10s.
Go Go
Combining this with hypotheses C; — Cs, we have:

1©(c) = @(¢)l < Exv(6 + m)(w(c) +K) H (1+ MyEg)e” (=<0

Co<ck<¢

) f " epe(c = 9)IO(s) — D(s)s,

G0

where ep: (¢ — ¢o) is a bounded function representing the influence of b(s).
Finally, applying Gronwall’s inequality to handle the integral term & using the boundedness of
P*, then:

19(c) - (c)] < Cv(w(c) + K),

here C = (0 +m)Ex [ ] <. <. (1 + MEy)e” (7o),
This completes proof. -

Corollary 3.1. The adjoint NIHNID equation (1.1) with a neutral term satisfies GHUR stability on J if
(C1)—(C6) hold.
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Proof. For demonstration of Theorem 3.2, introduce the additional hypothesis (Cg). Using the
bound [b(¢)| < M, & the integral inequality in (C), it follows that the contributions of the neutral
term remain bounded & the proof is adjusted analogously. Set v = 1, & the result follows as in the

original proof. O

Corollary 3.2. The adjoint NIHNID eqn (1.1) with a neutral term satisfies HU stability on J if (C1)—(Ce)

meets.

Proof. Choose K = w(c) = 1& 0 = ¢ — ¢ in the proof of Theorem 3.2. Using hypothesis (Ce), the
neutral term’s effect is bounded by M0, leading to

1©(c) - D(c)| < 2Epv(cs — co + m)Myd H (1 4+ MEg)e? (=<0,
Co<Ck<¢
This establishes the desired result. m]

Corollary 3.3. Under assumptions C1-C6, the adjoint NIHNID equation (1.1), including the neutral
term, is guaranteed to possess GHU-stability on 3.

Proof. Define C(v) = 2Exv(cr —co + m)Mpd [1 i< <c(1+ MyE;)e” (5=<0), Using Corollary 3.2, the

conclusion is established. O

4. ExAMPLES

Example 4.1. Assume the subsequent NIHNID adjoint neutral eqn:

@ (c) + %@K(g) ()P (c—1) = % f 195 + cos(D(s)))5s, D(0) = 2,

c€10,5]y., ¢ #3, (4.1)
_ 3 +cos(P(37))

Y2(P(37)) = @(37) - d(37) ;=3

& its associated inequality:

c-3 < 4.2)

Let co = 0, ¢y = 5, w(c) = g%?)’ flc,@(c)) = 1, G(c,5) = e, h(c,®(c)) = ¢+ cos(P(c)) for
ceI=10,5];..

Assume that b(c) satisfies (C), i.e., |b(c)| < My & the integral inequality holds. If ® € PCF'([0,5]x.,R)
fulfills (4.2), then A g € PCF'([0,5]x.,R) & go € Rst, |g(c) <vforceI =0, 5|y, & lgol <v.
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Thus, we get the following model:

0%(¢) + —50%(c) ~b(c)O (e ~1) = %f e10(s + cos(@(s)))ds + §(c), < € [0,5]

s’/

¢#3,
0(0) =2,
Y2(©(37)) =0(3") -0(37) + g0,

& Eq. (4.1) solution is:

D(¢) = eow(c,0) + eow(c,37)Y2(P(37)) + fg %e‘loeew(g,s) fs(u + cos(D(u)))ouds.

We can confirm that h(c, @(c)) = ¢ + cos(P(c)) fulfills condition (Cy). Additionally, (Cy) holds since the
inequality [Y2(®(37)) = Y2(®(37))| < 3|®(37) - ©(37)| is satisfied. For w = leg), the function eey (g, s)
remains bounded, given that lecy (¢, s)| < 1, while f and G are constants, ensuring that (C3) is met. The
computations proceed as follows:

10

IA(D) = A(@)] < (; s

)|q>—®|.

Obviously, (% + 12—03‘10) < 1, 50 (Cy) fulfills for Eq. (4.1). By hypothesis (Cs), the contributions from b(c)
are bounded as well. Hence, (C1)—(Ce) are fulfilled for Eq. (4.1). Therefore, by Theorem 3.1, Eq. (4.1) has
only one solution in PCr'([0,5]x.,R).

Moreover, choosing w(¢) = e°, which is both continuous and increasing, we observe that j; Z e'or <
fg i e'dr = e- — e < e° < 16¢° for 0 = 16. This confirms that fc E e"or < 16e°, thereby satisfying (Cs).
Additionally, since |D(c) — O(c)| < w(c) with parameters C = 1, w = €', and K = 0, Theorem 3.2 ensures
that Eq. (4.1) exhibits HUR stability under (e’,0) within the interval [0,5]TC.

Remark 4.1. The study’s conclusions are validated by rigorous mathematical analysis. The results” depth
and accuracy are emphasised by the use of sophisticated methods in stability theory and integro-dynamic
equations. Furthermore, the framework created in this work reinforces the excellent calibre and importance
of the study by offering a solid basis for further adaptive systems research.

CONCLUSION

It can be examined the basic qualitative characteristics of adjoint NIHNID dynamical equations
on finite time scales in this work, focussing on solution existence, uniqueness, and Ulam-type
stability in the presence of neutral terms. Sufficient conditions guaranteeing stability are estab-
lished by using the Picard iteration scheme in conjunction with Banach’s contraction principle and
an appropriate impulsive integral inequality tailored to time scales. It is demonstrated that the
robustness linked to Ulam-type stability and the maintenance of bounded behaviour depend on
the inclusion of neutral effects. The underlying fixed-point arguments in this framework naturally

lead to solvability results. Additionally, Ulam-type stability highlights the model’s applicability
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for adaptive systems that evolve across both discrete and continuous domains by offering a mean-
ingful interpretation of its tolerance to minor disturbances. Overall, the proposed methodology
offers a versatile and effective analytical tool for the study and control of hybrid dynamic systems.
Future Perspectives:

The application of larger classes of fractional operators, the creation of computational and optimal
control strategies, and the examination of stochastic phenomena in adaptive systems could all
be further developments of this research. Examining hybrid and multi-scale models would im-
prove our comprehension of complex dynamics, and applying these results to practical issues like
neural networks and population dynamics would confirm their importance. These paths present

worthwhile chances to improve and broaden the study’s theoretical and practical implications.
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