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Abstract. In this research, we investigated the well-posedness and asymptotic behavior of an initial-boundary value
problem (IBVP) associated with a heterogeneous hot-standby renewable reliability system. First, we established the
well-posedness of the system model by leveraging Cyp-semigroup theory from functional analysis to ensure the existence
and uniqueness of solutions. Second, by analyzing the spectral properties of the operator corresponding to the IBVP,
we demonstrated that zero is an eigenvalue for the operator and its adjoint with geometric multiplicity one. Further,
we showed that all non-zero points on the imaginary axis lie within the resolvent set of the operator. Based on these
findings, we concluded that the time-dependent solution of the IBVP converges strongly to its steady-state solution as

time approaches infinity.

1. INTRODUCTION

Reliability represents a significant challenge within the manufacturing industry. The inherent
complexity of systems exacerbates the difficulties associated with their effective maintenance and
operation '3, Owing to the high cost and unreliability of components, system analysts have
encountered a variety of problems. Consequently, to enhance system reliability, it is crucial to
develop effective modeling, monitoring, and control procedures.

However, in system reliability analysis and evaluation, several researchers (e.g., Hsu et al. [6],
Ke et al. [7], Kumar and Jain [8], Wu et al. [9], Yang and Tsao [10]) have assumed that the failures
of all system components are mutually independent. Under this assumption, the qualitative
analysis and quantitative calculation of system reliability metrics often result in excessive errors
and may even lead to incorrect conclusions. Therefore, it is necessary and significant to incorporate

dependent failures into systems with redundant components.
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Redundancy techniques and maintenance through failed component repair can significantly
enhance the performance of repairable systems. In reliability theory, three categories of standby
components are widely employed: cold, warm, and hot standby. Cold standby is characterized by
a zero failure rate when a component is in the standby state [11,12]. Warm standby implies that
an inactive component in the standby state can fail at a non-zero rate lower than that of an active
component [13,14]. Hot standby components have the same failure rate as those in operation
[15-19]. In this study, we focus on a hot-standby system established by Rykov and Kozyrev [17].
In 2017, Rykov and Kozyrev [17] considered a heterogeneous hot double-redundant repairable
reliability system. They assumed that the lifetimes of components are exponentially distributed
random variables, the repair times of components have absolutely continuous distributions, and
all lifetimes and repair times are independent. Under these assumptions, they established the
system model using the supplementary variable method [20,21] and subsequently analyzed the
stationary and quasi-stationary probability distributions of the system under the condition that
the time-dependent solution converges to its steady-state solution. However, the reliability model
established by Rykov and Kozyrev using the supplementary variable method is described by
partial differential equations (PDEs) with integral boundary conditions. As aresult, obtaining exact
solutions is difficult. Therefore, Rykov and Kozyrev [17] assumed that the time-dependent solution
of the hot double-redundant system model converges to a steady-state solution; however, they did
not report whether this assumption holds. Hence, we need to study the existence (well-posedness)
and asymptotic behavior of the time-dependent solutions of the aforementioned reliability model.
To achieve this, first, by selecting a suitable state space and introducing corresponding operators
and their domains, we convert the heterogeneous hot double-redundant repairable reliability
system model into an abstract Cauchy problem. Next, under certain conditions, we prove that
the corresponding operator of the resulting Cauchy problem generates a positive contraction Co-
semigroup. Further, we derive the well-posedness of the system described by the Cauchy problem.
Finally, by studying the spectrum of the underlying operator on the imaginary axis, we conclude
that the time-dependent solution of the Cauchy problem strongly converges to its steady-state
solution.

Based on Rykov and Kozyrev’s [17] work, the heterogeneous hot-standby renewable reliability
system can be characterized through the following PDE system:

3

d .

n(;)t(t) =~ (81 +02)mo(t) + ;fe mi(t, y)Bi(y)dy, (1.1)
o (t, om (¢,

nlﬁ: 2. nla(; D (02 + Br(y)) ma(t,y), (1.2)
oo (t, oo (¢,

nza(; y) + nza(; y) - (61 +52(y)) ﬂz(t, y)r (1.3)

on3(t, ons(t,
ns(;t Y) + ma(y y _ —B3(y)ms(t, y), (1.4)
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sl (t, 0) = 61710(t), (1.5)
7'(2(t, 0) = 62ﬂo(t), (1.6)
5 (1,0) = o fo ot y)dy + 62 fo (1, y)dy, (17)
mp(0) =1,7;(0,y) =0,i =1,2,3. (1.8)

Here, (t,y) € [0,00) X [0,00); mo(t) is the probability that both components in the system are
working at time ¢, showing the chance of full system operation; 7; (¢, y) is the probability that the
tirst component is under repair while the second is working at time ¢, with y reflecting the repair
progress of the first component; m>(t, y) is the probability that the second component is being
repaired and the first is working at time f, where y accounts for the repair status of the second
component; and 7m3(t, y) is the probability that both components have failed, causing system
breakdown at time ¢, with y related to repair - influenced failure factors. Further, ;(y)(i =1,2,3)
represents the repair rate of the system at state 7, and 0;(i = 1,2) represents the failure rate of unit

i

2. REFORMULATION OF THE SYSTEM MODEL

In this section, we reformulate the heterogeneous double-redundant hot-standby renewable
reliability system into an abstract Cauchy problem defined on an appropriately chosen Banach

space. To accomplish this, we first define the state space Y as follows:
3 3
Y = {n eRx (L1 [0,00)) lI7el| = |70l +

||ni||L1 [O,oo) < 0 } 7

i=1

which is clearly a Banach space. For convenience in our further analysis, we introduce

ey 0 0 0 %
| oY 0 0 0 | m(y)
Tl ser 0 0 o T | ) |
0 52 51 0 7'(3(y)

and define some operators as well as their domains as follows:

— (61 +62) 0 0 0
a0 HGrp) 0 )
0 0 “E-Gi4py) 0 ’
0 0 0 ~& B3 (v)

D(Al):{neY

c(li_v;i € L]0, o), 71;(y) are absolutely continuous }

functions and 7t(0) = fooo wn(y)dy,i=1,2,3
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L Ly mi(y)Bi(y)dy
AzT( = 8 ,D (Az) =Y.

0

Subsequently, the system of Equations (1.1)-(1.8) can be formulated as an abstract Cauchy problem

within the state space Y:

2.1)

T = (A1 +A) m(t), Vte[o,w),
n(0) = (1,0,0,0).

3. WELL-POSEDNESS OF THE SYSTEM (2.1)

In this section, we first demonstrate that the operator A; + A generates a positive contraction
Co-semigroup T(t) on the state space Y. Subsequently, we verify that the operator A; + A, is
conservative, allowing us to conclude that the semigroup T(#) is isometric. Finally, by combining

these findings, we establish the well-posedness of System (2.1).

Theorem 3.1. If §; = SUP,e(0,00)i(Y) < 00 (i = 1,2,3), then the operator Ay + A generates a positive
contraction Co-semigroup T(t).

Proof. We prove the theorem via a four-step approach. First, we estimate the norm of (yI — A; )_1,
Second, we demonstrate that the domain of the operator A;, denoted as D(A;), is dense in state
space Y. This allows us to conclude, using the Hille-Yosida theorem, that the operator A generates
a Cop-semigroup. Third, we check that A; is a bounded linear operator, and establish that A1 + A;
generates a Co—semigroup T (t) by applying the perturbation theory of Cyp-semigroups. Finally, we
show that A; + Aj is dispersive and conclude that T(t) is a positive contraction Cy-semigroup by
invoking the Phillips theorem.
For any given v = (v, v1(y), v2(y),v3(y)) € Y, consider the equation (yI - A;) m = v, i.e.,

(7 461+ 62)m0 = w0, (3.1)
d —

”;;y) == (F+ 82+ Fa(y) m(y) +on(y), 62)
d —

) o+ ) mal) + a0, 63
d _

D) - G+ (o)) ) +ea() e
11(0) = 6170, (35)
n12(0) = 6210, (3.6)

713(0) :61]0\ 712(y)dy+62‘fO 71 (y)dy. (3.7)
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By solving (3.1)-(3.4), we deduce
s —;v (3.8)
0 _7—" 01+ 062 0 '
71 (y) =t1e” TF01= BuEE | o= (+02)y-[ pr()d fy o1 (n)eTHontf BuEde g, (3.9)
0
ma(y) =rpe” THO0Y=k PAE)AE = (7ron)y= fa(£)d fy va(n)elTHOVTH b P2 (Ode gy (3.10)
0
— Yy —
ma(y) =eTVh e (T3 + f vs(n)el+ k' 3(‘5)015“1’7)- (3.11)
0
From (3.9)-(3.11), and (3.5)-(3.7), we calculate
71 =11(0) = 01700, (3.12)
T2 =12(0) = 62710, (3.13)
13 =n3(0) = 61f nz(y)dy+6zf 1 (y)dy
0 0
=0 foo [(Sznoe_(%‘sl)y_foyﬁZ(‘E)d‘S
0
— Y — v
Lo (THo0y=[ pa(&)de f vz(n)e(”‘sl)’” f(,7l32(5)dédn] dy
0
0
— Yy —
L o)y [ pr(£)de f vl(n)e<y+6z)n+fo”ﬁ1<é)dédn] dy
0
516270 f " s B g,
0
o Y .
+ 51f0 e—(y+al)y—foyﬁ2(g)dgf0 Uz(n)e(y+él)n+f()"ﬁz(é)dédndy
0
" Ty peds [ o Front [ pre)de
+ 62 ; e o ; v1(n)e o dndy. (3.14)
d — (Y3
Based on (3.14), the Fubini theorem and the inequalities e~ bpite)e < 1, e Jy pitede <l(y=n=>

0, i=1,2,3), we estimate

T3l S5152|n0|f e_(77+51)y‘ky52(5)d5dy
0
00 _ y _ .
+51f0 e—(wéﬂrﬁ%(éﬂéﬁ |,02(T])|e(y+61)n+f07ﬁ2(5)dédndy

—+ 0102 |T0| jo‘ e—(37+52)y_foyﬁ1(£)d5dy
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00 o Y _
+62L e—(7+02)y_ky51(5)d5‘f0 |vl(n)|e(V+62)'I+fOnﬁ1(5)d<§dndy

<(5152|710|‘f0 e~ (7+oyqy
o) B o ~ , (
o fo [o2 ()] 7207 f -0y ok O3 g g
n
+ 6102 |7'(0|£ g‘()7+5z)ydy
+62L |Ul( )/+bz T]f e (y+62)y . e fﬂl dgdydn
n
0102 oo [ oy
SSio, Mol |7’2 )|e e dydn
Y +61 0 :

~6162 im0l + 62 f [0 (1) e7+02)n f e T dydy
Y+ 02 0 n

0102

61
[T0]l + =

— - N
S+ o0 ~tor o211 0,00)
0102 S»
+ = 0| + = v -
y+62|0| =5 llo1llr10,00)

o 0102 (2]74— 01+ (52)
(V+061) (Y +062) (V+ 61+ 62)

[0

(3.15)

5
=2 [o1llL1fg,00) + =—— 0211000 -

y+02 Y+

Similarly, using the aforementioned expressions (3.9)-(3.15), and the inequalities e~ Bie)e <

Yy S(E
1, e_fn pie)de 1(y 2120, i=1,2,3), we further estimate ||7ill;1[0,.0) (i = 1,2, 3) as follows

mmm@<f|mg@mwmﬁm®
0
0o _ y ~ y
+f0 e_(HéZ)y_nyﬁl(é)dng o (1)) eTHo k()4 gy

<|Tl|f e‘(77+52)ydy+f |Ul(,7)|e(?+éz)n+f0"ﬁ1(é)d£f e—()7+62)y—f()yﬁ1(5)d£dydn
0 0 n

- f‘” (7+82) fw ~(FHon)y .k i()de
== + v e\ o e” VT2V ey dyd
= 5", lo1(n)]| n ydn

~61 |T[0| + f |Ul (T})|e()7+62)7] f e_(]7+02)ydydn
+ 6 . i

51 1
+= d
T f for ()| dn

01 1
> 3 v + 5 4 o) 7
G0 G 4o 1060 T 55, Pillos)

<

(3.16)
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5 1
— — vo| + = v 0o) s 3.17
o) (o1 0a) T 5y 12l G17)

(e} . " (o] . y _
sl <173 fo T ) gy 4 fo TV Ba()de fo Jos ()] 7 6 B30 gy

<Itsl fo e TVdy + fo Jos ()| e+ Po(€)d¢ f e Tk B4 gydy
1

1721121 [0,c0) <(

1

<=|t3l + =IlvsllL0,c0
y [0,00)

=)=

6102 (2)7—1— 01+ 52)
(Y +61) (7 +62) (7 + 61+ 62)

ool
vl + ==
V(} 52)

N

ll2111L.1]0,00)

2
01 1

+ == o) T =Il0 o) * 3.18

=G+ 01) lv2llz10,00) 5 lo3llL10,00) (3.18)

From (3.8) and (3.16)-(3.18), we obtain

3
Irll =m0l + Y ltill g,
i=1

1 01
< Vol + = —
A S N
02
Yy +061) (Y +061+02
1 0162 (2)7+ 61 +52)
+ = lo2l1170,00) + == = =
)/+(51 2L [0,00) )/()/+61)()/+62)(V+61+62
62 61

1
+ == v o) T == % o)+ =l -
TG+ 05 o) + =y P2l + 2 oslluro)

1 02 01
=|= + = — + — —
[y+61+6z (Y+01) (y+014+062)  (Y+02) (Y +061+02)

] [vol

Y
L1
Y+ 02

01111 f0,00) + [ool
PO )

] ool

0102 (2)7+ o —|—(52)
— — — [oo]
Y7 +61) 7 +8) (7 +61+06)

+[ L, ]nv [
= P 110 0o
A ET D

+[ L, _ & bwn + Lol
— — = 110 oo =~ 110,00
Y4061 Y40y 2 0ee) T IESIL0R0)

Y (7 401) (Y +02) + 02y (¥ + 62) + 01y (Y + 61) + 0102 (2 4 01 + 62)

— - - — [vol
YOI +061) (7 +62) (7 + 01+ 02) 0

Y+ 0
+ ==V o
7 (o)
v+ 0 1
+ ==V o) T =10 o
oy Plios) + 5 sl
1
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(3.19) shows, that the norm of (yI — Al)_1 exists, when y > 01 + 6, and
— _ — _ 1

T-A)" Y 5 DA I GT-A) ) € =———.

(V1 - A1) (A1) N GT=A) | (o1 7 5)

Next, we prove D (A7) is dense in Y. If we define

® = {n(y) = (0, 71 (y), ma(y), m3(y)) Imo € R, m; € C[0,00),i = 1,2,3},

22]

then,we get that © is dense in Y'““/. If we define

n; € C3°[0,00) and there exist
O ={ n(y) = (mo,m1(y), m2(y), m3(y)) | numbers x; > 0, such that ,
ni(y) =0, fory € [0,%;],i=1,2,3
then the set O is dense in ®. Hence, to show that D (A7) is dense in Y, it suffices to show that
D (A;) is dense in O. Based on the definition of O, Jx; > 0, such that 7;(y) = 0(i = 1,2,3),
for y € [0,x;] (i = 1,2,3), which means that if we take 0 < k¥ = min;_1 23 k;, then it follows that
ni(y) = 0(i =1,2,3), for y € [0, k]. From which we can introduce

£%(0) = (mo, ££(0), £5(0), £5(0))
= (ﬂo, 0170, 02710, 01 f“ 12 (y)dy + 02 f‘x’ nl(y)dy),

&) = (6,6, 6w, 6W),
where 5
K _Yy :
ORI (-3) dtyelom, oy
mi(y) if y € [k, ),
then, it is easy to check that £*(y) € D (A1). Moreover,

3 o .

”n_gh“:;‘fo |”f(y)‘ff(y>|dy=;fo [ri(y) - €(y)| dy
S . y\2 3 )

:;‘fo |5i(0)|(1—;) dy:g;|€i(o)|—>0ﬂ<—>0.

The aforementioned equation demonstrates that D(A; ) is dense in O, which means D(A;) is dense
in Y. Drawing upon the outcomes from the first and second steps, along with the application of
the Hille-Yosida theorem [23, we can conclude that A; generates a Co-semigroup.

In the following, we verify that operator A; is a bounded linear operator. By the definition of

A, for any given 1t € Y, we derive
3 o~ 3 -
A2l < Z; fo 7 (y)[Bi () dy < maxc ﬁi; Il 10.e) < max i il

The aforementioned expression shows that A, is a bounded operator. It is easy to see that A
is also linear, therefore, we can use the perturbation theorem of Cyp-semigroup [23] 'and obtain that

the A; + A, generates a Cp-semigroup T'(t).
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Finally, we prove that A1 + A; is a dispersive operator. For Y7 € D(A;1), we consider

e:[[noﬁ )] [ra(y)]” [n3<y>]+]
m " om(y) " m(y) " ms(y)

where

1*{% - [m(wf{m(y) TP 1

0 ifrg<0 0 if ;(y) <0
If we define z;” = {y € (0,00) | ;(y) > 0},2; = {y € [0,00) | m;(y) < 0}, then we get
“dr(y) [my)]” (0 dm(y) )] dri(y) [ri(y)]”
fo dy = f ) dy+ f d

dy  m(y) dy  mi(y) dy  mi(y)
dri(y) f‘” dmi(y)]” +
| = YA ro)t,i=1,2,3. 3.20
L e 7(0)] (320)
By Equation (3.20), inequalities fooo Bi(y)mi(y)dy < fo Bi(y)[mi(y)]"dy(i = 1,2,3) and the bound-

ary conditions, we calculate

<(A1 +A2) T, 6)

3 00 [7’(0+
o RGRRSAED Iy RRTRY B

“[_dm(y m )]
# T G rw) a)| ay
T dmy(y) [ra(y)] "

# - - o+ ) )| 2y
JETN ()
+j(; i 53< ) ( )] RB(y) d]/

3 00
=— (61 +62) [mo] " + - Zfo mi(y)Bi(y)dy
—Zf d“f o -f“@m( ) ()] dy
—\L (61 +ﬁ2 dy f 53 7-(3

— (61 4 62) [mo] T +

3 0 (o]
+Z; 1N 51f0 (y)ﬁdy—ézj; [m1(y)] " dy

1

L[ oot
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3 00
Y [ ity + @+ o) ol

i=1

3 (oe]
-2 )] pily)dy
i=1
<y [ -, [ )
\710 1210 1y zyyi:10 ly lyy
+ 3 00
—([7:;)(]) 1);](; [nz(y>]+ﬁl(]/)d]/<0

The aforementioned result shows that A1 + Aj is dispersive. Hence, from the fourth step, together
with the first and second steps, we obtain that A; 4+ A, generates a positive contraction Cp -
semigroup. By the uniqueness theorem of Cp-semigroup [’l, we know that this nonnegative

contraction Co-semigroup is just T(t). Thus, we complete the proof of Theorem 3.1. m]

Based on the definition of the state space Y, we easily get the dual space of Y as follows

Y = {n* € Rx (L®[0,0))?

i=1,2,3

l7"[[| = sup {lﬂolz sup IIRIIILw[o,m)} < 00}.
Clearly, Y is a Banach space. If we consider a set [ in Y as
J={reY|n>0,m(y) >0,y€(0,00),i=1,23},

then Jis a cone in Y. For any 7t € D(A1) N ], we consider ©* = ||7]|(1,1,1,1) € Y*. Thus, using the

boundary conditions, we obtain

(A1 + A) 7, %)

3 00
— (61 +02) 0 + Z fo Wi(]/)ﬁi(y)dy] lI7ll
p

+ fom {‘dn(;;y) — (024 p1(y)) T (y)} lllldy
< {—dnj}iy) — (o1 + 2 (1)) (y)} Il dy

+ [T - atw f iy

S dmi(y)
== (61 + 62) mollmll = limell ) f dy
i—1 Y0

dy



Int. ]. Anal. Appl. (2026), 24:332 11

—52||7'(||f m(y)dy—élllnllf 1o (y)dy
0 0

3
= (61 +02) mollll + Il ), :(0)

—52||7'(||f ﬁl(y)dy—élﬂﬂﬂf o (y)dy

— (61 + 02) mollmll + (61 4 62) lImllmo

+61||n||f o (y dy+6zll71||f 11 (y
_ syl fo 1 (y)dy = Sulim] fo a(y)dy = 0.

This result shows that A; + A; is a conservative operator. Because the initial value 71(0) € D (A%) nJ,

using Fattorini theorem [?4], we obtain the following results.
Theorem 3.2. T(t) is isometric for the initial value of System (2.1), which is
IT(®)7(O)l = lIm(O)ll, ¥t € [0, c0). (3.21)
From Theorems 3.1 and 3.2, we obtain the well-posedness of the System (2.1).

Theorem 3.3. If B; = sup Bi(y) < oo(i = 1,2,3), then the System (2.1) has a unique nonnegative
ye[0,00)
time-dependent solution 1(t, y), that satisfies

In(t, ) =1, Vte (0,00). (3.22)

Proof. Because 7t(0) € D (A%) N J, from Theorem 3.1 and Theorem 1.81 in Gupur [23], we know that
System (2.1) has a unique nonnegative time-dependent solution 7(t, y) which can be expressed as
n(t,y) = T(+)m(0), ¥t € (0, 00).

From the above equation, together with the Theorem 3.2 , we obtain

It Il = IT ()7 (0)ll = lIm(0)Il = 1I(1,0,0,0)ll = 1, ¥t € [0, 00). (3.23)

(3.23) just reflects the physical meaning of the n(t, y).

4. SPECTRAL PROPERTIES OF THE UNDERLYING OPERATOR GIVEN BY (2.1)

According to Theorem 1.96 in reference [23], to ascertain the asymptotic behavior of the time-
dependent solution for System (2.1), it is necessary to confirm that zero serves as an eigenvalue for
both the operator A; + A, and its adjoint operator, each with a geometric multiplicity of one, and
to understand the spectral distribution of A; + A, along the imaginary axis. Utilizing Greiner’s
boundary perturbation concept in [25], Haji and Radl [26] determined the resolvent set on the
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imaginary axis for the operator related to a queueing model defined by a finite number of PDEs,
and Gupur [27] later extended this to PDEs with nonconstant parameters. Thus, by referring to the
methods in [26,27], we study the resolvent set of A; 4+ A, on the imaginary axis and use the results
to find the asymptotic behavior of the system’s time-dependent solution. Thus, we discuss the

spectral properties of the operator of the heterogeneous hot standby renewable reliability model.
Lemma 4.1. Zero is an eigenvalue of A1 + Az with geometric multiplicity one.

Proof. Consider the equation (A; + Az) m = 0, which is equivalent to

3 00
errom=Y [ ms, @)
i=1 Y0
d
") 524 Bl ), 42
y
d
)~ 1+ fal) (), 43
d
B —a(y)m(v), .
71(0) = b7, (45)
112(0) = 021, (4.6)
n3(0) = 51f0 ﬂz(y)dy+52f0 1 (y)dy. (4.7)
By solving (4.2)-(4.4) we obtain
m(y) = jle—ézy—fgyﬁl(i)dél (4.8)
oY) = jze_ély_fgy.gZ(g)dE’ (4.9)
n53(y) = ]‘3e—fgyl33(£)d§ (4.10)

By combining (4.8)-(4.9) with (4.5)-(4.6), and employing the equation j; = 7;(0)(i = 1,2,3), we

obtain

1 (y) = Simoe ¥k IO (4.11)

ma(y) = bampe v~k F2(E, (4.12)
By inserting (4.11) and (4.12) into (4.7), we obtain
ja=m3(0) = 51f o (y)dy + 52f 1 (y)dy
0 0

= 515210 ( f o2yl B gy, | f e—éw—foyﬁz@)dédy), (4.13)
0 0
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which imply m3(y) can be written as follows from (4.10)

m3(y) =0162m0 (f 6_62y_ff)y51(5)d5dy+f e"sly'foyﬁZ(‘E)d‘fdy) e~ b Pa(E)de, (4.14)
0 0

(4.11), (4.12), and (4.14) yield
3
Irll = Irtol + Y lImtll 0.0
i=1
= |rto| + &1 |n0|f e—ézy—foyﬁl(é)dfdy + 6 |7.(0|f e—ﬁly—foyﬁz(é)dé
0 0

+ 6182 |0 (j(: e—ézy—foyﬁl(é)dédy + f(; e—ély—foyﬁz(é)dédy) Xf(; e fgyﬁz(é)dédy

:[l+61 f T e[ Ok gy 45, f " g pa(e)ds
0 0

+5152(f e—ézy—f(]yﬁl(é)dédy+f e—ély—foyﬁz(é)dédy)xf e—foyﬁz(é)dédy] I7t0] < co.
0 0 0

This shows that zero is an eigenvalue of A; + A;. Moreover, (4.11), (4.12),and (4.14) indicate that
the eigenvectors corresponding to zero span a one dimensional linear space, i.e., the geometric

multiplicity of zero is one. m]

Lemma 4.2. (A1 + Ay)", the adjoint operator of A1 + Az is given by

T(a 0 51 52 0 716

dmo| o 0 0 sl|w0)

(41 +42) 7%@ “lo 0 0 o n§(0)

7)) 0 0 0 0)lm0)

—(61+52) 0 0 0 7{6

| AW &= (Bi(y) +02) 0 0 |
B2(y) 0 = (B2(y) +61) 0 5 (y)
Ba(y) 0 0 4 = Bs(n) )\ (y)

*

T(l.(y) . . .
ay exist and 17 (c0) = M,i =1,2,3 .

Here, M is a constant independent of the variable i.

D ((Al —|—A2)*) = {71* ey’

Proof. For m* € D ((A1 + A2)"), using integration by parts and the boundary conditions on 7 €
D (A1 + Ay), we obtain

((A1+Ax) , ")

3 {o0)
:{_ Grtam+ ) [ mpy
i=1

Ty
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o ot m (] i

n fom _—dnjéy) — (61 + B2(v)) nz(y)] 1, (y)dy

T dn
+f0 2 <>]n§<y>dy

— (01 +02) 7To+2f i (y)Bi(y)dy

Z [ way-s, fo () ()dy
3 00

o f nz<y>n;<y>dy—; f Bi(y)m () (y)dy

3

—ro[- o ]+ Y [ ) [B% - i)y

i=1

us

3

3 00
£y m0m 0+ Y, [ T
i=1 i=

— Jo

~or [ mtmwar-o [ emm
=m1g [~ (61 + 62) 7y Zf mi(y) [Bi(y) (my - ()| dy
+Zénon [fo (y)dy+52f0wn1(y)dy]n;(o)
+z [ty
=10 [— (61 + 62) 70 + Z{ 5,-71;(0)}
+ [

)
) dn
+f0 7-(2(y) (v) (- 3 (y )+61n3(0)+ dy —ME(y)]dy
)

+fown3(y)

=Tl [— (614 62) Ty + Z 5{7’(:(0)}

i=1

d —@fjm(y)n’i(y)dy—él fomm(}/)ﬂi(y)dy

dn
iy — 1, (y ) + 6,13(0) + "

) (7o — 5 (y
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}
}

+ [ m {ﬁl<y>na+[§y—wy)+6z>]ni<y>+6zn§<o> dy

+ [ {ﬁzmna " [d%/ (o) + an] () + 51753(0) b dy

o [t st s (& )i b
— <n, (A1 + Ax)” 77*>'

From the above result, together with the definition of the adjoint operator, we know that the

assertion of this lemma is true. O
Lemma 4.3. Zero is an eigenvalue of (Aq + Az)” with geometric multiplicity one.

Proof. We consider the equation (A; + Ap)" 1 = 0, which is equivalent to

— (61 + 62) Ty + 617111 (0) + 62715(0) =0, (4.15)
drj(y) . . .

dy = (:81 (]/) +62) U <y) - p1 (y)no - 62”3(0)1 (4.16)
dr(y) . . .

ay (B2(y) + 01) m3(y) = Ba(y) 7y — 6173(0), (4.17)
d *

ncf;y) = Bs(y)m3(y) — Bs(y) 03, (4.18)
m(c0) =M, i=1,23. (4.19)

By (4.16)-(4.18), we get

i i Yy !
7 (y) :Tlebzy+foyﬁ1(n)dn _ ooyt f Br(m)dn f [51(77)”6 + 527.(;(0)] oo fy ﬁl(é)dédn, (4.20)
0

- - y T
nz(y) :Tzebly-*-ﬁ)yﬁz(ﬂ)dﬂ _ ebly+j£)yﬁz(77)d77 f [‘Bz(n)na 4 (517'(3 (O)] 6—51y—f0]ﬁ2(5)d5dr[’ (421)
0

, y :
m3(y) ZTsefoj[ﬁ(")d”—eﬂﬁ3(")dr’f 53(77)7"63_[0]53(5)(1%77- (4.22)
0

By multiplying 0=l Frndn ooy [ B2(dn and o= B9 with two sides of (4.20), (4.21), and
(4.22) and taking the limit y — oo, we obtain

= [ [prm + om0 Kby, (423)
0

0 = f [Ba(n)my + 61723 (0) | ek P2y, (4.24)
0

TSZI ﬁg(n)nae‘fo%(é)dédn. (4.25)
0

Inserting (4.23)-(4.25) into (4.20)-(4.22), we obtain

7 (y) — vt ) B ('I)dnf [‘31 ()7 _|_52n§(0)]e—ézn—fo'lﬁl(é)dédn, (4.26)
y
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0 (y) :eé1y+f0yﬁ2(’1)dflf [.82(77)776 +51n§(0)]e—ém—fo’?ﬁz(é)dédn, (4.27)

< —efyﬁ3 drlf 53 n e o ,63( )dgdn
Y

:_naefo Bs(n dnf e~ ﬁa déd( fﬁS dé)
Y

= n(*)efoy pa(m)dn [ o o Ba(©)de

1”)700
] = 7). (4.28)
n=y

Substituting (4.28) into (4.26) and (4.27) we derive
T (y) = b m f [B1 () + damy | e=o2rm bl )
Y
- () N T]
= —rgetvth A f e“’z”‘fonﬁl(‘f)dﬁd(—ézn - f ﬁl(é)dé)
Y 0
= Mo (4.29)

Ry (w) = e KB [ (s, o] o ey
y

— . (4.30)

Il = SUP{

(4.31) shows that zero is an eigenvalue of (A7 + Az)". Moreover, it follows from (4.28)-(4.30) that

the eigenvector space corresponding to zero is one dimensional, i.e., the geometric multiplicity of

(4.28)-(4.30) give

(4.31)

|, sup IIH§IILm[o,oo)} =
i=1,2,3

zero is one. |

In the following section, we investigate the resolvent set of the underlying operator. First, we
introduce the maximal operator A, the boundary operator G, (), and their respective domains.
Subsequently, we define the operator A along with its domain, and delve into a discussion on
the resolvent set of Ag. Finally, we examine the kernel of yI — A,,. Based on this examination,
we introduce the Dirichlet operator Dy, and determine the expression for ()Dy. by analyzing the
spectral radius of )Dy, and utilizing the results from [26,28], we obtain the resolvent set of A1 + A».

The maximal operator (A,;, D (Ay) ) (see [25]) is defined as

uQ —(014+02) P1 Dy D3 Tl
A m1(y) _ 0 Y1 0 0 71(y)
| ma(y) 0 0 y2 0 || m(y |
m3(y) 0 0 0 y3 ) m3(y)

D(Ay) = {7_( cy d’;yw € L'[0, ), 71;(y) are absolutely },

continuous functions,i =1,2,3
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where

@f) = [ By, =123 fell[oe),
dg(y)

hig(y) ===, ~ (@2 +hy)sl), g< W0, 0),
2s) = - - 64 pa(1)) ), g€ W 0,),
_dg(y)

¥sg() = —=g,” B3, g€ W0, ).
We take the boundary space of Y as dY := C, and introduce the boundary operators

G:D(Ay) =Y, Q:D(Ay) — Y

70 - 7o s 700
S BT Iy A B P )
(Y T02(Y T2 \Y
ray) ) L0 S IR P
where

@ufr) =0 | fdy, i=12, Fellfow)
Now, we define the underlying operator ((A; + Az),D (A1 + A2)) by

(A1+Ay)n=Aun, D(A1+Ay) ={neD(A,)|Gn=Qn}.

Thus, the system of Equations (1.1)-(1.8) can be written as the abstract Cauchy problem (2.1).

Next, we discuss the resolvent set of A1 + A,. To do this we define ( Ay, D (Ap) ) as

Agn =Aun, D(Ag) ={neD(An)|Gnrn =0},

and study the resolvent set of A. for any given v € Y, consider the equation (yI—Ap) 7 = v, that

is

3 o
(Y +061+02) Mo = Z f 7i(y)Bi(y)dy + vo,
i—1 0

an ;W =~ [T+ G2+ Fr(y)] m(y) +o1(y),
T~ 01+ )] ma() + (),
_d“(;;y) =~ (7 +Bs(y) ms(y) + v3(v),

m(0) =0, i=1,23.

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
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From (4.32)-(4.36), we obtain

3 00

0 1 f
— 4= (y)Bi(y)dy,
0 Y +01+ 062 7+51+52; 0 mi(y)Bi(y)dy

— Y — 1,
) (y) _ e—(y+62)y—f0y/31(n)dnf o (n)e()/+6z)fl+f0751(5)d5dn/
0

_ y _
0 (y) :e—(wél)y—foyﬁz(é)déj(; vy (n)eTHOUNE [ Ra(E)de g,

— Y _
raly) =L [Ty
0

=

1
o= —— duo+ -(+62)y- [ pr(n)
0~ 7+51+52{0 f ﬁl

0
f Ba(y ~(+61)y-J) B2(n)dn fy 02(r))e(7+61)'7+f0nﬁz@dédndy
0
0 0

for Vf € L'[0, ), if we define

Hif(y) = e_(77+52)y—f0y51(77)dn fy f(n)e(57+5z)n+f0”ﬂl(é)dédn/
0

Hof (y) = & 0700w sl f " fneTrooms [ e gy
0

— Y _
Haf(y) = e T E R0 [ g i0icay,

then (4.38)-(4.41) can be written as

)7+51+52 7+51+52®1H1 H@ 5To,7, P22 5 +5 =575 P3| v
(71-40) o=| t 0 0 |[nw]|
0 0 H, 0 02 (y)
0 0 0 H  JNos)

From which, together with the definition of the resolvent set, we have the following result.

Lemma 4.4. Let Bi(y)(i = 1,2,3) be measurable and

0<pi= inf Bi(y)< sup Bi(y) =Pi<o0, i=1,23,
= yeloe) yel000)

{)7€C

then

Re77—|—61+52>0, Re77—|—62+ﬁ1 >0
_ _ — cp(Ap).
Rey+61+[2>0, Rey+[§>0

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
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Proof. By the definition of H;(i = 1,2,3) and using integration by parts, we estimate, for any
f € L1[0,c0)

L P A 1B
00 — Y — 1
_ fO o~ T H02)y= [ B (m)dn f f(,])e(w@)mf(ﬂms)dédn‘dy
gf —(Rey+62)y— foﬁl n dnf |f Rey+62 17+f0 B1(& dédndy
0

= foo __ —1 (fy E(Re)7+6z)n+fo"ﬁ1(é)dé |f(77)|d17) de—(Re)7+52)y—f0yﬁl(r7)dn
o Rey+6+pB1(y) \Uo

-1 Y=
y=0

— y Y .
—" e—(Rey—&-éZ)y—ijﬁl(n)dn % (f e(ReV+02)’7+f()q ﬁl(é)délf(n)ldn)
Rey + 67 + ﬁ_l 0

- f " ~(ReFrron)y- ! fa(m)dn eReY o)y + [ Brmdn; £y
0

1

= Re)7+—62+ﬁ_1”f”L1[0’°°)
= |Hll€$ g=——F—— (4.42)
Re)/ + s —hﬁ
Similarly, we obtain
Il €~ Hsl < e (4.43)
YT Rey+oi+p 1 Rey+ps '

For any v € Y, by using (4.42), (4.43), the expression of (yI — AO)_l, [|D;|| < E(z =1,2,3), and the
conditions of this lemma, we estimate
|- 40)74

. (%] CD1H1’01 (DQHQ’UQ (D3H3’U3
77+(51+52 77+51+52 7—1-51-1-52 57—1-51-1-52

3
+ Z IHvill1[0,00)
i1
3
[vol + Z |D;H,v; ] + Z IHvill1]0,00)

Z 1 I 104l 0,00

I)/+(31 +52|

S lwl+ =/
[+ 61+ 8 77+ 61406

3
+ ) H N il g,
i=1
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PR BN (ER——
I 100 — : — 1HL1[0,00
[7+ 61+ 6 [7+061+06) Rey+ootpr -0
1 B2
|)/+51+52’ Rey+61—i—ﬁ
1 ﬁ3
|y+51+52' Rey +p3

ll021l1.1]0,00)

1
——||[v oo
Rey+6z+@” tletfoe)

llo3llL170,00) +

||Z)2||L1 [0,00) + m ”US”Ll [0,00)

B1
|7+ 01+ 52|

Re)7+61 +&

1
= wl+ =
7/+61+62| 0 Rey+62+,ﬁ

+ 1] llo1llL1j0,00)

1{l[021l110,00)

1 B2
+ — — +
Rey+ 061+ pa ||y + 61+ 62

1 B3
+ + 1 llv3ll1]0,00)
Rey+ﬁa[|y+61+6z| ] o

< sup L , = L P +1),
77+ 61+ 62 Rey + 02+ i\ |7+ 61 + 0

1 B2
— — +11,
Rey + 061+ pa |y + 061 + &

! _ Ps +1 (Y10l < oo,
Re)/"i‘[ﬁ |)/—|—51—|—52|

which shows that the assertion of this lemma holds true.

Lemma 4.5. Let Bi(y)(i = 1,2,3) be measurable and

0<Bi= mf ﬁl( )< sup Bi(y) =Bi<o0, i=1,2,3,

yEoo

y€[0,00)
then for
I Re)7+61+62>0, Re)7+62+ﬁ1>0
yesyeC — — — c p(Ao),
Rey+61+/2>0, Rey+[ﬁ>0
we have

n € ker (Y[ - Ay) ©
- 1
7-1- 61+ 6

+ 15 f e Ty E ()i, )y
0

|Tl i e—()7+6z)y—f0y B (é)déﬁl (]/)d]/
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1 (y) =rie” THDV- B BEE ) < oo,
m2(y) —re THY [ RO y) < oo,
nt3(y) =T3¢ 7Yk Pa(E)dE i3] < oo,

Proof. If € ker (yI — A,), then (yI — A,) © =0, that is

i=1
T - Frnt p) T,
T - (7 fal) ),
T~ (7l ()

By inserting (4.52)-(4.54) into (4.48), it follows that

o ;[ﬁf (o= Bi&)deg (1) dy

)/+51+52

+1 f e~ Tro0y=k B(deg, (1) dy
0

0

(4.45)
(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)
(4.53)
(4.54)

(4.55)

Since 1t € ker (YI - A,,) , 7 € D (A,,), which implies by the imbedding theorem in Adams [??!

3 3 3
i <Z il = Zm <Y Imllofo o)
i i=1 i=1
Zn I ar
TGIL1]0,00)
[ dy L1]0,00)

From this, together with (4.52)-(4.55), we conclude that (4.44)-(4.47) hold.
Conversely, if (4.44)-(4.47) hold, then by direct calculation, we obtain

il g0y = |Tl|f o Bee| g

< |T1|f e Re?’+5z)y—ﬁ_lydy
0

<o,1=1,23.
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:|T1|f0 e—(Re)7+6z+,B_1)ydy

= L
Rey + 6, + /ﬁ,
B |72
Im2llLro,00) = Rey + 061+ 62’
sl
I7t3llr1[0,00) = Rey + B3

Using (4.56)-(4.58), and the lemma’s condition, we derive

3
il = Irtol + Y lImtillz 0.0
i=1

(oe) _ ) y .
S——|It |f o~ (ReV+02)y= [ p1(£)de d
|V+51+52|[ "o Arly)dy

1l f e (RTS8, (1) dy
0

00 3
Ty— Y
0 i=1

<— [:8_1|T1|f e—(Re7+62+ﬁ_1)ydy
77+ 61+ 6| 0

+ B2lr2] f e (ReTH R gy 4 B | f e_(Re77+ﬁ_3)ydy]
0 0

|T1| |T2| |T3|
Rey+02+p1 Rey+o61+p2 Rey+ps

1 B
=== — + 1|l
Rey + 62+ p1 |y+51+62|

1

B2
+ = — + 1|2
Rey+61+ﬁ_2(|7/+61+62| 2

B3

1
+ Re?‘hﬁ(lﬁ;—i— 01 +(52|

(4.45)-(4.47) give

dm(y)
dy
dma(y)
dy

dms(y)
dy

+ 1]|13] < 00.

= —(V+ 02+ p1(y) m(y),
==V +061+B2(y) ma(y),

== (7 +Bs(y)) ma(y).

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)
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From (4.60)-(4.62), we obtain
3

)3

i=1

dm
dy

:f0w|()7+52+51(y))”1(y)|dy

L1[0,e0)

(o¢]

+ [ |G+ 61+ faly) may)| dy + [ 157+ patomal ay

2 3 3
P+ Y 1o+ Ei] Y Il ) < . (4.63)
i=1 i=1 i=1

(4.59) and (4.63) show that 7 € ker (yI — Ay,).

<

Observe that the operator G is surjective. Hence
G lker(71-a,): ker (yI-Ap) — Y
is invertible for y € p (Ap). Thus, for y € p (Ao), we introduce the Dirichlet operator as
-1 —
D5 = (G her(ji-a,)) Y — ker (71— Ay).
By Lemma 4.5, we obtain the explicit expression of Dy, for ) € p (Ag) as follows

w1 w2 @W3

T T1
D &1 0 0
>yl T2 = T2 |,
! 0 & 0
T3 T3
0 0 &3

where
1 (o)
= = B;(y)dy,i=1,2,3,
Wi y—|—(51—|—(52‘f(; eifi(y)dy, i

g = o~ THRD= [ B o oy [ Ba(6)dE o Ty Ba(E)AE,

So, by using the definition of () and the expression of Dy, It is easy to write down the explicit
form of Q)D; as follows

w1 @2 @3

T1 o1 0 0 0 T1
&1 0 0
QDT, 2| = 62 0 0 0 T2
0 @, o of > 2 ¢
T ) T
3 02 01 0 0 €3 3
(516()1 510)2 (516()3 T1
= (52(1)1 62602 (520)3 T 1- (4.64:)
@5281 @5182 0 T3

The following result can be found in [26]:

Lemma 4.6. Suppose y € p (Ao) and there exist yo € C, such that 1 ¢ o (QD%), then

yeo(A1+A) &1 ea(QD;).
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By Lemma 4.6 and Nagel [28], we obtain the following result on the resolvent set of A; + A;.
Lemma 4.7. Let Bi(y)(i = 1,2,3) be measurable and

0<pi= inf Bi(y)< sup Bi(y) =Pi<o0, i=1,23,
el yel0,)

then all points on the imaginary axis except zero belong to the resolvent set of A1 + Aa.

Proof. Let T = (t1,72,73),|til < co(i = 1,2,3), and y = ih, h € R\{0}, then by Riemann-Lebesque
lemma

(o¢] (o¢]

}}im v(y) cos(hy)dy =0, }}im v(y) sin(hy)dy = 0,v € L}[0, 00),v(y) >0,

we know that there exists a finite positive constant C > 0, such that when |k| > C, we have

fo ' f cos (Iy) - isin(hy))dy
_ ( fo mv(y) cos(hy)dy) ( fo v(y) sm(hy)dy)2
[ )

[ vwe

For such |h| > C, by (4.64),(4.65), and fooo g(y)e” b'geds — 1, we obtain

2

=

< fo v(y)dy. (4.65)

||QD)~/?|| =|01w1T1 + 12T + O w3 T3]

+ [02w1T1 + 6pw2T2 + O3w3T3| + |<I>52€1T1 + D5, €2T2|

01 |1l f = (ih+82)y- [ pr(& déﬁl( )dy

w/h?-+ 61+ 02)

o112 f —(ih+61)y— i B2 (& déﬁ (y)dy

\/h2 + (61 + 02)

T L —
h? 4 51+62

(52|T1| f —(ih+62)y— foﬁl déﬁl( )

\/hz (61 +52

52 |T2| f —(ih+61)y— j(; Ba2(& déﬁz( )

\/hz (01 +62

62|73| f —zhy fo B3 (& ﬁ ( )
h? + (& +62
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+ 1l 6 f e[ piensg,
0
+ 72l 61 f et gy
0
<Jul f "tk B )y + 1o f R LAY
0 0
+ I3 few ek P, (y)dy + fowe_ézy_ﬁﬁ 19581 (y)dy
+ |’52|j(;00 6_61y_f[’y52(5)d55152(y)dy
=t j:o e h PO (5, 1y (y)) dy

+ 11, f e 0=l B9 (51 4 By (y)) dy + [l f e b P8, (y)dy
0 0

=11l + |T2| + |z3| = |I7l

= [[aD;] < 1. (4.66)

(4.66) imply the spectral radius r(Q2Dy) < HQD; <1,when|h| > C. Thismeans1 ¢ o (QDy), when
[h| > C. which together with Lemma 4.6, we get y = ih ¢ 0 (A1 + Ay) for |1 > C, that is

{ihlll] > C} € p (A1 + A2), ikl |< C} € 0 (A + Az) NiR. (4.67)

Moreover, because T(t) is a positive contraction Cp-semigroup with spectral bound zero by The-
orem 3.1 and Lemma 4.1, which means ¢ (A1 + A2) NiR is imaginary addictively cyclic (28] that
is

iheo (A1 +Ax)NiR = ihk € 0 (A1 +A2) NiR, keN,

from which, together with (4.67) and Lemma 4.1, we obtain that o (A1 + Az) NiR = {0}. m]

5. ASYMPTOTIC BEHAVIOR OF THE TIME-DEPENDENT SOLUTION OF THE SYSTEM (2.1)

Because Theorem 3.1, Lemma 4.1, Lemma 4.3, and Lemma 4.7 satisfy the conditions of Theorem
1.96 in [23], by combining them, we conclude the desired result in this paper.

Theorem 5.1. Let Bi(y)(i = 1,2,3) be measurable, and

0<Bi= inf Bi(y)< sup Bi(y) =Pi <o,
—  ye[0,) ye[0,00)

then the time-dependent solution of System (2.1) converges strongly to its steady state solution, i.e.,
tlim l7e(-, t) —cm ()|l =0,

where 1t(y) is the eigenvector in Lemma 4.1.
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