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Abstract. The stability and D-stability analysis of Toeplitz linear systems is important and interesting problem in applied

mathematics. Toeplitz matrices often appear in control theory, as well as across the computational mathematics. In this

paper, we study and analyze Toeplitz system of linear equations of the form Tx = b, where T is a Toeplitz matrix, and

provide some new results on its stability and D-stability. The D-stability is a stronger type of stability and it ensures

that a given Toeplitz matrix remains stable under diagonal scaling. We develop and proposed a theoretical approach

for the computation of spectrum and the relationship between D-stability and structured singular values for Toeplitz

matrices. We make use of EigTool to visualize the pseudo-spectrum of higher dimensional Toeplitz matrices from

Toeplitz system of linear equations. The behavior of the spectrum, pseudo-spectrum, singular values, and structured

singular values of Hermitian Toeplitz matrices for an optimal mass transportation is demonstrated through various

numerical experimentation.

1. Introduction

Toeplitz matrices are the class of matrices having the constant elements along their all diagonals.

The Toeplitz matrices does appear in the various research problems across pure and applied

mathematics as well as in engineering disciplines. The Toeplitz matrices are invariant under shift

to their elements along the diagonal. Fast and super fast algorithms and Toeplitz linear systems

can be solved and analyzed using a variety of numerical techniques.
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Toeplitz matrices appear in a number of real-world applications in engineering and applied

mathematics, we recommend to see [30] and the references therein. The term Toeplitz solvers

is used for algorithms which solves Toeplitz linear systems. In [30, 50], Toeplitz solvers having

the complexity O(n2) and O(n log2n) operations were developed. In [40], an iterative method

and preconditioned conjugate gradient methods were developed to solve and analyze Toeplitz

systems.

The Toeplitz-plus-Hankel matrix and their spectral properties were studied in [24], and such

matrices are well-known as a displacement-structured matrix class [50]. There exists structured

matrices A, B for a class of displacement structure such that the linear operator L (M) = AM−MB
transforms matrices such that their rank must not depend upon the matrix order. The analysis on

the spectral properties of Toeplitz matrices is an active research direction. In [51], the asymptotic

distribution of the spectrum of Toeplitz matrices was studied and analyzed. In [33, 46–48], the

analysis of the extreme values of the spectrum of Toeplitz matrices has been studied.

An extensive amount of literature have been developed on Toeplitz linear systems as well as

the least-squares problems, see [31, 40, 50] and the references therein. In [13] authors had given

an overview on fast algorithms for computing the singular values of Toeplitz matrices. The fast

evaluations on the characteristics polynomials of Toeplitz matrices were developed and analyzed

in [14,52,53]. The eigen-decomposition of Toeplitz matrices was derived via the diagonalization of

simple matrix which is some how closely related with Toeplitz matrices and possesses the circulant

or the Tau structure, see [15, 39, 49].

The new results on analysis of determinant for three different kinds of symmetric Toeplitz

matrices were developed and presented by Wang and Sun, see [26]. A symmetric Toeplitz matrix

having entries as the Horadam sequence was constructed and studied in [16]. Furthermore, they

had proposed novel results on the analysis for determinants, inverse and matrix factorization

of Toeplitz matrices. An extensive amount of research work has done to study and analyze

structured matrices whose entries satisfies some particular choice of recurrence relations, see

[4, 20, 21, 26, 27, 29, 34, 55].

A new algorithm was presented in [1] to solve and study Toeplitz system of linear equations.

This was mainly done by exploiting special structure of Toeplitz matrices. The new proposed

algorithm was based on the factorization of matrices and the Sherman-Morrison formula. In [7],

a fast algorithm for solving Toeplitz linear systems was presented and it results in a circular

transformation of the Toeplitz linear systems. A fast Fourier transformation to invert triangular

Toeplitz matrices was given by D. A. Bini [5]. The methods based on Gaussian elimination, cyclic

reduction, LU decomposition, and Toeplitz decomposition using Sherman-Morrison formula were

proposed to solve Toeplitz system of linear equations, see [8, 17, 25, 28, 35, 41, 54].

A well-known mathematical tool in system theory is the approximation to structured singular

values (µ-values) and its lower and upper bounds [2]. The µ-value addresses an important

and central problem for the analysis and study of linear time-invariant systems. The µ-value
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and its lower and upper bounds can measure the stability analysis of linear systems which are

subject to unstructured perturbations or uncertainties. The computation of the µ-value and its

lower and upper bounds are possible with respect to all kind of perturbations. The uncertainties

could be of pure real uncertainties, pure complex uncertainties, or a combination of real and

complex uncertainties. Regretfully, the exact computation of structured singular values is a NP-

hard problem [42].

Arrow and McManus [3], and then Enthoven and Arrow [18] were the first to introduce and study

the notion of D-stability analysis, also known as the diagonal stability analysis. They introduced

this mathematical tool while studying the dynamics of equilibrium problems. The n-dimensional

real-valued matrix A is a D-stable matrix If and only if the matrices DA or AD are stable for

any positive diagonal matrix D. In [6, 9, 10, 19] and the reference therein, the characterization of

the mathematical problems involving the D-stability of different structured matrices have been

studied extensively.

The mathematical formulations of the D-stability and µ-value are interconnected. New find-

ings about the relationship between D-stability of real-valued square matrices and µ-values were

developed and examined in [11]. According to these findings, a given n-dimensional real-valued

matrix must have µ-values that are strictly less than 1 and more than or equal to 0, in order to

be D-stable. Fo the analysis and new results on conditions to strong D-stability in terms of µ-

values were given in [32]. The findings on the relationships among real-valued µ-values, strong

D-stability, and D-stability were presented in [43]. Some new results on the relationships between

H-stable, D(α)-stable, semi-stable matrices, and µ-values were developed and reported in [36].

The computation of spectra and pseudo-spectra of structured matrices corresponds to different

linear and non-linear mathematical problems helps to analyze their behavior. The spectrum and

pseudo-spectrum of D-stable matrices for an economic model was the subject of some recent

novel mathematical and computational studies, see [44]. In [37] the spectral characterization of

D-stable matrices that surfaced in the transportation problems were analyzed. A thorough and in-

depth mathematical analysis on stability, D-stability, and pseudo-spectrum for structured matrices

that arise across economic models was given in [38]. The latest mathematical findings on the

relationships between µ-values and Schur stability were examined and presented in [45].

2. The Preliminaries and Sufficient Conditions for D-Stability

This section provides a background to D-stable and strong D-stable matrices and the compu-

tation of µ-values by reviewing the well-known mathematical results and definitions. We also

review some of the basic and existing results on the relationships between structured singular

values and D-stable, strong D-stable matrices.

Definition 2.1. The set of block-diagonal matrices, B1, is defined as

B1 := {diag (δ1Ir1 , δ2Ir2 , · · · , δSIrS ; ∆1, ∆2, · · · , ∆F) : δi ∈ K, ∆ j ∈ Km j,m j , i = 1 : S, j = 1 : F},
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where K = R or C.

Definition 2.2. [2] The structured singular value M ∈ Cn,n, is represented by µB1(M) and is defined by

µB1(M) :=

0, i f det(I −M∆) , 0, ∀∆ ∈ B1

(min{||∆||2 : det(I −M∆) = 0, ∀∆ ∈ B1}) ,−1 else

where min is taken over all ∆ ∈ B1.

Remark 2.1. [2] The set B1 represents a multi-index of integers. This implies that the computation of
µ-value depends on given matrix and set B1, the set of block-diagonal matrices.

Remark 2.2. [2] The full blocks in B1 can be interpreted as rank-1 matrices, or dyads.

Remark 2.3. [2] From the definition of µ-value, one can easily verify that for any α ∈ C, we have that
µB1(αM) = αµB1(M).

The following Lemma 2.1 provides an alternate expression for the calculation of µB1(M).

Lemma 2.1. [2] For given M ∈ Cn,n and for all ∆ ∈ B1, we have µB1(M) = max ρ(∆M), where ρ(·)
represents a matrix’s spectral radius, and max is taken over all ∆ ∈ B1.

Definition 2.3. [10] If the matrix product DM or MD for each positive diagonal matrix D has all of its
eigenvalues in the left half of the complex plane, then the given n-dimensional matrix M is a D-stable matrix.

Remark 2.4. Similar matrices are represented by the matrix products DM and MD whose D-stability
remains intact under perturbations affecting both rows and columns.

The following four observations were given in [10] holds true for D-stable matrices.

Observation 2.1. Sufficient conditions for D-stability of matrices remains preserve under positive diagonal
multiplications.

Observation 2.2. Let M ∈ Cn,n so that none of the eigenvalue of M is precisely identical to 0, and DM is
stable for a positive diagonal matrix D, and hence M-1 is invertible, D̂TMD̂, D̂MD, MT are all D-stable
matrices with D̂ having a positive diagonal structure.

Observation 2.3. The k × k principal sub-matrix of M belongs to the euclidean closure of k × k D-stable
matrices if M ∈ Cn,n such that DM is stable for a positive diagonal matrix D.

Observation 2.4. For all positive diagonal matrices D, the given M is a D-stable matrix if and only if
det(M± iD) , 0.

Definition 2.4. [22] Let γ > 0 such that M+ M̂ is a D-stable matrix for each M̂ ∈ Rn,n with σmax(M̂) < γ,

then M ∈ Cn,n is said to be strongly D-stable.

Remark 2.5. In [32] authors has constructed and analyzed the simpler requirements that hold true for strong
D-stability and compares them with those stated in [9]. All of the 13 necessary conditions to D-stability [12]
are extended to strong D-stability.
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2.1. Conditions that are sufficient for D-stability: We review C.R. Johnson’s [10] 13 sufficient

conditions for the D-stability for a given n-dimensional real-valued matrix M.

C1 : All the eigenvalues λi (DM + MtD) > 0, ∀i, D is a diagonal matrix which is positive.

C2 : The M-matrix means that all of the principal minors are positive and all of the off-diagonal

entries are non-positive.

C3 : There exists a positive diagonal matrix D such that MD = B = (bi j) which satisfies the

condition that

Re(bii) >
n∑

j=1

|bi j|; i = 1 : n, j , i.

C4 : Given M ∈ Rn,n is a triangular matrix and the real part of all the off-diagonal entries mii is

strictly positive.

C5 : Given M ∈ Rn,n is a sign stable matrix.

C6 : Every principal minor of M ∈ Rn,n is positive, and M is a tri-diagonal matrix.

C7 : Given M ∈ Rn,n is an oscillatory matrix, that is, M is totally non-negative matrix.

C8 : For each x ∈ Rn,1, x , 0, a positive diagonal matrix D exists such that the real part of xtDMx is

positive.

C9 : For given M ∈ Rn,n, and for every positive definite matrix P, the Hadamard product of P and

M is a stable matrix.

C10 : The given M ∈ Rn,n is a strictly sign symmetric matrix and its every minor is positive.

C11 : Given M ∈ Rn,n such that M ∈ R2,2
∩ P+

0 .

C12 : Given M ∈ Rn,n such that M ∈ R3,3
∩ P+

0 , and M =


x a b
α y c
β α z

 .

C13 : Given M ∈ Rn,n such that M ∈ Rn,n
∩ P+

0 satisfies GKK condition with n ≤ 4.

3. New Results

New results on the stability and D-stability of linear systems with coefficient matrices being

as Toeplitz matrices are presented. The mathematical constructions and proofs to our results

are based on the ideas of the computation of spectrum and the relationships between structured

singular values and D-stability theory.

3.1. The stability analysis: According to our first results Theorem 3.2 a given Toeplitz linear

system is stable if the real part of each of eigenvalue of

 I 0

CA−1 I

 A B
0 D−CA−1B

 is strictly

positive.

Theorem 3.1. The linear system I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂

 = b
b̂


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is stable if

Re

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 > 0, ∀i.

Proof. Let α = {1, 2, . . . , n}, and let

 I 0

CA−1 I

 A B
0 D−CA−1B

 [α], be the principal sub-matrix.

Let

x
x̂

 ∈ Rn,1 so that

x
x̂

 [α] , 0. Further, we consider the computation of

x
x̂

t

[α]

 I 0

CA−1 I

 A B
0 D−CA−1B

 [α] x
x̂

 [α] = x
x̂

t  I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂

 .

From the above expression, we havex
x̂

t

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂

 > 0, ∀i.

This further reduces to

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂

t x
x̂

 > 0, ∀i.

Also,

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 > 0, ∀i.

Thus, finally, this yields

Re

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 > 0, ∀i.

�

According to the following Theorem 3.2, the eigenvalue λ is a legitimate choice that falls inside

the spectrum of the matrix-product as shown below

 I 0

CA−1 I

 A B
0 D−CA−1B

 .

Theorem 3.2. Let λ ∈ Λ

 I 0

CA−1 I

 A B
0 D−CA−1B

, where the spectrum of a matrix is shown by Λ(·),

then

Re

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 > 0, ∀i.

Proof. Assume that for

 I 0

CA−1 I

 A B
0 D−CA−1B

, the eigen pair

λ,

x
x̂

 exists, then

x
x̂

t  I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂

 = x
x̂

t

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂


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Thus

Re (λi(·)) =

x
x̂

T  I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂

x
x̂

T x
x̂


> 0,

where λi(·) = λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 ,∀i. �

The following Theorem 3.3 show that linear system with

 I 0

CA−1 I

 A B
0 D−CA−1B

 as the

coefficient matrix is stable for a matrix

B11 B12

B21 B22

 whose rank is exactly equal to size of the

coefficient matrix.

Theorem 3.3. The linear system

 I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂

 =

b
b̂

 is stable if matrix

B11 B12

B21 B22


exits, such that

B11 B12

B21 B22

t  I 0

CA−1 I

 A B
0 D−CA−1B

 B11 B12

B21 B22

 is a positive definite matrix with

rank

B11 B12

B21 B22

 = n, where n denotes the size of

 I 0

CA−1 I

 A B
0 D−CA−1B

 .

Proof. Let λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 , 0,∀i. Consider that

rank

B11 B12

B21 B22

 = rank

 I 0

CA−1 I

 A B
0 D−CA−1B

 B11 B12

B21 B22


=

rank

B11 B12

B21 B22

t  I 0

CA−1 I

 A B
0 D−CA−1B

 B11 B12

B21 B22

 .

As we know that
m∏

i=1

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 , 0,∀i.

This further implies that

rank


B11 B12

B21 B22

t  I 0

CA−1 I

 A B
0 D−CA−1B

 B11 B12

B21 B22


 = n,

and this is exactly equal to rank

B11 B12

B21 B22

 . �
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The following Theorem 3.4 show that linear system having

 I 0

CA−1 I

 A B
0 D−CA−1B

 as coef-

ficient matrix is stable if the real part of all the eigenvalues of this matrix are strictly positive and

their absolute values are exactly equal to the spectral radius this matrix as well.

Theorem 3.4. Consider the linear system with coefficient matrix

 I 0

CA−1 I

 A B
0 D−CA−1B

 such that

Re

λi

 I 0

CA−1 I

 A B
0 D−CA−1B

 > 0,∀i.

Let

λ,

x
x̂

 be an eigen-pair, and
∣∣∣Re(λi(·))

∣∣∣ = ρ

 I 0

CA−1 I

 A B
0 D−CA−1B

 . Then,

x
x̂

 > 0, and I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ = ρ

 I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ , where λ(·) denotes the spec-

trum of

 I 0

CA−1 I

 A B
0 D−CA−1B

 , and ρ(·) denotes the spectral radius of a matrix.

Proof. Let v =

 I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ , then

v =

 I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ ≥

∣∣∣∣∣∣∣
 I 0

CA−1 I

 A B
0 D−CA−1B

 x
x̂


∣∣∣∣∣∣∣ = Re(λi(·))

∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ .

Further,

v =
∣∣∣Re(λi(·))

∣∣∣ ∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ = ρ

 I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ .

Consider that

ṽ = v− ρ

 I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ ≥ 0.

Let ṽ ≥ 0, this yields

ρ

 I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ =

 I 0

CA−1 I

 A B
0 D−CA−1B


∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ > 0.

This further implies that

ρ

 I 0

CA−1 I

 A B
0 D−CA−1B

 > 0, and

∣∣∣∣∣∣∣
x
x̂


∣∣∣∣∣∣∣ > 0.

On the other hand, let x̃ , 0, then we have

0 <

 I 0

CA−1 I

 A B
0 D−CA−1B

 ṽ

=
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CA−1 I

 A B
0 D−CA−1B

 ṽ− ρ

 I 0

CA−1 I

 A B
0 D−CA−1B

 ṽ.

This further implies that I 0

CA−1 I

 A B
0 D−CA−1B

 ṽ > ρ

 I 0

CA−1 I

 A B
0 D−CA−1B

 .

This is not true, and hence ṽ , 0. �

3.2. The D-stability analysis: Next we present some new results on the D-stability of the Toeplitz

linear systems. The notions of the relationship between structured singular values and D-stability

are used in the construction of these results. The subsequent Theorem 3.5 demonstrates that the

linear system with

 I 0

CA−1 I

 A B
0 D−CA−1B

 is D-stable if the structural singular value of the

coefficient matrix’s reciprocal is strictly less than one and bigger than or equal to zero.

Theorem 3.5. Let

 I 0

CA−1 I

  A B
0 D−CA−1B

 be the coefficient matrix for a given system of linear

equations. Then

 I 0

CA−1 I

  A B
0 D−CA−1B

 is D-stable iff this matrix product is stable, and

0 ≤ µB1


1 I 0

CA−1 I

  A B
0 D−CA−1B

2


< 1.

Proof. The matrix product

 I 0

CA−1 I

  A B
0 D−CA−1B

 is D-stable iff it is stable and

∏
i

λi


 I 0

CA−1 I

  A B
0 D−CA−1B

2

+ P2

 , 0,

for a diagonal matrix P that is positive. Furthermore, we have that∏
i

λi


 I 0

CA−1 I

  A B
0 D−CA−1B

2

+ P2

 , 0

implies
∏

i λi


 I 0

CA−1 I

  A B
0 D−CA−1B

2

−P

 I 0

CA−1 I

  A B
0 D−CA−1B

−1

P

 I 0

CA−1 I

  A B
0 D−CA−1B

 , 0 Also,

∏
i

λi

 I 0

CA−1 I

  A B
0 D−CA−1B

2

− P

 I 0

CA−1 I

−1

P

 I 0

CA−1 I

  A B
0 D−CA−1B


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implies that

∏
i

λi


 I 0

0 I

−  I 0

CA−1 I

  A B
0 D−CA−1B

−2

P̃

 , 0, with P̃ = P,

a positive diagonal matrix.

Finally,

∏
i

λi


 I 0

0 I

−  I 0

CA−1 I

  A B
0 D−CA−1B

−2

P̃

 , 0 implies that

0 ≤ µB1


1 I 0

CA−1 I

  A B
0 D−CA−1B

2


< 1.

�

The D-stability of the Toeplitz linear system is guaranteed by the following Theorem 3.6 if the

structured singular values of Ã (as defined in Theorem 3.6) are strictly less than one and greater

than or equal to zero, and if all of the real part of the matrix eigenvalues obtained by the coefficient

matrix and a positive diagonal matrix are strictly positive.

Theorem 3.6. Let

 I 0

CA−1 I

 A B
0 D−CA−1B

 be a system of linear equations’ coefficient matrix. If and

only if the real part of the eigenvalues is D-stable, that is,

λi


P11 0

0 P22

  I 0

CA−1 I

 A B
0 D−CA−1B

+ A B
0 D−CA−1B

t  I 0

CA−1 I

t P11 0

0 P22


 > 0,

for a positive diagonal matrix P =

P11 0

0 P22

, and 0 ≤ µB1(Ã) ≤ 1, where the matrix Ã is given as:

I 0

0 I

+ P

 I 0

CA−1 I

 A B
0 D−CA−1B

 I 0

0 I

− A B
0 D−CA−1B

t  I 0

CA−1 I

t

P.

Proof. Let ∆ ∈ B1 is characterized by its block-diagonal structure and defined as

∆ :=

∆11 0

0 ∆22

 = I 0

0 I

− P11 0

0 P22

 I 0

0 I

+ P11 0

0 P22

−1

.

Since all the eigenvalues ofP11 0

0 P22

  I 0

CA−1 I

 A B
0 D−CA−1B

+ A B
0 D−CA−1B

t  I 0

CA−1 I

t P11 0

0 P22


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are nonzero for

P11 0

0 P22

. This implies that

λi


P11 0

0 P22

  I 0

CA−1 I

 A B
0 D−CA−1B

+ A B
0 D−CA−1B

t  I 0

CA−1 I

t P11 0

0 P22


 , 0

⇐⇒

λi

P
 I 0

CA−1 I

 A B
0 D−CA−1B

+ A B
0 D−CA−1B

t  I 0

CA−1 I

t

P +

I 0

0 I

+ ∆−1

 , 0,

where ∆ =

∆11 0

0 ∆22

. Also, we have that all the eigenvalues of

I 0

0 I

+ P

 I 0

CA−1 I

 A B
0 D−CA−1B

− I 0

0 I

− P

 I 0

CA−1 I

 A B
0 D−CA−1B

 ∆ , 0.

Thus, finally we have that all the eigenvalue λi of the following matrixI 0

0 I

− I 0

0 I

+ P

 I 0

CA−1 I

 A B
0 D−CA−1B

−

A B

0 D−CA−1B

t  I 0

CA−1 I

t

P


−1

are not equal to zero. �

Theorem 3.7 provides the necessary condition for the Toeplitz linear system’s D-stability, which

has

 I 0

CA−1 I

 A B
0 D−CA−1B

 as coefficient matrix.

Theorem 3.7. Let

 I 0

CA−1 I

 A B
0 D−CA−1B

 be the matrix of coefficients for a system of linear equations.

Let

A11 A12

A21 A22

 be a Hermitian matrix. The necessary condition for

 I 0

CA−1 I

 A B
0 D−CA−1B



to be a D-stable matrix is that the matrix

 I 0

CA−1 I

 A B
0 D−CA−1B

 = e

A11 A12

A21 A22


is a stable matrix

and

0 ≤ µB1




I 0

0 I

+ e

A11 A12

A21 A22



−1 

I 0

0 I

− e

A11 A12

A21 A22




 < 1.
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Proof. For the necessary condition of the matrix

 I 0

CA−1 I

 A B
0 D−CA−1B

 to be D-stable, we aim

to show that

λi



I 0

0 I

+ e

A11 A12

A21 A22



P11 0

0 P22


 , 0, ∀i.

Let ∆ =

∆11 0

0 ∆22

 ∈ B1 such that P =

I 0

0 I

+ ∆11 0

0 ∆22

−1 I 0

0 I

− ∆11 0

0 ∆22

 . This further

allows us to have that

λi



I 0

0 I

+ e

A11 A12

A21 A22



I 0

0 I

+ ∆11 0

0 ∆22

−1 I 0

0 I

− ∆11 0

0 ∆22


 , 0.

Thus,

λi




I 0

0 I

+ e

A11 A12

A21 A22



−1 

I 0

0 I

− e

A11 A12

A21 A22



∆11 0

0 ∆22


 , 0, ∀∆ ∈ B1.

This yields the required result by using the definition of structured singular values, that is,

0 ≤ µB1




I 0

0 I

+ e

A11 A12

A21 A22



−1 

I 0

0 I

− e

A11 A12

A21 A22




 , 0.

�

4. Numerical Testing

The approximation and visualization of eigenvalues, singular values, structured singular values,

and pseudo-spectra for optimal transportation matrices and structured matrices corresponding to

Toeplitz dynamical systems are covered in this part through numerical experimentation. We show

the level sets which corresponds to the resolvent norm for the pseudo-spectrum in the complex

plane and mathematically the resolvent norm is computed by ||(M− zIn)−1
||.

Example 1. Optimal Mass Transportation: We consider following 4-dimensional complex
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valued Hermitian Toeplitz matrix T0 [23] given as:

To =


10 5+2i 4+3i 2+i

5-2i 10 5+2i 4+3i

4-3i 5-2i 10 5+2i

2-i 4-3i 5-2i 10

 .

Figure 1 displays the spectral features of the Toeplitz matrix T1, including the computation of

spectrum, singular values, structured singular values, and pseudo-spectrum. In Figure 2, we plot

the eigenmode corresponding to the eigenvalues. The top plot in the figure shows an envelope

which is produced by plotting the absolute value of an eigenmode minus the absolute value. The

real part is shown with a cyan line. The plot at the bottom level show absolute value of eigenmode

being ploted at a log scale. Further it shows that how quickly an eigenmode is decaying with

the time. The condition number computed for an eigenvalue is shown in the top plot. The large

condition number means that eigenvalue is sensitive to perturbations.

In Figure 2, we plot the value of inverse of the resolvent norm. We show real part of pseudomode

in magenta. The pseudomode displays the right singular vector that corresponds to the least

singular value in the matrix (zI4 − T0).

Figure 1. Spectral properties of matrix T0 in Example-1.
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Figure 2. Eigenmode (left) and inverse of resolvent norm (right) of matrix T0 in

Example-1

Example 2. We consider a system of linear equations with coefficient matrix being a Toeplitz

matrix [1] 

−1 −1 2 0 1 1

−1 −1 −1 2 0 1

2 −1 −1 −1 2 0

0 2 −1 −1 −1 2

1 0 2 −1 −1 −1

1 1 0 2 −1 −1

T1


︸                                ︷︷                                ︸



x1

x2

x3

x4

x5

x6


=



0

2

0

0

−3

1


.

Figure 3 displays the spectral features of the Toeplitz matrix T1, including the computation of

spectrum, singular values, structured singular values, and pseudo-spectrum. In Figure 4, we plot

the eigenmode corresponding to the eigenvalues. The top plot in the figure shows an envelope

which is produced by plotting the absolute value of an eigenmode minus the absolute value. The

real part is shown with a cyan line. The plot at the bottom level show absolute value of eigenmode

being ploted at a log scale. Further it shows that how quickly an eigenmode is decaying with

the time. The condition number computed for an eigenvalue is shown in the top plot. The large

condition number means that eigenvalue is sensitive to perturbations.

In Figure 4, we plot the value of inverse of the resolvent norm. We show real part of pseudomode

in magenta. The pseudomode displays the right singular vector that corresponds to the least

singular value in the matrix (zI6 − T1).
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Figure 4. Eigenmode (left) and inverse of resolvent norm (right) of matrix T1 in

Example-2

Figure 3. Spectral properties of matrix T1 in Example-2.

Example 3. We consider a banded Toeplitz matrix T2 of size 1000× 1000. The pseudo-spectrum

of T2 is presented in Figure 5. In Figure 6, we plot the eigenmode corresponding to the eigenvalues.

The top plot in the figure shows an envelope which is produced by plotting the absolute value of

an eigenmode and minus the absolute value. The real part is shown with a cyan line. The plot at

the bottom level show absolute value of eigenmode being ploted at a log scale. Further it shows

that how quickly an eigenmode is decaying with the time. The condition number computed for an

eigenvalue is shown in the top plot. The large condition number means that eigenvalue is sensitive

to perturbations.
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In Figure 6, we plot the value of inverse of the resolvent norm. We show real part of pseudomode

in magenta. The right singular vector corresponding to the smallest singular value to matrix

(zI1000 − T2), is shown in pseudomode.

Figure 5. Pseudo-spectrum of banded Toeplitz matrix T2 in Example-3.

Figure 6. Eigenmode (left) and inverse of resolvent norm (right) of matrix T2 in

Example-3

Example 4. We consider a Grcar matrix T3 of size 1000 × 1000. The pseudo-spectrum of T3 is

presented in Figure 7. In Figure 8, we plot the eigenmode corresponding to the eigenvalues. The

top plot in the figure shows an envelope which is produced by plotting the absolute value of an

eigenmode and minus the absolute value. The real part is shown with a cyan line. The plot at the

bottom level show absolute value of eigenmode being ploted at a log scale. Further it shows that

how quickly an eigenmode is decaying with the time. The condition number computed for an
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eigenvalue is shown in the top plot. The large condition number means that eigenvalue is sensitive

to perturbations.

In Figure 8, we plot the value of inverse of the resolvent norm. We show real part of pseudomode

in magenta. The right singular vector corresponding to the smallest singular value to matrix

(zI1000 − T3), is shown in pseudomode.

Figure 7. Pseudo-spectrum of Grcar matrix T3 in Example-4.

Figure 8. Eigenmode (left) and inverse of resolvent norm (right) of Grcar matrix T3

in Example-4

Example 5. We consider 25, 100 and 250 dimensional Toeplitz matrices. The spectral proper-

ties like the computation of spectrum, singular values, structured singular values, and pseudo-

spectrum of 25, 100 and 250 dimensional Toeplitz matrices are presented in Figure 9.
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In Figures 10-12, we plot the eigenmode corresponding to the eigenvalues. The top plot in the

figure shows an envelope which is produced by plotting the absolute value of an eigenmode and

minus the absolute value. The real part is shown with a cyan line. The plot at the bottom level

show absolute value of eigenmode being ploted at a log scale. Further it shows that how quickly an

eigenmode is decaying with the time. The condition number computed for an eigenvalue is shown

in the top plot. The large condition number means that eigenvalue is sensitive to perturbations.

Further, we present the plot of the value of inverse of the resolvent norm. We show real part of

pseudomode in magenta. The right singular vector corresponding to the smallest singular value

corresponding to matrix zI −M, is shown in pseudomode.
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Figure 9. Spectral properties of 25, 100 and 250 dimensional Toeplitz matrices in

Example-5.

Figure 10. Eigenmode (left) and inverse of resolvent norm (right) of 25 dimensional

Toeplitz matrix in Example-5.

Figure 11. Eigenmode (left) and inverse of resolvent norm (right) of 100 dimen-

sional Toeplitz matrix in Example-5
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Figure 12. Eigenmode (left) and inverse of resolvent norm (right) of 250 dimen-

sional Toeplitz matrix in Example-5

5. Conclusion

This article introduces new mathematical results on the stability and D-stability analysis of the

Toeplitz system of linear equations. Our proposed methodology is to construct the mathematical

results on the computation of spectrum and the relationship between D-stability and structured

singular values by combining several tools from linear algebra, matrix analysis, and system the-

ory. The behavior of the spectrum and pseudo-spectrum of Toeplitz matrices is demonstrated

with various numerical tests. Our future goal is to develop and propose results on strong D-

stability, H-stability, D(α)-stability, and D-semistability of Toeplitz matrices to further enhance the

understanding of D-stability analysis for Toeplitz linear systems. Ismoilova Dildora Erkinovna
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